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A B S T R A C T

Density functional theory (DFT) has been used to study the interaction of H with the Fe-Cr system, in particular
Fe15Cr. We found that the Cr substitutional atom repeals H; consistently, the H diffusion coefficient is predicted
to be reduced in ∼13% with respect to the pure Fe matrix. Moreover, a reduction of approximately one order of
magnitude in the H permeation coefficient with respect to pure Fe is also predicted; the result agrees well with
experimental data for 9–12% Cr steels and Fe-Cr alloys, and is attributed mainly to solubility effects. As a
complementary study, the (absolute) diffusion coefficient of H in pure Fe was evaluated, obtaining good
agreement with experimental data and revealing sizable quantum effects in the temperature range of mea-
surements. Highly converged DFT calculations, that kept errors at a feasible minimum, played an essential role
in all these results.

1. Introduction

9–12 wt% Cr steels have received renewed interest in the last years
in view of their potential application as structural materials in
Generation IV nuclear reactors and prospective fusion reactors [1]. One
of the materials degradation mechanisms to be considered in these
steels is hydrogen induced cracking [2]. There is a significant amount of
experimental work on the interaction between hydrogen and 9–12 Cr
steels. Particularly, the results on hydrogen diffusion show the phe-
nomenon of trapping [3], similar to that found in plain carbon or low
alloy steels [4]. Regarding steady-state permeation, steels containing
9–13wt% Cr present coefficients [5–7] which are ca. one order of
magnitude lower than those of pure Fe, plain carbon steels and low
alloy steels [8]. The main objective of the present work is then to study
the permeation coefficient of H in the Fe-Cr system by using ab initio
techniques, and in particular to understand this significant drop. The
permeation coefficient is the product of diffusivity and solubility, cf.
[9]. In this context, H diffusion in steels is affected by trapping, though
not the steady state, as shown for example in [10]. The underlying
picture is a mechanism of diffusion through normal lattice sites and
traps acting as H accumulators. Then, the relevant parameter for the
prediction of the permeation coefficient is H solubility in a perfect
metal lattice, so that ab initio techniques should be adequate for this
purpose.

A few references are available in the field of ab initio theoretical
calculations on the Fe-M-H system, with M=alloying element in-
cluding Chromium [11–13]. However, specific works on the Fe-Cr-H
system comparable in detail to some on Fe-H [14] are hardly to be
found in the literature. As a first approach to the 9–12wt% Cr ferritic-
martensitic steels we have selected the ordered alloy Fe15Cr (Fe-5.8 wt
% Cr), 2× 2×2 bcc unit cells. This system is suitable to ab initio
studies due to the small number of non-equivalent hydrogen sites to be
inspected. Furthermore, the ordered Fe15Cr alloy may be representative
of the Fe-Cr system in the atomic fraction interval < <x0 0.1Cr , where
the presence of short range ordering (SRO) has been observed, with a
minimum SRO parameter of ∼−0.03 for the first two shells [15]. The
phenomenon has been ascribed to the opposite magnetism of Fe and Cr
atoms, and is also linked with an enhanced Cr solubility at those con-
centrations [16]. Besides Fe15CrH, systems with lower xCr values are
here studied in order to assess effects of xCr on H stability. In brief, we
present results of ab initio calculations via Density-Functional Theory
(DFT) on the interaction of H with the model systems mentioned above.
Also included is Fe-H as a reference system, for comparison with pre-
vious results in the literature, and as a test of calculations' accuracy. The
paper is organized as follows: in Section 2 the details of the systems and
the DFT calculations are reported. In Section 3 the results of the cal-
culations are presented and predictions concerning the hydrogen dif-
fusion and permeation coefficients are made and compared with
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experimental data. The concluding remarks follow next.

2. Details on the systems and the DFT calculations

2.1. Method of calculation

The ab initio calculations were carried out by using the Vienna Ab-
initio Simulation Package (VASP) [17]. The PAW method for the in-
teraction between potential core and valence electrons, together with
the PBE functional for exchange and correlation, were chosen [18]. All
calculations were spin-polarized and performed on cubic supercells that
contain 8 bcc unit cells: Fe16, Fe16H, Fe15Cr and Fe15CrH (M16 super-
cells). Also, cubic supercells containing 27 and 64 bcc unit cells (M54

and M128 respectively) were studied in order to investigate the effect of
the proximity of neighbor H and Cr atoms. The H atom, if present, was
initially placed in a geometric tetrahedral or octahedral interstice, as
described below. A Gamma-centered k-points grid was used, which is
the package default recommendation. The adequate energy cutoff
(400 eV) and density of k-points (system dependent) were determined
after the convergence study reported in Section 3.1. and described with
more detail in the Supplementary Material.

For calculations performed at zero stress, the anisotropy of H placed
in a tetrahedral or octahedral site of the bcc lattice causes a slight
tetragonal distortion [14]. However, this effect was here disregarded,
both in the Fe-H and Fe-Cr-H systems, based mainly on the grounds
that, in macroscopic samples, H is distributed randomly among tetra-
hedral or octahedral sites leading to null overall distortion. Therefore,
the relaxation runs allowed changes of ion positions but the cell size
was kept constant and the shape cubic. In order to obtain the cell size
for minimum energy, individual runs at fixed volume were performed
as described later on.

The energy of H in a particular site E is generally referred to that of
the most stable site E† of the same system. However, for the Fe-Cr-H
system, we also find convenient to use a relative energy EH where the
reference is the tetrahedral site in pure Fe, which previous DFT calcu-
lations [14] showed to be the fundamental one. This common reference
for Fe-H and Fe-Cr-H is necessary for the comparison of experimental
permeation coefficients, as will be shown below. EH is thus calculated
by considering the reaction

+ → +− −Fe H Fe Cr Fe Fe Cr H,n n m m n n m m

where from

= + − +− −E E E E E[ (Fe ) (Fe Cr H)] [ (Fe H) (Fe Cr )],H n n m m n n m m (1)

Here n=16, 54 or 128 according to the size of the supercell, and
m=1 usually; however, the combination =n 128 and =m 8 was also
studied. In fact Fe120Cr8, an ensemble of 8 Fe15Cr supercells, is key to
extrapolate the results to infinite H dilution. Usually, Fe Hn designates a
system in which H is located in a tetrahedral site, whereas for

−Fe Cr Hn m m it is located in the site of interest, i.e. TA, TB, OA, OB, etc.
(Fig. 1).

2.2. Hydrogen sites

Besides tetrahedral, the octahedral sites in pure Fe were found
neither stable nor transition states. Instead, they are rank-2 saddle
points [14], i.e. a frequency analysis yielded two imaginary frequencies.
However, a previous work by the authors on the Fe-Cr-H system pointed
to the possible existence of a stable octahedral site [13]. Then, pre-
sently, both tetrahedral and octahedral sites were inspected.

We have identified different geometric tetrahedral (TA … TD) and
octahedral (OA … OE) sites in the bcc Fe15Cr system. The subscript (A,
B…) varies according to the distance between H and the Cr atom
(Fig. 1).

Some of the sites shown in Fig. 1 are equidistant with Cr atoms of
neighbor supercells (acknowledging the periodic boundary conditions).

They can be regarded as “shared” by more than one Cr atom. In this
context, OC, OD, TC and TD are shared by 2 Cr atoms while OE is shared
by 4 Cr atoms.

2.3. Relaxation of the stable sites

The relaxation of the geometrical sites to a more stable configura-
tion was carried out using a quasi-Newton procedure. Only changes of
ion positions were allowed, while the cell was kept cubic and at fixed
volume. Typically, the relaxation procedure was carried out for at least
12 different cell sizes L (edge length of the supercell) around ± 0.4% of
the minimum energy size. The minimum Energy (Emin) and respective
size (Lmin) were obtained from a parabolic fit. Each relaxation proce-
dure, carried out by allowing fractional electronic occupancies (Fermi
smearing, =σ 0.2 eV), ended with a self-consistent field cycle where
Blöchl's methodology for Brillouin zone integrations [19] was applied.

2.4. Frequency analysis and energy barriers

Frequency analysis was performed in order to check whether every
relaxed site was indeed stable, as well as to assess jump rates and
quantum effects. In [14] it was proposed that the H and Fe vibrations
may be decoupled in view of their different masses. In the present work
a similar assumption is made though errors were estimated in Section
3.3.

The transition states for the jumps between adjacent stable sites
were investigated with the purpose to study the diffusion of hydrogen.
The Nudged Elastic Band (NEB) was the standard tool. In selected cases,
the NEB results were validated and refined with the Dimer method. The
information obtained from the M16H systems (i.e. atomic positions) was
used to study selected transition states of the larger supercells Fe128H
and Fe120Cr8H via the Dimer method.

Regarding quantum effects, these include the zero point energy
correction (ZPE) to the stable states, and contributions to the jump rates
(tunneling in particular). The former amounts to ∑h γi i

1
2 , i.e., a sum

over the H real frequencies γi (h is the Plancḱs constant). Frequencies of
the M16 systems were also used for the M128 systems.
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Fig. 1. The different geometric octahedral (OA, OB…) and tetrahedral (A, B…)
sites identified in the Fe15Cr system. The sites are ordered according to the
distance to the Cr atom. The relevant diffusion jumps are also shown.
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2.5. Elastic corrections

As already mentioned, experimental H atomic fractions in samples
of Fe and Fe-Cr alloys are usually in the range 10−6–10−4, namely,
several orders of magnitude lower than the presently simulated 1:16 to
1:128. Therefore, spurious image interactions introduced by the peri-
odic boundary conditions (PBC) are likely, at least for the smaller cells,
and need be accounted for in order to mimic the infinite dilution limit.
To this effect, the H atom inserted in a stress-free cell, may be conceived
as an elastic dipole (or inclusion) surrounded by a continuous medium.
The ensuing rise in stress determines the dipole value, and standard
elastic theory allows one to compute the interaction energy with images
(to be subtracted). The actual calculations were carried out with the
tools provided in [20], including the amendments developed in [21].

A further benefit of the approach is that energies of systems with
and without H are compared for fixed volume and shape cells. This
avoids possible drawbacks stemming from plane wave basis changes,
associated with volume changes, that render less than reliable the
corresponding energy difference, aspect especially relevant to our
current demands of high accuracy.

3. Results and discussion

3.1. Convergence errors

Energy differences of different H sites in Fe-H systems are typically
in the range of some tens of meV. Therefore, in order to obtain suffi-
ciently precise results, a convergence test aimed at obtaining a precision
objective of 1meV was performed on the M16 systems, i.e. Fe16, Fe16H,
Fe15Cr and Fe15CrH. Details are reported as Supplementary Material.

The results indicate that Ecutoff=400 eV is enough for the required
precision objective and was adopted for all calculations. Concerning the
density of k-points, the precise calculation of Eq. (1) requires a k-points
grid of 8× 8×8 for M16 systems. An identical density of k-points is
used for the critical (Section 3.9) calculation of Eq. (1) for the TC site of
the Fe120Cr8H system, namely a 4× 4×4 grid. All the remaining H
energies in the Fe120Cr8H system were calculated as relative to the TC-
site with a 3×3×3 grid. The relaxations in M16H, M54H and other
M128H systems were performed with grids of 7× 7×7, 5×5×5 and
3× 3×3 respectively. The latter grids were also used for the NEB and
Dimer calculations. Frequency calculations, computationally expensive,
were performed on the M16H systems with a 5×5×5 grid.

3.2. Search for stable hydrogen sites

After the introduction of H in the potentially stable sites of Fe15CrH,
and ensuing relaxation, the Cr-H distance was analyzed. It was found
that the relaxed Cr-H distance (r) is larger than the original geometrical
distance (rgeom). This effect is stronger for smaller r values. TC turned to
be the lowest energy site; therefore taken as energy reference. Table 1
reports the geometrical and relaxed Cr-H distances for the different H
sites studied and their (relative) energy. All reported energies were
calculated as the difference between E vs. L fitting curves taken at the
optimal size of the H-free cells.

Table 1 shows that two different relaxed structures originate from
the initial octahedral site OB,geom: the OB which is close to the latter, and
a further displaced OB

∗ both lying on the same cube face as OB,geom. The
existence of the OB

∗ site has been reported in [13]. Table 1 also reports
our data for the Fe16H system, where the stable site is tetrahedral (T)
with values in good agreement with [14].

As shown below the current OB
∗ site is in fact a transition state that

links adjacent TB sites. This is at variance with our previous finding in
[13], where OB was obtained as a local minimum (−0.94 eV below TB).
However, the current calculations, based on the PAW approach and
expansions in terms of plane waves, should be considered more reliable
than our former ones [13], based on NC-pseudopotentials and atomic-

like (NAO) basis functions (Siesta package).
After relaxation the tetrahedral sites remained close to the original

geometrical position and the only remarkable effect was a displacement
away from the Cr atom, as shown in Fig. 2, which depicts atomic po-
sitions on the cube face. The energy of T sites is lower than for O sites,
but for TA with respect to OB

∗, which however brings no consequence.
Such a relative stability is consistent with previous findings in pure bcc
Fe [14,22]. OB and OB

∗ sites appear as bridges between neighbor TA and
TB respectively. Their (lack of) stability, however, was tested in the
following via frequency analysis; in any case O sites may play an im-
portant role for H diffusion.

The results indicate that a positive energy is needed to transfer a H
atom in a normal interstitial site of bcc Fe to a position near the Cr
atom. The substitutional Cr atom can thus be regarded as a “repeller”,
i.e. the opposite of a trap.

3.3. Frequency analysis on the possible stable sites

The decoupling assumption between H and metal vibrations was
checked on the Fe15Cr system by performing two types of runs: (1) Only
the H atom is moved; (2) H and also first neighbor metal atoms are

Table 1
Relaxed H sites in the Fe16H and Fe15CrH systems. rgeom=H-Cr distance in the
initial (geometrical) site; r=H-Cr distance after relaxation; a= bcc lattice
parameter; −E E† and EH (meV) as explained in the main text. (*) ZPE corrected
values.

Site type and system Site rgeom/a r/a −E E† EH , Eq. (1)

Octahedral, Fe16H O – – 175
Tetrahedral, Fe16H T – – 0

Octahedral, Fe15CrH OA 0.500 0.575 397
OB 0.707 0.679 235
OB

* 0.707 0.863 143
OC 1.118 1.121 194
OD 1.225 1.235 163
OE 1.500 1.499 195

Tetrahedral, Fe15CrH TA 0.559 0.625 144/146*

TB 0.901 0.914 31/31*

TC 1.146 1.150 0 17/16*

TD 1.346 1.345 13/13*

Fig. 2. Positions of the H sites in a (1 0 0) plane in the vicinity of the Cr atom
(see also Fig. 1). System: Fe15CrH, relaxed; a is the lattice parameter.

P. Bruzzoni, R.C. Pasianot Computational Materials Science 154 (2018) 243–250

245



moved, namely, 4 in the case of the T-site and 6 in the case of the O-site.
The comparison between (1) and (2) led to estimated errors in the ZPE
correction of ∼1meV, which is in line with our precision goal; there-
fore method (1) was adopted.

Detailed numerical values are reported in Table S1 of the
Supplementary Material. All tetrahedral sites possess three vibration
modes with real frequencies; they are indeed stable sites. The near-
geometrical sites OA…OE exhibit two modes with imaginary fre-
quencies, therefore they are rank 2 saddles. The special OB

∗ site shows
only one mode with imaginary frequency, indicative of a transition
state. It bridges the jump between neighbor TB sites (confirmed via NEB
analysis).

These results are in agreement with the findings of Jiang and Carter
for Fe [14] and show that the characteristics of the H sites in the Fe15Cr
system are similar to those in pure iron.

Regarding the (relative) ZPE corrections, they are all in the order of
1meV as already reported in Table 1.

3.4. Effect of Cr concentration on H energy

Due to periodicity restrictions, the Fe15CrH supercell allows to study
only four different tetrahedral sites and five different octahedral ones.
The fact that the system is periodic implies that Cr atoms in adjacent
supercells influence the H atom. In view of this effect larger supercells
(i.e. Fe53CrH and Fe127CrH) were studied with the purpose of mini-
mizing the contribution of the extra Cr atoms on the H energy at a
particular site. Although these ordered systems do not exactly represent
(partially or totally disordered) real steels, they may show the trend
regarding the dependence of H energy on xCr .

The energies of the different sites TA … TD, and OA … OE for the
different supercells Fe15CrH, Fe53CrH and Fe127CrH are reported in
Table 2, where the reference energy is that of the tetrahedral site of
pure iron, Eq. (1). This helps visualizing the effect of replacing Fe by Cr
in the metallic lattice. The frequency data of the Fe15Cr and Fe16 sys-
tems were used for the ZPE corrections.

The transition from Fe15CrH to Fe53CrH and finally to Fe127CrH can
be viewed as pulling out second neighbor Cr atoms from the H atom
placed in the TA…TD sites. The general trend is a reduction of H energy
as n increases. This decrease amounts, globally, ∼15mV for TA…TC

and ∼30mV for TD. It is worth noting that the energy of the TC and TD

sites in the largest system (i.e. Fe127CrH) is very close to that of the T
site in pure iron. It appears that the influence of an isolated Cr atom
immersed in a Fe matrix does not extend beyond ∼1.2 times de bcc cell
parameter. The repelling behavior of the TA site is a common feature of
many alloying elements including Cr, as already reported [11,12] for
M54 cells using VASP and Wien2K codes respectively. The peculiar re-
sult for Cr and a few others is that the repulsive effect extends to higher
order shells. Present findings are in agreement with [11] and [12],
except that for the latter the third and fourth shells become attractive.
From a technical point of view, Fe53Cr roughly resembles low-chro-
mium steels such as SAE 4140 low alloy steel and ASTM A588 high-
strength low-alloy steel, while Fe15Cr approximately describes ferritic-
martensitic 9–12%Cr steels. The Fe53Cr supercell contains a total of 324
T sites, and only 12 out of these are TA or TB, thus amounting to a

fraction of 1:27 high-energy T sites. The qualitative prediction is that
most H sites in low-chromium steels are similar to the H sites in pure
iron, while most H sites in ferritic-martensitic 9–12% Cr steels are
substantially different from the sites in pure iron. It must be noted that
these considerations refer to defect-free materials, to make the differ-
ence with trap sites associated with defects.

3.5. Transition states

The Fe16 system presents only one possible H jump between
neighbor stable sites: the T-T jump. Contrarily, in the Fe15Cr system
there is a variety of them. Since all stable sites in Fe15Cr are tetrahedral,
the notation is from now simplified by using A, B, C, D instead of TA, TB,
TC, TD. Site A was discarded on the grounds of its high energy and
further instabilities that appeared in the frequency analysis.

As mentioned earlier, the structure of the transition state (TS) was
determined on the M16 systems via the NEB method with 7 intermediate
(linearly interpolated) images between the stable sites, and later refined
with the Dimer method. The different jumps in Fe15Cr, Fig. 1, are re-
ported in Table 3 together with the calculated TS energies.

Details on the TS frequencies are provided in Table S2 of the
Supplementary Material; not unexpectedly they are all very similar to
the Fe16 T-T case (values in THz): =ν 58.31 ; =ν 36.32 ; =ν 20.43 (ima-
ginary).

With the aim of predicting the H diffusion coefficient, Table 3 re-
veals significant differences between M16 and M128 systems. Therefore,
H-H interaction effects need to be tested and subtracted in order to
attain the infinite dilution limit. Moreover, quantum effects may in-
volve not only a mere ZPE correction but also tunneling. We consider
the first issue next, while the second one is treated in the following
section.

We performed simulations using M16 and M128 cells while in par-
allel, applied elastic corrections as outlined in Section 2.5. As expected,
the latter became smaller with cell size, turning negligible for M128,
meaning that infinite dilution was indeed reached. Therefore energies
from the latter size were used in the actual calculations.

In this context, we found that corrected energies for Fe16H cells
matched results of Fe128H simulations with high precision; e.g. the T-T
barriers were 90 and 89.3 meV respectively.

Unfortunately, corrections for Fe15CrH with respect to Fe120Cr8H
fell outside our precision goal, meaning that (costlier) simulations with
the latter cell size were really necessary. The reasons behind the dis-
crepancy are unclear; we speculate they might be related to a less
homogeneous (equivalent) medium of the Cr-containing cells as com-
pared with the pure Fe ones.

Table 2
H Energy (EH ) in the different stable sites of the Fen-1CrH systems (n= 16, 54
and 128). Reference is T site in FenH.

Site EH (meV), DFT/ZPE corrected*.

Fe15CrH Fe53CrH Fe127CrH

TA 161/161* 163/164* 145/146*

TB 48/47* 40/39* 36/35*

TC 17/16* 11/10* −1/−2*

TD 30/28* 8/6* 5/3*

Table 3
Energies of the stable sites (including ZPE corrections*) and transition states for
pure Fe and Fe15Cr. (†) indicates reference site. Notice the different cell sizes
(M16 and M128) in the last columns.

System Reference (†) Site/TS −E E†

H:Me=1:16 H:Me=1:128

Fe16 T T-T 106 89
Fe15Cr C A 144/146* 138/140*

B 31/31* 24/24.0*

D 13/13* 23/23*

B–B 134 122
B–C 119 101
C–C 95 83
C–D 102 90
D1–D2 118 106
D1–D3 133 119

T C 17/16* 16/15*
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3.6. The hydrogen diffusion coefficient. Calculation method

From the calculated barriers and frequencies it is possible to predict
the H diffusion coefficient D. For this purpose we deviated from the
approach followed in [14]. These authors used the semiclassical tran-
sition state theory as developed by Kehr [23] and arrived to an ex-
pression with a pre-exponential factor that depends linearly on T and a
ZPE-corrected energy barrier, Eq. (3) of [14]:

⎜ ⎟= = ⎛
⎝

− ⎞
⎠

D x k k k T
h

E
k T

2
3

, with exp Δ ,B ZPE

B

2

(2)

where x is the jump length. The pre-exponential factor in Eq. (2) does
not depend on the vibration frequencies; then, it appears to be a lim-
iting expression for low temperature, cf. [24]. Instead, we followed a
more general approach proposed by Fermann and Auerbach [25],
where the rate constant is given by their Eq. (2.12),

=k k T
h

Q
Q

T· ·Γ( ).B
r

‡

(3)

Above, Q‡ is the total vibrational partition function at the transition
state andQr is the same for the reactants. TΓ( ) is a correction factor that
accounts for quantum tunneling. Eq. (3) can be further elaborated [24]:

∏

∏
⎜ ⎟= × × ×

× ×
⎛
⎝

− ⎞
⎠

=

=

−
−

k T
h

Q
Q

f hν k T

f hν k T

ν ν ν
ν ν

E
k T

·
( /2 )

( /2 )

···
···

exp Δ ,B
r

i

N

i B

j

N

j B

N

N B

‡
1

1

1
†

1 2

1
†

1
†

(4)

Here, =f x x x( ) sinh / , νi and νj
† are the normal mode real frequencies of

the stable state and transition state respectively, and EΔ is the (stan-
dard) energy barrier. At very high temperature →f x( ) 1 and Eq. (4)
tends to the classical Vineyard’s expression [26] without quantum ef-
fects.

Concerning the TΓ( ) factor, an approximate expression valid when
<h ν k T π| |/ 2N B

† is given by Eq. (2.13) of [25]:

=T
h ν k T

h ν k T
Γ( )

| |/2
sin( | |/2 )

.N B

N B

†

† (5)

3.7. Diffusion coefficient in pure Fe

First, the diffusion coefficient of hydrogen in pure iron was pre-
dicted. The necessary data is contained in Table 3 and Tables S1–S2 of
the Supplementary Material. The distance between two adjacent geo-
metrical T sites is a2

4 , i.e. ∼1.00 Å, and the energy barrier is 89.3 meV
(Table 3). The critical value of T that makes =h ν k T π| |/ 2N B

† is 156 K,
well below the range 270 K≤T ≤ 800 K where these calculations are
intended to be compared with experimental data; therefore Eq. (5) was
used.

Fig. 3 shows the predicted diffusion coefficient, together with se-
lected experimental values. It is important to select experiments in
which surface effects are minimized to ensure volume control, and
trapping is reduced through careful annealing and use of high purity
material. The works of Quick and Johnson [27] and Riecke and Boh-
nenkamp [10] meet these requirements. The calculated values of the
diffusion coefficient depart from the classical straight line. Quantum
effects, namely ZPE correction and tunneling, are important and ac-
count for an increase of D by a factor of ca. 2 with respect to the
classical limit at room temperature. The apparent activation energy,
taken from the slope of the Arrhenius plot, gradually decreases as the
temperature decreases. For example, at room temperature the apparent
activation energy is ∼43meV instead of the calculated energy barrier
of 89.3 meV which is the high temperature limit. The former value is
even slightly lower than the ZPE-corrected energy barrier (46meV).

Also shown is the approach via Eq. (2). It turns out that the quantum

correction is lower in this case, which may be attributed to the fact that
quantum tunneling is not considered. Besides, since Eq. (2) is a low
temperature approximation, it does not tend to the classical limit at
high temperatures.

The experimental values of the diffusion coefficient at room and
high temperature are in close agreement with the calculations. The
decreasing trend of the experimental activation energy with decreasing
temperature is adequately reflected by our approach. Moreover, the
theoretical pre-exponential factor fits well the experimental data. This
shows the importance of quantum effects in the present system.

3.8. Diffusion coefficient in Fe15Cr

The task to predict the diffusion coefficient of H in the ordered alloy
is Fe15Cr is more complex. The difficulty arises from the multiple jumps,
as reported in Table 3 and shown in Fig. 1. In order to develop a simple
model, the following assumptions were made:

(i) Only tetrahedral sites and jumps between them are considered.
This is justified by the high energy of the octahedral sites (Table 2),
and their instability (rank 2 saddles).

(ii) The Cr atom originates an “exclusion zone” for H, which is con-
stituted by the nearest tetrahedral sites, i.e. the TA. This is justified
by their high energy (Table 1).

(iii) The small differences in lattice geometry between Fe15Cr and pure
Fe, as well as the respective H frequencies, are neglected.

In fact we focused on the ratio of the diffusion coefficients in the
two media, =f D D/D Fe. With the above assumptions, this amounts to
consider scaled jump frequencies of the Fe15Cr system referred to pure
Fe, namely,

⎜ ⎟= ⎛
⎝

− ⎞
⎠

W
E E

k T
exp ,i

m
i

m

B

0

(6)

where Em
i is a migration barrier for Fe15Cr, and Em

0 is the same for pure
Fe. Notice that even if quantum effects matter, the above holds, cf. Eqs.
(4) and (5), as long as assumption (iii) is valid.

Thus we set up a kinetic Monte Carlo approach taking B, C, and D as
equilibrium sites, together with possible jumps BB, CC, D1D2, D1D3, BC
and CD (Fig. 1). The simulation supercell consisted of 5× 5×5 unit
cells of Fe15Cr repeated periodically; a H atom was then placed at any of
the equilibrium sites according to their statistical weight, and forced to
walk n steps through the lattice (history). The clock was advanced at
every step by = ∑t WΔ 1/ i , adding to a total of tn at history end. A
partial, dimensionless, diffusion coefficient was then computed as a
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Fig. 3. Diffusion coefficient of H in iron. Experimental values from literature
and present calculations. SC stands for “semiclassical transition state theory”.
Open / filled symbols are experimental/calculated values.
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mean square deviation over the history,

=
〈 〉 −〈 〉

d
z z

a t
,n n

n

2 2

2 (7)

where z refers to a Cartesian coordinate. The process was repeated N
times, and finally the ratio fD obtained by averaging,

=
〈 〉

f
d
d

;D
N

0 (8)

Here =d 0.0830 is the same as 〈 〉d N , but performed over the pure Fe
lattice and using unit jump frequencies, =W 1i . Typical values n and N
were 20 and 10,000 respectively, that assure convergence of fD to better
than 1%.

Fig. 4 shows our calculated values of fD for three temperatures,
300 K, 800 K, and → ∞T . The relatively narrow spread of the three
points and their closeness to the random alloy model (see later on),
suggest that the main effect of dissolved Cr upon H diffusion is the
blocking of A sites.

The direct comparison of calculated values of D in Fe15Cr with ex-
perimental values of alloys with similar composition is not pertinent,
since the presence of H traps associated with defects is likely in Fe-Cr
alloys. The presence of traps leads to the fact that experimental D va-
lues show a high scatter and lie below the calculated one.

In order to put the above results in a wider perspective, we also
studied the fD ratio for random Fe-Cr alloys, by fixing the barriers to
that of pure Fe, though still keeping nearest neighbors (TA) sites of Cr
atoms blocked. The result is shown by the fitted straight line in Fig. 4;
as expected fD decreases with Cr content. In particular, for the con-
centration appropriate to Fe15Cr, the result is a little above of the one
for the ordered alloy, consistent with the fact that the latter possesses a
larger fraction of tetrahedral sites blocked. It is also interesting to note
that the fitting slope, 1.81, is close to 2.0, which is roughly expected
from a naive site counting argument, i.e. the number of blocked T-sites
per Cr atom (12) to the number of T-sites per lattice node (6).

3.9. Permeation coefficient of H in Fe15CrH

It has been mentioned above that the 9–12wt% Cr steels and Fe-
∼10wt% Cr alloys present a permeation coefficient [5,28–33] ap-
proximately one order of magnitude lower than that of pure iron [8].
Also, we have modeled the Fe15Cr system as an “ordered” Fe-5.8 wt%
Cr alloy. In a steel, the permeation coefficient Φ is a material-dependent
parameter that determines the steady-state hydrogen flux J [ ]molH

cm s2 across
a membrane of thickness δ with an input surface in contact with a
partial hydrogen pressure p [8]:

=J
p

δ
Φ .

Indeed, the permeation coefficient is the product of the diffusion
coefficient D and the Sieverts constant S [9]. In the classical frame:

= −D D E k Texp( / )D B0

,

= −S S E k Texp( / )s B0

,

= − +E E k TΦ Φ exp( ( )/ ).D s B0

ED is the energy barrier for diffusion and Es is the energy of the stable
site relative to a definite reference, i.e. H2 (g) at =p 1 bar. Theoretical
calculations of ED and Es were given here as energy barriers and en-
ergies of stable sites. Es is in fact the energy of the site referred to the
energy of molecular hydrogen, but for the present discussion the latter
value is just a constant that cancels out. The ratio of the H permeation
coefficients in the Fe15Cr system relative to Fe16, neglecting (even-
tually) quantum effects is then:

= =f f fΦ
Φ

,S DΦ
Fe15Cr

Fe16 (9)

⎜ ⎟= ⎛
⎝

− − ⎞
⎠

f S
S

exp E E
k T

(Fe Cr)
(Fe )

[ (Fe Cr) (Fe )] ,S
S S

B

0 15

0 16

15 16

(10)

⎜ ⎟= ⎛
⎝

− − ⎞
⎠

f D
D

exp E E
k T

(Fe Cr)
(Fe )

[ (Fe Cr) (Fe )] .D
D D

B

0 15

0 16

15 16

(11)

Eqs. (9)(11) show that fΦ is the result of two contributions:

(i) A ratio of Sieverts constants fS that is related to the relative energy
of H in the stable sites of Fe15Cr referred to the stable site of Fe16.

(ii) A ratio of diffusion coefficients fD.

Strictly, Eqs. (10) and (11) apply to systems with only one stable
site, not necessarily to the present case with multiple stable sites, that
needs a particular analysis. Such analysis has been made in Section 3.8
for fD, where we have shown that it is about unity and changes very
little with temperature. Regarding fS, it may be calculated as hinted in
Eq. (10) above. The four sites A…D have equal number densities; then,
the ratio of the Sieverts constants is expressed as:

= + + +− − − −
f e e e e

4
,S

EH A
kB T

EH B
kB T

EH C
kB T

EH D
kB T

, , , ,

(12)

where EH i, (i =A, B, C, D) is the energy of H at an i -site of the Fe120Cr8
system referred to the energy of H in the T-site of Fe128 system. In fact,
the term corresponding to the A site was discarded because it is neg-
ligible or considered as not stable, Section 3.5. Eq. (12) is rearranged in
the following way:

=
⎛
⎝

+ + ⎞
⎠

− − −

f
e e e1

4
,S

EH C
kB T

EB
kB T

ED
kB T

, Δ Δ

(13)

where EΔ B and EΔ D are the energy levels of the B and D sites referred to
the C site in Fe120Cr8H, cf Table 3. The critical calculation of EH C, was
performed with a high density of k-points as reported in Section 3.1.
The positive value of EH C, means that a lower H solubility in Fe15Cr
with respect to pure Fe is predicted. This Sieverts constant ratio has an
upper limit of 0.75 at high temperature. To a fair precision, quantum
effects are considered here by introducing the pertinent ZPE-correc-
tions. Indeed, the remaining contributions from the quantum oscillators
have negligible impact on the solubility ratio. The permeation coeffi-
cient ratio was then calculated as =f f fS DΦ and plotted in Fig. 5 that
also shows experimental values for Fe-Cr alloys and commercial Fe-Cr
ferritic-martensitic steels [8,28–33]. The atomic fraction of Cr in these

Fig. 4. Estimation of the H diffusion coefficient ratio fD =D(X)/D(0) in Fe-Cr
alloys by a random walk virtual experiment; see main text for details.
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materials does not necessarily agree with the one of our system, i.e.
=x 0.625Cr . Moreover, the comparison between the present ordered

alloy and microscopically disordered materials is not rigorous. As stated
in Section 3.8, the Cr atoms are more effective to obstruct the diffusion
when placed at ordered positions leading to a slightly lower diffusion
coefficient.

It is clear that the factors fS and fD are expected to decrease as the
xCr increases. Concerning fD, the density of forbidden “A” sites in-
creases and the diffusion process is more difficult. Concerning fS, both
the increased density of “A” sites and the expected increase of H energy
in the remaining stable tetrahedral sites will cause a reduction of the
solubility. This explains, with some exceptions, the position of the ex-
perimental data above or below the calculated fΦ. Regarding the ex-
perimental data itself, the Cr content of Benamati et al. samples
( =x 0.084Cr ) [28] is close to ours for Fe15Cr ( =x 0.0625Cr ). In this case
the difference in Cr concentration may be compensated by the fact that
fD is lower in the ordered alloy. These authors [28] took measures to
avoid oxide formation during their high temperature experiments in
vacuum which reduces the H permeation rate. This may be the source
of the difference between their data and that of Zhou et al. [29]. Also,
the high temperature data of Peñalva et al., =x 0.052Cr , [30] appears
lower than the low temperature data of Riecke et al., =x 0.056Cr , who
used an electroplated Pd film to make surface effects negligible [33].

The predicted values of fΦ are clearly lower than 1 in agreement
with experimental data. In fact, the agreement is very satisfactory
showing the adequacy of DFT when careful measures to ensure con-
vergence in the range of 1meV are taken. Since fD is close to unity, the
observed reduction in the permeation coefficient in Fe-Cr systems with
respect to pure iron is mainly related to fS, i.e. solubility effects.

The present solubility results are in apparent contradiction with
experiments by Schwarz and Zitter performed on ARMCO iron with
different alloying elements [34], that show increased solubility with Cr
content. However, Coldwell & McLellan [35] used ad-hoc Fe-Cr alloys
prepared from pure metals, and reported negative solution enthalpies
which increase in magnitude towards the Fe-rich end, implying a con-
comitant solubility increase. We speculate that this contradiction be-
tween experimental findings might be explained by trapping. As
pointed out in the introduction, what really matters for the prediction
of the fΦ ratio is the solubility in the perfect lattice.

4. Conclusions

DFT energy calculations with precision in the order of 1meV have
been performed on Fe and Fe-Cr systems, with the purpose to

understand the behavior of H in Fe-Cr alloys and particularly in Fe15Cr.
As in pure Fe, stable H sites in Fe15Cr are the tetrahedral interstices.
The H energy in the tetrahedral sites of Fe15Cr decreases as the

distance from the Cr atom increases. Substitutional Cr act as a repeller
for H. The Cr-first neighbor tetrahedral sites present a markedly higher
H energy. Their contribution to the solubility is considered negligible
and it is proposed that those sites do not take part in the diffusion
process.

The energy barriers for the diffusion of H in Fe15Cr are similar to
that of pure Fe.

The elastic model predicts negligible H-H image interactions for the
M128 cells and correctly extrapolates to infinite dilution Fe16H but not
so accurately for Fe15CrH.

An approach for the prediction of the H diffusion coefficient in bcc
metals following the semiclassical theory of Fermann and Auerbach
[25] was presented. When applied to pure Fe, good agreement was
obtained with experimental data.

The H diffusion coefficient in Fe15Cr, as predicted through a random
walk model in a lattice with blocked sites, showed a modest reduction
of ∼10% with respect to pure Fe.

The present results suggest that the predicted permeation coefficient
of H in Fe15C is significantly lower than that of pure iron mainly due to
solubility effects; the reduction factor is highly compatible with ex-
perimental data of materials with similar composition.
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