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ho Coefficient that characterizes the heat transfer in condition (1.6) [kg/(°Cs®/?)]

ki,ks  Thermal conductivity [W/(m °C)]

Position of the free front (m)

Time (s)

Coefficient that characterizes the bulk temperature in condition (1.6) [°C/s®/?]

Coefficient that characterizes the initial temperature of the material in condition (1.7), [°C/m®]
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) + w
S

Greek symbols

@ Power of the position that characterizes the latent heat per unit volume (dimensionless)
vy Coefficient that characterizes the latent heat per unit volume [kg/(s*>m*1)]
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n Similarity variable in expression (2.1) (dimensionless)

U, Uy Temperature (°C).
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l Liquid phase
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1. Introduction

The study of heat transfer problems with phase change such as melting and freezing has attracted
growing attention in the last decades due to their wide range of engineering and industrial applications.
Stefan problems can be modelled as basic phase-change processes where the location of the interface is a
priori unknown. They arise in a broad variety of fields like melting, freezing, drying, friction, lubrication,
combustion, finance, molecular diffusion, metallurgy and crystal growth. Due to their importance, they
have been largely studied since the last century [2,5-8,10,15,19]. For an account of the theory, we refer
the reader to [20].

In the classical formulation of Stefan problems, there are many assumptions on the physical factors
involved that are taken into account in order to simplify the description of the process. The latent heat,
which is the energy required to accomplish the phase change, is usually considered constant. However
in many practical problems a constant latent heat may be not appropriate, being necessary to assume a
variable one. The physical bases of this particular assumption can be found in the movement of a shoreline
[22], in the ocean delta deformation [9] or in the cooling body of a magma [12].

In [13], sufficient conditions for the existence and uniqueness of solution of a one-phase Stefan problem
taking a latent heat as a general function of the position were found. In [22], as well as in [16] an exact
solution was found for a one-phase and two-phase Stefan problem, respectively, considering the latent
heat as a linear function of the position. [24] generalized [22] by considering the one-phase Stefan problem
with the latent heat as a power function of the position with an integer exponent. Recently, in [25] the
latter problem was studied assuming a real non-negative exponent. The explicit solution for two different
problems defined according to the boundary conditions considered was presented: temperature and flux.

Boundary conditions imposed at a surface of a body in order to have a well-posed mathematical
problem can be specified in terms of temperature or energy flow. One of the most realistic boundary
conditions is the convective one, in which the heat flux depends not only on the ambient conditions but
also on the temperature of the surface itself. In [18], the relationship between a classical two-phase Stefan
problem considering temperature and convective boundary condition at the fixed face x = 0 was studied.
In [4], a nonlinear one-phase Stefan problem with a convective boundary condition in Storm’s materials
was studied.

Motivated by [18] and [25], in [3] we studied the one-phase Stefan problem considering a variable
latent heat and a convective boundary condition at the fixed face x = 0. In the present paper, we are
going to analyse the existence and uniqueness of solution of a two-phase Stefan problem, considering
an homogeneous semi-infinite material, with a latent heat as a power function of the position and a
convective boundary condition at the fixed face = 0. This problem can be formulated in the following
way: find the temperatures ¥)(x,t), ¥s(z,t) and the moving melt interface s(t) such that:

U (2, t) = dy V), (2, 1), 0<z<s(t), t>0, (1.1)
Uy (2,t) = dsWspp (2, ), x> s(t), t>0, (1.2)
s(0) =0, (1.3)
Uy (s(t), t) = Ws(s(t),t) =0, t>0, (1.4)
ks Wsy(s(t),1) — kWi, (s(t),8) = ys()*5(t), >0, (1.5)
J 01,0, 1) = hot~Y/2 [w,(0, 1) — th“/ﬂ >0, (1.6)
Uy(x,0) = Tz, x> 0. (1.7)

where the liquid (solid) phase is represented by the subscript [ (s), ¥ is the temperature, d is the diffusion
coefficient, vz is the variable latent heat per unity of volume, —T;x® is the depth-varying initial temper-
atures and the phase-transition temperature is zero. Condition (1.6) represents the convective boundary
condition at the fixed face x = 0. T, is the bulk temperature at a large distance from the fixed face x = 0,
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and hg is the coefficient that characterizes the heat transfer at the fixed face. Moreover, $(t) represents
the velocity of the phase-change interface. We will work under the assumption that v, 7;,To, hg > 0
which corresponds to the melting case.

In Sect. 2, we will quickly review fundamental results that allow us to apply the similarity transfor-
mation technique to our problem. We will analyse the fusion of a semi-infinite material which is initially
at the solid phase, where a convective condition is imposed at the fixed boundary x = 0 and where the
latent heat is considered as a power function of the position with power «. In Sect. 3, we will provide an
explicit solution of a similarity type of problems (1.1)—(1.7) under certain conditions on the data, proving
in addition its uniqueness in case that « is a positive non-integer exponent. We will study the particular
case when « is a non-negative integer, recovering for o = 0 the results obtained by [18]. Finally Sect. 4
will show that the solution to our problem converges to the solution of a different free boundary problem
with a prescribed temperature at x = 0 when the coefficient hg — +0o which has been recently studied
in [23].

The main contribution of this paper is to generalize the work that has been done in [18,25] and [3], by
obtaining the explicit solution of a one-dimensional two-phase Stefan problem for a semi-infinite material
where a variable latent heat and a convective boundary condition at the fixed face are considered, as
well as to obtain the results given in [23] when the coefficient that characterizes the convective boundary
condition goes to infinity.

2. Explicit solution with latent heat depending on the position and a convective boundary
condition at t = 0

In this section, the explicit solution of the problem governed by (1.1)—(1.7) will be found. The proof will
be split into two subsections. The first one results from the work of Zhou and Xia in [25] and corresponds
to the case when « is positive and non-integer. The second one is correlated with the case when « is a
non-negative integer, based on [24].

2.1. Case when « is a positive non-integer exponent

The following lemma has already been developed by Zhou-Xia in [25] and constitutes the base on which
we will find solutions for the differential heat Egs. (1.1)—(1.2).

Lemma 2.1. 1. Let
T

' vt
then W = U(x,t) is a solution of the heat equation V. (x,t) = dW,.(x,t), with d > 0 if and only if
f = f(n) satisfies the following ordinary differential equation:

(x,t) =t2f(n), with (2.1)

a2 f df
— 2n——(n) — 2 =0. 2.2
P (m) + 2n a (n) —2af(n) =0 (2.2)
2. An equivalent formulation for Eq. (2.2), introducing the new variable z = —n? is:
d2f 1 df @

3. The general solution of the ordinary differential Eq. (2.3), called Kummer’s equation, is given by:

f@):@M(-O‘l >+c’;1U<— ;z> (2.4)

[\ o)

22"



38 Page 4 of 15 J. Bollati and D. A. Tarzia ZAMP

where ¢11 and Ca1 are arbitrary constants and M (a,b,z) and U(a,b, z) are the Kummer functions

defined by:
M(a,b,z) = i (E)C)Lz;zs’ where b cannot be a non-positive integer, (2.5)
Ula,b,2) = ragpy M(a,b,2) + S22 P M(a = b+ 1,2 = b, 2). (2.6)
where (a)s is the Pochhammer symbol:
(a)s=ala+1)(a+2)...(a+s—1), (a)o=1 (2.7)
Proof. See [25]. O

Remark 2.2. All the properties of Kummer’s functions to be used in the following arguments can be
found in “Appendix A”.

Remark 2.3. Taking into account Eq. (2.4) and definition (2.6), we can rewrite the general solution of
the ordinary differential Eq. (2.3) as:

a1 a 13

—aM (-2 G A (-S4 22 2.8
f(Z) C11 ( 2727Z>+621'Z 2+2,2,Z ) ( )

where ¢17 and €27 are arbitrary constants.

Remark 2.4. Taking into account Lemma 2.1 and Remark 2.3, we can assure that U(x,t) = t*/2f(n)

satisfies the heat equation Wy(z,t) = dV¥,,.(x,t) if and only if it is defined as:

1 a 13
(g t) = /2 a1 9 o L Jo 9 2.9
(x,t) [0111\4( 550 " + co1nM 5 +2,2, n , (2.9)

with n = T and where c¢17 and co; are arbitrary constants (not necessarily real).

Our main outcome is given by the following theorem, which constitutes a generalization to the two-
phase case of [3]. This theorem ensures the existence and uniqueness of solution of problems (1.1)—(1.7)
under a restriction for the convective coefficient, providing in addition to the explicit solution.

Theorem 2.5. If the coefficient hy satisfies the inequality:
20T (% +1) kTl
Too/7

then there exists an instantaneous fusion process and the free boundary problems (1.1)—(1.7) has a unique
solution of a similarity type given by:

ho > (2.10)

s(t) = 2v+/dit, (2.11)
1 a 13

v =2 pM (=S o )+ FgM [ —2 22 2 2.12

1(1‘,t) t l:l < 979’ Ui + L 2+2727 m ) ( )
1 a 13

Uy(,t) =2 |EM (=2 2 -2 ) + Fp M (=2 + 2,2 =2 2.1

(z,t) =t { ( 505 s )+ 5 T3 )| (2.13)

T

where 1 = 2%/@’ s = 50q7 and the constants Ey, F, Es and Fy are given by:

E, = F, (2.14)
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_hOTWQMM <_ga %7 _VQ)

F = o1 <13 , (2.15)
M| ——, =, -2 2v/dyhovM | —— + =, =, =12
|:l ( 2727 V>+ \/TOV ( 2+2727 V):|
1
—vwM <—§ + > ;, —V2w2>
E, = 1 Fy, with  w = +/d/ds, (2.16)
M (, =, 1/2w2>
2°2
T2a+1da/2M (OZ + 1, 1,1/2w2>
P 2 22 (2.17)
U g + 1 1 1/2w2
2 272
and the dimensionless coefficient v is the unique positive solution of the following equation:
k‘sTidgail)/z hOToo a+1
T 1(%‘) + ﬁfQ(x) = N x > 0. (218)
le( +1)/ AYQ(,édl( +1)/
in which functions f1 and fo are defined by:
1
filz) = , x>0, (2.19)
U g +1 1 1202
2 272
1
fa(x) = , > 0. (2.20)

a 11 Vdihg « 3
S22 had 2 2
[M(2+2,2,9:>+2 T xM<2+1,2,x )]

Proof. The general solution of Egs. (1.1)—(1.2) based on Kummer functions is given by Lemma 2.1 and
Remark 2.4:

1 a 13
v — o2 | EM (=2 2 2 s M (=S 422, 2 2.21
1(3),1‘5) t |:l ( 252a m + m 2+272a m ) ( )
Wz, t) = 2 B (=22 C2) o mar (—9 413 2 (2.22)
) 2725 s 2 2727 s )

where 7, = ,and Ej, F;, E and Fy are coefficients that must be determined.

x o
i " T 2l

Furthermore, condition (1.4) together with (2.21) implies that the free boundary should take the
following form:

s(t) = 2v+/dit. (2.23)

where v is a constant that also has to be computed.

Using the derivation formulas for the Kummer functions (A.4)-(A.5) presented in “Appendix A”, it
is deduced that:

tla=1)/2 o 3
U, (z,t) = EjaqM [ —=+1,=, —n?
o) = = [memar (-5 41,5 -1t)

F 1
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F a 11 9
—M{—-+z, 5 . 2.2
+ 5 ( 5 T35 n)} (2.25)

From Eq. (1.4), we have:

1
/2 [ElM (- u2) + FyM (—;‘ +5 g —UQ)] =0. (2.26)

ol
272’
Isolating E;, we obtain (2.14).
On the other hand, using (2.21) and (2.24), condition (1.6) becomes
I3
bt
"2Vd,

and replacing E; given by (2.14) into (2.27) we get that F} is given by (2.15).
Condition (1.4), ¥4(s(t),t) = 0 implies:

1
FE M( 39 1/2w2> + FsvwM (—

leading us to define E; by (2.16).
In view of condition (1.7), it is necessary to compute Wq(z,0), given by the expression:

= ho[Ey — Tud]. (2.27)

13
+ 305 —y2w2> =0 wherew = /%, (2.28)

s

| Q

Uy(z,0) = }%Ws(x, t) = {hmto‘/QM( s %,—nf)]
+F, [lim 220, M (=5 + 3,3, —n?) ] (2.29)

Taking into account formula (A.9) from “Appendix A”, we obtain:

a 1 N3 o
[ (R S S L 2+
(22 ”) r(3+2) ( ”)
i (atl) s 2 a 11 n?
sU|[ =4+ =, = 2.30
+F(_%)€ @ 2+272 s ( )

and

2 2r (5 +1)
ﬁ —($+1)7i,—n <a 3 2)
—+1 2.31

We can observe that if « is a non-negative even integer then I' (f%) is not defined, and so (2.30) is
not valid. In the same way if « is a non-negative odd integer, then I' (f% + %) is neither defined and
(2.31) cannot be applied. From this fact, we restrict « to be positive and non-integer.

Considering (2.30) and (2.31) and applying (A.7), we obtain the following limits:

: a/2 a 1 2 VT z®
lim [t / M(—2,2,—ns)] = Fra s 1) paelt (2.32)
(5 +3) 204

and

)

/2 @
Hm "SM( 5 "

N W

)= YT (2.33)
[ (§+1) ga+145/?

N | =
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Combining (2.29), (2.32) and (2.33), we deduce that:

LS x® VT x®
U, (2,0) = B, +F, (2.34)
r (a + 1) (4d)2/2 o (£ 4 1) (4ds)r?
22 2

Considering the initial temperature given by (1.7), and replacing E; by (2.16) in (2.34), it is obtained:

« 13
M (— +-, 5 —V2w2>
2 22 VT F, + VT F, = —T;(4ds)*/? (2.35)

M 791,,/2(”2 T 2+1 21"(2—&—1)
279’ 2 "2 2

Then we can determine F using the definition of the U-Kummer function and identity (A.10) presented
in “Appendix A” arriving to definition (2.17).
Until now we have obtained Ej, F}, Es and Fs as functions of v, arriving to expressions (2.14)—(2.17).
Finally, it remains to take into account the Stefan condition (1.5) from which we will deduce an equa-
tion that must be satisfied by the unknown coefficient v that characterized the free boundary. Substituting
Egs. (2.14)—(2.17), (2.24)—(2.25) into (1.5) and applying formula (A.11), it can be obtained that v must
satisfy the following equation:

— Vw

krho T .
v (24 2L ) fovdingent (& 41,3 0
1 2 27 27x 110X 2 ) 2,.73
ki T;20d /2 o
= y2ogetlglet2 g s, (2.36)

a 11
U (2 + 5, 5, T w )
that can be rewritten, arriving to the result that v must be a solution of Eq. (2.18).
Our proof is going to be completed by showing that there exists a unique solution v for Eq. (2.36)
(i.e. (2.18)). With this purpose, we will study the behaviour of the functions f; and f.
On the one hand, due to the derivation formula (A.6), and its integral representation (A.8) we can
assure that f; is an increasing function of x. It follows immediately that the first term of the left-hand

kTd" VP T (a/2 + 1
side of Eq. (2.18) decreases from A; = — ETSYE (@/2+1) to —oo when 2 increases from 0 to
yd,® VT

~+00.
On the other hand, taking into account Eqgs. (A.4) and (A.5) we arrive to the conclusion that fo is
a decreasing function of x. Therefore, the second term of the left-hand side of Eq. (2.18) decreases from
hOToo

Ay =

—— Oz to 0 when z increases from 0 to +o0.
v2%d,

In consequence we can assure that the left-hand side of (2.18) decreases from A; + Ay to —oo when
x increases from 0 to +oo.

As the right-hand side of (2.18) is an increasing function of = that goes from 0 to +oo, we claim that
Eq. (2.18) has a unique solution if and only if it is satisfied the following condition:

A1+ A5 >0 (237)
which is equivalent to (2.10). O

Remark 2.6. An inequality of type (2.10) in order to obtain an instantaneous phase-change process was
given firstly in [21]; see also [14].
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Corollary 2.7. If the coefficient hy satisfies the following inequality:
2T (5 +1) kTl D2
Too /T

then the free boundary problems (1.1)—~(1.7) reduce to a classical heat transfer problem for the initial solid
phase governed by:

0<hy<

(2.38)

\Ilst(x7t) = dS\I]Sa:x(x’t)7 T > 07 t> 07 (239)
kaWe, (0,8) = hot~1/2 [qfs(o,t) - Toot“/Q] . t>0, (2.40)
U(z,0) = ~Tiz®, 2 >0, (2.41)
whose explicit solution is given by:
1 a 1 3
Uy (2, t) =t/ |E;M 2) 4 EapM [ —=+ =, 2, —n? 2.42
s(x,1) [ ( 50 s ) L 5 T5ig s | (2.42)

where ns = x/v/4dst and :

—Td?/zkl"(a—i—l)—i—l"( >h0\ﬁT
ne {kr( +1)+hofr<a+lﬂ 7 =4

2
2v/dsho(Es — T,
F, = 2Y/%ho(B. — Teo) (2.44)
ks
Proof. From Lemma 2.1 and Remark 2.4, we have that the temperature is given by:
1 a 13
_ /2 2 -2 2
Uy(x,t) =t [E M< 375 775> —|—ansM( 3 t5 3 775>] (2.45)
where ns = ﬁ and E, and F, are coefficients that must be determined.

Taking into account conditions (2.40)—(2.41), coeflicients E; and Fs are obtained in an analogous way
as in the proof of Theorem 2.5. O

2.2. Case when « is a non-negative integer

This section is intended to present the exact solution of problems (1.1)-(1.7) in the particular case that
« is a non-negative integer. Using formulas (A.12)—(A.13) from “Appendix A”, it can be proved the
following assertion.

Lemma 2.8. Consider problems (1.1)—(1.7), where oo = n € Ny. If the coefficient hg satisfies the inequality:
2T (3 +1) kT

h 2.46
0> Tor/m ( )
then the explicit solution of this problem is given by:
s(t) = 2v+/dit, (2.47)
1
/227 Tog /&I <Z + 2) L (5 +1) [Fun) Ba(v) = Fa(v) En(m)
\I]l(aj7t) = ) (248)

{klr (g + 1) En(v) 4+ /dihoT' <Z + ;) Fn(y)}
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En(ns)Fn(vw) — Ep(vw) F(ns)
Uy (z,t) = t"/22"T,d"/°T 1 : n 2.49
(2.1 /200 4 1) | S S el (2.49)
where 1 = —2— - L= h and v is the unique solution of the following equation:
" avar T avan TV ! g canation:
hoTse 1 +
ny(n+1)/2 o Sdih 1
y2nd, ex2on (E + 1) E,(z) + ZNVAN pop (I 2 F,(z)
2 ki 2 2
ko Tod D/ 1
- > p x> 0. (2.50)

’yd1(n+1)/2 2n612w2ﬁ(En(xw) — Fn(Iw)) B '

Proof. Inequality (2.46), functions (2.47)—(2.49) and Eq. (2.50) can be deduced following the same reason-
ing used in the demonstration of Theorem 2.5 by using the relationship between the Kummer functions
and the family of the repeated integrals of the complementary error function given by (A.12) and (A.13).

Let us note that in order to follow the arguments of Theorem 2.5 we must show that the limits given
by (2.32) and (2.33) remain true in case that « is a non-negative integer. But this can be easily proved
due to the formula presented by Tao in [17]:

zn

. n/2 R H n/2 V=
lim "7 E, (n,) = lim /2 F, () T'(n+1)2ndy/*

(2.51)

and due to the Legendre duplication formula for the Gamma function [1]:

I'(x)T (ac + ;) = Qﬁl I'(2x). (2.52)

0
Remark 2.9. Considering n = 0 and taking into account that Ey(z) = 1 and Fy(z) = erf(z), condition
(2.46) and functions (2.47)—(2.49) reduce to:
kT
ho > ——— 2.53
"7 Toov/nd, (2:53)
s(t) = 2v+/dit, (2.54)

- |erfw) —erf T
\Ifl(x,t):hOTozl dl[ {1+ @hiig}ﬂ (2.55)

erfc T

where v is the unique solution of the following equation:
kT 6_x2w2 hoT s €_x2

_ y/mddy er fe(zw) + A [1 R \/lehoerf(a?)]
ki

=z, z>0. (2.57)

This formulas are in agreement with the explicit solution of the problem presented by Tarzia in [18]
which is in contrast to our problem corresponds to a solidification process.
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Remark 2.10. The results of Remark 2.9 in the one-phase case with a convective boundary condition are
also recovered in [3].

3. Limit behaviour when hg — +o0

In this section, we are going to study the limit behaviour of the solution of the problem governed by
Egs. (1.1)~(1.7) when the coefficient hy that characterizes the heat transfer in the convective condition
(1.6) tends to infinity. The main reason for doing this analysis is due to the fact that the convective heat
input:

k1®i,(0,8) = hot ™2 [W1(0,1) — Tt /7], (3.1)

constitutes a generalization of the Dirichlet condition in the sense that if we take the limit when hg — oo
in (3.1) we must obtain W,(0,t) = Ti,t*/2. Therefore, we will prove that the solution to our problem in
which we consider a convective condition at the fixed face x = 0 converges to the solution of a problem
with a temperature condition at the fixed face.

Bearing in mind that the solution to problems (1.1)—(1.7), it means that the free boundary and the
temperatures in the solid and the liquid phases depend on hg, and we will rename them as:

Sho(t) : free boundary given by (2.11),

Uhy : unique solution of Eq. (2.18),

Uino () : liquid temperature given by (2.12),
Usno(t) : liquid temperature given by (2.13).

Theorem 3.1. Let us consider the problem given by conditions (1.1)—(1.7), where the solutions sp,, Wiy, ,
Uy, and vy, are defined by (2.11), (2.12), (2.13) and (2.18), respectively. If we take the limit when
ho — oo, we obtain that sp,, Vip,, Ysp, and vy, converge to so, ¥io, Voo and ves, respectively, which
corresponds to the solution of the following problem:

Uioor (2,1) = d1 V00 4e (2, 1), 0<z<su(t), t>0, (3.2)
Voot (@, 1) = dsVsoopu(, 1), T > Soo(t), t>0, (3.3)

500(0) = (3.4)
Uoo (S0 (t), ) = SOO(soo(t),t) =0, t >0, (3.5)
ks W soo (500 (t), ) = F1Wioos(S00(t), ) = V800 (1) *$0c(t), >0, (3.6)
Uioo(0,8) = Toot®? £ >0, (3.7)
Ueool,0) = —T;a®, x>0 (3.8)

With See = 2Weo/dit and where a temperature Toot®/? is prescribed at the fized face x = 0.

Proof. On the one hand, if we consider the problem governed by Egs. (3.2)-(3.8), we can obtain by the
following similar arguments of the proof of Theorem 2.5 that the solution is given by:

t) = 2w \/dit, (3.9)

Vioo (2, t) = t°7% [Eroc M (=%, 3, —v5) + Fioovoc M (=5 + 5.3, —13)] 3.10)
Wooo(@,t) =t/ [ByooM (=5, 1, —V2) + Faoovoo M (=% + 1,3, —02)], 3.11)

where

Eioo = T, (3.12)
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Fiee == a 13 : (3.13)
M | =5 + 5,5, V2
v ( 5 + 25’ Voo>
1
Voow M (—Z + 3 g’ —Vgow2)
Baoo = — 1 Fioo, (3.14)
M=Z 2 —p2 o2
25 25 00
T‘2a+1da/2M (a _|_1 1 2 w2>
? S 2 2, 27 50
Fooe == a 11 ’ (3.15)
U2 L2 2 2,2
(2 Tyt )
. dy ) . . .
with w = T and where v is the unique solution of equation:
kT ks Tydl /2 -
mﬁ(@—wﬁ(w)—x . x>0, (3.16)
with
1
fa(z) = = 3 , x>0 (3.17)
M (21,2 42
z <2 + ,2,1” )

and fi(z) defined in (2.19).

The proof that v is the unique solution of (3.16) derive from analysing the growth of functions f;
and f3. On the one hand, we have seen in the proof of Theorem (2.5) that f; is an increasing function that
satisfies f1(0) = L\/?l) and fi(4+00) = +o00. On the other hand, taking into account the derivation
formula (A.4) we can easily prove that f5(z) is a decreasing function that verifies f3(0) = 400 and
f3(400) = 0. Thus we obtain that the left-hand side of Eq. (3.16) is a decreasing function that goes from
+00 to —oo when = goes from 0 to +o0o. As the right-hand side of Eq. (3.16) is an increasing function
that increases from 0 to +oo, we can assure that (3.16) has a unique positive solution. We remark here
that the solution of problems (3.2)—(3.8) was obtained in [23] by using results for a heat flux condition
from an argument not so clear for us, and for this reason we have proved it with details.

Once we have calculated the solution of problems (3.2)—(3.8), let us show that the solution of problems
(1.1)—(1.7) converges to it when hg — +o0o. We know that v, which is the parameter that characterizes
the free front in (1.1)—(1.7), is the unique solution of (2.18). Taking limit in (2.18), we obtain:

. kT de—=1)/2 1
lim |——="= +
(a+1)/2 11
ho——+00 yd ) U(%+§,§,12w2)
. hoT. 1
+ lim CERYE =
ho—-+oo | 72%d, [M(%+%7%7m2)+27“]?1’mmM(%Jrl,%,zz)]

(a—1)/2
7/65Tids 1 leoo
T T ) T el (g E )

ks Tyl 1/ kT
(w) +

- /1 ———— f3(2).
,Ydl(a+1)/2 72a+1d1((¥/2+1)

(3.18)
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That means that lim vy, must be a solution of Eq. (3.16) which has a unique solution vy, so we

ho——+oo
can conclude that . lini Vhy = Voo-
0—TO00
Subsequently by simple algebraic calculations, we obtain:

holirﬂoo Sho(t) = 800 (), (3.19)
lim \Ijlho (1’, t) = \Illoo(xy t), (320)

ho—+oo
lm W, (x,t) = Pyoo(x, t). (3.21)

ho—-+0o0

4. Conclusions

In this article, a closed analytical solution of a similarity type has been obtained for a one-dimensional
two-phase Stefan problem in a semi-infinite material using Kummer functions. The novel feature in the
problem studied concerns a variable latent heat that depends on the position as well as a convective
boundary condition at the fixed face x = 0 of the material. Assuming a latent heat defined as a power
function of the position allows the generalization of some previous theoretical results. We have also
generalized the classical two-phase Stefan problem with constant latent heat and a convective boundary
condition [18] and the one-phase Stefan problem with latent heat depending on the position and a
convective boundary condition at the fixed face x = 0 [3].

Furthermore, we have shown that when hq increases, the solution of problems (1.1)—(1.7) converges
to the solution of a different free boundary problems (3.2)—(3.8) where a temperature condition at the
fixed face is considered instead of a convective one [23].

The key contribution of this paper has been to prove the existence and uniqueness of the explicit
solution of problems (1.1)—(1.7) when a restriction on the data is satisfied. We have presented the exact
solution which is worth finding not only to understand better the process involved but also to verify the
accuracy of numerical methods that solve Stefan problems.
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Appendix A.

This appendix presents a review of some of the significant mathematical results of the Kummer functions
which are used in the main body of the paper.

Definition of Kummer functions

Kummer functions are defined by

8
—
IS
~—
»
»

M(a,b, z) = with b non-positive integer, (A1)
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Ula,b, z) = F(l;(i;_?_)l)M(a, b, z) + F(l?(;)l)zl_bM(a -b+1,2-10,2) (A.2)
where (a)s is the Pochhammer symbol:
(a)s=ala+1)(a+2)...(a+s—1), (a)p=1 (A.3)

and I'(+) is the Gamma function. In order that U is well defined it is necessary that a and a — b+ 1 be
non-positive integers.

Differentiation formulas

From [11], we have

d a

£M(a,b,z) = EM(a—i—l,b—l—l,z) (A.4)
d , ,_ _

g(zb 'M(a,b,2)) = (b—1)2""2M(a,b—1,2) (A.5)
d

£U(a, b,z) =—aU(a+1,b+1,%) (A.6)

Connection Formulas

From [11] and [25], we know that
e Relationship with the generalized hypergeometric function

3
U(a,b,z) ~2z7% z—o00,|z] < 27~ 0  where § is an arbitrary small positive constant. (A.7)

e Integral Representation of U

oo

1
Ula,b, z) = ) /e’“t“fl(l +t)bmetde with Re(a) > 0 and |ph(z)| < g (A.8)
0

e Relationship between U and M

1 eami ef(bfa)ﬂ'i )
—M(a,b,z) = ——— b UMb —a,be”™ A.
e Relationship with the exponential function

M(a,b,z) =e*M(b—a,b,—%) (A.10)

2 _ogy (2 p L3 e a3 e

e —2azM( 2+2,2,z>M(2+1,2,z

a1 a 11

M(—=,=, =22 | M|—=+4=,=,-2° A1l
¥ (2,2,2) (2+2,2,z) (A1)

where « is real and non-negative.
e Relationship with the family of the repeated integrals of the complementary error function

n 1 2\ onp (P
M <2,2,z ) —2 r(5+1) Ep(2) (A.12)
n 13 n 1
M{—=+=,=,-22)=2""T'(=+2|F, Al
(-2 +3.5-2) (5+3) M (A13)
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where n is an integer, F,, and F), are defined by

E,(z) =[i"erfc(z) +i"erfe(—2)] /2 Al4

o~ o~
~ ~—

F.(z) =[i"erfe(—z) +i"erfe(z)] /2 A15
in which
iYerfe(x) = erfe(x) (A.16)
+oo
i"erfc(x) = /i”flerfc(t)dt (A.17)
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