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In this paper we introduce sigma limits (which we write
o-limits), a concept that interpolates between lax and pseu-
dolimits: for a fixed family ¥ of arrows of a 2-category A,

a o-cone for a 2-functor A —— B is a lax cone such that
the structural 2-cells corresponding to the arrows of X are
invertible. The conical o-limit of F' is the universal o-cone.
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particular, a canonical expression of an arbitrary Cat-valued
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bicoend formula.
As an application, we establish the 2-dimensional theory of
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to be flat when its left bi-Kan extension along the Yoneda
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notion of 2-filteredness of a 2-category with respect to a class
33, which we call o-filtered. Our main result is: A pseudofunc-
tor A — Cat is flat if and only if it is a o-filtered o-bicolimit
of representable 2-functors. In particular the reader will no-
tice the relevance of this result for the development of a theory
of 2-topoi.
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0. Introduction

Size issues are in general not relevant in this paper, but we indicate the smallness
assumption when it applies. The article is concerned with the notion of flat functor
in the context of 2-categories. Given a 2-functor A 5 Cat from a 2-category A with
values in the 2-category Cat of small 1-categories, we want to define when it should be
considered flat, and prove a theorem that characterizes flatness using appropriate notions
of filteredness and pro-representability. Recall that a Set-valued functor is flat when its
left Kan extension along the Yoneda embedding is left exact (this being equivalent to its
discrete cofibration being a cofiltered category). This notion is considered in [16, § 6] for
V-enriched categories in general, and in particular for V = Cat.

We emphasize that 2-dimensional category theory is radically different from the theory
of Cat-enriched categories, which, as well as the theory of V-enriched categories for any V),
is a part of 1-dimensional category theory.

As is usually the case, the Cat-enriched version of flatness is too strict, and a relaxed
notion is the important one. This is easily settled, but more difficult and unsolved so far
is the fundamental equivalence between flatness and appropriate notions of filteredness
for 2-categories and pro-representability of 2-functors, which is the problem solved in
this article.

Note that by 2-category, 2-functor, we mean the concepts which are sometimes re-
ferred to as strict 2-category, strict 2-functor. Though our original objective was to have
results for 2-functors, the notion of pseudofunctor was imposed upon us as the correct
generality in which to define flatness in the 2-dimensional context. However, for the sake
of simplicity in many calculations we work primarily with 2-functors. We note that no
generality is lost since, while we prove our main theorem (Theorem 4.2.7) for 2-functors,
the corresponding theorem for pseudofunctors (Theorem A.6) follows as a corollary.

We define a pseudofunctor to be left eract if it preserves finite weighted bilim-
its. For a pseudofunctor A L, Cat, we define the left bi-Kan extension (as al-
ready considered in [21]) pseudofunctor Hom,(A°P,Cat) T Cat along the Yoneda
2 functor A — Hom,,(A°P,Cat) (namely, the bi-universal pseudonatural transforma-
tion P = P*h, where Hom,(A°,Cat) is the 2-category of 2-functors, pseudonatural
transformations and modifications). Note that since weighted bilimits exist in Cat this is
actually a pointwise bi-Kan extension. Furthermore, bilimits in Cat can be chosen to be
pseudolimits, and then it follows that when P is a 2-functor, P* can be chosen to be a
2-functor. Also note that from these definitions it follows that the flatness of a 2-functor
P, which we define stipulating that P* is left exact, is preserved by pseudonatural equiv-
alences, that is, equivalences in Homy(A, Cat).

Let A -2 Cat, A°P ', Cat be 2-functors, consider the 2-Grothendieck construction
Elp 25 A and the family €p given by the (co)cartesian morphisms, note that we
abuse the notation and consider this family both in Elp and £17. While confronting the
difficulty posed by the fact that there was no expression in terms of a conical colimit
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indexed in 1P for the coend of the 2-functor A% x A RN Cat, a crucial moment that

opened the door for the intended research on the 2-dimensional concept of flatness was
the discovery of the following previously unknown fact:

The category of pseudo-dicones for the 2-functor A°? x A XL Cat s isomorphic to

oor
the category of lax cones for the 2-functor EIF — AP L5 Cat such that the structural
2-cells corresponding to €p are invertible.

This fact led us to consider a general notion that we call sigma natural transformation,
and denote o-natural transformation, already defined in [14]. Let (A, X) be a pair where
A is a 2-category and X a distinguished 1-subcategory. A o-natural transformation is a
lax natural transformation such that the structural 2-cells corresponding to the arrows of
Y are invertible. This notion led in turn to the notion of weighted o-limit, which became
an essential tool for our work in this paper. We comment that although the statement
in italics above follows from Proposition 2.4.11, it also admits a direct proof which we
encourage the interested reader to do.

It would be appropriate to say that the most transcendental basic result in this paper
is Theorem 2.4.10 which establishes the following:

Arbitrary weighted o-limits (or o-colimits) can be expressed as conical ones.

This fact rescues for 2-dimensional category theory the classical fact of ordinary cate-
gory theory which states that conical limits suffice to construct all weighted limits. As a
first application we show three statements which are the 2-categorical analogues of the
respective classical facts of the theory of flat functors.

1. We establish a 2-categorical version of the canonical expression of Set-valued functors
as colimits of representable functors: Any 2-functor A L, catis equivalent to the conical

oor
o-colimit of the diagram &I — A — Hom, (A, Cat) of representable 2-functors,
where o is taken with respect to the class €p of cartesian arrows.

2. We introduce a notion of 2-filteredness for pairs (A, %) that we denote by
o-filteredness. When A has finite weighted bilimits and P is left exact, the pair (1%, €p)
is o-filtered, in other words the o-colimit in the canonical expression of P is a o-filtered
o-colimit.

3. We prove a key result that establishes that a o-filtered o-colimit of flat 2-functors
is flat. This follows from the commutativity (up to equivalence) of o-filtered o-colimits
with finite weighted bilimits in Cat, established in [9].

Let A -2+ Cat be a 2-functor. Our main result, Theorem 4.2.7, states that the following
are equivalent:
(i) Elp is o-cofiltered with respect to the family €p of cocartesian arrows.
(ii) P is equivalent to a o-filtered o-colimit of representable 2-functors in Hom, (A, Cat).
(iii) P is flat.

If A has finite weighted bilimits, these statements are also equivalent to:
(iv) P is left exact.
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We remark that the concept of o-limit and the results in this paper should be relevant
in an intended definition of the concept of 2-topos. In fact, it follows that for a small
2-category A, a point of the 2-topos Hom, (AP, Cat) of 2-presheaves could be appro-
priately defined as a Cat-valued flat 2-functor A — Cat, whose left bi-Kan extension
determines a morphism of 2-topoi Hom,(A°?,Cat) — Cat; that is, a left adjoint (i.e.,
having a right adjoint) left exact 2-functor. As A. Joyal pointed to us, a 2-topos could
be defined as a left exact 2-localization of a 2-category of 2-presheaves.

0.1. Organization of the paper

In Section 1 we fix notation and terminology. Through Sections 2 and 3 we fix an
arbitrary pair (A, X) with ¥ a 1-subcategory containing all the objects of a 2-category .A.

In Section 2 we develop the theory of o-limits. In §2.1 we define o-natural transfor-
mations between 2-functors A — B following [14, § 1,2 p.13,14]. These are lax natural
transformations where the 2-cells associated to the arrows in X are invertible. We de-
note the so determined 2-category HomZ (A, B), and whenever possible we will omit ¥
from the notation. In this way we have a chain of inclusions of categories with the same
objects:

Homs (A, B) — Homy,(A, B) <(i)> Hom, (A, B) <(i)> Homy (A, B)

where the sub indexes s, p, o, £ indicate strict natural (i.e. 2-natural), pseudonatural,
o-natural and lax natural respectively. When ¥ is the whole underlying category of A, (1)
above is an equality, and when X consists only of the identities (2) is so. This allows for
a unified treatment of many results known for pseudo and lax natural transformations.

Each choice of a subindex s, p, o, ¢ gives rise to a notion of weighted limit that we
study in §2.2. Note that the three cases s, p, £ are considered in [17], but the general
concept of o-limit for an arbitrary l-subcategory X is an essential tool to work with
the notion of flat 2-functor, and we use in this paper o-limits that are neither lax nor
pseudolimits.

Notation: In order to avoid repeating statements and, more important, to develop

75
S

unified proofs whenever possible, we will use a letter €, that can stand for both and
“o”, thus also for “p” and “C”.

Warning: we use limit to refer to a general weighted limit, and conical limit to a
classical limit (i.e., when the weight is the constant 2-functor with value 1).

In §2.3 we consider for arbitrary ¢ the corresponding notion of e-end and e-coend,
and establish the e-end formula for the category of e-natural transformations between
2-functors. We consider also temsors and cotensors, and prove the constructions of
weighted e-limits in terms of e-ends and cotensors.

In §2.4 we study explicitly conical o-limits and o-colimits, and show, modifying an
argument of Street [25], the fundamental property of o-limits that we mention in the
introduction. We choose to establish it for colimits: arbitrary o-colimits can be expressed
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as conical o-colimits. We establish then the canonical expression of a Cat-valued 2-functor
as a conical o-bicolimit of representable 2-functors. We finish this subsection adapting
Gray’s construction of o-colimits in Cat to fit our context, which is a result that we will
need later.

In §2.6 we analyze the computation of weighted e-limits in 2-functor categories, and
establish a general theorem about pointwise computation. This is an essential theorem
in the theory of limits, which is used everywhere. In particular, we use it in §2.7 in order
to prove properties of interchange of e-limits and e-colimits.

In Section 3 we introduce and develop the notion of 2-filteredness for pairs (A, X),
which we refer to by saying that A is o-filtered (with respect to X). In § 3.1 we state the
basic definition, which is a generalization of Kennison’s three axioms in his definition of
bifiltered 2-category [19], thus it also generalizes the equivalent Dubuc—Street notion of
2-filtered 2-category [11]. Their notion corresponds to o-filteredness when ¥ consists of all
the arrows of A. We consider particular finite diagrams such that their o-cones suffice
for o-filteredness, and show that these o-cones correspond (up to equivalence) to the
cones of some particular finite weighted bilimits. In § 3.2 we consider the pair (£lp,€p)
as mentioned in the introduction and we prove that the 2-functor £lp P A creates any
conical o-bilimit which exists in A and is preserved by P (this is a 2-dimensional version
of a known 1-dimensional result, see [15, Proposition 4.87]). From this result, together
with the equivalence between cones mentioned above, it follows that if A has finite
weighted bilimits and P is left exact, then the pair (€17, €p) is o-filtered. Interestingly
enough, finite conical bilimits in A do not suffice for this result. In §3.3 we consider
o-cofinal 2-functors and establish some of the usual properties of cofinality that we will
use in the proof of our main theorem in Section 4. These properties allow us to show
that the canonical 2-functor 1% — £17”, where L is a left bi-Kan extension of P, is
o-cofinal in the case considered in the theorem.

In Section 4 we consider flat pseudofunctors and we prove our main theorem. In §4.1
we define the bi-Kan extension of a pseudofunctor following [21]. It is defined by the usual
representation that defines Kan extensions suitably relaxed. We focus on the pointwise
case which holds when the target 2-category has all weighted bilimits, and prove some
basic results on flat pseudofunctors, analogous (but independent since the two notions
of flatness are different) to the ones that can be found for a general base category V
in [16, §6]. In §4.2 we state and prove the results mentioned in the introduction, in
particular our main theorem (Theorem 4.2.7), and in Appendix A we generalize them to
the case of pseudofunctors.

1. Preliminaries
1.1. Basic terminology

Since terminology regarding 2-dimensional category theory varies in the literature, we
list here some definitions and basic results as we will use them in this paper.
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. We refer the reader to [18] for basic notions on 2-categories. Size issues are not

relevant to us here, when it is not clear from the context we indicate the smallness
condition if it applies.

In any 2-category, we use o to denote vertical composition and juxtaposition to
denote horizontal composition. We consider juxtaposition more binding than “o”,
thus af o v means () o . We will abuse notation by writing f instead of id; for
arrows f when there is no risk of confusion.

Given any arrow or 2-cell “z”, we use “a*”, “x.,” to denote precomposition, post-
composition with “x” respectively.

By Cat we denote the 2-category of (small) categories, with functors as morphisms
and natural transformations as 2-cells.

For a 2-category A and objects A, B € A, we use the notation A(A, B) to denote
the category whose objects are the morphisms between A and B and whose arrows
are the 2-cells between those morphisms.

We use = to denote isomorphisms and = to denote equivalences in a 2-category.

A 2-functor F' : A — B is said to be pseudo-fully-faithful if for each A, B € A,
A(A, B) Faz, B(FA,FB) is an equivalence of categories, 2-fully-faithful if each
F4 p is an isomorphism and locally-fully-faithful if each F4 g is full and faithful.
For a 2-category A, A°P denotes the 2-category with the same objects as A but
with A°P(A, B) = A(B, A), i.e. we reverse the 1-cells but not the 2-cells. We use the

notation B — A for the arrow in A°P that corresponds to the arrow A N B, in
A. 2-cells keep their names.
For a 2-category A, A denotes the 2-category with the same objects and arrows as

A, but with A°°(A, B) = A(A, B)?, i.e. we reverse the 2-cells but not the 1-cells.
The 2-category Cat has a duality 2-functor Cat®® L, Cat that maps each category C'
to its dual C°P. Clearly D is an isomorphism of 2-categories and it is its own inverse.
y F

A lax natural transformation between 2-functors B is a family of mor-

G

phisms and 2-cells of B, {FA ba, GA}aca, {GfOa LN HBFf}ALBeA satisfying
the following equations:

LNO. Forall Ae A, Oia, = 6a.
INL. Forall A-5s B9 Cec A 0,5 =0,FfoGgby.
S
LN2. Forall A ¥ BeA, OpFyol;=050Gy04.
g

An op-lax natural transformation is defined analogously but the structural 2-cells 8¢

0
are reversed, i.e. 0 Ff =% Gf04.
A modification § —25 6’ between lax natural transformations is a family of 2-cells of
B {04 22 0/} aca such that:
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LNM. For allALBeA, 0% 0o Gfpa=ppFfoby.

In this way we have a 2-category Homy(A, B), with arrows the lax natural transfor-
mations, and similarly Hompe(A, B).

A pseudonatural transformation is a lax natural transformation where all the 2-cells
0y are invertible, they are the arrows of a 2-category Hom,(A,B). A strict, or
2-natural transformation is a lax natural transformation where all the 2-cells 6y
are identities, they are the arrows of a 2-category Homs(A,B). We have locally-
fully-faithful inclusions

Homs(A, B) — Homy(A, B) — Homy (A, B) (1.1.1)

and similarly for Homep(A, B). A pseudonatural equivalence, or pseudo-equivalence
for short, is a pseudonatural transformation such that every 6,4 is an equivalence in
B. This amounts to € being an equivalence in Hom, (A, B).

There is a bijective correspondence between 2-functors, where «y is either s, p or £:

F

B Hom (A, C)
A Homep~ (B, C)
f g
—_ _
This correspondence is given by the formulas, for A ¢ A, B % B’
f/ g/

FB(A) = GA(B), (Fg)a = GAl(g), FB(f) = (Gf)p, (Fg); = (Gf)g, (Fn)a =
GA(n), FB(0) = (GO)p. All the verifications are straightforward.

The expression H(A, B) = FB(A) = GA(B) does not determine a 2-functor of two
variables, its structure has been studied in [14, I, 4.1.] under the name of quasifunctor.

F

A lax dinatural transformation € between 2-functors A°? x A B is
G

a family of morphisms and 2-cells of B, {F(A4,A) LZN G(A, A)} aca,

(G(id, F)04F(f,id) =% G(f,id)0sF(id, f)}

satisfying the following equa-

Ai>BeA
tions:
LDO0. Forall Ac A, Oia, = 0a.
ID1. Forall A-Ls B9 C e A, 0,5 =G(f,id)0,F(id, f) o G(id, 9)0; F(g, id).

f

— . . . .
LD2. Forall A 7V Be A,  G(v,id)0pF(id,v) o 0 = 04 0 G(id,v)0aF (7, id).
g

A morphism p between two lax dinatural transformations 6,6’ is a family of 2-cells
of B, {84 £2 0',} ac such that:
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LDM. Forall A5 Be A, 0,0G(id, f)paF(f.id) = G(f.id)ppF(id, f) o 0;.

F

Note that if a pair of 2-functors A B are considered as 2-functors
G
F
AP x A B constant in the first variable, lax dinatural transformations from
G

F to G correspond to lax natural transformations from F to G, and similarly for
their morphisms.
The construction of item 9 defines an isomorphism

Homy (A, B) iy Homope(A“, B).

Combining the previous item with item 10, we have an isomorphism of 2-categories
Homy(A,Cat) (i> Homope (A, Cat®) D Hompe(A°°, Cat) that maps a 2-functor

A L5 Cat to a 2-functor that we will denote by P4, P4 = DPee.
For a 2-functor A — B, and an object E € B we have isomorphisms of categories

Homy (A, Cat)(k, B(E, F—)) = Hom(A, B)(kg, F)
Homy (AP, Cat)(k1, B(F—,E)) = Homope(A, B)(F, kE)

where k1 and kg denote the 2-functors constant at 1 = {x}, and E respectively.
For 6 in the left side and 7 in the right side, both isomorphisms are given by the

formulas na = 0a(x) for A € A, ny = (65). for A Ly Bea.

1.2. The 2-category of elements

P.

We will make extensive use of the 2-category of elements £lp of a Cat-valued 2-functor
Elp can be defined as a particular instance of a lax comma 2-category ([2, §1.4],

[14, §1,2.5]), Elp = [k1, P], and therefore has the universal property of Proposition 1.2.3
below.

Definition 1.2.1. Let A —— Cat be a 2-functor. Elp can be described as follows:

. Objects: Pairs (x, A) with A € A and z € PA

Morphisms: A morphism between (z, A) and (y, B) is a pair (f, ¢) with A JiBea
and Pf(z) -y

2-cells: A 2-cell between (f, ) and (g,v) (from (x, A) to (y, B)) is given by a 2-cell
A

A 0 B € A such that the following diagram commutes in PB:
—_—

g
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4. Compositions in this 2-category are defined as follows: for composable arrows (f, ¢)
and (g,%) we have (g,¢)(f,¢) = (g9f,%¥Pg(¢)), and both horizontal and vertical
composition of 2-cells are computed in A.

We consider the 1-subcategory ép of Elp whose arrows are (f, ) with ¢ an isomor-
phism.

Remark 1.2.2. We note that the canonical projection Elp P A is the opfibration (in
the sense of [14, §1,2.5 p.30]) associated to P, and the arrows of ¥p are the cocartesian
morphisms of Elp.

Proposition 1.2.3 ([1/, §1,2.5 p.29], [2, Proposition 1.11]). The following diagram ex-
presses the fact that (together with $p and the lax natural transformation o defined by

Qz,4) = T, Q(f.0) = @), Elp is the lax pull-back of P along the 2-functor 1 M, Cat.
For each 2-functor Z N A, and each lax natural transformation kq N PF,

Z
F

Ceo3r
o ,
Elp —= A gych that ©pT = F,aT = 6.

|- |
1 —— Cat

k1

T

The formulas behind this correspondence are, for Z B W in Z, T(Z) =

0z, F(2)), T(r) = (F(r),0,), T(8) = F(B). There is also a 2-categorical part of
this universal property that we omit since we will not use it, the reader may consult
[2, Proposition 1.11]. O

Remark 1.2.4. It is well-known (see [25, p.180], or see [2, Proposition 1.14] for a proof)

that the projection Elp LOp, A is lax dense, in the sense that for each A & Cat the
pasting composition with « yields an isomorphism of categories

Homy(A,Cat)(P, Q) = Homy(Elp,Cat)(k1, Q<Op).

We make explicit the formulas defining this correspondence on objects:
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P =L @ lax natural kq :0> Q< p lax natural
0o,
PA "L 0A 1204
P(f)l Yy l@(f) %w lQ(f)
9(%3)
PB — > QB OB
(1) = 0(1,ia) na(z) = 0z, 4 0t,0) = nB(2) (1)

1.2.5. Combining Proposition 1.2.3 and Remark 1.2.4 we have, for each lax natural trans-

T,
formation P == @Q between Cat-valued 2-functors, an induced 2-functor Elp —% Elg
given by the formulas

Ty(z, A) = na(z), A), T, (f,0) = (fins(@)(5)e),  Ty(0) = 0.

We note (see [2, Theorem 1.15]), although we will not need this result, that this assign-
ment actually defines a 2-fully-faithful 2-functor Homy(A,Cat) — (2-Cat/A).

1.2.6. Consider now 2-functors A -5 B -2 Cat. By the pasting lemma for lax pull-
backs, we may construct the lax pull-back defining Elpy by pasting a (strict) 2-pull-back
to the lax pull-back defining £lp as in the diagram below:

Opm
5lpH E—— A

|

Op

Elp B
| e
1 Cat

1

Then we have an induced 2-functor Elpy Tn, e p that is given by the formulas
2. o-limits

We fix throughout this section a 1-subcategory ¥ of a 2-category A which contains all
the objects (this is often called a wide subcategory). We introduce a new class of natural
transformations that we call sigma natural, and denote o-natural. We introduce the use
of a symbol o accompanying a concept, it is convenient to think that ¢ means that the
concept is to be taken “relative to the arrows of 3”. Whenever possible, we will omit %
from the notation.
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2.1. o-natural transformations

F

Definition 2.1.1. Given 2-functors A B, a o-natural transformation F V.

G

(with respect to X) is a lax natural transformation such that, if A Ly Aisin 3, the
structural 2-cell 67 (see §1.1, item 11) is invertible. There is a 2-category HomZ (A, B)
with objects the 2-functors from A to B, whose arrows are the g-natural transformations
and whose 2-cells are all the modifications between them. We have locally-fully-faithful
inclusions (see (1.1.1))

Homy (A, B) — Homy(A,B) 3 Homy (A, B) 3 Home(A,B).  (2.1.2)

Note that if ¥’ is another I-subcategory of A and X C Y’ then
HomZ' (A, B) — HomZ(A,B).

We recall that o-natural transformations were already considered by J. W. Gray in
[14, §1,2 p.13,14]. What we denote by HomZ(A,B) is, in Gray’s notation,
Fun(A,X; B,isoB).

Remark 2.1.3. Consider a 2-category A, its underlying category Ag and the 1-subcategory
A;q consisting only of the identities. Then, in (2.1.2), (1) is an equality if ¥ = Ag, and
(2) is an equality if ¥ = A4;4. O

Observe that the items 14, 15 and 16 in § 1.1 hold with the same proof for general o
and opo-natural transformations, the latter being defined in an evident way. O

Notation 2.1.4. Even though in this paper we will work mainly with o-limits, in order
to avoid repeating statements that hold for the o-case and the strict s-case, we will use
a letter e, that can stand for both s and o (then also by Remark 2.1.3 for p and ¢). This
allows for a unified treatment of many results which are known for strict, pseudo and
lax natural transformations.

2.2. e-limits
Definition 2.2.1. Given 2-functors A > Cat, A N B, and E an object of B, we de-

note ConesW (E, F) = Hom.(A,Cat)(W,B(E, F-)). This is the category of w-e-cones
(with respect to the weight W) for F' with vertex E. For a w-e-cone £ with vertex E,

3
W = B(E,F—) , we have a functor 65 = £* given by precomposition with &:

B(B, E) 22 Hom.(A,Cat)(W, B(B, F—)) (2.2.2)
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#— I3 %—
B o _E s W=3B[EF-) «V_ B(BF-)
—_— —_—
g g*

The e-limit of F' weighted by W, denoted {W, F'}. or more precisely ({W, F},§), is a
w-e-cone & with vertex E = {W, F'}., universal in the sense that 5 = £* in (2.2.2) is an
isomorphism.

As usual, an equivalent formulation of the universal property is that there is a repre-
sentation #p natural in the variable B (as in (2.2.2)), and & is recovered setting B = E,

§=0g(idg).

It is convenient to give an explicit definition of the dual concept, in the notation of
Definition 2.2.1:

Definition 2.2.3. e-colimits W ®. F in B are the corresponding limits in B°P; for
Ar W cat, A L5 B we denote Cones¥ (F,E) = Hom.(A,Cat)(W,B(F—, E)) and
refer to the objects of this category also as w-e-cones, as it is clear from the context which
w-e-cones we are referring to. The e-colimit of F' weighted by W, denoted W ®. F or

more precisely (W ®. F,v), is a w-e-cone v with vertex E =W ®.F, W S B(F—,B)

universal in the sense that the functor g = v* given by precomposing with v,
B(E, B) 22 Hom. (A% Cat)(W, B(F—, B)) (2.2.4)
is an isomorphism.

Remark 2.2.5. Considering € = s, we recover the notion of strict weighted limit ([17, § 2]).
Considering ¢ = o, ¥ = Ap and ¥ = A;4, we recover the notions of weighted lax and
pseudolimits ([17, § 5]). In spite of this notation, the reader should be aware that s-limits
are not o-limits, as it is the case for weighted lax and pseudolimits.

The general concept of o-limit for an arbitrary 1-subcategory ¥ is an essential tool to
work with the notion of flat 2-functor, and we will consider in this paper o-limits that
are neither lax nor pseudolimits.

Remark 2.2.6. We also consider (but omit to write explicitly) analogous statements
for opo-natural transformations, thus defining opo-limits. Recall §1.1, item 15. Ev-
ery o-limit in B is an opo-limit in B¢, and vice versa. If A v, Cat, A N B, then
{W, F}, = {W9 F},,,. See [2, Proposition 1.5] for a proof for lax natural transforma-
tions, that can be easily adapted to a general o.

Therefore one can think there is only one main or “primitive” notion between the four
possible choices in (op)o-(co)limits, and the other three can be obtained from that one.
Then, as it is usual in the literature, we can state and prove general results for o-limits,
and use them for any of the four choices mentioned above.
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Remark 2.2.7. If the universal property in Definition 2.2.1 is taken in the weak sense
(equivalence instead of isomorphism) we have the notion of o-bilimit ,{W, F'}, (and
o-bicolimit W ; ®, F). Clearly, any o-limit is in particular a o-bilimit. Note how-
ever that the defining universal properties characterize o-bilimits up to equivalence and
o-limits up to isomorphism. We abuse nevertheless the language by referring to “the”
o-bilimit, or “the” o-limit, and use equalities to express that a certain object satisfies
the corresponding universal property, but it is important to be aware that for a given
data, both a o-limit and a o-bilimit may be constructed independently, and they will be
equivalent objects, but not necessarily isomorphic.

Asin [17, (2.5), (5.5)] (see Remark 2.3.13 below for a proof) we have the basic result:

Proposition 2.2.8. The 2-category Cat has all (small) weighted e-limits. In fact, given
A Cat, A N Cat, {W, P}. = Hom.(A,Cat)(W,P). O

As an immediate corollary, it follows that representable 2-functors preserve weighted
e-limits. That is, they “come out of the second variable”. More precisely:

Corollary 2.2.9. Let A LN Cat, A L5 B be 2-functors, then we have the following
isomorphism (equivalence), 2-natural in the variable B:

B(B,{W,F}.) =5 {W,B(B,F=)}., B(B,,{W, F}.) = ,{W,B(B, F-)}.

Proof. Consider P = B(B, F'—) in Proposition 2.2.8 and the Definition 2.2.1 of e-limit.
The case of e-bilimits is analogous. O

It is well known ([15, (3.11)]) that weighted strict limits behave functorially both
in the weight and the argument. Here we establish the fact that e-limits (recall that e
stands for o or s) behave functorially respect to any natural transformation stronger
than e-natural, more precisely:

Notation 2.2.10. Let A be any 2-category. Consider the set £ 4 consisting of the label s
and one label o> for each 1-subcategory ¥ of A. Note that in particular we have labels
that we denote p = g*i¢, £ = g0 (see Remark 2.1.3). Consider the order in £ 4 induced
by the inclusions in (2.1.2), that is s < ¢ for every ¥, and oF <oTiftnCy.

Note that if we are considering only one 1-subcategory ¥, and omit it from the nota-
tion, we have s < p <o < ¢ (cf. (2.1.2)).

Remark 2.2.11. Let o, 5 € L4, if a < B then weighted S-limits behave functorially
respect to a-natural transformations. That is:

1% F
—_— —_—
Let A 04 Cat, A ¥ C be a-natural transformations, by (2.2.2), we
w G

have
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= C{V. F}p, =) {V.F}p

P

SCqW, Y F—) (W, F

W= C({W,G}s.G—) (WG

|

C({W, F}s, F—) = C({W, F}5,G—)  {W,F}g

A standard line of reasoning by the uniqueness in the universal properties yields that
these constructions define 2-functors

{7)F}5 {va}ﬁ

(Homy (A, Cat)?) 4 C, (Homa(AC))y C,

(Homo (A, Cat)P x Homo(A,C))+ Rinkid LN C,

where the subscript “+” indicates the full-subcategories with objects such that the cor-
responding S-limits exist.

2.8. e-ends and cotensors

e-ends and e-coends.
The relation of strict ends (coends) of 2-functors AP x A Ly B with weighted

limits (colimits) is well understood, they are given by the weight A% x A M Cat

(Ax AP AT, Cat), see [15, 3.10], [28, 5.2.2]. However for general o the situation is

not at all the same. Some particular cases have been considered, for example, in [21, 9.6]
the pseudoend of a Cat valued 2-functor, which requires the explicit construction of

weighted pseudolimits in Cat, in [28, 5.3] the lax coend of a Cat valued 2-functor of the
SxT

form A°? x A —— Cat, which requires a non-trivial change in the weight.

We will now define the e-end of a 2-functor A x A — B (recall Notation 2.1.4).
The notion of e-dinatural transformation is obtained, for € = o, by the requirement of
invertibility on the 6; for f € ¥ in §1.1, item 13. The case € = s yields the notion
of strict dinaturality, that corresponds to V-naturality when V = Cat, [10, 1.3.1, 1.3.5],

(15, §2.1, §3.10).

Definition 2.3.1. Let T : A°? x A — B be a 2-functor and E € B. A e-dicone 0 (with
respect to X) for T with vertex F is a e-dinatural transformation from the 2-functor which
is constant at E to T. This amounts to a lax dicone given by a family of morphisms
{FE ba, T(A,A)}aca and a family of 2-cells {T'(A, f)0a LN T(f7B)9B}A‘_f>B€A such
that:
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1. If e = 0, 0y is invertible for every f in X.
2. If e = 5, 0y = id for every f.

For each F, e-dicones with vertex E form a category Dicones.(E,T), whose arrows are
the morphisms as lax dicones.
The e-end in B (with respect to X) of the 2-functor T is the universal e-dicone, denoted

¢ TA) I TU A acas (LA A 25 TUBYRsY, 1 e

A

It is universal in the sense that for each ' € B postcomposition with 7 yields an isomor-
phism of categories

B(E,e/ T(A, A)) =% Dicones.(E,T) (2.3.2)
A

Proposition 2.3.3. For the 2-functor A°? x A w Cat, there is an obuvious

e-dicone with vertex Dicones.(E,T). It can be checked that it is universal, therefore
there is an isomorphism of categories

Dicones.(E,T) — / B(E,T(A, A)) (2.3.4)

As usual, then, the universal property (2.3.2) defining EfA T(A, A) is equivalent to stating
that there is an isomorphism of categories

B(E,e / T(A,A)) =& / B(E,T(A, A)) (2.3.5)

A A

commuting with the e-dicones. 0O
It is convenient to have at hand the explicit definition of the dual concept e-coend.

Definition 2.3.6. c-coends are defined as e-ends in B°P, for T : A°? x A — B we define
A

s/ T(AA) = 5/ T9P(A, A), and we denote the universal e-dicone by
A

A
(T(A, 4) 22 6/ T(A, A} acas  BT(B,f) =5 MaT(f A}, 1,

A argument dual to the one given for (2.3.5) proves that the universal property defining
€ fA T(A, A) can be stated as
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A
B(e / T(A,A),E) —s ¢ / B(T(A, A),E) (2.3.7)
A

We denote the weak concept of o-biend of T', where 7* in Definition 2.3.1 is required

to be only an equivalence, by o 7{ T(A, A).

A
The following key formula remains valid for the Hom, categories:

Proposition 2.3.8. For 2-functors P,Q : A — B, we have the formula

Hom. (A, B)(P,Q) — / B(PA,QA)
A

Proof. It can be readily checked (by a straightforward but necessary argument) that the
following data defines a universal e-dicone with vertex Hom. (A, B)(P, Q). Projections
are given by m4(0) = 04 for e-natural transformations 0, m4(p) = pa for modifications
p. And the structural 2-cells of the e-cone are given by (7y)g = 65 : Qf04 = 0pPf for

AL Be A 0ecHm(AB)(P,Q). O
Tensors and cotensors.

Definition 2.3.9. e-cotensor (resp. e-tensor) are e-limits (resp. e-colimits) with A = 1. In
this case the choice of ¢ is irrelevant, since Hom,(1,Cat) = Homs(1,Cat) for any choice
of . We identify 1 -, Cat with C € Cat, 1 L, Bwith BeB (note that 1°7 = 1), and
denote cotensor products by {C, B} and tensor products by C'® B. (see also [17, (3.1)]).

Recall that in the base 2-category Cat, cotensors and tensors are given by the internal
hom and the cartesian product, {C, B} = Cat(C, B), and C ® B=C x B.

As in the case of enriched category theory, from Proposition 2.3.8 and Remark 2.2.11
it easily follows that for any e the 2-functor categories have cotensors and that they are
computed pointwise. The proof is very similar to [15, §3.3] so we omit it.

Proposition 2.3.10. Cotensor products are computed pointwise in Hom(A,B). This
means precisely that for C € Cat, A S, B, if {C,GA} exist for each A € A then
the formula {C,G}A = {C,GA} defines a 2-functor that is the cotensor product of C
and G in Hom (A, B). O

We finish this subsection establishing in the e case some well known formulas of
enriched category theory. We omit to explicitly state the corresponding formulas for
bilimits, which hold with the same proofs.
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s w P . .
Proposition 2.3.11. For A — Cat, A — B, if B is cotensored we have

(W,P}. = [ {WA, PA}

Proof. We have the following chain of natural isomorphisms

Hom. (A, Cat)(W, B(B, P—)) = / Cat(W A, B(B, PA))
A

~ / B(B,{W A, PA})
A

~ B(B,e [ {WA, PA})
A

given in turn by Proposition 2.3.8, definition of cotensor and (2.3.5). Then the statement
follows by Definition 2.2.1. O

With a dual proof we have

Corollary 2.3.12. For A°P , Cat, A N B, if B is tensored we have

A
W ®:P= /WA@PA a

Remark 2.3.13. For the case B = Cat, we have

1. For A % Cat, A i Cat, {W, P}. (2'32'11)6/ Cat(WA,PA) (Qig)Homs(A, Cat)(W, P)
A

(2.3.12)

A
2. For A Y5 cat, A L5 Cat, W @, P s/WAxPA

2.4. Conical o-colimits
Remark 2.4.1. Let F' : A — B be a 2-functor, and E an object of B. It is immediate

to check that the isomorphism in § 1.1, item 16, restricts to an isomorphism (recall that
kx stands for the functor constant at X)

Homy (AP, Cat)(k1, B(F—, E)) £ Homeps (A, B)(F, kg) (2.4.2)

By considering the weight &y in (2.2.4), it follows
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B(ky @, F, E) —> Homy (A%, Cat)(ky, B(F—, E)) = Hompe (A, B)(F, kp)

Definition 2.4.3. Let F' : A — B be a 2-functor, and F an object of 5. We define the cat-
egory of o-cones, Cones> (F, E) = Cones® (F, E), see Definition 2.2.1. By Remark 2.4.1,
a o-cone for F' (with respect to X) with vertex E corresponds to a opo-natural transfor-

mation F =2 kg, this amounts to a lax cone {F A LZN E}aca, {06Ff LN QA}ALBGA
such that 6y is invertible for every f in ¥. The morphisms between two o-cones corre-
spond to their morphisms as lax cones.

We now describe the universal property defining the (conical) o-colimit of F. The
o-colimit in B (with respect to X) of the 2-functor F': A — B is the universal o-cone,
denoted {FA % glim® FA}aca, {AsFf =2 Aa}

AcA
FE € B, pre-composition with A is an isomorphism of categories

; in the sense that for each
A——BeA

B(oLim™ FA, E) > Cones,(F, E) (2.4.4)
AeA

We denote the weak notion of (conical) o-bicolimit as in Remark 2.2.7, where A* is an
equivalence, obiLim> F A. By definition we have, for F': A — B,

AcA
olim FA =k ®, F, obilim FA =k 1,®, F. (2.4.5)
AeA AeA

Conical opo-colimits are special cases of Cartesian quasi limits considered by J. W.
Gray in [14, 1,7.9.1 iii)]. What we would denote by opoLim®™ FA is, in Gray’s notation,
ey

AcA
Cart ¢- Lim F.
A,isoX

Remark 2.4.6. Conical o-limits gLimz F A are o-limits weighted by k1, in this case there

AcA
is no “op” in the lax naturality involved (because there is no “op” in the first isomorphism

of §1.1, item 16), and they correspond in Gray’s notation to Cart g- @ F. We also
A,isoX

refer to o-natural transformations kg =% F as o-cones (as in Definition 2.4.3 above),

and denote the so-obtained category of -cones by Cones= (E, F).

The following diagram illustrates the correspondence between o-cones in B° and
o-cones in B (recall that 2-cells in B° keep their direction and that we denote objects
in B°P with an overline, see § 1.1, item 8):
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FB FA

_

For A 5 Bin A, E 7 o, |ry in B correspondsto Ff| 0 E in B.

0a

A '} FB- "

(2.4.7)

Definition 2.4.8. Recall Definition 1.2.1. We denote by %% the 1-subcategory of £lp with
arrows (f, o) that satisfy f € ¥, ¢ invertible (i.e. the intersection of €p and ¢p'(X)).

In [25, Theorem 15] Street shows that for each weight A , Cat, s-limits weighted
by W are equivalent to a special type of Gray’s cartesian quasi-limit (see Remark 2.4.6)
over Ely. A slight modification of this procedure shows that weighted o-limits can be
expressed as conical o-limits. Since we will use this result for colimits, we prefer to prove
the colimit version.

Proposition 2.4.9. Let A°P v, Cat, A i B, then we have
Hom (AP, Cat)(W, B(P—, B)) = HomZ> (Elw, Cat) (k1, B(POTE—, B))
Proof. Consider the isomorphism
Hom (AP Cat)(W, H) =2 Homy(Elw,Cat)(ky1, HOw)

of Remark 1.2.4 and the explicit formulas therein. Then it can be seen at once that the
isomorphism restricts to

HomZ (AP, Cat)(W, H) = HomS> (Elyy, Cat) (ky, HOw )

In particular, for H = B(P—, B) we have the desired isomorphism. O

This Proposition has as a corollary the following fundamental result:
Theorem 2.4.10. Let A 5 Cat, A i B, then

W ®q P =ki ®, PO = oLim® PA, W 4,,®, P = ki 4;®, POy, = obilim™ PA,
(z,A)e&lyy (z,A)e&lYp

which means that the universal properties defining each object are equivalent. In partic-
ular, by considering ¥ = Agy, we have

W®, P= oLim™ PA, W 4i®, P = gbiLlim®™ PA.
(z,A)e&lyy (z,A)e&lyy
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Proof. The first equality (in both expressions) is given by Proposition 2.4.9, the second
oneis (2.4.5). O

In particular for ¢ = p using Theorem 2.4.10 we have the following expressions
of a pseudocoend of tensors as a conical o-colimit (for the first equality consider
(AeP)ep L, cat, Aor s Cat, and the first coend as indexed by A°P).

Proposition 2.4.11.

A A
oLim® WA :p/PA XWA=p| WAx PA= oLim®™ PA O
(z,A)e€ly (y,A)EEIE

The expression of a Cat-valued 2-functor as a conical o-bicolimit of representable
2-functors.

It is a classical result that any Set-valued functor has a canonical expression as a
colimit of representable functors. We now establish a 2-categorical version of this result.
Consider a 2-functor A 2 Cat, and the Yoneda embedding A°P SN Hom, (A, Cat),
hA = A(A, —). Recall the Pseudo-Yoneda Lemma, [26, (1.9)], see [8, 1.1.18] for a proof:

2.4.12 (Pseudo-Yoneda Lemma).

a) For any 2-functor A N Cat, evaluation at the identity for each A € A provides
the components:

Hom, (A, Cat)(A(A, —),Q) = QA

of a pseudo-equivalence, that is an equivalence in Hom,(A,Cat), between @) and the
2-functor on the left side. Furthermore, this equivalence is pseudonatural in the vari-
able Q.

From this, as usual, it follows:

b) The Yoneda embedding is pseudo-fully-faithful. That is, there is an equivalence of
categories:

Hom, (A, Cat)(A(A, —), AB,—)) = A(B, A). O
Proposition 2.4.13. For any 2-functor A i Cat, we have a pseudo-equivalence, that is
an equivalence in Hom,(A,Cat):
A
P~ Pg,h 2 p/PA®A(A,—).

Proof. Consider P as a weight for the colimit of the Yoneda embedding h, then Corol-

1
lary 2.3.12 shows w . Then, we have the following chain of equivalences, pseudonatural
in the variable @:
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A
Hom, (A, Cat)(p/ PA® A(A,-),Q)

1

p / Hom, (A, Cat)(PA® A(A,—),Q)
A

12

» / Cat(PA, Homy (A, Cat)(A(A, ), Q)
A

%

p| Cat(PA, QA)
/

= Hom,(A, Cat)(P, Q).

justified, in turn, by (2.3.7), Proposition 2.3.10, Pseudo Yoneda a) and Proposition 2.3.8.
By the pseudonaturality in @, a use of Pseudo Yoneda b), applied this time to the
category Hom, (A, Cat), finishes the proof. O

From this Proposition and Theorem 2.4.10 we have:

Proposition 2.4.14. For any 2-functor A £, Cat, we have a pseudo-equivalence, that is
an equivalence in Hom, (A, Cat):

~ oLim® A(A,-). O
(z,A)€ELSF

Remark 2.4.15. In particular, since o-bilimits are defined up to equivalence, it follows
that any Cat-valued 2-functor P is a conical o-bilimit in Hom,(A,Cat) of a 2-diagram
in Homs (A, Cat) of representable 2-functors, indexed by the pair (1%, €p).

2.5. A construction of conical o-colimits of categories

In [14, 1,7.11.4 i)] Gray proves that conical opo-colimits in Cat exist and gives an
explicit construction of them. In Proposition 2.5.1 below, we interpret this result ac-
cording to our notation. We will use the left adjoint 7 of the inclusion Cat 4 9.Cat
(where 2-Cat is the 2-category of small 2-categories, 2-functors and 2-natural transfor-
mations) and the existence of the usual category of fractions [13]. For a subcategory %
of a category C, we will denote this category by C[X71].

We observe that Gray only makes invertible those morphisms of the form (f,id) € €
while we invert every morphism in @. Since every morphism (f, ¢) € €% can be factor-
ized as (id, p)(f,id) and (id, ) is already invertible because ¢ is an isomorphism, both
constructions are isomorphic.

Proposition 2.5.1. Let A 2, Cat be a 2-functor. Then

opoLim QA = (m€lg)[¢5 ). O
AcA
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Remark 2.5.2. Let A 9, Cat be a 2-functor. There is a construction dual to the
2-category of elements Elg, that we will denote by I'g, where the direction of ¢ in
Definition 1.2.1 is reversed. Note that Definition 2.4.8 can be easily adapted to define
the 1-subcategory %% of I'g. Then a proof dual to the one of Proposition 2.5.1 shows

that, for a 2-functor A < Cat,

olim QA = (WOFZ)p)[‘ggl]
AcA

The interested reader can also see [2, Proposition 1.17] for the {-case, and
[6, Theorem 5.2] for the p-case, where the following formula is established:

ZLiT QA =m(TF[651),
€

In the previous formula, I} [€y !7is the 2-category of fractions in the sense of [24]. Note
that from the adjunction my 4 d for any 1-subcategory X of a 2-category A it follows
(m0.A)[271] = mo(A[Z71]), thus the two constructions are the same.

Remark 2.5.3. Note that, since computing 7y and the category of fractions doesn’t change

the objects, the objects of gLim QA can be taken to be the objects of I'g, which are

AcA
pairs (x, A) with A € A, x € QA. By looking at the proof of [14, 1,7.11.1] (which has

[14, 1,7.11.4 i)], i.e. Proposition 2.5.1 as corollary), we have a formula for the universal

o-cone \, in particular on objects A4 () = (z, A). Note that for each object ¢ € olim QA,

AeA
there are A € A, x € QA such that A s(z) = c.

Lemma 2.5.4. Let A" %, Cat, A N Cat, and consider the universal w-o-cone
W == Cat(P—,C), where C =W ®, P (see (2.2.4)), note that v is a o-natural trans-
formation. Then for each object ¢ € C, there exist A€ A, x € WA, a € PA such that
va(z)(a) = c.

Proof. By Theorem 2.4.10 we have C' = ¢Lim® PA. In other words, W ®, P is the
(z,A)e€lp

op

o-colimit of the 2-functor EIY <>—W> A L5 cat. We may compute this colimit using
Remark 2.5.2, then we have the colimit o-cone PO 2 kc. By Remark 2.5.3, there
are (x, A) € Elw, a € PA such that A\, 4)(a) = c.

Now, as in the proof of Theorem 2.4.10, the correspondence between the o-colimit
o-cone PO =2, ke and the o-colimit w-o-cone W == Cat(P—,C) is given by Propo-
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sition 2.4.9 and (2.4.2), and therefore by the formulas in Remark 1.2.4 and in §1.1,
item 16. Then we have v4(z)(a) = Az 4)(a) =c. O

2.6. Pointwise limits

We analyze now the computation of weighted e-limits in functor categories. The point-
wise computation of arbitrary weighted e-limits is a much more delicate matter than that
of cotensors (Proposition 2.3.10), we give below a general result regarding the pointwise
computation of a-limits in opS-functor categories (with pseud” or strict diagrams). Note
in particular the appearance of the “op” prefix, this is reminiscent of the lifting of op-lax
limits to the 2-category of strict algebras and lax morphisms for a 2-monad ([20]), which
has as a particular case the case v = ¢ of Proposition 2.6.2.

Remark 2.6.1. Let B,C be 2-categories, and v € {s, p, £}. Then we have a 2-functor

ev(,) . # .
B —— Hom(Homepy(B,C),C) given by the formulas, for B #d B’ in B,
g
0
—_—
F ol G in Homep(B,C),
n

. evg(F)=FB, evp(0)=0p, evp(p)=pn
- (evp)r =Ff, (evy)g =0y
- (

1
2 F
3. (evy)r =Fp

For each B € B and any ¢ the definition in 1. determines 2-functors
Hom.(B,C) =2 C, Hompe(B,C) =25 C,
that is, functors
Hom.(B,C)(F, G) =2+ C(FB, GB),  Hom(B,C)(F, G) = C(F B, GB).
All the verifications are straightforward. O

Recall Notation 2.2.10. Given 2 categories A, B, in the next proposition we let a € L 4,
B € Lp be the label “s”; or labels corresponding to arbitrary 1-subcategories of A, B
respectively. Among all the possible labels, the three labels £, p, s always make sense for
any A and B. We will use the letter v to refer to these labels. With this in mind, we
have:

Proposition 2.6.2. Let v € {{,p,s}, o € La, B € Lp, such that « > v, f > 7. Then
weighted a-limits of opy-diagrams are computed pointwise in the 2-functor 2-categories



M.E. Descotte et al. / Advances in Mathematics 333 (2018) 266-313 289

Homeps(B,C) (in particular in Homep(B,C)), and are preserved by the inclusion
2-functor Homgp(B,C) SN Homeps(B,C). This means precisely that given 2-functors
AL cat, AL Homepy (B, C), if the a-limits {W,evpF '}, exist in C for each B € B,
the definition LB = {W,evgF'}, determines a 2-functor B Ly € which is the a-limit
L ={W,iF}, of iFF weighted by W in Homeyz(B,C). Denoting the composition evgF by
(F—)B: A— C, we can write {W, F},(B) = {W, (F—)(B)}4. Note that when v = ¢,
this forces that also o =€ and 5 = /4.

Proof. The definition of L is given by the composition (see Remarks 2.2.11 and 2.6.1):

L: B2 Hom, (Homop, (B,C),C) £ Hom. (A, C), 70 e

Note that by hypothesis the limits {W, evg F'},, exist for each B. It follows then that the

composite F*ev(—) actually lands in Hom.,(A,C), so L is defined.

Clearly LB = {W,evgF},. For each B € B, let W L1N C(LB, (F—)B) be a

a-limit w-a-cone in C, LB = {W, (F—)B},, let us denote the components of g by
WA 24 ¢(LB, (FA)B). Then:

B, A

a) For each A€ A, WA —— C(LB, (FA)B) are the components of an s-dinatural
cone in the variable B.

proof: Let B L B in B, and consider the following diagram as in the proof of
Remark 2.2.11:

9%

W ——"— C(LB, (F-)B) LB
fBH H(Lh)* ' Lh
(F—)h).
C(LB, (F—)B) ———= C(LB, (F-)B) LB

Then, evaluating at A finishes the proof.  end proof of a) O
b) The arrows in a) determine a w-a-cone:

WA 4 Hom,(B,C)(L, FA) — Homeps(B,C)(L, FA), W == Homeps(B,C)(L, F).
proof: Let A 25 A’ in A, and consider the following diagram:
[ Homop,(B,C)(L, FA) — = Homeys(B,C)(L, FA) —% C(LB, (FA)B)

Wg &4 l(Fg)* = l(Fg)* = l((Fg)B)*

f / 7 ev
WA X Homep, (B,C)(L, FA") —> Homeps(B,C)(L, FA') —= C(LB, (FA")B)
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By Proposition 2.3.8 it follows there are arrows £a, &4 such that evg&s = &p.a,
evp a0 = Ep 4. By hypothesis, for each B, {p is a-natural (in the variable A). Thus there
isa2-cell (Fg)B)«€B,a €l &g, ar Wg. It is straightforward to check that ((Fg)p)«&B,a
and &g 4 Wg are opy-dicones for the 2-functor C(L—, (FA")—), and the ({p), deter-
mine a morphism of dicones. Then, the existence of &, as indicated in the diagram,
(€B)g = evp &g, follows from the isomorphism of categories

Cat(WA, Homep, (B,C)(L—, (FA")—)) = Diconesop (WA, C(L,FA")).

This shows we have a w-a-cone: W == Homep(B,C)(L, F—), thus also one into
Homps(B,C)(L, F—).

The axioms of a-naturality for £, can be checked using the corresponding axioms for
(€B)4 and the isomorphism of categories above.  end proof of b) O

c) The w-a-cone in b) is a a-limit cone in Homeps(B,C), L = {W, F},.
proof: It only remains to show the universal property. Let B 2, ¢ be a 2-functor and
W = Homys(B,C)(H, F—) be a w-a-cone. We have:

W= ¢(LB, (F-)B) LB
\ H(WB)* ne

C(HB, (F-)B) HB

We now prove that np is opS-natural in the variable B. Let B ", B’ in B. Consider
the isomorphism in the definition of g/,

1) C(HB, LB') 2% Hom, (A, Cat)(W, C(HB, (F—)B")

We have the a-natural structural 2-cell 7, defined as follows:
(Hh)* (np)"Epr = (H) ppr £ (F=)h)app = (F-)h)u(15)"Es =
= (nB)*((F—)h)«&s = (nB)"(Lh)"&pr

We suggest the reader to use the diagram below to check the equations in this defini-
tion.
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C(HB, (F-)B)
W(ma)*
PB
C(LB, (F-)B)
éB
W C(LB, (F-)B') — ") C(HB, (F-)B')

9%

. C(LB', (F—)B')

‘/ (mpr)*
PB

C(HB', (F-)B’)

Ypn

C(HB, (F-)B)

Thus, we have a 2-cell (np: Hh)*ép: 22 (Lhnp)* £p:. By the isomorphism (1) above,
it follows that there exist a unique HB _" _ LB such that pn = (mn)*€pr. The

th Tnn \LLh

nB’

HB —— LB’
(S-naturality axioms for n follow from the -dicone axioms for p and the opS-naturality
of pa(x), A€ A, x € WA. We leave to the reader the verification of the 2-dimensional
aspect of the universal property. end proof of ¢) O

This finishes the proof of the proposition. Note that if C has tensor products with
2 ={0 — 1}, by Proposition 2.3.10 so does Hom,,z(5,C) and thus (as in [17, p.306])
the 2-dimensional aspect of the universal property follows from the 1-dimensional one.
However we think it is pertinent not to assume that C has tensors, for example, in
practice, C may only have all finite conical p-limits. O

Remark 2.6.3. Note that to compute pointwise a-limits in the Hompg(B, C) categories
we use a-limits in C. Since Homps(B,C) = Hompg(B°,C°) (§1.1, item 14), to compute

a-limits in Homg(B,C) we use a-limits in C°°, that is opa-limits in C (Remark 2.2.6).

Since for f = p or s we have isomorphisms Homepg(B,C) = Homg(B,C), it follows:
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Corollary 2.6.4. Weighted o-limits are computed pointwise in the 2-functor 2-categories
Hom(B,C) and Hom,,(B,C). The inclusion Hom(B,C) — Hom,,(B,C) preserves these
limits, we have i{W,F}, = {W,iF},. O

Remark 2.6.5. In general, s-limits are not computed pointwise in Hom, (A, B), see
[3, Example 6.2] for a counterexample. The obstruction in the proof of Proposition 2.6.2
if one tries to prove this statement is that the definition LB in the beginning of
the proof would not be functorial in the variable B, as we do not have a 2-functor

Hom,(A,¢) 2 )
2.7. Interchange formulas

As usual, the commutativity of limits with limits follows from the pointwise compu-
tation. Recall the notation considered before Proposition 2.6.2.

Proposition 2.7.1. Let v € {{,p,s}, « € L4, B € Lp, such that « > v, B > 7.

Let A - Homepy(B,C), B EiN Hom.(A,C) be 2 functors in correspondence as in
§ 1.1, item 12. Consider weights A LN Cat, B Wn Cat. Then, the following holds:

{Wla {W7'7 FT}B}Q = {Wra {I/Vly Fl}oc}ﬁ

Proof. By the usual reasoning it suffices to show it for the case C = Cat. We have the
following isomorphisms given by Proposition 2.2.8 and Corollary 2.2.9:

Wi, {W,, Fy}gta = Homo (A, Cat)(Wy, {W,, F,.}g) =2 {W,, Homy(A,Cat)(W;, F.—)}3

We conclude the proof by showing that {Wi, Fi}, = Homq(A,Cat)(W;, F.—). By
Proposition 2.6.2 we can compute pointwise:

Wi, Fi}a(B) = {Wi, (Fi—=)(B)}a = Homa(A,Cat)(W,, (Fi—)(B)) =
Hom, (A, Cat)(Wy, F.B(—)) = Homy (A, Cat)(W;, F.—)(B).

The second equality is justified by Proposition 2.2.8, the third one follows from the
formulas in § 1.1, item 12, and the last is clear. O

It is convenient to state with a slightly different notation a particular case which we
will need in this paper;

F_
Proposition 2.7.2. Let 0 € L. Consider a 2-functor T =, Homy (A, B) and a weight
A cat. Then the following holds:

{W,gLim F}, = gLim {W. F},,. ©

i€l i€l
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The commutativity of weighted pseudolimits with conical o-colimits, which is (as
usual) a much deeper subject, is treated in [9] for Cat-valued 2-functors. We recall
now this result noting that, while in [9, Theorem 3.2] it is stated for a 2-functor
Z — Homs(A,Cat), since pseudolimits are also computed pointwise in Hom,, (A, Cat)
a careful inspection of the proof yields:

Theorem 2.7.3. Let T be a o-filtered 2-category, A a 2-category. Consider a 2-functor
F_
7= Homyp(A,Cat) and a finite weight (see Definition 3.2.2) A W, Cat. Then the
canonical comparison functor
oLim bl{VV, Fi}p — bl{VV, olLim Fi}p

i€l i€T

is an equivalence of categories. 0O
3. o-filtered 2-categories

We fix throughout this section a 2-category C and a l-subcategory % of C which
contains all the objects. Note that this amounts to a family, that we will also denote by X,
of arrows of C such that all the identities belong to ¥ and ¥ is closed by composition.
We don’t require ¥ to contain the isomorphisms or the equivalences of C.

3.1. The notion of o-filtered

Recall that a non empty 1-category is filtered if and only if every finite diagram has a
cone (see [22, § VIL.6]). This happens if and only if two particular diagrams, correspond-
ing to binary products and equalizers, have a cone (the two usual axioms of filtered
category).

In the 2-dimensional case the notion of filteredness has been considered under the
name of bifiltered in [19], and 2-filtered in [11], and it holds if and only if every finite
diagram has a pseudocone (see [6]).

We introduce now the concept of 2-filteredness with respect to a family 3. It gener-
alizes the definition of bifiltered in [19], which corresponds to the case where X consists
of all the arrows of A.

Notation 3.1.1. We add a circle to an arrow - —o— - to indicate that it belongs to X.

Definition 3.1.2. We say that a pair (C, X) is o-filtered, or for brevity, that C is o-filtered
(with respect to X)), if it is non empty and the following hold:

A_f
.y

oF0. Given A, B € C, there exist F € C and morphisms j E.
B~ 9
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f
oF1l. Given A~ B € C, there exist a morphism B %~ E and a 2-cell
g

hf == hg. If f € ¥, we may choose a invertible.
f

. A
oF2. Given A ol pb B € C, there exists a morphism B —o—= FE such that
g

ha = hg.

We say that C is o-cofiltered if C°P is o-filtered. We keep the same labels for the
axioms.

Proposition 3.1.3. Consider the following finite diagrams:

1. {a,b} ¢, {c,D}
u f
2.{a — 7 b o, (¢ =~ D}
v g
u f
3.{a 04 nb _ py e, {C ab 8L D}
v g

Let X1, X9, X3 (respectively) be the family of arrows that are mapped to arrows of ¥,
i.e. i = F; 1(X). Then, for each i, the category Cones> (F;, E) (recall Definition 2./.3)
is equivalent (naturally in E) to the category A; whose objects and arrows are:

C_
A1 Objects: Pairs of morphisms T E
D L

Arrows: Pairs of 2-cells h = h', L = 1'.

As Objects: An object consists of a morphism D " E together with a 2-cell
hf SN hg, invertible if f € X.
Arrows: 2-cells h == h' such that ~'(nf) = (ng)7y.

Asz Objects: Morphisms D "~ E such that ha = hB.
Arrows: 2-cells h == 1.

Proof. Certainly item 1 requires no proof.

For item 2, we define the equivalence Cones>?(Fy, E) N Aj, and leave the verifica-
tion of the details to the reader. Given a o-cone 6, define h = 6, v = 6,10,. Given a
morphism of o-cones 8 —2» ¢, define n = ;. Then it is easy to check that ¢ is actually
surjective on objects, and given ¢(8) —= ¢(0’), the unique § —— ¢’ such that ¢(¢) =7
is defined by @, = 1, a = 0;,(n9)0, .
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For item 3, define h,~ and n as in item 2, but now since 6 is a o-cone we have
hoo = v = hf. Then in this case the condition v/(nf) = (ng)y for a 2-cell h == K’ is
(Wa)(nf) = (ng)(ha), which holds by the interchange law. 0O

The following proposition expresses a basic property of o-filteredness and it is a
generalization of [22, § VIL.6, Lemma 1] to the 2-dimensional case. See also [6] where
the case of X consisting of all the arrows of C is analyzed.

Notation 3.1.4. For a 2-functor A —— C , we say that a o-cone § with vertex F has arrows
in X if the structural arrows F'(7) 2 Earein X forall i € A

Proposition 3.1.5. The following are equivalent

i) C is o-filtered.
i) Fach of the diagrams Fy, Fy, F3 in Proposition 3.1.3 has a o-cone (with respect to
F=1(X)) with arrows in 3.
iii) Ewvery finite 2-diagram A AN (i.e. every 2-functor A s ¢ with A a finite
2-category) has a o-cone (with respect to F~1(X)) with arrows in X.

Proof. iii) = i) is trivial. 4i) = ) follows from the description of the o-cones in Propo-

sition 3.1.3. To show 4) = #ii), suppose that C is o-filtered and let A 5 ¢ be a finite

0;
2-diagram. Since A is finite, by axiom ¢F0, we have morphisms { Fi —o—E },_,.
We will modify F and the arrows 6; by going further, in order to have a o-cone with
arrows in X. We will do this one arrow u of A at a time. Using axiom oF1, there is a

morphism F — %> E' and a 2-cell 0, F(u) Loy 0;, invertible if F'(u) € ¥. We denote
E’ by E again, the compositions hf; by 6;, and hf, by 0, for all the pre-existing 60,,. We
repeat the procedure to have {GjF(u) b, Qi} e with 6, invertible for all u such
that F(u) € X. o

Now we consider the equations LNO, LN1, LN2 of §1.1, item 11 expressing the lax
naturality of F’ N kg (see Definition 2.4.3). A similar procedure, considering one equa-
tion at a time and using axiom ¢F2 instead of cF1, allows one to go further and make
0 a o-cone with arrows in . O

Remark 3.1.6. The reason why we consider o-cones with arrows in X will be clear in
Proposition 3.2.3 below. We note nevertheless that a weaker notion of o-filteredness
where we ask that every finite 2-diagram has a o-cone could also be worth considering

in another context.
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3.2. Ezact 2-functors

Definition 3.2.1. Consider 2-functors A —2» Cat, A B o We say that
H preserves a o-bilimit ,{W, F}, if ,{W,HF}, exists, and the canonical map
Hy{W,F}, — p{ W, HF}, is an equivalence.

We will define the notion of finite weight and finite bilimit below. We note that there is
a more general notion of finite (or finitary) weight ([16, §4],[25]) which we don’t consider
here as it is not necessary for our purposes.

Definition 3.2.2. 1. We say that a 2-functor A W, Cat is a finite weight if A is a finite
2-category and for each A € A, WA is a finite category. A finite bilimit is a weighted
bilimit with finite weight.

2. Assume that B is a 2-category with finite weighted bilimits. We say that a 2-functor
B cis left exact if it preserves all finite bilimits.

Note that all finite weighted bilimits are required to exist in the domain category of
exact 2-functors, but not necessarily in the codomain category.

The objective of this subsection is to prove the following result: for any left exact
Cat-valued 2-functor P, its 2-category of elements Elp is o-cofiltered (with respect to
the cocartesian arrows). The first result which we will use is a 2-dimensional version of
a result that is known for Set-valued functors, see for example [15, Proposition 4.87]:

Proposition 3.2.3. Let A L, Cat be a 2-functor. Let A N Elp be a 2-functor, and set
Y = F~Y(6p). Assume that OpF has a o-bilimit L in A that is preserved by P. Then
there exist ¢ € PL and a o-cone for F with arrows in €p with vertex (¢, L), which is the
o-bilimit of F.

Proof. We are going to denote the action of F by Fi = (a;, F;) for each i € A,

u

. u . . — .
Fu=(Fy,0,) foreach i — j € A, F§ = Fy for each ¢ 0¥ jeA.

Consider the o-bilimit L of the 2-functor A 22X A, then L is furnished with a
o-cone {L iy Filien, {Fuhi LN h;} This o-bilimit is preserved by P, this
means that if we denote by E the o-bilimit of the 2-functor A Lork, Cat, which is
furnished with a o-cone {E % PF;}ica, {PF,m; =% Wj}iin'eA’

functor PL —3 F such that m;s = Ph;, m,s = Ph, is an equivalence of categories.

i—sjEN”
then the comparison

Recall that, by the construction of o-limits in Cat given in Remark 2.3.13, we have
that £ = Hom, (A, Cat)(k1, POpF) and so:

1. Objects of E are o-natural transformations between the constant 2-functor ki
and POpF. Observe that those transformations correspond to pairs of tuples
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({x;i}ien, {‘Pu}iim‘eA) with 2; € PF;, PF,(xz;) 2% x; satisfying the following prop-
erties corresponding to axioms LNO, LN1 and LN2 from § 1.1, item 11:

LNO. For all i € A, Pid, = idg,
LN1. Foralli % j -5 k€A, @uu = 0o PF,(¢u)

u

Tl
LN2. For all i JEA,  pu(PFy)s, = pu

v

2. Arrows of E are modifications. Observe that a modification between ({z;}ica,

i
{@U}iiﬁeA) and ({y;}ien, {wU}iiﬁeA) corresponds to a tuple {x; = y;};ca sat-
isfying the property corresponding to axiom LNM from §1.1, item 11:

LNM. For all i = j € A, ¥, PF,(&) = &¢u

&i
3. mil{zitiea, {out; vy jen) = i mil{zi == yitiea) = &
4 (M) (friieafoud, u,,n) = Pu

Thus s(c) = ({Phi(c) }ien, {(Ph“)c}iim‘eA)'

Now, F' determines an object of E' ({a;}ica, {ou}; v, ;cn)- Since s is an equivalence
of categories, there exists an object ¢ € PL such that we have an invertible modification
from s(c) to ({ai}tieas {ou}l; v, cn) say {Phi(c) N a; }ien satisfying that the following
diagram commutes in PF}:

PFy.(&)
P(Fyh;)(¢c) ———— PF,(a;)
(Phu)cl Oy
Phj(C) ¢, Q;

We have the following o-cone for F':

{(e.2) " (0, F)Yiea,  {(FuhisouPFi(€) 25 (h).6)), 2, -

It is straightforward from the diagram above that the h, are 2-cells in Elp.

We leave the verification of the fact that (¢, L) is actually a o-bilimit to the interested
reader. In any case, note that in this paper we only need the existence of a o-cone (with
arrows in ¢p). O

We write here, for convenience of the reader, the dual version of Proposition 3.1.3:

Proposition 3.2.4. For the 2-functors F;, i = 1,2,3 considered in Proposition 3.1.3, and
¥, = F7H(X), the category Cones> (E, Fy) (recall Remark 2.4.6) is equivalent (naturally

o
in E) to the category B; whose objects and arrows are:
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n_C
By1 Objects: Pairs of morphisms E —
¢ =D

Arrows: Pairs of 2-cells h = h', { = {'.

By Objects: An object consists of a morphism FE L C together with a 2-cell
fh =L gh, invertible if f € X.
Arrows: 2-cells h == b’ such that ~'(fn) = (g1)7.

Bs Objects: Morphisms E LN C such that ah = Sh.
Arrows: 2-cells h == K'. 0O

Remark 3.2.5. Concerning our objective of showing that Elp is o-cofiltered for a left
exact 2-functor A s Cat, recall Proposition 3.1.5. For a 2-functor A Ny p, in view
of Proposition 3.2.3, we can deduce that F' has a o-cone with arrows in ¥p by showing
that the o-bilimit of the composite 2-functor & pF' is preserved by P. We will show that
when P is exact, this is the case when F' is each of the functors Fi, Fy, F3 considered in
Proposition 3.1.3, by relating the o-bilimits of these functors to biproducts, biinserters,
biequalizers and biequifiers in A (which we describe below). This is done by performing a
careful comparison of the categories B, B, B3 above with the cones of these four bilimits.
Consider thus the finite diagrams A N C,i=1,2,3:

1. biproduct(C, D): this is the bilimit of the diagram a iR C,b RNy weighted by the
2-functor Wy constant at the terminal category 1.

u f
2. biinserter(f,g): this is the bilimit of the diagram a b 2 D
v g

u 0
weighted by a US| 2, see [17, (4.1)] for details. Note that if we
v 1
consider the category I (consisting of two objects and an isomorphism) instead of 2,
the weighted bilimit is the biequalizer(f,g) (note that the biequalizer(f,g) is also the
biisoinserter(f,g) see [17, p.308] and [5, Observation 5.23])

3. biequi fier(c, B): this is the bilimit of the diagram a 64 7l b—C ol 84 D
v g
u 0
. — > W — .
weighted by a4 24 phr— 1 4 2, see [17, (4.5)] for details.
v 1

We note, though we won’t use this fact, that finite biproducts, biequalizers and bi-
cotensor products with 2 = {0 — 1} suffice to construct all finite weighted bilimits (The
general proof in [27] can be restricted to the finite case, see [5, §6.2] for details). Since
the bicotensor product with 2 can be constructed from the biinserter and the biequifier,
the four bilimits above are also sufficient to construct all finite weighted bilimits. In
particular we have that a 2-functor H is left exact if and only if these four bilimits exist
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and are preserved by H, and thus we are actually using in our proof of Proposition 3.2.8
the full strength of the hypothesis.

Proposition 3.2.6. With the definitions above, fori = 1,2,3, the category C’onesgv'i (E, F;)
(recall Definition 2.2.1) is equivalent (naturally in E) to the category B; described in
Proposition 3.2.4 (for i = 2, the case in which the 2-cell v is required to be invertible
corresponds to the case of the biequalizer).

Proof. The case ¢ = 1 requires no proof. For the case i = 2, we denote the category 2 by

65 (0)
—_—
{0 -5 1}. Note that a cone Wy == C(E, Fy(—)) amounts to E 2% C, E %1V _ D,
0 (1)

and invertible 2-cells 6, f Lu, 05(0), O,9 N 0p(1). The definition of the equivalence
ConesZVz(F27E) N By on objects is by the formulas h = 0,, v = 0, 16,(£)0,, this is

easily seen to be surjective.
0

e
A morphism of cones W, _ #¥ C(E, F5(—)) is a modification given by natural
9/

transformations 6, === 0!, 6y RN 05, therefore by 2-cells ¢,, (¢b)o, (¢¥p)1 such that
0,(0) ()0 = (96)105(0), 0, (207" = (0o, 01 (99a)0y" = ()1 The definition of ¢
is by the formula 1 = ¢,, then from the equations above we note that (¢s)o and (vp)1
are determined by ¢4, and the condition +'(fn) = (gn)~y is equivalent to the equation
0, (€)(¢n)o = (¥5)106(£). Then ¢ is full and faithful.

In the case where we replace 2 by I, the formulas are the same, simply note that ~ is
invertible. If i = 3, we consider h,~,n as in the case ¢ = 2, then from the 2-naturality of
0 it follows ah = v = Bh and the proof finishes like the proof of Proposition 3.1.3. O

Remark 3.2.7. From Proposition 3.2.6 it follows that the o-bilimit of each of the functors
Fy, Fs, F3 of Proposition 3.1.3, for any of the possibilities for the family ¥;, is a finite
weighted bilimit, more precisely:

1. For {a,b} EiN {C, D}, gbiLim Fy = biproduct(C, D).
1? f
2. (i) For{a _0~ b} {C D}, gbilim F; = biequalizer(f, g).
g
R

(ii) For {a b} A2 {C D}, gbiLim F; = biinserter(f, g).

v g
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u f
3. For  {a &b _ b} LN {C “et B _ D},  and for
v g
u f
——— Fs ———— . L,
{a 04 ¥ by == {C b BY D}, zblle F5 = biequi fier(a, B).
v g

It follows that if a 2-functor P is left exact then P preserves the gbiLim F;, for

i1 =1,2,3 with the 1-subcategories ¥; considered above.

Proposition 3.2.8. Let A be a 2-category with finite weighted bilimits and let A L5 cat
be a 2-functor. If P is left exact then Elp is o-cofiltered with respect to €p.

Proof. By Proposition 3.1.5 it suffices to show that each of the diagrams F, Fy, F3 :
A — &l p considered in Proposition 3.1.3 has a o-cone with arrows in €p. Let i = 1, 2, 3,
by Remark 3.2.7 gbiLim O pF; exists in A and is preserved by P (note that all the possible

Y= Fi—1 (¢p) were considered in the remark). Then by Proposition 3.2.3 F; has a o-cone
with arrows in ¥p which concludes the proof. O

3.8. o-cofinal 2-functors

In this section we define o-cofinal 2-functors and establish some properties that will
be used in the proof of Theorem 4.2.7. Our definition is a 2-dimensional o-version of the
definition in SGA4 for the case when C is filtered (see [1, 8.1.1]). If ¥ = Cy, we recover
[7, Definition 1.3.1]. We do not deal with a more general concept of o-cofinality since
this particular case is relevant enough and it is the only one that we need in this paper.
We leave the development of the full theory of o-cofinal 2-functors for future work.

Definition 3.3.1. Let C, C’ be 2-categories and X, ¥’ 1-subcategories of C, C’ respectively.
Suppose that C is o-filtered. We say that a 2-functor C L, ¢ is o-cofinal (with respect
to X and ') if it satisfies:

0CO0. Given C’ € (', there exist C' € C and a morphism C’ —o= TC in (C'.

f
oC1. Given C'" "~ TC € (', there exist a morphism C —o>D and a 2-cell
g
T(u)f == T(u)g. If f €Y', we may choose a invertible.
f
0C2. Given C € C,C’ € C" and 2-cells C" ¥ p TC e (', there exists a morphism
g

C —o> D € C such that T(u)a = T(u)B.
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If C is o-cofiltered, we say that C Ly ¢ is o-initial if C? L5 €7 is o-cofinal. We
keep the same labels for the axioms.

The following proposition is the only result concerning o-cofinal functors that we need
in this paper, and it is the analogous to item c) of [1, 8.1.3].

Proposition 3.3.2. Let C, C' be 2-categories, C Ica 2-functor, ¥’ a subcategory of C',
and ¥ = T~YX'). If the following hold:

1. C' is o-filtered,
2. T is pseudo-fully-faithful,
3. Condition 0CO from Definition 3.5.1.

Then C is o-filtered and T is o-cofinal.

Proof. We observe that since T is pseudo-fully-faithful and ¥ = T~1(X') we have:

(1) For every arrow TC — %~ TD in C', there exists C' —o—> D such that T'(u) 2 h.

We are going to check first that axioms ¢C1 and ¢C2 from Definition 3.3.1 are
satisfied:

f
oCl1. Given C € C, C' € C', C" —__~ TC € (', since C' is o-filtered, there exist a
g

morphism TC — %~ D' anda2-celh f == hg, that we may take invertible if f € X'.
Then, by the fact that condition 0 CO0 is satisfied, there exist an object D € C and a

morphism D’ —4=TD ecC. Now, by (1) above, there exists a morphism C —o—> D

such that T(u) = lh and so we have a 2-cell T'(u)f = lhf RN lhg = T(u)g, which is
invertible if f € X'
!

0C2. Given C € C, C" € C" and 2-cells C' o B4 — TC € (', since C' is o-filtered,
g

there exists a morphism 7TC ~ %~ D' such that ha = hB. Then, by the fact that

l
condition o CO0 is satisfied, there exist an object D € C and a morphism D’ —o= TD .

Now, by (1) above, there exists a morphism C —o—= D such that T'(u) = lh. This,
together with the fact that ha = hf3 can be used to prove that T'(u)a = T'(u)S.

It only remains to check that cF0, cF1 and ¢F2 from Definition 3.1.2 are satisfied
for the 2-category C:
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TC _ ¢
o
oF0. Given C, D € C, since C' is o-filtered, there exist morphisms ™ [’ . Then,

A

TD 9

h
since T is o-cofinal, there exist an object F € C and a morphism E’ —o= TE . Now,

C —u
by (1) above, this yields morphisms > F.
o7
D v
u Tu
oF1. Given C "~ D eC, consider TC —_— TD e (. Since T is o-cofinal, there
v Tv

exist a morphism D —o—> E and a 2-cell T(wu) = TwTu == TwTv = T(wv), that
we may take invertible if w € 3. Then, since T is pseudo-fully-faithful, this gives a 2-cell
uw = vw, which is invertible if u € X.

L e
oF2. Given C 04 nl D € C, consider TC T64 ™oy TD e (C'. Since T is
—_—O0—> —_—O0—>
v Tv

o-cofinal, there exists a morphism D —o— E such that T(wl) = TwT = TwTn =
T(wn). Then, since T is pseudo-fully-faithful, wf = wn. O

Proposition 3.3.3. Let P,QQ : A — Cat be 2-functors, and P SN Q@ a pseudonatural
transformation. If na is full and faithful for each A € A, then the induced 2-functor
Elp i Elg (recall 1.2.5) is 2-fully-faithful and the 1-subcategories given by the cocarte-
sian arrows satisfy €p = T, ' (6q).

Proof. Recall the formulas in 1.2.5. Let (na(z),A) %) (nB(y), B), consider then

—1
ne(Pf(x)) ("f—iw Qfna(zx) N nB(y), since np is full and faithful there is a unique
Pf(x) 5 y such that T,(f,¢) = (f,¢). This shows that T,, is 2-fully-faithful (the fact
that we have an isomorphism between 2-cells is trivial).

To show that €p = T, '(%q), note that ng(p) o (ny), is an isomorphism if and
only if np(p) is so, which since np is full and faithful happens if and only if ¢ is an
isomorphism. O

Proposition 3.3.4. Consider 2-functors A N BN Cat, and the induced 2-functor
Elpy KEN Elp asin 1.2.6. If H is 2-fully-faithful, then so is Ty and the 1-subcategories
given by the cocartesian arrows satisfy €py = Ty (€p).

Proof. It is immediate from the formulas Ty (f, ) = (Hf, ), Tu(0) = HO in 1.2.6. O
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4. Flat pseudofunctors and the main theorems
4.1. Flat pseudofunctors

In this subsection we will consider pseudofunctors between 2-categories. Though our
objective when starting the research that led to this paper was to have results for
2-functors, it turned out that the correct gemerality in which to define flat 2-functors
is to consider flat pseudofunctors. For 2-categories A, B, we denote by pHom,(A, B) the
2-category of pseudofunctors, pseudonatural transformations and modifications. We re-
fer the reader to the Appendix A for the complete definitions of these concepts, noting
that we will not need the explicit formulas of Definition A.1 in this section.

Weighted bilimits for pseudofunctors are considered for example in [26], [12], [21, §2].
We recall this notion, with an approach more similar to the one of §2.2, and show
some basic results that will be needed later. For the sake of simplicity in the exposition,
we consider only the case ¢ = p, but we note that we could also define o-bilimits of
pseudofunctors.

Definition 4.1.1. Given pseudofunctors A v, Cat, A £, B, and E an object of B,
we denote pConesV (F,E) = pHom,(A,Cat)(W,B(E,F-)). This is the category of
w-pseudocones (with respect to the weight W) for F' with vertex E.

The bilimit of F' weighted by W, denoted ,{ W, F'},, or more precisely (s{W, F}p,&),
is a w-pseudocone § with vertex p{ W, F'},, universal in the sense that

B(B, AW, F},) <= pHom, (A, Cat)(W, B(B, F—)) (4.1.2)
_r A
B o E s W=5BEF-) oV _ BBF-)
g g*

is an equivalence of categories (pseudonatural in the variable B).

Bilimits behave pseudofunctorially respect to pseudonatural transformations:

v P .
Remark 4.1.3. Let A ol Cat, A B B be pseudonatural transformations
_— _—
w G

between pseudofunctors. With a similar argument as in Remark 2.2.11 it follows that
there are pseudofunctors

vl = F}p vdW,—}p

(pHom, (A, Cat)”),, B, (pHom, (A B))s

(pHom,, (A, Cat)P x pHom, (A, B))+ vl g

B,
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where the subscript “+” indicates the full-subcategories with objects such that the cor-
responding bilimits exist.

As for 2-functors, we refer to equivalences in pHomy,(A, B) as pseudo-equivalences.
Since pseudofunctors send equivalences to equivalences, we have:

vl Flp

1. If a is a pseudo-equivalence, then ,{W, F'}, vl V, F'}, is an equivalence.

AW, . .
2. If B is a pseudo-equivalence, then ,{W,F}, LLUCIIN vi{ W, G}, is an equiva-

lence. O

Note that the definitions of preservation of bilimits (Definition 3.2.1), and left ex-
actness (Definition 3.2.2) make perfect sense for pseudofunctors. From Remark 4.1.3,
item 2, it follows:

F

Corollary 4.1.4. Let A B¢ B be a pseudo-equivalence between pseudofunctors. Then
G
any weighted bilimit preserved by F is also preserved by G. In particular, F' is left exact

if and only if G is. O

Recall that a Set-valued functor is flat when its left Kan extension along the Yoneda
embedding is left exact (see for example [22, § VIL5]). This notion is considered in
[16, § 6] for V-enriched categories in general, and in particular for V = Cat. However, as
it is usually the case (for example with limits), the Cat-enriched version is too strict, and
a relazed version is the important notion.

In Definition 4.1.11 below, we will introduce the notion of flat pseudofunctor into Cat.
The reader should be aware that if A —+ Cat is a 2-functor (as we will consider in §4.2),
both Kelly’s notion of flatness and ours make sense, but are not at all equivalent. We
will always be referring to our notion.

A relaxed notion of Kan extension was already considered in [21], where it was denoted
pseudo Kan extension. We review the main results while, as it is defined by a bicolimit,
changing the notation into the one adopted in this paper. We will use (and therefore
choose to define) the left bi-Kan extension.

Let C be a 2-category with weighted bicolimits. We will only use the case C = Cat
in this paper. Given two pseudofunctors A N C, A Ny , consider the composite
RN pHom,(E°P, Cat) EN pHom,( AP, Cat) of the Yoneda embedding 2.4.12, with the
pseudofunctor determined by precomposition with H, which we denote £(H, —) = H*oh.
We have:

Definition 4.1.5 (/21, 9.3]). The left (pointwise) bi-Kan extension of P along H is the
pseudofunctor L = LangP : € — C given by the formula LE = £(H, E) 4;®, P for
E e &, thatis L = (H*oh) ,;®p P (see Remark 4.1.3).

The pointwise bi-Kan extension has the following important universal property, which
can also be considered as the definition of a (not necessarily pointwise) bi-Kan extension:
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Proposition 4.1.6 (/21, 9.6]). Given pseudofunctors A N C, A A, &, for each pseudo-

functor € 2, ¢ we have an equivalence

pHom,(E,C)(Lang P, Q) % pHomy(A,C)(P,QH) (4.1.7)
pseudonatural in Q. O
Remark 4.1.8. Equation (4.1.7) expresses a biadjunction between precomposition with

H and Lang. The unit of this biadjunction consists of a pseudonatural transformation
P =L LangP o H, which is given by 1 = r(idpan, p) in (4.1.7):

1 £
C

It can be seen (following the idjqn,p in the chain of equivalences in the proof of
[21, 9.6]) that na = (vga)a(idga), where for each E € £ we denote by vg the unit of
the bicolimit (LanygP)E = £(H, E) 1,® P, £(H, E) =% C(P—, (Lany P)E).

A

From Remark 4.1.3, item 2, we have:

Proposition 4.1.9. Consider pseudofunctors A L9, C, A NS If P and Q are pseudo-
equivalent, then so are Lang P and Lang@. O

If H is pseudo-fully-faithful (see §1.1, item 7), then the bi-Kan extension is really a
(pseudo) extension:

Proposition 4.1.10 (/21, 9.5]). With the notation of Definition 4.1.5, if H is pseudo-
fully-faithful, then the unit n of Remark 4.1.8 is a pseudo-equivalence (recall that this
amounts to each na being an equivalence of categories). 0O

Definition 4.1.11. Let A —5 Cat be a pseudofunctor, consider the Yoneda embedding
2.4.12 A -2 Hom,,(A°P, Cat), we denote P* = Lan;, P. We say that P is flat if P* is left
exact (note that this is well defined by Corollary 4.1.4). Note that, by Proposition 4.1.10,
the following diagram commutes up to pseudo-equivalence:

Hom,, (AP, Cat) (4.1.12)
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Proposition 4.1.13. A flat pseudofunctor A L cat preserves any finite (weighted) bilimit
that ezists in A.

Proof. It follows immediately from diagram (4.1.12) and Corollary 4.1.4 (note that h
preserves weighted bilimits by Corollary 2.2.9). O

Consider P, h, P* as in Definition 4.1.11. It follows from Remark 4.1.3, item 1, that
for a 2-functor A°? - Cat the formula P*F = Hom,, (AP, Cat)(h, F)p;@p P in Defini-
tion 4.1.5 is pseudo-equivalent by Yoneda to the usual coend formula P*F = F;®, P
(recall Corollary 2.3.12).

For a 2-functor A? - Cat, from the dual case of Proposition 2.4.13 we have
F ~ F ®, h. Since this pseudo-colimit is computed pointwise by Proposition 2.6.2, for
A€ A we have FA= F ®, A(A, —). It follows:

Proposition 4.1.14. The bi-Kan extension of a representable 2-functor A(A,—) along h
can be chosen to be the evaluation 2-functor Hom,(A°P, Cat) 24, Cat. Since by Propo-
sition 2.6.2 the evaluations preserve any weighted pseudolimit, we have in particular that

the representable 2-functors are flat. 0O
4.2. The main theorem

Let C be a 2-category with weighted pseudo-colimits. We will only need the case
C = Cat in this paper.

Remark 4.2.1. Consider a 2-functor A -2 C , and a 2-functor A M, & Note that we can
compute the bi-Kan extension L = Lang P of Definition 4.1.5 as a 2-functor £ L e
The definition of L is given by the formula LE = £(H, E) 4 ®, P, but we can compute
it by the equivalent pseudo-colimit LE = £(H, E) ®, P. O

Remark 4.2.2. Consider 2-functors 7 —— Homy(A,C), and A . ¢ From the dual

of Proposition 2.7.2 we have the equation £(H, E) ®, cLim F; = olLim £(H, E) ®, F;,
ieT i€l

which together with the fact that o-colimits are computed pointwise, implies immediately

the equation Lang(olim F;)E = (oLim LangF;)E. That is, the left bi-Kan extension
i€ i€z
commutes with o-colimits. O

With this, and using again that o-colimits in Hom, (A, Cat) are computed pointwise,
we have the following immediate corollary of Theorem 2.7.3.

Proposition 4.2.3. A o-filtered o-colimit in Hom, (A, Cat) of left exact 2-functors is left
exact. O
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From Remark 4.2.2 and Proposition 4.2.3 it follows (all o-colimits below are considered

in Homy (A, Cat)):

Corollary 4.2.4. A o-filtered o-colimit of flat 2-functors is flat. In particular, by Propo-
sition 4.1.14, a o-filtered o-colimit of representable 2-functors is flat. 0O

Lemma 4.2.5. Let A 25 Cat, A A, g, & Ly Cat as in 4.2.1. Consider the
1-subcategories €p of Elp, and €1, of Elr as in Definition 1.2.1. Then there exists a
canonical 2-functor

T:Elp —>5ZL

satisfying (the dual of) axiom oCO in Definition 3.3.1. If H is 2-fully-faithful, then so
is T and €p =T (6L).

Proof. T is defined as the composition of the 2-functors Elp &) Elrm LN L con-
sidered in Propositions 3.3.3 and 3.3.4, where 7 is the pseudonatural transformation of
Remark 4.1.8. Then we have the formula T'(z, A) = (na(x), HA). Let (¢, E) € &ly, we
will show that there is an arrow in 47, of the form (n4(x), HA) (), (¢, B).

Wehavec € LE = E(H—, E)®, P, then by Lemma 2.5.4 there exist A € A, HA N E
and z € PA such that (vg)a(0)(z) = c.

We consider the following diagram, which commutes by definition of L on the arrow
0 (see Remark 2.2.11)

(vE)a

E(HA, E) Cat(PA, LE)
"*T T(“)*
E(HA HA) — """ Cap(PA, LHA)

Element chasing idg 4 and then evaluating at x, we have the equality
¢ = (vg)a(0)(x) = L0 o (vira) alidua)(x) =" LO(na(x)),

which expresses the fact that (6,id) is an arrow of £l as desired.

If H is 2-fully-faithful, by Proposition 4.1.10 each 74 is full and faithful and then by
Propositions 3.3.3 and 3.3.4 both T}, and Tl are 2-fully-faithful and ¢p = T, Ybry) =
Tﬁl((gL). O

Using Proposition 3.3.2 for the 2-functor T° : EIF — EI7 it follows

Corollary 4.2.6. Under all the hypothesis of Lemma 4.2.5 (including H 2-fully-faithful), if
Ely, is o-cofiltered (with respect to €1,), then Elp is o-cofiltered (with respect to €p). O
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It is a classical result (see for example [22, § VIL.6]) that every flat Set-valued functor is
a filtered colimit of representable functors, that, as far as we know (see [16, (6.4)]) has no
known generalization to other base categories. Here we extend this result to 2-dimensional
category theory. Note that from Theorem 4.2.7 it follows that if a 2-functor A £, cat
is pseudo-equivalent to any o-filtered o-colimit of representable 2-functors, then the
o-colimit in its canonical expression 2.4.14 (whose diagram is actually in Homg(A, Cat),
see Remark 2.4.15) is also o-filtered.

Theorem 4.2.7. Let A — Cat be a 2-functor. Then the following are equivalent.

(i) Elp is o-cofiltered with respect to the family €p of cocartesian arrows.
(ii) P is equivalent to a o-filtered o-colimit of representable 2-functors in Hom, (A, Cat).
(iii) P is flat.

Proof. (i) = (ii) follows immediately by the canonical expression 2.4.14. (ii) = (i)
holds by Corollary 4.2.4 (note that flatness is preserved by pseudo-equivalence by Corol-
lary 4.1.9). (i4i) = (i): If P* is left exact, by Propositions 2.6.2 and 3.2.8, Elp~ is
o-cofiltered with respect to €p~. Then (i) follows by Corollary 4.2.6. O

Remark 4.2.8. Note that, since o-bicolimits are defined up to equivalence, we can say
that the flat 2-functors are exactly the o-filtered o-bicolimits of representable 2-functors.

Combining Proposition 4.1.13, Proposition 3.2.8 and the implication (i) = (4i7) in
the theorem above, it follows:

Proposition 4.2.9. If A is finitely complete, then a 2-functor A L5 cat is flat if and only
if it is left exact. O
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Appendix A. The main theorem for pseudofunctors

We will now prove a generalization of Theorem 4.2.7 and Proposition 4.2.9 to
Cat-valued pseudofunctors A L, Cat (with A still a 2-category). We will prove it by
applying those results to the 2-functor P associated to the pseudofunctor P. We note
that, while it is tempting to try and develop this generalization for A a bicategory, the
computations with the bicategory £lp are more complicated than in the 2-category case
and, more fundamentally, as far as we know the fact that P is pseudo-equivalent to P
has not been shown in this case. The interested reader can check this possibility, as we
may in the future.
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We begin by giving the explicit definition of the 2-category pHom, (A, B) considered
in Section 4. We will use the explicit formulas defining pseudofunctors and pseudonatural
transformations. We refer the reader to [21, §2], [12, §3], [7, §1] among other choices for
a more expanded description of the equations below.

Definition A.1. Let A, B be 2-categories. A laz functor A 5 Bis given by the following
data:

— For each object A € A, an object F'A € B.

For each hom-category A(A4, B), a functor A(A, B) Tan, B(FA, FB). Whenever
possible we will abuse the notation Fy g by F.

— For each object A € A, an invertible 2-cell ol : idpa = F(ida).

For each triplet of objects A, B,C € A, a natural transformation

A(B,C) x AA, B) 2 B(FB,FC) x B(FA,FB) .

lo oFy l

A(A,0) r B(FA, FC)

This natural transformation is given, for each configuration A RNy BNV by 2-cells

F
of B, FgFf 2l F(gf). These data are subject to the axioms

LF0. For each A -5 B, af iy 0 (apFf)=Ff=aj, ;o(Ffak).
f h
LF1. Foreach A B-% C = D, agﬁho(FhafZ:g):aihgo(athf).

F
—_—

A lax natural transformation 6 between lax functors A B is given by fami-

el
0
lies {F A LZN GAYaca, {Gfos == GBFf}Ai)BeA satisfying the equations (cf. §1.1,
item 11):

LNO. Forall A € A, Oia, 0504 = Oaak.

LNL Forall A5 B Cc A 6,00F,6c =bcak, o08,FfoGgby.
_f

LN2. Forall A ¥ BeA, OpFyolf=0,0Gy0a.

g9

A pseudofunctor is a lax functor F such that the structural 2-cells of, oz? , are all
invertible. A pseudonatural transformation between lax functors is a lax natural trans-
formation such that the structural 2-cells 8¢ are all invertible. Modifications are defined
as for 2-functors.
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Now we extend the Definition 1.2.1 of the 2-category of elements to the case of
pseudofunctors. We note that this construction is considered in [6], and with greater
generality in [4, 3.3.3], where a theory of fibered 2-categories is developed, correspond-
ing to pseudofunctors with values in 2-categories. An idea that is useful to have in
mind is that Cat-valued pseudofunctors are the 2-dimensional analogous to the “dis-
crete” 1-dimensional fibrations.

Definition A.2. Let A — Cat be a pseudofunctor. lp is the 2-category with objects,
morphisms and 2-cells described exactly as in Definition 1.2.1, but now the structural

2-cells of the pseudofunctor appear in the formulas for composition and identities:

For (z,A) e, (y, B) L), (z,C), the composition is given by the formula

(9,0)(f. %) = (9f. ¥ Pg(p)(af )z ")

7 af)?t
Lda(on)s ), (x, A). 2-cells are composed as in A.

Identity morphisms are given by (z, A)
As for 2-functors, we consider the 1-subcategory €p of £lp whose arrows are (f, ¥)
with ¢ an isomorphism.
(ida(af). )
Remark A.3. The fact that (z, ) ———=%
LFO0 in Definition A.1. The fact that the composition of morphisms is associative follows

(z, A) are identities follows from axiom

from axiom LF1. In both cases the naturality of the structural 2-cells o, a? o respec-
tively is used. The computations are somewhat lengthy but straightforward so we omit
them.

We also extend the results of 1.2.5 and Proposition 3.3.3 to pseudofunctors.

Proposition A.4. For each lax natural transformation P == Q between Cat-valued

T,
pseudofunctors, there is an induced 2-functor Elp — Elg given by the same formu-
las in 1.2.5.

Proof. To show that 7T, preserves composition of morphisms strictly, consider

(x,A) V2 (y, B) (o) (z,C) in Elp, then the equation we have to show is

(9f:m0(WPg(p)(f)s ") (Mep)a) = (9Fnc(¥) (g)y Q) MB(2)(M5)a) (@Fy)0 o)

This equation follows at once from axiom LN1 in Definition A.1 using the naturality of
1y with respect to the arrow . The fact that T;, preserves identities follows immediately
from axiom LNO. The rest of the verifications of the 2-functoriality are straightforward
and identical to the case of 2-functors so we omit them. O

We note that the formulas in 1.2.5 are the same formulas of [4, 3.3.12], where it is
stated (for a pseudonatural transformation 7, though the same proof would work for lax
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natural instead) that T, is a morphism of bicategories. In our case computations are
simpler, and we have 2-functoriality instead. Proposition 3.3.3 holds for pseudofunctors
with exactly the same proof:

Proposition A.5. Let P,Q : A — Cat be pseudofunctors, and P =L Q a pseudonatural
transformation. If na is full and faithful for each A € A, then the 2-functor Elp i Elg
of Proposition A.J is 2-fully-faithful and the 1-subcategories given by the cocartesian
arrows satisfy €p = T, ' (€q). O

We now recall (see [23, 4.2], or the nLab website on pseudofunctors) the construction

of the 2-functor A —— Cat associated to a pseudofunctor A 5 Cat. We state only the
facts that we will need. ~

Given a pseudofunctor A N Cat, there is a 2-functor A 5 Cat and an equiv-
alence in pHom,(A,Cat) between P and ﬁ, i.e. a pseudo-equivalence P =L P. The
description of P on objects is as follows, PB is the category with pairs (J, x) as ob-
jects, where A J.BeAandze PA, and arrows (f,z) — (f',z’) given by an arrow
Pf(z) 5 Pf'(2') in PB. For B % B’ € A, we have Py(f,z) = (gf,x). The definition
of PA ™ PA on objects is na(x) = (id4,z), and for the pseudo-inverse P == P we
have eg(f,z) = Pf(x).

When applied to P, Theorem 4.2.7 yields:

Theorem A.6. Let A - Cat be a pseudofunctor. Then the following are equivalent.

(i) Elp is o-cofiltered with respect to the family €p of cocartesian arrows.
(ii) P is a o-filtered o-bicolimit of representable 2-functors in pHom,(A,Cat).
(iii) P s flat.

Proof. We will show the equivalence of each of the items above with the corresponding
statement of Theorem 4.2.7 for the 2-functor P:

(i) By Proposition A5 we have induced 2-functors Elp —% El5, £l —% Elp, both
2-fully-faithful and satisfying ¢p = T, '(¥), €5 = T2 ' (€p). In order to show that Elp
is o-cofiltered if and only if €[ is so, by Proposition 3.3.2 it suffices to show axiom cCO
for these 2-functors.

For T)): given ((f,z),B) in Elz, where A J. B e Aand z € PA, consider

Ty (w, A) = ((ida, 2), A) =2 ((f,2), B). |
For T.: given (x,A) in Elp, consider T.((ida,x),A) = (P(ida)(z), A) (idag) (x, A),

: : . , , P(ida)(af); ,
where ¢ is the isomorphism ¢ : P(ids)P(ida)(x) —————==— P(ida)(x)

(ef)z!
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(ii) Immediate from the pseudo-equivalence P == P (recall Remark 4.2.8).

(#4) Immediate from Corollary 4.1.9. O

We end the paper showing that, in the presence of finite bilimits, flat pseudofunctors
coincide with left exact ones.

Proposition A.7. If A is finitely complete, then a pseudofunctor A £, cat is flat if and
only if it is left exact.

Proof. By Corollary 4.1.4, P is left exact if and only if P is so. By Corollary 4.1.9, P is
flat if and only if P is so. Then the proposition follows from Proposition 4.2.9 applied
to P. O
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