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1. Introduction 
Investment could be defined as the act of incurring immediate costs with the expectation of 
future returns. An investment project, as every asset has a value. Thus, for successfully 
investing in and managing these assets is crucial not only recognizing what the value is but 
also the sources of this value (Damodaran, 2002). 
Most investment decisions share three important characteristics in different degrees. First, 
investments are partially or totally irreversible. Roughly speaking, the initial investment 
cost is at least partially sunk; i.e. it is impossible to recover all the expenditures if the 
decision-maker changes her mind. Second, there is uncertainty in the revenues from the 
investment, and therefore, risk associated with this. Third, all decision-making has some 
leeway about the timing of the investment. It is possible to defer the decision making to get 
more information about the future. These three features interact to determine the optimal 
decisions of investors on a given investment project (Dixit & Pindick, 1994).  
Transmission utilities are faced with investments, which hold these three characteristics 
significantly: irreversibility, uncertainty and the choice of timing. In this context, an efficient 
decision making process is, therefore, based on managing the uncertainties and 
understanding the relationships between risks and opportunities in order to achieve a well-
timed investment execution.  
Therefore, strategic flexibility for seizing opportunities and cutting losses contingent upon the 
market evolution is of huge value. Strategic flexibility is a risk management method that is 
gaining ongoing research attention as it enables properly coping major uncertainties, which 
are unsolved at the time of making decisions. Hence, valuing added flexibility in transmission 
investment portfolios, for instance, by investing in power electronic-based controller 
meanwhile transmission line projects are deferred, is necessary to make optimal upgrading. 
However, expressing the value of flexibility in economic terms is not a trivial task and 
requires new, sophisticated valuing tools, since the traditional investment theory has not 
recognized the implications of the interaction between the three aforementioned investment 
features. Any attempt to quantify investment flexibility almost naturally leads to the concept 
of Real Options (RO). The RO technique provides a well-founded framework -based on the 
theory of financial options, and consequently, stochastic dynamic programming- to assess 
strategic investments under uncertainty (Trigeorgis, 1996). 



 Stochastic Optimization - Seeing the Optimal for the Uncertain 

 

108 

In the first RO applications (Myers, 1977), valuation was normally confined to the 
investment options that can be easily assimilated to financial options, for which solutions 
are well-known and readily available (Rodriguez & Rocha, 2006). Nevertheless, an investor 
confront with a diverse set of opportunities. From this point of view, investment projects 
can be seen as a portfolio of options, where its value is driven by several stochastic variables.  
The introduction of multiple interacting options into real options models highly increases 
the problem complexity, making the utilization of traditional analytical approaches 
unfeasible. However recently, simulation procedures for solving multiple American options 
have been successfully proposed. One of the most promising approaches is the Least Square 
Monte Carlo (LSM) method proposed by Longstaff and Schwartz (2001). LSM method is 
based on stochastic chronological simulation and uses least squares linear regression to 
determine the optimal stopping time (optimal path) in the decision making process.  
This chapter lays out a general background about key concepts -uncertainty and risk- and 
the most usual risk management techniques in transmission investment are provided. Then, 
the concept of strategic flexibility is introduced in order to set its ability for dealing with the 
uncertainties involved in the investment problem. In addition, new criteria and advantages 
of the ROV approach compared with classical probabilistic choice are presented. A LSM-
based method for decomposing and evaluating the complex real option problem involved in 
flexible transmission investments under uncertainties is developed. 
The proposed methodology is applied to a study case, based on (Blanco et al., 2010a), which 
evaluates an interconnection reinforcement on the European interconnected power system, 
showing how the valuation of flexibility is a key task for making efficient and well-timed 
investments in the transmission network. The impact of two network upgrades on the 
system-wide welfare is analyzed within the proposed framework. These upgrades are the 
development of a new transmission line and the installation of a power electronic-based 
controller. Both upgrades represent measures to strengthen the German transmission 
network due to the fact that these are among the most important corridors within the 
Central Western European (CWE) region. Hence, a transmission project, which is currently 
under study, is compared to flexible investment in order to shed some light on the influence 
of the strategic flexibility on the optimal decision-making process. The research is focused 
on assessing the impact of the uncertainty of the demand growth, generation cost evolution 
and the evolution of the installed wind capacity on the decision-making process.  

2. Risks and uncertainties in the investment decision-making process 
According to Webster’s dictionary, the word risk is defined as “possibility of loss or injury, 
someone or something that creates or suggests a hazard”. Accordingly, risk is normally 
perceived in negative terms. In finance, the definition of risk is different and broader. Thus, 
risk refers to the probability of receiving a return on an investment different from expected 
return. Therefore, risk includes not only negative results, i.e. results that are lower than 
expected, but also positive results, i.e. returns that are higher than expected. In fact, it may 
refer to the former as downside risk and upside risk to the latter, but are considered both in 
the measurement of risk (Damodaran, 2002). 
Thus, risk management procedures aim to develop a model to quantify the investment risk 
and then try to turn it into an opportunity that is necessary to compensate for the hazards. 
On the other hand, uncertainty is the randomness of the external environment. Investors 
cannot change their level. Uncertainty is an input into the valuation of investments. 
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Exposure of an investment to uncertainty -the sensitivity of returns and the value of the 
investment against a source of uncertainty- is determined by a number of factors, including 
business line, the structure cost and nature of the markets of the investment. Through 
investment, the managers are able to change the level exposure of assets, with a resulting 
economic impact, the risk. 
Thus, although in the literature uncertainty and risk are often used interchangeably, it is 
relevant to note the difference between them. Uncertainty refers to an unstructured 
collection of randomness and risk to the situation in which a result can be specified and may 
be assigned a probability of occurrence. 
In general terms, there are variables involved in the valuation investment process whose 
evolution is gravitating to the generation of worth of the investment project. If these 
variables have uncertainties on their unfolding, it is generated a certain level of risk 
associated with the project value.  
The identification and quantification of the project´s risk must be obtained within the 
evaluation process. This risk assessment is fundamental for making optimal decisions as 
well as providing the needed inputs that properly replicate the uncertain behavior of the 
driving variables for conducting an active risk management throughout the project 
development.  

2.1 Implication of risk and uncertainty within the traditional decision tool 
Nowadays, markets require strategic decisions to invest in highly uncertain environments, 
characterized by the unknown of relevant aspects such as: market size, development costs or 
movements of the competing players. Therefore, there is currently a broad gap between 
what managers want to do and the capabilities of the available information and the decision 
tools (Olafsson, 2003).  
In current decision tools, there are two main features that stand out as significant problems. 
The first one is that most of the tools require a forecast of future returns. Since the analysis 
often uses a single or point forecast, this is very subjective. Is this an overly optimistic 
projection of the defender of a project? , what are the growth rate and profit margin foreseen 
in the projection? In this context, managers consider often the forecast as reality, creating the 
illusion of certainty in relation to the results. To improve this, some practitioners try to 
extend the analysis to a set of projections or scenarios. These efforts seem sound knowledge 
to the authors, however, arbitrary to everybody else. Both, single stage or in the various 
scenarios, forecasting cash flow, under these conditions, becomes a subjective input 
(Damadaran, 2002).  
The second problem of decision-making tools -most commonly used- is that future 
investment decisions are determined from the outset. Managers update and revise the 
investment plans, but the analysis, according to the structure of most of the tools, only 
includes the initial plan. Therefore, the world changes, but its model does not. As the gap 
between the tools and reality becomes bigger, the instruments are discarded, and important 
decisions are made in terms of strategic considerations and management expertise (Amran 
& Kulatilaka, 1998).  
Accordingly, alternative actions in response to changed conditions or new information, 
which emerge in the lifetime of the project are not accounted for. Commonly, the only 
decision made at the beginning is to go ahead with the project, or not. Thereafter 
management remains passive to a fixed operating strategy. Clearly, this approach is 
unsuitable in a competitive world, characterized by continuous change and uncertainty. 
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Consequently, an efficient decision tool needs to take account of the volatility in project 
profits and remain flexible in response to unforeseen events (Olafsson, 2003). 

2.2 Risk and uncertainties in the worth creation 
Once the uncertainty and flexibility are explicitly included in the valuation of investments, 
there is a complete change of paradigms within the decision making process. From an active 
and strategic management of the uncertainties, one of the most important transformations in 
the way of visualizing a decision on an uncertain environment is derived: uncertainty 
creates worth. Consequently, by rethinking strategic investments, decision-makers must try 
to consider their markets taking into account the origin, history and evolution of the 
uncertainty, to determine the degree of exposure of their investments (how external events 
are reflected in profit and loss), then respond by positioning their investments, so that they 
can take full advantage of uncertainty.  
From the traditional point of view, the higher the uncertainty level the lower value of the 
project. However, under an approach which manages the uncertainties actively and 
strategically, greater uncertainties may lead to higher asset value. For doing this, decision-
makers strive to identify and using their strategic options to flexibly respond to uncertainty 
developments.  
An intuitive way to analyze this interaction between uncertainty and risk within the 
investment problem is by the see-saw investment metaphor. By visualizing the performance 
of an investment as a weighing-scale (Fig. 1), where the externalities are weighted according 
to the threats and opportunities of an investment, it could reveal the interaction between its 
final return range and the uncertainties. If it contemplates the uncertainty as the base of this 
scale, the level of risk -i.e. fluctuations around the expected return- clearly is constrained by 
the magnitude of the uncertainties that the investment is exposed to (Blanco, 2010b). 
 
 

 
Fig. 1. Interaction between uncertainty and risk in investment performance 

Therefore, if the investment is exposed to lower uncertainty, it would be exposed to lower 
extraordinary losses, but also, at the same time, would be less likely to seize extraordinary 
profits (Fig. 2). 
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Fig. 2. Sensitivity of risk related to the uncertainties 

However, the use of contingent claims (strategic flexibility of the investment) may limit the 
level of extraordinary losses, but remaining open a significant likelihood of extraordinary 
profits (Fig. 3).  
 

 
Fig. 3. Effect of Flexibility in the value of investments under uncertainty 

Thus, through the optimal use of the flexibility of investments, it is possible to increase the 
value of the investment project with increasing uncertainties. Therefore, the key is flexibility 
in dealing with the uncertainties by having various options in place that can be exercised as 
new information emerges. The options derive their value from the fact that they establish a 
floor under possible project losses. 

2.3 Risk and uncertainties in the electric power system  
Nowadays, the risk analysis theory is widely used by decision-makers who face investment 
decision problems under uncertainty, since it provides a systematic and logical approach for 
the decision making process (Vásquez, 2009). In the context of restructuring the electricity 
supply business, the problem of valuing transmission system expansions could be 
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addressed as a risk management problem (Blumsack, 2006), seeking to formulate a 
transmission expansion plan that led the planner to make adjustments in an easy, economic 
way for seizing opportunities or cutting losses according to the evolution of the uncertain 
variables. 
Therefore, the uncertainties variables play a key role in the valuation of transmission 
investments, and consequently, their behavior should be properly replicated within the 
assessment models1. In what follows, the main uncertainties of transmission system 
expansion are briefly analyzed:   
• Evolution of demand. The evolution of the electricity demand is a key variable heavily 

influencing the performance of transmission investments2. The uncertainty over its 
future evolution is often represented according to a growth rate of demand in each 
period of the analysis horizon.   

• Generation costs. Most of the electricity generated worldwide is produced from one of 
the following primary energy carriers: coal, oil, gas, nuclear and renewable (hydro, 
wind, solar, etc.). No public markets or trading platforms exist for renewable, nuclear 
and hydro. On the other hand, there are market prices for coal, oil and gas, which could 
be subject to considerable fluctuations over the long-run3. Therefore, the main 
uncertainty over generation cost could be related to thermal-units. Many of these plants 
use fossil fuels as primary energy sources. Thus, generation costs can be closely 
correlated with the fuel prices. The significant volatility present in the fuel market 
makes this uncertainty relevant exerting a profound influence on investment decisions 
in the transport system. 

• Discount rates. The discount rates usually allow transferring temporal cash flow to the 
present or future. From a financial point of view, these rates represent the returns 
expected by the investor, and are strongly related to their risk perception over a given 
project. Uncertainty over the discount rate can have two effects on an investment 
decision. First, random fluctuation in interest rates can enhance the expected value of a 
future payoff from investing. However, uncertainty over future interest rates can also 
lead to a postponement of investment. The reason is that uncertainty over futures 
discount rates creates a value to waiting for new information (to see whether interest 
rates rise or fall) (Dixit & Pindick, 1994). Hence, there are two opposite effects of 
uncertainties over the discount rates, which should be carefully analyzed in order to 
make optimal investment decisions. 

• Investment costs of transmission projects. The uncertainty in the evolution of prices of the 
raw material of the transmission equipment such as: steel, aluminium, copper and 
insulation has a considerable impact on investment costs in transmission projects and 

                                                 
1 The stochastic model of the uncertain variables of the transmission investment problem -taken into 
account in this chapter- is discussed in detail later. 
2 Over the last years, electricity demand has grown only slowly in most developed countries. However, 
this growth has been far from certain and subject to stochastic fluctuations. Especially in the longer run, 
uncertainty on electricity demand growth has therefore also to be taken into consideration (Weber, 
2004). 
3 For example, crude oil prices have risen by a factor of two between the beginning of 2007 and the 
middle of 2008, and have again dropped by factor of three at the beginning of 2009. The price of coal has 
not been more stable in comparison; it has varied by about a factor of three between 2008 and 2009. The 
factor for the same time-window for the natural gas is two (http://tinyurl.com/27ns7ut). 
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therefore affects decisions on expansion. It also was mentioned earlier that the costs of 
FACTS devices have a tendency to decrease, which must also be considered.  

• Availability of system components. States of operation with unavailability of some 
components is frequent in the large-scale power systems. Therefore, they are relevant 
within the transmission investment assessment. The reason of this is that the price 
spikes, which appear in energy markets under perfect competition during deficit 
conditions, would provide, in theoretical terms, substantial revenues to attract the 
investment needed to ensure the optimal level of adequacy over the long-term. 
Notwithstanding, although these profits under deficit conditions are very significant, 
they occur infrequently and are very difficult to predict. This situation often encourages 
the investors, usually risk-averse, to postpone or discard investments that are needed 
for ensuring the adequacy of the system (Olsina et al., 2007). Therefore, these variables 
are relevant to investment analysis and should be considered.  

Several approaches for assessing transmission investment have been proposed (Latorre et 
al., 2003), defining the evolution of the variables of the problem with certainty. These models 
are known as deterministic and represent the variables aforementioned by their expected 
values. These assumptions often make these models unsuitable for evaluating investment 
strategies in practice (Garver, 1970; Seifu et al., 1989; Romero & Monticelli, 1994). There are 
also stochastic models that consider the random behavior of some input parameters (Yu et 
al., 1999). However, there are only a few antecedents regarding the management of risk 
associated with financial performance, despite, its profound influence on the new market 
structures (Vásquez & Olsina, 2007). Thus, the theory and tools for assessing transmission 
investments (TI) are still below the practical requirements of the new power markets. This is 
particularly true in aspects such as the transmission investment flexibility and the 
introduction of transmission controllers. 

3. Basic Net Present Value (NPV) calculations 
A classic NPV analysis works as follows. Let consider an immediate investment of I0 today 
will generate cash flow Cj for the next n years. As cash flow obtained in the future does not 
have the same value as cash flow received today, then future cash flow requires discounting. 
The discount rate represents the opportunity cost of capital, k (Brealey, 2001). 
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where FFj is the cash flow of the year j and N is the investment horizon. Note that in general, 
the discount rate may differ from year to year. This is considered by the subscripts in 
discount rates. As was aforementioned this rate equals the opportunity cost or the cost of 
capital of the company making the investment. Therefore, it should reflect the level of 
project risk. This rate is also known as hurdle rate, that is, a minimum acceptable rate of 
return for investing resources in a project. 

3.1 Flaws & drawbacks of the NPV approach under uncertainties 
The net present value rule is implicitly based on some assumptions that are often 
overlooked. The most important is that either investment are entirely reversible4, that is, it 
can be undone and the capital outlays invested fully recovered if market conditions unfold 
unfavorably; or if it is irreversible, this is a proposition of a now-or-never opportunity, i.e. if 
the decision-maker does not execute the investment now, he will not be able to execute it in 
the future (Dixit & Pindick, 1994). 
Even though some investments fulfill these hypotheses, not all do. In practice, decision-
makers have the ability to adapt their investment strategies in response to undesired events, 
and therefore, limit the downside effects of the uncertainties. However, under the NPV 
framework, the only decision made at the beginning is to execute the investment, or not. 
Thereafter the decision-maker remains immovable to a fixed operating strategy. 
Consequently, a major shortcoming the NPV approach is that these strategic options, which 
are often embedded into the project, are disregarded. Hence, contingent measures in 
response to changed conditions or new information, which emerge in the lifespan of the 
project, are simply overlooked.  
The inevitable uncertainties associated with the transmission investments are better 
managed with investments that provide flexibility. As new information arrives, investors 
need the flexibility to alter operating strategies to seize favorable opportunities or to cut 
losses in the case of adverse scenarios. This flexibility may include various actions at 
different stages of the planning horizon, such as the options to defer, expand, reduce or even 
abandon the project. This flexibility to adapt to changing market conditions has a substantial 
value, which has to be considered when an investment implementation is being decided. It 
is thus essential that flexibility be properly quantified. Any attempt to quantify investment 
flexibility almost naturally leads to the notion of Real Options (Olafsson, 2003). 
The ROV technique provides a well-founded framework–based on the theory of financial 
options- to assess strategic investments under uncertainty. It quantitatively takes into 
account investment risks and the value of the open options for planners. The next sections 
provide a detailed background about the option theory and its applications into the capital 
investment evaluations. 

4. Option valuations applied to flexible investments 
The paradigm behind the real option concept is simple and straightforward. On one hand, it 
is simple because there is a strong analogy between the options on financial assets and the 
opportunities to acquire real assets. On the other hand, straightforward, because the theory 
of valuing derivative assets in financial markets, option pricing theory, offers powerful tools 

                                                 
4 Investment expenditures are sunk costs when they are firm or industry specific (Dixit & Pindick, 1994) 
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that can be applied to value real options accurately. The sense of real options lies on 
quantifying the worth generated by the intrinsic flexibility embedded into an investment 
project, thereby providing a correct basis for making strategic investment decisions (Brosch, 
2001). 
Strategic flexibility emphasizes the inherent asymmetry between gains and losses in the 
structure of a project. The real option concept extends the conventional (static) NPV 
approach by including the value associated with the flexibility inherent in a project. 
Therefore, the static NPV is augmented to become flexible NPV (Olafsson, 2003): 

Flexible NPV = Static NPV + Value of flexibility 

Since the value of flexibility always is positive, it adds value to the project; its value is the 
key concept in the real options approach. Therefore, the availability of these options will 
generally impact on the actual decision-making process, and consequently, must be fairly 
quantified. 

4.1 Financial options5 
An option is the right but not the obligation, to make a particular decision in the future. In 
general, one can say that the options are bilateral contracts by which a party pays a sum of 
money to another to acquire the right (option) to conduct a transaction (purchase and sale) 
or claim a specific sum of money in the future. 
In this context, a financial option entitles the holder the right to buy or sell an asset at a 
specified price on or before a certain date. The set price is called the strike or exercise price 
and the date on or before which the right can be exercised is called maturity.  
Financial options are a particular type of financial assets called derivative securities. The 
value of the derivative depends on the value of another asset on which is based on it, called 
the underlying asset. This means, the value of a derivative security derives from the value of 
another elemental asset. 
There are essentially two different types of financial options. An option to buy -call option- 
entitles the holder to acquire an asset at a specified price on or before a certain date and the 
option to sell -put option- gives the holder the right to sell an asset at a specified price on or 
before a certain date.  
In addition, financial options can be classified as American or European. When the option 
holder can exercise the option on a certain future date, it is implying that he can only use his 
right at that moment (on the date of expiry or maturity), and neither before nor after that, 
the derivative security is an European option.  
Moreover, when the holder can exercise his contract until a specified future date, it means 
that the option holder can use his right until the expiration date; in this case, the financial 
option is an American option.  
The holder of the right to exercise an option is said to have a long position (long position) in 
an option contract. The issuer (seller) of an option takes a short position (short position), and 
the obligation to buy or sell the asset (underlying) at the exercise price to or from the holder 
of the right (the long position), who should wish to take advantage of his rights. 
Instead of buying the assets directly (i.e. take long position in the underlying), the investor 
can defer the investment by purchasing a call option to buy the asset at a later stage a certain 

                                                 
5 This section closely follows (Olafsson, 2003). 
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strike price. The holder of the option pays a premium to the call issuer for this entitlement. 
This premium is the price for the risk assumed by the issuer to take a short position 
(Olafsson, 2003). 
A long position in an asset has a return (profit) profile, which is limited below by the price 
of the asset but has no upper limit. The profile of return for a long position in a call option, 
on the other hand, has a limit to the loss equal to the premium paid for the option. As long 
as the asset price rises above the purchase price there is gain, which increases linearly with 
the asset price. Similarly, when the price falls below the purchase price there is loss, which 
increases linearly with the dropping price. This is simply because the investor retains the 
asset.  
The return profile for a long position in a call is quite different. When the asset price 
increases and exceeds the exercise price, it is said that the call option is in-the-money. If a 
call in-the-money is exercised, the gain (ignoring the premium) is given by the expression:  

 ( )max ,0LCIV S X= −  (3) 

where S is the underlying asset price, X the exercise price. The difference between both 
values is called the intrinsic value of the purchase option. Any increase in the asset price 
also leads to an increase in the intrinsic value of the option. However, before an option is 
exercised, the market value is generally higher than its intrinsic value. For this reason it is 
usually more profitable to sell the option instead of exercising it. This is an important point 
to be discussed in more detail later. If the underlying price falls below the strike price, out-
the-money, the intrinsic value of the call also falls, but only to the floor set by the premium 
paid for the long position. In other words, the premium is the maximum loss that a long 
position in a call may suffer. 

4.2 Real options 
Real options are based on the concepts of financial options discussed in the previous section. 
The real option approach applies financial option theory to theories of decision making for 
investment in capital projects.  
The traditional NPV approach does not seize the intangible aspect of these high-risk 
investments with potential extraordinary returns. Hence, the key issue is the use of the 
available options, to set a lower limit to potential losses while the possibility of these profit 
remaining open. In fact, a firm may have a portfolio of options which defines its 
performance profile. The real options approach can therefore be extended to a portfolio 
management of the underlying project together with all available flexibility options. Some 
examples of the possible options are presented below. 
According to Copeland et al. (2003), real options can be classified into:  
Postponement option: It represents the right of an owner to postpone an investment for a 
period of time while waiting for new information that arrives to the market. In exchange for 
this, the decision-maker rejects the cash flow that would generate the project on the future, if 
it is executed immediately. From a financial point of view, it can be interpreted as an 
American call option. 
Abandonment Option: It allows ending activities and selling off assets that originally 
composed the capital investment (plant and equipment). This option is analogous to an 
American put option with a strike price equal to the scrap value of the project. 
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Expansion or growth option: It allows expanding production capacity and/or accelerating the 
use of available resources, if the market conditions that occur after one has performed some 
initial investment, are more favourable than expected. This option is equivalent to an 
American call option.  
Reduction or contraction option: This option provides the holder the right to reduce the size of 
operations if conditions are unfavourable; a project which can be reduced is more worth 
than the same project without that opportunity. Financially, it is equivalent to an American 
put option.  
Extension or pre-cancellation option: It is the possibility to extend (reduce) the lifespan of an 
asset or the term of a contract by the payment of some monetary amount. The extension 
option is equivalent to an American call option while the possibility of shortening is 
analogous to a put American type.  
Switch option: It offers the possibility of using the same assets and inputs to produce 
different products. Furthermore, it is available when an alternative is to change the primary 
inputs without altering the final product. These options are equivalent to a portfolio of 
financial options with both call and put American options.  
Closing and reopening option: It provides the ability to stop and restart the operation of a 
project according to market conditions. Restart operations that previously have been turned 
off is equivalent to an American call option. Cancelling initiated operations previously, it is 
equivalent to an American put option.  

5. Real options valuation 
Different methods were developed to value financial options but their applications in the 
real options setting are conditioned to the particular characteristics of each problem. In 
practice, the underlying assumptions of traditional option valuation methods often do not 
hold when assessing capital investment projects. There are three general solution methods: 
Stochastic differential equations: This method solves a partial differential equation (PDE). 
It mathematically expresses the dynamics of the option value for specific conditions. The 
analytic solution of the PDE provides the option value as a direct function of the inputs. The 
Black-Scholes's equation is the best known analytic formulation (Black & Scholes, 1973). 
A major advantage of this analytical solutions is that there are many available tools and 
algorithms are quite fast. 
A disadvantage is that computational complexity increases as more sources of uncertainty 
are incorporated. Furthermore, it usually works as a black-box, making it difficult to 
interpret the consequence and effects of the contingent decisions. 
Stochastic dynamic programming: As it shown by Dixit & Pindick (1994), dynamic 
programming is a very useful approach for dynamic optimization problems under 
uncertainties. It decomposes a whole decision sequence into two components: the 
immediate decision and a valuation function that encapsulates the consequences of all 
subsequent decisions, starting with the position that results from the immediate decision.  
The more popular method is the binomial lattice, introduced by Cox et al. (1979). 
The advantages of the binomial lattice are: it can analyze a large number of applications of 
real options; it is practical because it retains the appearance of the analysis of discounted 
cash flow; uncertainty and contingent consequences of decisions are described in a natural 
way; therefore, the model binomial generates a good picture of the problem and the decision 
can be easily traced. 
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The disadvantages of binomial trees are: the method is developed based on a number of 
assumptions and these should be fulfilled by the options discussed. The most important 
assumptions are: perfect financial market; possibility of buying or selling short; constant 
short-term risk-free interest rate throughout the period under analysis; perfectly divisible 
assets; changes in the underlying asset price according to a multiplicative binomial process 
that follows a GBM (probability distribution of the underlying lognormal and the volatility 
grows linearly with time). 
Stochastic simulation models: In this case the model takes several possible paths of the 
underlying asset evolution into account from current date to the moment of decision. The 
commonly used method is Monte Carlo simulation. At the end of each path, the optimal 
investment sequence for this particular realization can be obtained, and the income of the 
project can be calculated. 
As it was aforementioned, the advantages of Monte Carlo simulation method are: it can 
handle various aspects of real world applications, allows direct processing of all types of 
assets, whatever the number and kind of stochastic behavior of the sources of uncertainties. 
In addition, including new source of uncertainty is much simpler than in the case of other 
numerical models. The disadvantage inherent in the implementation of this method is that it 
requires a large amount of calculations, which involves extensive computing resources and 
is quite expensive in computation time. However, this disadvantage is being overcome daily 
with the progress of software and hardware. 

5.1 Least Square Monte Carlo (LSM) method 
In the early stages of the ROV, valuation was normally confined to the options for which 
solutions of the financial could directly be applied. This was done mainly using few 
underlying assets and simple options with European features or American perpetual 
options (Rodriguez & Rocha, 2006). However, an investor is normally confronted with a vast 
opportunity set. Hence investment projects are a portfolio of options; frequently depending 
on several stochastic variables.  
The introduction of multiple interacting options into the real options models substantially 
increases the difficulty of solving them, making traditional numerical approaches 
inadequate. Nevertheless, simulation procedures for successfully solving multiple American 
options have been proposed. One of the most promising approaches is the Least Square 
Monte Carlo (LSM) method proposed by Longstaff and Schwartz (2001). 
LSM method is based on Monte Carlo simulation and uses least squares linear regression to 
determine the optimal stopping time in the decision making process. Moreover, this 
approach has proven to be a very intuitive and flexible tool. 
The value of an American option, with a state variable Xτ , payoff ( ),XττΠ  where Π  is a 
known function6, and that can be exercised from t until maturity T, is equal to: 

 ( ) ( ){ }*( , ) max , (1 ) t
tT

F t X X τ
τ ττ

τ ρ − −

∈
⎡ ⎤= Π ⋅ +⎢ ⎥⎣ ⎦

E  (4) 

                                                 
6 In formal mathematical terms, ( )2 , ,Π ∈ Ξ QL F is the space of square-integrable functions with 

respect to Q , where Ξ  represents the space of all feasible states of the economy, F is the filtration 
generated by the state variables and Q  is the equilibrium probability measure on F . 
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where τ  is the optimal stopping time ( [ , ])t Tτ ∈  and the operator *
tE  [.] represents the risk 

neutral expectation conditional on the information set available at t. The discount factor 
between any two periods is 1(1 )df ρ −= + , where ρ is the risk adjusted discount rate. 
As is exposed in (Rodriguez & Rocha, 2006), the LSM approach proposed a Monte Carlo 
simulation algorithm to estimate the option value stated in (Cortazar et al., 2006). Eq. (4) can 
be expressed in a discrete time splitting the maturity time T in N discrete intervals. Then, 
sample paths of the underlying asset stochastic evolution are generated by means of Monte 
Carlo simulation techniques. 
It is assumed that the option can only be exercised in discrete times into a restricted set of 
dates:  0 1[ 0, , , . ]Nt t t t N t T= = Δ = Δ =" . The optimal stopping policy -along the path ω - can 
be derived by applying the Bellman`s principle of optimality: “An optimal policy has the 
property that, whatever the initial action, the remaining choices constitute an optimal policy with 
respect  to the sub-problem starting at the state that results from the initial action” (Dixit & Pindick, 
1994). This statement can mathematically be expressed as follows: 

 ( ) ( ){ }1

*
1( , ) max , , , .

n n n nn t n t t n tF t X t X F t X df
++

⎡ ⎤= Π ⎣ ⎦E  (6) 

By using this equation, we can determine the path-wise optimal policy, restricted to the 
given dates, by comparing the continuation value, 

 ( ) ( )1

*
1, , .

n n nn t t n tt X F t X df
++

⎡ ⎤Φ = ⎣ ⎦E  (7) 

with the payoff ( , )
nn tt XΠ . Hence, the optimal stopping time for the ω -th realization, is 

found, beginning at T and working backwards, applying the following condition: 

 ( ) ( )if    , ( ) , ( )   then  ( )=   
n nn t n t nt X t X tω ω τ ωΦ ≤ Π  (8) 

At the maturity time, the options are no longer available, therefore, the continuation value 
equals zero ( ( , ) 0)TT XΦ = , consequently (8) holds as long as the payoff value is positive. 
Prior to T at tn, the option holder must compare the payoff obtained from the immediate 
exercise ( ( , ( )))

nn tt X ωΠ  with the continuation value ( ( , ( )))
nn tt X ωΦ . When the decision rule 

(8) holds the stopping time  is updated. Finally, ( ( ) )ntτ ω = the value of the American option 
is then calculated as the average of the values over all realizations (Longstaff & Schwartz, 
2001):  

 ( ) ( )( )
( )

1

1(0, ) ( ), .(1 )
w

F x X r τ ω
τ ωτ ω

Ω
−

=
= Π +
Ω ∑  (9) 

Then, the problem reduces to one of finding the expected continuation value at (t,Xt), in 
order to apply the rule (8). Here is where the LSM method makes its main contribution. This 
method estimate the continuation for all previous time-stages by regressing from the 
discounted future option values on a linear combination of functional forms of current state 
variables. Considering that the functional forms are not evident, the most common 
implementation of the method is simple powers of the state variable (monomial) (Longstaff 
& Schwartz, 2001). 
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As exposed in (Cortazar et al., 2006), let define Lj, with j=1,2,…,J as the orthonormal basis of 
the state variable Xt used as regressors to explain the occurred present value in the ω-th 
realization, then the least square regression is equivalent to solve the following optimization 
problem: 

 ( )
2

1
1 1

min 1, ( ) . ( ( ))
J

t j j t
w j

t X df L X
ϕ

ω ϕ ω
Ω

+
= =

⎡ ⎤
⎢ ⎥Π + −
⎢ ⎥⎣ ⎦

∑ ∑   (10) 

Then the resulting optimal coefficients *ϕ  from solving (10) are utilized to estimate the 
expected continuation value *( , ( ))tt X ωΦ applying the following expression: 

 ( ) ( )* *

1
, ( ) ( )

J

t j j t
j

t X L Xω ϕ ω
=

Φ = ∑   (11) 

Working backwards until t =0, the optimal decision policy on each sample path -choosing 
the largest between the immediate exercise and the expected continuation value- can be 
determined. Finally, by applying (9) the value of the American option can be computed. 
Fig. 4 represents the process described for an individual deferral option for two periods. 
Recently, Gamba (2003) proposed a model which extending the LSM approach decomposes 
complex multiple real options (with interacting options) into simple hierarchical sets of 
individual options. The decomposition principle can be used by applying any kind of 
methodology based on dynamic programming and Bellman equation (Cortazar et al., 2006). 

5.2 Multi-option investment problems 
As mentioned before, Gamba(2003) has presented an extension of the LSM method to value 
independent, compound and mutually exclusive options. According to that approach, 
options can be classified as (Rodriguez & Rocha, 2006): 
Independent options: The value of a portfolio comprising only independent options is 
equal to the sum of each individual option value, computed by the LSM method. Only in 
this situation, the additivity property holds, even when the underlying assets might not be 
independent. 
Compound options: Let a portfolio of H compounded options, where the execution of h-th 
option creates the right to exercise the subsequent (h+1)-th option. A typical example of this 
kind of sequential options is the right to expand capacity, which is just originated when the 
initial investment option is exercised. The payoff ( , )h tt XΠ  of the h-th option, must take into 
account the value of the option (h+1)-th. These options can be valued by applying the LSM 
approach. Consequently, the value of the h-th option is calculated according to: 

 ( ) ( ){ }*
1,

( , ) max , , .
n

h
h t t h ht T

F t X X F X dfτ τ
τ

τ τ+
∈⎡ ⎤⎣ ⎦

⎡ ⎤= Π +⎣ ⎦E  (12) 

The Bellman equation for a set of sequential real options can be formulated as following: 

 
( )

( )1

1

*
1

, ( , ),
( , ) max

, .

n n

n

n n

h n t h n t
h n t

t h n t

t X F t X
F t X

F t X df
+

+

+

⎧ ⎫Π +⎪ ⎪= ⎨ ⎬
⎡ ⎤⎪ ⎪⎣ ⎦⎩ ⎭

…

E
  (13) 
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Fig. 4. Optimization of exercising time of an option to defer investment using LSM 

Mutually exclusive options: A set of options are mutually exclusive when the exercise of 
one of them eliminates the opportunity of execution of the remainder. The expansion and 
abandon options are common examples of mutually exclusive options. Thus, the problem is 
extended to find both the optimal stopping time and optimal option to be exercised. 
Therefore, the control variable is a bi-dimensional variable (τ ,ζ), where τ  is a exercising 
time in [t, Th] and ζ ∈ {1, 2,…, H}. The value of the option, choosing the best among H 
mutually exclusive options, is: 

 
( )

( ){ }*
,

( , ) max , .
nt tG t X F X dfζ ττ ζ

τ⎡ ⎤= ⎣ ⎦E  (14) 

Thus, the Bellman equation of a portfolio of mutually exclusive options is given by: 

 
1

1

*
1 1

( , ), , ( , ),
( , ) max

( , ) .
n n

n
n n

n t H n t
h n t

t h n t

F t X F t X
G t X

G t X df
++ +

⎧ ⎫⎪ ⎪= ⎨ ⎬⎡ ⎤⎪ ⎪⎣ ⎦⎩ ⎭

" "

E
 (15) 

Each ( , )
nh n tF t X  and the continuation value (Φn) is estimated by the LSM approach as 

explained before. 

6. Decision making of flexible investment portfolios in transmission system 
This section addresses the problem of assessing flexible transmission investment portfolios 
under uncertainty on the basis of the social welfare of the electricity market. It proposes a 
methodology based on the real options approach for valuing the flexibility of strategic 
investments in the transmission network and finding the optimal timing of the execution of 
the investment alternatives.  
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Within this model, the research work develops a suitable approach for assessment of 
Transmission Investment Portfolios (TIPs) considering Flexible Alternative Current 
Transmission Systems (FACTS) devices. FACTS are power electronics–based devices for the 
control of voltages and/or currents, enhancing controllability and increasing power transfer 
capability (Zhang et al., 2006). In addition, FACTS could add flexibility to the investment 
portfolio through new strategic options such as relocation and abandon. 
The evolution of fundamental uncertain variables is modelled through appropriate 
stochastic processes. Some of these are: 
• power demand growth, 
• power generation costs, 
• penetration level of renewable generation. 
The reduction of the system costs incurred for serving the load demand over the 
optimization horizon is used as the measure to evaluate the economic performance of the 
proposed network upgrades.  
Under this framework, the value of a TIP is defined by the increase (or decrease) of the 
social welfare resulting from executing the investments considered in the portfolio. Taking 
into account an inelastic demand, the incremental social welfare should be quantified 
through the generation cost savings between the base scenario (BS, without investment) and 
the investment scenario (IS, with the investment executed). 

6.1 Stochastic simulation of the transmission investment in power market 
The study case analyzes aims to present a method for assessing flexible investments in a 
reduced European interconnected transmission system model under uncertain scenarios. 
This section takes FACTS devices into account again, which add flexibility to the investment 
portfolio through new strategic options such as relocation and abandonment. These 
investment alternatives are evaluated according to the Real Option method by applying the 
LSM approach.  
The proposed methodology is applied in a study case which evaluates a reinforcement at 
the German transmission network, by showing how the valuation of flexibility is a key task 
for making efficient and well-timed investment in the transmission network.  
This study case is an extension of the paper (Blanco et al., 2010a), incorporating the model of 
an uncertain cumulative growth of the installed wind capacity according to a stochastic 
logistic growth law. 
Moreover, the stochastic behaviour of system components, demand growth and generation 
cost evolution is simulated through the Monte Carlo method. In order to determine the 
operation cost for each hour of the investment horizon under the BS and the IS, an Direct 
Current Optimal Power Flow (DC-OPF) model is applied. The cost difference between both 
scenarios defines the underlying asset. 
The OPF model has been widely used in many pool-based deregulated electricity markets to 
calculate the generation dispatch based on the bids submitted by generators and loads, also 
taking into account the network constraints. 
 Normally, the objective is to maximize the social welfare or to minimize the generation cost 
if loads are inelastic. Evidently, the OPF calculation often neglects some characteristics of the 
real market behaviour within the regarded system. For instance, national borders and the 
respective cross-border trading cannot be regarded explicitly but is incorporated by the 
capacity limits of the lines.  
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The advantage of the OPF calculation is that the results represent the true value of network 
upgrades irrespective of the actual market behaviour (Blanco et al., 2010a).  
Thus, the optimization problem can be mathematically formulated as follows: 
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where gC is the supplier bid curve as well as i
gP  and i

dP are the power generated and 
demanded by unit g and load d, respectively at node i. The power flow through all 
transmission lines connected to node i is denoted by lF . The operation limits of each 
generator unit are stated by ,min,maxi

gP and the network restrictions are set by min,max
lF .  

This research analyses the FACTS devices called Thyristor Controlled Series Compensator 
(TCSC) under steady state operation For static implementations, these FACTS devices can 
be modelled by power injection models (PIM) (Wang et al., 2002). The PIM model depicts 
FACTS as devices that inject a certain amount of active and reactive power into its nodal 
connections; meaning that this controller operation is replicated by these injection flows. 
Constrains c) and d) are related to this model of operation of the FACTS devices connected 
between the nodes i and j.  
The stochastic behaviour of the power market model contemplated in this chapter can be 
defined as a fundamental or bottom-up model, since annual generation costs are directly 
influenced by the long-term stochastic movements of the uncertain variables. Hence, a 
several realizations are necessary to conduct Monte Carlo simulations with accurate 
statistical estimations.  
From the economical point of view, the stochastic cash flow, defined by the annual 
generation cost saving for each realization, is applied in order to evaluate the performance 
of the transmission investment. Setting the investment cost and discount rate, stochastic 
discounted cash flow calculations are performed. Finally, real option techniques are applied 
for adding the flexibility value of each investment alternative, and the optimal investment 
decision is pointed out.  

Load growth modelling  
The growth of the electricity demand is a key variable largely influencing the performance 
of transmission investments. This growth of electricity demand is stochastic by nature. 
Certainly, climate changes, acceleration and downturns of the economic cycle as well as 
population dynamics turn random deviations out around the long-run expected value of the 
growth rate (Olsina et al., 2006).  
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These random deviations of the growth rate around the expected values of the annual drift, 
interpreted as an error of forecasted growth, are commonly assumed to be Gaussian -
according to the Central Limit Theorem- by following a generalized Wiener process. This 
process might be formulated as shown below: 

 dw dtε=   (16) 

where the variation in the variable w during a short period tΔ  is defined by the product of a 
random variable and the square root of the period length. ε  is so-called white noise, i.e. a 
random variable which has a Gaussian distribution with an expected value equal to 0 and a 
variance of 1. A Wiener process can be classified as a particular form of a Markov-process, 
i.e. it is a stochastic process, where the current value contains all the information retrievable 
from the random variable wander (Weber, 2004). 
Then, the stochastic model of the demand growth rate can be represented by a generalized 
Brownian Motion (BM) according to the following expression: 

 ( ), ( , ) ( )j R RdR t n t n dt n dwμ σ= ⋅ + ⋅    (17) 

Thereby the estimated unconditional mean load growth rate at the n–th node, at the instant t 
is ( , )R t nμ ; ( )R nσ  is the estimated unconditional standard deviation for this period and dw  
is the Wiener process. 
Within this work, the demand growth of the German power system is taken as an uncertain 
variable. The demand growth within the other regarded countries are taken as covered by 
new local generation, this is due to the lack of information about the generation capacity 
expansion in those countries. Nevertheless, a stochastic fluctuation around this null growth 
is taken into account, representing the possible inability of new generation entrance. The 
parameters used into the stochastic process are exposed in (Blanco et al., 2010a). 
 

Country 
(0)

   [%]
i

peak
Lμ  

i

peak
Lσ  (0)

  [%]
i

base
Lμ  

i

base
Lσ  

Germany 1.5 0.15 1.5 0.1 

Benelux 
countries 0 0.1 0 0.1 

Table I. Demand Growth Parameters (ENTSO, 2009). 
Generation cost modelling  
The main impact of a transmission investment on the social welfare is reflected as 
generation cost savings by bringing down the network-related system operational costs such 
as out-of-merit generation costs caused by network bottlenecks. Fluctuations of the 
transmission investment performance, according to this benchmark, are mainly related to 
generation cost fluctuations of the thermal units, which are strongly correlated with their 
own fuel prices. Commonly, the average marginal cost of generation of the unit generator g  

at each instant t, denoted as ( )gMC t , can be derived from the average thermal efficiency 

( )g tη  and the prevailing fuel prices F
gp  at that moment: 
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( )

( )
( )

F
g

g
g

p t
MC t

tη
=   (18) 

Therefore, the uncertainty over the generation cost savings are strongly linked with fuel 
price uncertainties. A reasonable and realistic way to replicate the uncertain evolution of the 
fuel prices is through a mean-reverting stochastic process. A mean-reverting process is one 
where the stochastic paths evolve fluctuating around a known long-run mean. The simplest 
mean-reverting process, called Ornstein-Uhlenbeck stochastic process, is expressed below: 

 ( ) ( ) ln ( )ln ( ) ln ln ( )
F
gp tF F F

g g gd p t p p t dWα σ= − +  (19) 

where α is the speed of reversion to the mean, ln ( )F
gp tσ  is the volatility of natural logarithmic 

of fuel prices, and F
gp  is the normal level of the natural logarithmic of fuel price ( )F

gp t , i.e. 
the level to which F

gp  tends to revert. 
Within this work, the stochastic paths of fossil fuel prices are simulated according to the 
exposed process. The historical as well as the forecast data (IER, 2009) on costs and prices 
have been used to estimate the numerical parameters of Eq. 19. These parameters are listed 
in Table II. In the simulations, nuclear fuel cost prices are assumed constant over the time 
horizon. The main fundamental of this assumption is based on the fact that the uranium cost 
is only a small fraction of the total variable cost (around 5 %) in nuclear plants and the 
deviations around the expected value are quite narrow in comparison to the fuel price 
fluctuations (Webber, 2005). Furthermore, nuclear power stations seldom are the marginal 
units setting the market clearing price. 
 

Fuel Type 
(0)F

gp  

€/MW 

F
gp  

€/MW 
ln ( )F

gp tσ %

Gas 12.46 17.94 0.129 
Oil 20.99 28.21 0.3 

Coal 5.51 6.64 0.14 

Table II. Mean Reversion Process Parameters  
Network model 
The optimal power flow calculations are performed on the reduced network model 
presented in (Blanco et al., 2010a), which is built in order to replicate realistic scenarios of the 
transmission system in the Central Western European (CWE) region (Belgium, France, 
Germany, Luxembourg, and the Netherlands). Nodes are also modelled in Austria, the 
Czech Republic, Poland, and Switzerland in order to taking possible loop-flows into 
account. The detailed characteristics of the network model and the data which have been 
used are presented in (Waniek et al., 2009). Figure 5 gives a general view of the configuration 
of the network model. Within Germany, 31 nodes are allocated to the 16 federal states. This 
data is useful as relevant statistical informations are often divided up into the federal states. 
These statistics include current and expected values of installed capacity in renewable 
energies like wind energy, photovoltaics, biomass, etc. as well as the use of combined heat 
and power. The large conventional power plants are explicitly allocated to the network 
nodes utilizing a detailed data base. 
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The model accuracy of the other regarded regions and markets is nearly the same as for 
Germany although the focus of the entire model is the implications for the German market 
and the transmission system. The numbers of nodes of the other regions are the following: 
Belgium: 4 nodes, France: 13 nodes and, The Netherlands: 9 nodes. 
In addition, the feed-in from conventional power plants and its future development is 
crucial in order to replicate possible future congestions. A detailed dataset of the power 
plants in the modelled regions presented in (Blanco et al., 2010a) is utilized for the present 
situation. The included units can be differentiated by installed capacity, fuel type, and age. 
These units are assigned to the nodes of the sample network using geographical 
information. 
The net generating capacity of the conventional power plants in Germany is almost constant 
until 2020 by raising capacities of hard coal and natural gas-fired plants. This is mainly due 
to the closure of nuclear plants which is currently under discussion and could end up being 
postponed. In addition, the use of renewable energies, especially wind energy, is expected to 
increase further. The intermittent in-feed is modelled with different situations which are 
explained later on. 
Regarding the pumping storage plants, the complexity in the modelling of these units 
results from the interdependency of the pumping and generating process. Units without any 
natural inflow can only generate that amount of electricity that was stored before, taking 
into account the limited process efficiency. Within the presented approach, this problem is 
solved by a sequential simulation of the base load situation first, followed by the peak load 
situation. During the different base load situations, the pumping storage units are 
considered as dispatchable loads in the OPF. Depending on the price, a certain amount of 
electricity is stored in the reservoir. The assumed size of the reservoir results from the 
assumption that every unit is able to generate maximum power during all peak load hours. 
The formal formulation of this approach can be founded in (Blanco et al., 2010a). 
 

 2007 2010 2015 2020 
Nuclear 20.5 16.5 13.0 1.3 
Lignite 20.5 22.6 22.0 22.0 

Hard Coal 30.5 33.0 34.6 32.8 
Natural 

Gas 25.3 27.8 33.6 42.8 

Total 96.8 99.9 103.4 98.9 

Table III. Development of the power plant mix in Germany (in GW) 
Wind scenarios 
Two demand scenarios (base load and peak load) and three wind situations are regarded, in 
order to reduce the number of calculated situations for each realization and each year. The 
probability of each wind situation occurring is determined according to the empirical 
histogram shown in Fig. 6.  
The underlying data are actual values of the wind feed-in in Germany during 2006 in a 15 
minute resolution.. The histogram is split into three sections. The first region on the left-
hand side, low wind, covers 50% of all values. The next 30% of the values are in the second 
region, medium wind, and the third 20% correspond to a high wind condition. 
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Fig. 5. Structure of the network ENTSO-E model (Waniek et al., 2009) 
Hence, the wind feed-in that is used in the calculations is defined as the median in these 
three sections. The matrix shown in Table IV of the six possible combinations is obtained 
under the assumption that 70% of the year can be represented by a base load situation. 
Consequently, for each realization and each year, six situations are calculated and weighted 
according to their probability of occurrence in order to get representative results of one year. 
 

 low 
wind 

medium 
wind 

high 
wind  

peak load 15 % 9 % 6 % 30 % 
base load 35 % 21 % 14 % 70 % 

 50 % 30 % 20 % 100 % 
 feed-in 6 % 19 % 46 %  

Table IV. Weighting of the Wind feed-in Scenarios 
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Fig. 6. Weighting of the calculations based on the frequency distribution of the wind feed-in 
Modeling wind capacity development 
The future development of wind capacity installations in Germany is possibly the single 
most important uncertain factor affecting investment decisions in transmission 
infrastructure. At the end of year 2009, a total of 21164 wind turbines with a cumulated 
rated power of 25.7 GW were installed in Germany (Ender, 2010). Although onshore wind 
development already shows some symptoms of stagnation, the focus of further wind 
capacity additions is now on offshore wind farm installations in the North Sea and the Baltic 
Sea. Specialized agencies predict that installed wind power capacity could reach to about 65 
GW in Germany by 2030 (DEWI, 2008).  
The massive addition of wind power registered in Germany in the last decade and the 
foreseen huge offshore wind capacity integration to the existing networks make necessary 
major reinforcements of the transmission network. However, actual offshore wind 
development depends on a number of complex factors (technology advancements, cost 
development, regulatory framework, etc.) that make long-term forecasts highly uncertain. 
Given the high irreversibility and costs involved in major network upgrades, transmission 
expansion strategies that retain flexibility in order to adapt to unexpected or unlikely wind 
scenarios are particularly attractive. In order to properly assess the various investment 
alternatives, a wind capacity model that account for the ongoing uncertainties is required. 
This section presents a novel stochastic model for simulating possible paths of the aggregate 
wind capacity development in Germany up to year 2030. The model specifically takes into 
consideration the different stages of maturity and development of onshore and offshore 
wind technology. Whereas onshore wind capacity growth is slowing down since peaked in 
2002 and some constraints to further development are already evident (e.g. permits, land 
use, network restrictions, etc.), offshore wind development in Germany is in the very early 
stage and some rapid adoption rate it is expected for the coming years.  
In order to model the penetration rates of wind energy technology, a stochastic logistic 
diffusion model is proposed for both, the onshore and the offshore capacity development 
processes. Besides population dynamics modeling, logistic curves have been widely used 
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for modeling adoption rates and market penetration of many energy technologies (Lund, 
2006, Lund, 2008; Usha Rao & Kishore, 2010). Recently, S-shaped logistic growth have been 
extensively applied for modeling wind development trends in India and China (Carolin 
Mabel & Fernandez, 2008; Changliang & Zhanfeng, 2009; Pillai & Banerjee , 2009; Usha Rao 
& Kishore, 2009). 
The logistic diffusion (Verhulst-Pearl) process is mathematically represented by the 
following first-order non-linear ordinary differential equation: 

 ( ) 1dP t PP
dt K

β ⎛ ⎞= −⎜ ⎟
⎝ ⎠

 whose solution is given by 0

0

( )
( 1)

t

t
KP eP t
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where ( )P t is the wind power capacity installed at time t, 0P is the capacity already installed 
at initial time t0, β is the mean adoption rate and K the saturation level or maximum 
carrying capacity that the system can support.  
Most of these mentioned logistic models assume a maximum capacity K given by the wind 
potential of the relevant geographic region. While wind conditions play an important role, 
this maximum capacity should actually be regarded as an extreme upper bound to the wind 
development. In fact, in most circumstances, the maximum achievable capacity is 
significantly lower than this level and it is instead determined by other factors, such as site 
permits, regulatory framework, subsidizing mechanisms and grid and operational 
constraints, etc. The saturation level depends on the context and it might not be well 
correlated to the geographical wind potential. Unlike models establishing an exogenous 
maximum capacity, we use a rather different approach to establish the saturation level K. 
For onshore wind capacity, we estimate the adoption rate and the saturation level from the 
observed wind development itself and for offshore wind capacity installations from 
available forecast data. 
By expressing the logistic differential equation in terms of its finite difference approximation 
we obtain: 

 1 1t t t t
t

P P P PP
t t K

β+Δ − ⎛ ⎞= = −⎜ ⎟Δ Δ ⎝ ⎠
; solving for 1tP+ we get 1 1 t

t t t

PP P t P
K

β+

⎛ ⎞= − Δ +⎜ ⎟
⎝ ⎠

 (21) 

what forms the basis for implementing a numerical simulation model of the wind capacity 
development. We can estimate parameters β and K by expressing the observed fractional 
growth rate ( )/t tP P tΔ Δ in terms of the linear regression model where tε  is a zero-mean 
independent normally distributed error residual term with finite variance 2σ : 

 1 ˆ ˆ )  (0,t
t t t

t

P P
P t

Nβ λ ε ε σΔ
= − +

Δ
∼  where 

ˆˆ
K̂
βλ =  (22) 

Fig. 7 illustrates the observations, the regressed line and the estimated parameters as well as 
the obtained regression residuum. Analysis of residuals shown in Fig. 8 conforms to the 
hypothesis of Gaussianity and independence required by the linear regression model. 
Based on the linear regression model stated above, we can numerically generate sample 
development paths for the installed wind capacity by adding the stochastic error term 

(0, )t Nε σ∼  to the logistic difference equation. Fig. 9 depicts the observed and expected  
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Fig. 7. Estimated logistic model of wind power capacity in Germany and resulting 
regression residuals 
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Fig. 8. Normal probability plot, Jarque-Bera/Lilliefors test statistics and autocorrelation of 
residuals 
onshore wind capacity development in the future along with the 95% confidence bounds. It 
should be noticed that for the current conditions, the logistic growth model suggests that 
onshore wind development in Germany is already near saturation. Furthermore, 
uncertainty on future evolution of onshore capacity is not a severe issue as the logistic 
process is almost complete. 
The diffusion process of the offshore wind technology in Germany is right in its beginning 
and therefore the ongoing uncertainties on the future development are huge. The substantial 
involved uncertainties are evident from the large spread shown by wind capacity forecasts 
for Germany collected from a number of agencies and institutions (Nitsch, 2005), as 
illustrated in Fig. 10 (left). The logistic regression model is applied to the prediction 
ensemble data in order to estimate the adoption rate and the capacity saturation level 
implied by forecasts (see Fig. 10 right). As it can be noticed from the scatter plot and 
residuals, predictions on the future offshore wind capacity development are subjected to 
high uncertainties. 
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Fig. 9. Uncertainty on the future development of onshore wind power 
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Fig. 10. Wind capacity forecast ensemble and estimated logistic model to forecast data 

As there are still no available observations, the describe approach unfortunately does not 
apply to the stochastic simulation of the possible scenarios of offshore wind power capacity. 
However, the estimated parameters β̂  and λ̂  in the offshore logistic model are actually 
independent random variables normally distributed, for which confidence intervals can be 
computed from the Student΄s T-distribution. This confidence bounds allows estimating the 
standard deviation of each estimated parameter, ˆ

βσ  and ˆ
λσ respectively. These confidence 

intervals represent the uncertainty implied by the currently available forecasts.  We can 
generate different logistic development paths for the offshore wind capacity by properly 
sampling model parameters values for their corresponding normal distributions, ˆ( , )N ββ σ  
and ˆ ˆ( , )N λλ σ .  
After computing a large number of sample paths, Fig. 11 shows the resulting expected 
development of the total (onshore + offshore) wind power capacity in Germany up to year 
2030 along with the rather wide 95% confidence bound, which in turns reflect the 
substantial current uncertainties on offshore wind installations. It is worth to mention, that 
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the logistic offshore model suggest a much slow adoption of the offshore wind technology 
as conventionally reported. 
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Fig. 11. Stochastic logistic simulations of the total wind power capacity development in 
Germany 

6.2 Valuing flexible investment portfolios in the transmission system 
The cost savings (CS) are estimated for each realization on the investment horizon by means 
of the Monte Carlo simulation. A stochastic cash flow for the investment projects can be 
numerically simulated. The resulting cash flow of each Monte Carlo realization is composed 
of the annual cost saving ,

s
iCS ω , investments costs ( , ns tI ) and operation cost ( , ns tOC ). 

Later on, this cash flow is discounted by the hurdle rate of the investment (ρ) in order to 
obtain the present value of the Incremental Social Welfare (ISW), which can be stated as 
following: 

 ( ) ,
, , ;

(1 )n
n

sM
i

is t
i t

CS
PV ISW ω

ω ρ=

⎛ ⎞
⎜ ⎟= ⎜ ⎟+⎝ ⎠

∑  (23) 
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where ,
s
iCS ω  and ,s iI are the generation cost savings and the investment cost respectively in 

the ω realization, ( ),
j

s kPV ISW and ( ),
j

s kNPV ISW  are the Present Value (PV) and Net Present 
Value (NPV) of the ISW by executing the investment strategy s in the year nt  and by M the 
investment horizon, finally, ( ) , , ns tE NPV ISW ω

⎡ ⎤
⎢ ⎥⎣ ⎦

 is its expected value for Ω Monte Carlo 
realizations. In each case, the subscripts correspond to the h-th hour, i-th year, ω-th 
realization of the Monte Carlo power system simulation. 
Within this chapter, the following have been considered as investment alternatives: firstly, a 
FACTS device and afterwards, a transmission line (TL). Therefore, the available investment 
options either invest in the FACTS first, in the line first or both in the FACTS and the line. 
The strategic flexibility of postponing both investments as well as abandoning or relocating 
the FACTS device are compounded options. Hence, these available options are valued by 
means of the LSM method, by applying the following Bellman’s equations (Blanco, 2010): 
1. Option to invest in the FACTS first: 

( ) ( ) ( ) ( )( )
( )

1 1 1

1

1 1 1

*
1

, max , ; , ; , ;
( , ) max

,

n n n n

n

n n

F
F n t R n t A n t TL n t

F n t
t F n t

t X F t X F t X F t X df
F t X

F t X df

+ + +

+

+ + +

+

⎧ ⎫Π + ⋅⎪ ⎪= ⎨ ⎬
⎡ ⎤⎪ ⎪⋅⎣ ⎦⎩ ⎭

"E
 (26) 

2. Option to invest in the line first: 
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3. Option to invest both in the FACTS and the line: 
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where ( , )
n

n
m n tF t X is the option value and ( , )

n

n
m n tt XΠ the profit value, both for the option m 

(F: FACTS, TL: transmission line, R: FACTS relocation, A: FACTS abandon) in the state n (F: 
FACTS investment done, TL: line investment done, Ab: FACTS abandon done. Expanding 
the equation (26): 
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Likewise, expanding the equations (29) and (30): 
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For the investment option exercising: 

 ( ) ( ) , ,, ,, ( )
n nn

n
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where , ,ns tI ω  is the investment cost of the s-th investment strategy at the nt -th year. On the 
other hand, in the relocation and abandon cases: 
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where ,ntCR ω is the relocation cost and ,ntSV ω is the scrap value of the FACTS devices by the 
nt -th year.  

The resulting cash flow is estimated according to each available investment strategy. It is 
relevant to remark that all possible investment strategies and their intrinsic real options are 
evaluated exhaustively, so that all possible combinations among the available flexibility 
options are assessed.  
The option values for each strategy are calculated by applying this procedure. Hence, the 
optimal investment strategy is the one with the highest value. It is important to note that the 
optimal decision policy obtained by the LSM approach is not a deterministic one. In fact, 
there is an optimal policy for each simulated path. Consequently, a probability density 
function of option values can be determined. 
The precision of the estimation value of the options might be improved by increasing the 
number of time steps N and the number of simulated path  Ω. In this sense, the Monte 
Carlo stop criterion applied is the control of the relative error (Fishman, 2005). Setting 

10%δ =  entails demanding a confidence level in the attributes assessment of 95%. 
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where 1φ− is the inverse of the Standard Normal Distribution (SND), ( )1 /2δ−  the 
confidence level specified, ( )1 1 /2φ δ− −  the critical value of a SND with mean 0 and 
standard deviation 1 and (0)m

nFσ  the volatility of the expected option value. In this chapter it 

is assumed as maximum relative error 1%. 

7. Study cases 
The influence of two network upgrades on the out-of-merit cost is evaluated based on the 
approach presented in the previous section. These reinforcements projects are the 
development of a new 380-kV-double circuit and/or the installation of a FACTS controller. 
Both upgrades represent measures to strengthen the German network. Hence, a static and 
inflexible expansion project, which is currently under study, is compared to flexible 
investment in order to shed some light on the impact of the strategic flexibility on the 
optimal decision making process. The reinforcement alternatives have the following 
characteristics: 
• Reinforcement 1: Development of a new 380-kV- double circuit on a length of 167 km 

between nodes 20 and 25, leading to investment costs of about 117 M€. 
• Reinforcement 2: Installation of a TCSC devices of 286/-80 MVar between nodes 21 and 

25, with the option to further relocate it between the nodes 20 and 25, leading to 
investment costs of about 47,63 M€ (Schaffner, 2004). Moreover, the relocation cost of 
the FACTS controller and its residual value are taken equal to 40% and 20% of the total 
FACTS cost respectively. 

Thus, as starting point, there are three mutually exclusive alternatives (options) to be 
assessed, namely: 
• Investing in the FACTS device first (S1), 
• investing in the transmission line first (S2) or, 
• investing in the FACTS and line jointly (S3). 
Maturity is set for all investments options equal to three years and 15 years as the 
investment horizon. Lead construction time is assumed to be one year and discount rate is 
considered to 8% per year, for all considered investment alternatives. 
The network and data described in the previous sections is applied to compute 1000 sample 
realizations for ensuring the maximum relative error established before. Hence, several OPF 
calculations are performed for each scenario (base and investment). By this means, the 
stochastic annual generation cost savings are estimated.  
The results of the investment evaluations are depicted in Table V. The traditional NPV 
appraisal suggests S3 as the optimal investment choice. Conversely, the real option valuation 
determines S1 as the optimal decision by taking into account the strategic flexibility 
provided on each strategy. Since the option value can be calculated according to (9), the 
economic value of the flexibility of each investment strategy is given by subtracting the 
expected NPV of the expected option value.  
It should be highlighted that the investment alternative with the higher flexibility value is S1, 

investing in FACTS first. This can be explained by noting that the flexibility of FACTS 
remains after the investment option has been exercising allowing a better adaption to 
possible adverse scenarios in the long-term. 
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Strategy E [Option Value] (M€) E[NPV value] (M€) Flexibility (M€) 

S1 140.14 (1st) 48.26 (3rd) 91.882 (1st) 
S2 91.03 (2nd) 57.347 (2nd) 33.782 (2nd) 
S3 90.447 (3rd) 90.441 (1nd) 0.006 (3rd) 

Table V. Ranking of expansion strategies by applying the proposed evaluation approach 
and the traditional appraisal 

Table VI portrays the feasible structure of the RO portfolios and its respective value. Thus, 
for instance, the structure TL-F-R-A implies that the option to invest in the TL, FACTS, 
relocation and abandon are available. It is important to notice that in all the RO portfolios, 
the deferral option is considered available. 
As can be also seen, the S1 value decreases when are unavailable the abandon and relocation 
options. This means that these options are worth and its valuation is relevant. Thus, in the 
situation where the relocation option is unavailable, the optimal decision is to invest in the 
TL first. 
In a portfolio which includes FACTS, an important option is the option to defer the new TL. 
This can be observed by comparing the option values with (TL-F-R-A) and without (F-R-A) 
in their set of options. By comparing this value with the flexibility value of S1 is easy to note 
that the largest flexibility of the strategic to invest in FACTS first is the TL deferral option. 
On the other hand, the value of the deferral option of the TL can be obtained from the option 
by subtracting the S2 (TL) portfolio value minus the static NPV(S2) of Table V. In this 
particular study case, this value is low. Therefore, it possible to conclude that if the FACTS 
device is not regarded as an investment strategy the execution of the TL is probably going to 
be executed. 
 

Available Options Value [M€] Strategy 
TL-F-R-A TL-F-R TL-F-A TL-F F-R-A F-R F-A F TL 

S1 140.14 96.18 88.807 88.44 70.52 70.51 48.27 48.26  
S2 91.03 90.742 91.02 90.74     58.6 
S3 90.45 89.04 90.45 89.04      

Table VI. Option Value and the composition of the option portfolio. 

The probability density function (PDF) of the option value is illustrated in Fig. 12. By mean 
of this figure, it can be observed that both S2 and S3 have a relevant downside risk in 
comparison with S1. This risk acquires more relevance due to the facts that the TL 
expansions are irreversible investments. For that reason, the inclusion of flexibility in the TI 
problem is needed. In this sense, FACTS devices allow making expansions, retaining 
flexibility for properly managing uncertainties of the TI problem. 

8. Conclusion 
In this chapter, the application of a new approach has been developed for assessing flexible 
options embedded in investments projects. The option values have their roots in the fact that 
they put a floor against possible project losses. It has been shown that static NPV methods 
may be inappropriate for assessing flexible investments, since the existence of uncertainties 
 



Optimal Decision-Making under Uncertainty - Application to Power Transmission Investments   

 

137 

-0.5 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

x 10
8

0

1

2

3

4

5

6

7 x 10
-9

Option Value [€]

Pr
ob

ab
ilt

y 
de

ns
ity

 

 

Option FACTS first
Option Line first
Option Line & FACTS

 
Fig. 12. Probability density function (PDF) of the analyzed strategies. 
significantly increment the value of the strategic flexibility embedded in the decision-
making process. In this sense, a RO framework has been developed, using the novel LSM 
simulation approach for solving the stochastic optimization problem. 
The proposed appraisal framework was focused on the economic quantification of the main 
flexibility options in transmission investments projects. Particularly, flexible options of 
FACTS devices, i.e. postponement of large transmission project execution, relocation and 
abandonment of the controller was analyzed. The main uncertain variables and risks to 
which transmission projects are exposed, have been modelled. Long-term uncertainties have 
properly been handled by incorporating flexible expansion projects aiming at improving 
investment risk profiles. Particularly, this chapter included a novel modeling approach 
based on logistic diffusion process to the generation of future wind capacity scenarios.  
Finally, the flexibility value has been quantified for the postponement, relocation or 
abandonment of an investment project. 
In a study case, it has been shown that more flexible investment strategies can be obtained 
and the adaptability to uncertain future scenarios is considerably improved by suitably 
combining FACTS controllers and conventional investments in transmission lines over the 
considered time horizon. In addition, it has been illustrated how the optimal decision could 
be misleaded under the traditional NPV investment rule. Hence, by applying the proposed 
RO valuation approach an important but yet uninvestigated feature of FACTS devices has 
been remarked: inducing investment execution in stages and postponing large and 
irreversible transmission line projects. 
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