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Abstract. We study strong hyperbolicity of first-order partial differential equations
for systems with differential constraints. In these cases, the number of equations is larger
than the unknown fields, therefore, the standard Kreiss necessary and sufficient condi-
tions of strong hyperbolicity do not directly apply. To deal with this problem, one intro-
duces a new tensor, called a reduction, which selects a subset of equations with the aim
of using them as evolution equations for the unknown. If that tensor leads to a strongly
hyperbolic system we call it a hyperbolizer. There might exist many of them or none. A
question arises on whether a given system admits any hyperbolization at all. To sort-out
this issue, we look for a condition on the system, such that, if it is satisfied, there is no
hyperbolic reduction. To that purpose we look at the singular value decomposition of
the whole system and study certain one parameter families (g) of perturbations of the
principal symbol. We look for the perturbed singular values around the vanishing ones
and show that if they behave as O(al)7 with [ > 2, then there does not exist any hyper-
bolizer. In addition, we further notice that the validity or failure of this condition can be
established in a simple and invariant way. Finally, we apply the theory to examples in
physics, such as Force-Free Electrodynamics in Euler potentials form and charged fluids
with finite conductivity. We find that they do not admit any hyperbolization.

Keywords: Strong hyperbolicity; evolution equation; constraint equation; singular value
decomposition; force-free electrodynamics; charged fluids.
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1. Introduction

One of the most important characteristic of partial derivative equations (PDE)
describing physical processes is that they should have a well-posed formulation. This
property is fundamental since it guarantees the predictability of the theory. This
condition asserts that the solutions exist, are unique and are continuous with respect
to the initial values [T3], T9]. We shall consider quasilinear first-order system of
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equations, since most equations in physics can be put in that form. Beside evolution
equations, these usually contain constraint equations, i.e. the system has typically
more equations than variables. We shall request that these systems are well-posed
and stable with respect to any lower-order perturbation.

Within this class of well-posed PDEs, we find the so-called strongly hyperbolic
systems which are the ones we are going to study in this paper. In particular, we will
answer to the question as to when a general first-order system fails to be strongly
hyperbolic? This question was studied and answered for the case when there is no
constraints [13] 9] and the corresponding condition was found to be necessary and
sufficient. Here, we provide a necessary condition for the general case. In addition,
we shall apply our machinery to some physical examples, which are currently under
study, and we shall show that they do not have a well-posed initial value formulation,
resulting they being only weakly hyperbolic.

It is important to note that while most of the physical systems are symmetric
hyperbolic, e.g. in general relativity [6l [7, O], Maxwell electrodynamics [10), 25],
nonlinear Maxwell versions [1], etc., they constitute a subclass wihin the class of
strongly hyperbolic systems, therefore if our condition is not fulfilled then the system
will not admit a symmetric hyperbolic formulation.

Following [10], we consider a first-order system of partial differential equations
on a fiber bundle b (real or complex) with base manifold M (real) of dimension n

NA (2, )V op® = JA(z, ). (1.1)

Here, M is the space-time and z are points of it. We call X, the fiber of b at point
x and its dimension u. A cross-section ¢ is a map from open sets of M to b, i.e.
¢ : U — b, they are the unknown fields. Here 94% and J# are giving fields on
b, called the principal symbol and the current of the theory, respectively. That is,
they do not depend on the derivative of ¢, but can depend on ¢ and x. The multi-
tensorial index A belongs to a new vector space F, that indicates the space of
equations. We call the dimension of this space e, and from now on we shall assume
it is equal or greater than the dimension of X, i.e. e = dim “A” > dim “a” = u.

In many examples of physical interest, system (L)) can be splitted into evolution
and constraint equations. The first ones define an initial value problem, namely, they
are a set of equations, such that, given data ¢§ = ¢*|s over a specific hypersurface
S of dimension n — 1, they determine a unique solution in a neighborhood of S. The
second ones restrict the initial data and have to be fulfilled during evolution. For a
detailed discussion see Reula’s work [27].

The choice of a coherent set of evolution equations is made in terms of a new
map, h®(z,¢) : E; — X, called a reduction. It takes a linear combination of the
whole set of Eq. (LI) and reduces them to a set of dimension u, which will be used
for the initial value problem,

RNV 67 = hy T (x,6). (1.2)

We would like the above system to be well posed and stable under arbitrary
lower order terms (see [10, I3HI5] 19, 20, 26] 27, 29]), for that, we shall need for
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the tensors ‘ﬁ“{f and hO‘A‘ﬁ“EY“ to satisfy certain properties which we display in the
following definitions.

Given w, € T, M™* consider the set of complex planes Sga ={n(\)g := —Awa+0a
for each fixed 8, € T, M* not proportional to w, and A € C}. This set turns into a
set of real lines when X run over R and we call it S,,,.* So, following the covariant
formulation of Reula [27] and Geroch [I0], we need to study the kernel of 4%n(X),
with n(A), € S5 .

Definition 1.1. System ([LT) is hyperbolic at the point (z, ¢), if there exists w, €
T, M* such that for each plane n()), in S5 , the principal symbol ‘ﬂ“{y‘ln()\)a can
only have a non-trivial kernel when A is real.

An important concept for hyperbolic systems are their characteristic structure,
it is the set of all covectors n, € T, M* such that ‘ﬂ“{{ana has non-trivial kernel. In
addition, we call characteristic covectors to these n,. The hyperbolicity condition
is not sufficient for well-posedness, and we now strengthen it.

Definition 1.2.° System (1)) is strongly hyperbolic at (z,$) (some background
solution) if there exist a covector w, and a reduction h%(x, ¢), such that:

(i) A%w, :=h*y N4, is invertible, and
(ii) For each n(\), € S,

dim (Span{ U Ker{Ao‘,?n()\)a}}> = u. (1.3)

AER

In order to guarantee the well-posedness for Eq. (L2), it is necessary to impose
some other smoothness conditions in x, ¢, 8, associated with the reduction® (see
[29]). However, smoothness property shall not play any role in what follows, but it
is an issue that should be addressed at some point of the development of the theory.
We are only considering the algebraic part (Eq. (L3)) of the usual definitions of
strong hyperbolicity. Since, in general, it is the part that fail in physical systems
and it is enough to obtain the necessary condition for systems with constrains in
Theorem

When this definition holds we refer to reduction h”, as a hyperbolizer. In general
the hyperbolizer can also depend on 3., so Eq. ([[:2) becomes a pseudo-differential
expression. Notice that when the system is strongly hyperbolic, it is hyperbolic too.

Note that from 4, h®, is surjective and there exists w, such that ‘ﬂ"ﬁfawa has
no kernel. And because A%w, is invertible, the set {\;}, such that A%'n(\;), =
A% By — NiA%w, has kernel, are the eigenvalues of (A"‘gwa)*lAﬁﬁﬂa and they

Notice that these planes or lines do not cross the origin for any A.

PThat the well-posedness property follows from studying the hyperbolicity can be seen by consider-
~ ; £(x)
ing a high frequency limit perturbation of a background solution of (L2) as ¢ = ¢~ +edp®e’ =

with € approaching zero, and resulting in a equation for 6¢® and ng := Va f (see [J]).
¢Unlike the usual terminology, we exclude the smoothness condition from Definition [[2




196 F. Abalos

are functions of w, and (3,. Condition (ii) request that these must be real and
(A("gwa)*lAﬁfjﬁa diagonalizable for any (,. These eigenvalues are given by the
roots of the polynomial equation det(h“A‘J‘(Aﬁan()\)a) = 0 and the solution n,(\) are
called characteristic structure of the evolution equations.

Therefore, an important question is: What are necessary and sufficient conditions
for the principal symbol ‘ﬁ"iyana : Xp — E, to admit a hyperbolizer? We find a
partial answer, namely an algebraic necessary condition (and sufficient condition
for the case without constraints), which is of practical importance for ruling out
theories as unphysical, when they do not satisfy it.

To find this condition we shall use the Singular Value Decomposition (SVD) (we
give a covariant formalism of SVD in[Appendix A) of ‘ﬂ“ffana in the neighborhood
of a characteristic covector, and conclude that the way in which the singular values
approach to this covector gives information about the size of the kernel.

2. Main Results

In this section, we introduce our main results. Consider any fixed 6 € [0, 27| and
a line n(\), € S,, for some w,. So we define the extended two-parameter line
neo(N)a = —eew, + n(\), with € real and 0 < |¢] < 1. Then the perturbed
principal symbol results in

N neo(Na = (AN we + N Ba) — e(e N wa). (2.1)

Moro et al. [21] and Soderstrom [30] proved that the singular values of this
perturbed operator admit a Taylor expansion at least up to second order in ||, also
they showed explicit formulas to calculate them (see Theorem [B2lin [Appendix B).
We use their results to prove a necessary condition for strong hyperbolicity.

Consider first the case that no constraints are present. This is dim “A” =
dim “a”, and all equations should be considered as evolution equations. We call
it, the “Square” case, since the principal symbol ‘ﬁ“{fna, maps between spaces of
equal dimensions, and hence it is a square matrix.

In this case, any invertible reduction tensor h®, that we use, would keep the
same kernels. Thus strong hyperbolicity is a sole property of the principal symbol.

For this type of systems the Kreiss’s Matrix Theorem (in Theorem BH we show
the so-called resolving condition) lists several necessary and sufficient conditions for
well posedness of constant coefficient systems [13][18, 19]. In Sec. B1] we shall prove
the theorem below, which incorporates to the Kreiss’s Matrix Theorem a further
necessary condition. This becomes in a sufficient conditions if the eigen-projectors
of ( “gwa)’lAﬁ,?ﬂa are uniformly bounded for all 3,, with |5 = 1.

Theorem 2.1. System (1) with dim “A” = dim “«o” is strongly hyperbolic if and
only if the following conditions are valid:

(1) There exists wq such that the system is hyperbolic and ‘ﬂAnYawa has no kernel.
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(2) For each linen(\), in S, consider any extended one ne (), then the principal
symbol mAﬁns,g(/\)a has only singular values of orders O(|e|?) and O(le|!).

In general we consider systems that fulfill 1, and we refer to 2 as “the condition
for strong hyperbolicity”.

We shall also give a couple of examples on how to apply these results: A sim-
ple matrix case of 2 x 2, in Sec. 1] and a physical example, charged fluids with
finite conductivity in Sec.[Z3. We shall show that conductivity case is only weakly
hyperbolic.

Consider now dim “A” > dim “a”. In this case, we want to find a suitable
subset of evolution equations. In general if we consider n(\), € S, and count the
dimension of the kernel of ‘ﬂB,Ybn()\)b (the physical propagation directions), over
A € R, we find that this number is less than u. As a consequence we need to
introduce a hyperbolizer in order to increase the kernel and fulfill condition (I.3)).

We call it the “rectangular case” and we find only a necessary condition for
strong hyperbolicity.

Theorem 2.2. When dim “A” > dim “a” in system 1] conditions in Theorem B.1]
are still necessary.

As we said before, this condition has practical importance since it can be checked
with a simple calculation (see Theorem [LT]), thus discarding as unphysical those
systems that do not satisfy it. We prove this theorem in Sec. [32], and present its
application to a physically motivated example, namely Force Free electrodynamics
in Euler potentials description, in Sec. EE2. We shall show that this system does not
admit a hyperbolizer (it is weakly hyperbolic) for any choice of reduction, and we
emphasize how simple it is to show that one of their singular values is order O(|e|')
with [ > 2, using Theorem [ZIlin Sec. [4l.

3. Singular Value Decomposition, Perturbation Theory
and Diagonalization of Linear Operator

In this section, we shall use the SVD to find conditions for Jordan diagonalization.
Those will be used to prove Theorems 2.1] and obtaining conditions for strong
hyperbolicity. In we describe the SVD theory in detail. We included
it because our approach to the topic is a bit different than the standard one, as
presented in the literature.

In order to prove our main results we shall study the principal symbol
N (2, p)n(2)a = —2 NG wa + NEL B, with n(z), € ST 9 for some w, € Ty M, and
perturbations as in Eq. (ZI). We shall assume that there exists w, such that 950w,
has no kernel and show a necessary (and sufficient in the square case) condition for
the existence of a reduction %, such that (A%w,)~" A3, is diagonalizable, even

dNotice that we changed X for z to remember that z belong to C.
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with complex eigenvalues; recall that A% = h"‘A‘J‘(“ﬁy“. In addition, if we also request
that the system is hyperbolic with this w,, we would have completed the above
theorems.

In what follows, we present the notation that we will use through the paper.
We shall name square and rectangular operators to those that map spaces of
equal or different dimensions respectively. We call K4 (z,¢,3,) = NB?3, and
B“}!(x,gﬁ,wa) = ‘ﬂBabwb. Notice that these operators change with z, ¢, 3, and
T, P, wy, respectively. However, the condition we are looking for are algebraic, so
they hold at each particular point, which we shall assert from now on. In addition,
we define

T4 (z) =K% — 2B, = (MY Ba) — 2(MPwy) : X — E. (3.1)

Note that we have suppressed subindex x in vectorial spaces X, and FE,.

These operators K4, B4 : X — F take elements ¢ in the vector space X,
with dim(X) = u, and give elements [ in the vector space E, with dim(E) = e.
Because we are interested in systems with constraints, we shall consider operators
with dim(F) > dim(X). From now on Greek indices go to 1,...,u and capital Latin
to 1,...,e. We call X’ and E’ to the dual spaces of X and E and ¢, and [ to
their elements, respectively. We call right kernel of T4 to the vectors ¢* such that
T4 ¢~ = 0; and we call left kernel to the covector I4 such that [474 = 0. We refer
to T4, T4,..., T% as the columns of T4 and T%,72,,...,T3, as the rows of T4.
We call 0;[T% (z)] to the singular values of T (z) for any choice of the Hermitian
forms G14p and Gaap. Finally we use a bar T‘i to denote the complex conjugate
of T4.

The key idea of this section is to perturb the operator ([BI]) with another appro-
priate operator (as in Eq. ([ZI))), linear in a real, small, parameter factor e, and
study how the singular values change. For that, we follow [16] 21 [30, 32]. In partic-
ular Séderstrom and Moro et al. [2I] show that the singular values have Taylor
expansion in |e|, at least up to order two and this will be crucial for the following
results. They also give closed form expressions for the first-order term, using left
and right eigenvectors.

Roughly speaking our first two results are for square operators. We shall show
that an operator is Jordan diagonalizable if and only if, each of their perturbed
singular values are order O(|¢]°) or O(Je|!). In addition, we shall extend this result
and show that: a perturb singular value is order O(|e|') if and only if the operator
has an [-Jordan block,® associated to some eigenvalue, in the Jordan decomposition.

These results lead us to obtain a necessary condition for strong hyperbolicity on
rectangular operators. This is a necessary condition for the existence of a reduction
from rectangular to square operators, such that, the reduced one is diagonalizable.

®We called I-Jordan block to the matrix J;(A) = € C*! with eigenvalue .
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The conclusion is analogous to the square case, if any singular value of the per-
turbed operator is order O(|e|') with [ > 2, then the system cannot be reduced to
a diagonalizable operator i.e. strong hyperbolicity only admits orders O(|¢|°) and
O(le|'). Moreover, if the singular values are order O(|e|') then any reduction leads
to operators with [-Jordan blocks or larger.

3.1. Square operators

We consider first the space of equations such that dim(E) = dim(X). For simplicity
we shall identify F with X, but in general there is no natural identification between
them. We also consider a square operator T'%(z) = K% —2B% : X — X withz € C
and B¢ invertible (without right kernel). We call A; i = 1,..., k the different eigen-
values of (B~1)7,K%; gi, 7i their respective geometric and algebraic multiplicities,
and Dy :={\; withi=1,...,k}.

In the following lemma, we shall use the SVD of T'%(z) and show for which 2
the operator 7'%(z) has vanishing singular values and how many there are.

Lemma 3.1. (1) Taﬁ()\i) has ezactly q; null singular values. The rest of u — q;
singular values of T%(\;) are positive.
(2) 0i[T%(2)] > 0 for all singular values of T%(z) if and only if z ¢ D.
(3) Consider any given subset L C C, then
oi[T%(2)] >0 VzeL and Vi=1,...,u

if and only if Dy N L = ¢.

Proof. (1) Notice that
T%(2) = B%(B™1). T7(2) = B%(B~")", Ky — 26).

It is clear from this expression that right_ker(T(z)) = right_ker(B~'K —z6). There-
fore T%(z) has kernel only when z is equal to one eigenvalue of B~! o K.
On the other hand, the singular value decomposition of T is

T%(2) = U (2)Z75 (2) (VY5 (2).

Now U, X,V ! are operators that depend on z, and from the orthogonality
conditions (A), ([(A2) in U(z) and V~1(z) are always invertible
Vz € C. Thus X(2) is diagonal and controls the kernel of T' (this argument is
valid for the rectangular case too). Consider now the case z = \; we know that
dim(right_-ker T'(X\;)) = g; but from Corollary [A22] in [Appendix Al it is the number
of vanishing singular values.

(2) and (3) are particular cases of (1). O

The operator (B~')7, K% is Jordan diagonalizable when ¢; = r; Vi and from
the previous Lemma, this is only possible if the dimension of the right kernelf of

fOr left kernel, since for square operators the dimension of right and left kernels are equal.
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T%(Ni) Vi is maximum. We shall see under which conditions this becomes true. But
first we need a previous lemma.

Point (1) in the following Lemma is valid for rectangular operators too. We shall
use it also in Sec. @l to give a condition for hyperbolicity in the general case.

Lemma 3.2. (1) Given P : X — E a linear rectangular operator with dim(E) >
dim(X). Then

Vdet(P* o P) = [ o:[P). (3.2)

i=1
(2) Consider the square operator T%(z) = K% — 2B% : X — X. Then

V/det(T* o T) Hal BllAL— 2| Ak — 2] =HU¢[T%(z)]. (3.3)
i=1

Proof. (1) Consider the SVD of P4 = (Up)A(Zp)t, (V1) Here (Up)4 € CeXe,
(p)i, € R and (V5 1), € C*** (see Theorem [AT]). Then

(P* o P)%, = GE** (V) 2(2p)%, (Up) 2 Graza, (Up) 1 (Sp)L (Ve )
= V85 (SR ) b1y (B0 (Vi ),
where we have used the orthogonality conditions (Up)’%i Gia,a, (Up)‘éi = 81,4, and

GO (Ve )iy = VO, 6.
Taking determinant and square root

det((P* o P)%) = \/ det(V3, 857 () 3, b1 () (Vi )
= \/det(5 2]2( P) % ,51211(213) )
=[] P2)-
i=1

(2) Similarly, taking the determinant of 7* o T' we get,

et(T o T) = 1/ det(G37T% (2)Gran Ty(2))

= \/det(Ggp((B_l)#“fKﬂ{p - 55“P)BUMG1U'YB’YTJ((B_l)n“/K’Yg - Zdnﬁ))

_ \/det(Gg”B“#GlmBV,,)

\/det V4R % — 2 8t )det((B—1)L K7y — 207,)

_ \/det(Gg‘“B“HleB"’n)Ml 2] A — 2

=01[B] - ou[B]|A — 2" Ak — 2]
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In the fourth line we have used
det((B_l)",yKﬂ’fj — z6"ﬁ) =N —2)" (Mg —2)"F

and on the last line we have used the first point of the lemma for B. Therefore,
using it again for 7', we conclude

(HadB]) A1 — 2™ A — 2" = /det(T* o T) = oy [T] -+ - o [T]. |

Notice that if in Eq. (33) we set 2 = A\; + & (with & real and small), then the
product of the singular values are order O(|e|™). Since these singular values have
Taylor expansions in |¢|, if all singular values are O(|e|') with [ < 2, then we need
r1 of them to vanish (that is O(|e|!)). Therefore by the previous lemma ¢ = 7.
If this happens for all A; then ¢; = r; Vi and the operator (Bfl)"YaK"‘ﬁ is Jordan
diagonalizable.

A formalization of this idea is given in the next theorem. Notice that the orders of
the singular values are invariant under different choices of Hermitian forms, although

the singular values are not. We show this in [Appendix B}
Theorem 3.3. The following conditions are equivalent:

(1) (B_l)’YaKo‘ﬁ is Jordan diagonalizable.

(2) To‘ﬂ(/\i) =K% - )\iBaﬁ has r; vanishing singular values for each \;.

(3) For at least one fized 6 € [0,27] and 0 < |e| < 1 with € real, the singular values
of the perturbed operators T%(X\; + gel?) = T%(Ni) — 6eieBaﬁ are either of two
forms

oi[T%H(N\i + ee®)] = o, [T%(N\)] + Eje + O(e?) with o, [T%(N\)] # 0 or
o3I +ee)] = &ilel + O(If?)  with & 0 (3.4)
&for all \; € Dy i.e. none of them is o[T%(\; + ce®)] = O(le]') with 1 > 2.
Proof. (1) < (2) Since the geometric and algebraic multiplicities are equal for all

eigenvalues, i.e. ¢; =7, Vi=1,... k.
(3) © (1) Using Lemma B2 we have

(H ai[B]> A — 2" A — 2|™ =01 [K — 2B]---0,[K — 2B]. (3.5)
i=1

Set z = \; + e’ with ¢ less than any distance between the eigenvalues to \;
e <min{|\; — A\j| with j =1,..., v and i # j}. (3.6)
By Lemma Bl, we know that ¢; singular values have to vanish for z = \;.

Suppose they are the first ¢;, we call them (oy,),;[K — zB], with j =1,...,¢; then

&The orders in € are independent of 6.
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we rewrite Eq. (3.5)
e = (oa )1l(K = XiB) +e(—¢B)]
o (O-)\i)q'i [(K - )‘1B) + 5(_6i0B)]p(Z)|z:)\i+sewv (37)

where

Uqu(K - ZB) T UU(K B ZB)'Z:Ai+se“’
p(z)|z:>\i+sem = w ia|r i1
(ITizy i[BDAT = Ai — e[ [Nimg — A — get@|it

|/\¢+1 — /\1 — é‘eia Titl ... ‘)\k — )\1 — Eeia|m

Note that p(z)|,—», 1ecic does not vanish for Lemma Bl and does not blow up
for an ¢ small enough because of Eq. (3.6]).
We know for (2) in Theorem [B2, in that for || < 1 the o’s can
be expanded as
(o2 )5[K = (N + 2e)B] = (02,);[(K = AiB) + e(—¢" B)]
= |el¢; + O(?).

For some &; as in Eq. (B.4).
If we replace the last expression in (317)) we obtain

|€ Ti—qi é‘l - é‘qip(z”z:)\i_i_sem + O(E) (38)

Therefore:

¢ (3) = (1) By hypothesis & # 0 for j = 1,...,¢; then Eq. (B8) can only
be valid if ¢; = r; Vi =1,...,k (taking small enough ¢). Therefore (B’l)“faKo‘ﬂ is
diagonalizable.

¢ ()= 3)If (B_l)“faKo‘ﬂ is diagonalizable then r; = ¢; and taking ¢ — 0
we obtain 1 = & --- &g, p(2)|2=x,. Which implies & # 0 for j = 1,...,¢;. Because
r; = q; for all 4, we conclude the proof. O

An interpretation of condition (3) in the above theorem is the following, for any
non-Jordan diagonalizable square operator, you can always find a right eigenvector,
such that, the contraction of it with all left eigenvectors vanishes. This is clearly
impossible if the operator is diagonalizable. We show this in the next example,
consider the matrix

A0 0 0
KOt POé )\]_ 1 0 ( 71)'7-/
po 0 A 1 A
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and Bo‘ﬁ = (5"% the identity matrix. We call vy 2 to the right eigenvectors and wuq 2
to the left eigenvectors

-/ s/
K3 2

('Ul)a = Pa/

3

y (UQ)a = Pa/

3

o O o =
oS O = O

/

(U1)a = (100 0); (P17, (uz)a=(0001);(P 1),
then
(ULQ)OL(UQ)Q = 0 (39)

Theorem [B.2] in tells us how to calculate the coefficients of first-
order perturbation of the singular values of T%(A +ee') = (K% — A1) —ee™5%.

They are given by & = o; [Lj ) with
Ly = <(“1)“> 3% ()%, (12)").
(u2)a

But because of Eq. (30), L7, has kernel ()) and so & = 0. Thus T%(M +e€e) has
a singular value of order O(g?) and it is not diagonalizable.

Let us go back to the general case. When the eigenvalues of (B~1)7 K %G are
real, then the below corollary follows. This is equivalent to Theorem [ZT1

Corollary 3.4. The next conditions are equivalent

(1) (B=')1,K° is Jordan diagonalizable with real eigenvalues.
(2) All singular values satisfy

oi[T%(x +iy)] >0 withx,y € R and y#0. (3.10)
For at least one fized 6 € [0,27] and 0 < |e| < 1 with € real,
o;[T%(x + ice)] = o, [T%(z)] + &je + O(e?)  with o, [T%(x)] #0 or
o;[T%(x +ie™)] = &jle| + O(€?)  with & # 0 (3.11)
for any x € R i.e. none of them is o[T%(x + ice®)] = O(le|') with 1 > 2.
Proof. (1) = (2). It follows directly from Theorem [33l
(2) = (1). Because 0;[T'%(2)] > 0 Vi and V2 € S = {z € C/Im(z) # 0}, then

from Lemma 3.1l S N Dy = ¢. Therefore the eigenvalues are real. The second part
also follows from Theorem [3.9] O

An alternative proof to Theorem B3l can be obtained directly showing that
condition (2) in Corollary B.4] with § = 7, is equivalent to one of the conditions in
Kreiss’s Matrix Theorem. Indeed, an alternative formulation is given by



204 F. Abalos

Theorem 3.5 (Part of Kreiss matrix Theorem). The square operator K :
V — V is Jordan uniformly® diagonalizable with real eigenvalues if and only if for
any x,y € R with y # 0 there exists a constant C > 0 such that

e ; a \— c
I(K% = (@ +iy)8%) |2 < ol (3.12)

We recall that we are considering this theorem point to point, then the uniformly
part is trivial. It means that considering K<, := (A“,fwa)_lA”ffﬂa, for each (3, it is
diagonalizable with real eigenvalues if and only if there exists C'(3) > 0 such that,
for each 3, equation (BIZ) holds.! In this sense, we now show that (BIZ) implies
(313)) and this is equivalent to (BI1]). From [33]

IT]|2 = max{o;[T]},
where max{o;[T]} is the maximum of all singular values of T
In addition
-1 1 1 1
1T~ |2 = max{o;[T~]} = max{ai[T]} = o T}

where we have used that the singular values of T are the inverse! of the singular
values of T~ 1.
Now, from inequality (B12)
1
min{o;[K% — (v +iy)d%]}

«a . a \— c
= [(K% — (z +iy)6%) |2 < ol

let C := %, then the Kreiss’s Matrix Theorem asserts that K is Jordan diagonaliz-
able if and only if we can find C' such that

Clyl < min{o;[K% — (z + iy)d%]}. (3.13)

This equation is equivalent to condition FIT). Since Cy| < |y|* with I > 2 in
0 < |y| << 1 implies that C' = 0, therefore min{o; [K% — (v +1iy)d°%]} must be order
O(ly|°) or O(|y|"). In addition, notice that K% — (z+iy)d%, in BI2), is invertible
when x + 4y is not an eigenvalue of K'%. Since condition BI2) applies for all x + iy
with y # 0 then the eigenvalues of K % are real, as Eq. (3I0) implies.

As a side remark, we prove the following theorem.

Theorem 3.6. T'%(\; + ce) : X — X has a singular value of order O(c') if
and only if (B_l)’YaKaﬁ has a l-Jordan block, with eigenvalue i in its Jordan
decomposition.

hWhen K<, = (Ao“fwa)_lA“WaBa depends on (3, the matrix S(3), which diagonalizes it, depends
on B too. We said that K(8) is Jordan uniformly diagonalizable if it is diagonalizable and
[S@BIIS~H(B)| < C.

'It is not sufficient for well posedness. In the case of constant coefficient systems, in order to
obtain well posedness a uniform lower bound C(8) > C > 0 with C constant and for all Ba not
proportional to ng with |3 = 1 is necessary.

INotice that if the SVD of T is T = ULV ™! then T-' = VEX~1U~! because V and U~ ! are

orthogonal and ¥ ™! is diagonal, that is the SVD of T~!. Therefore ;[T '] = ﬁ
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Proof. We consider a basis in which (B~1)7, % stays in its Jordan form. In
this basis we choose the following two Hermitian forms G145 = diag(1,...,1) and
Gaap = diag(L,..., 1). Then, the calculation of o;[T'%(\)] i = 1,...,u decouples in
Jordan blocks. Therefore we only need to study the singular values of an [-Jordan
block J;()). It is easy to see from Eq. ([B3), with z = A+ee, that J;(\) has a unique
singular value of order O(|e|') and the others are order O(|¢|®). This concludes the
proof. |

3.2. Rectangular operators

In this subsection, we consider the case dim E > dim X. Theorem provides a
necessary condition for reducing a rectangular operator to a square one, in such
a way that the resulting operator is Jordan diagonalizable. The proof of condition
(2) in Theorem [2.2]is a corollary of this theorem. A reduction is given explicitly by
another linear operator h®, : E — X (see Sec.[I)). It selects some evolution equations
from the space of equations in a physical theory. The theorem asserts under which
conditions it will be impossible to find a hyperbolizer, namely, a reduction satisfying
condition (I:3)) for strong hyperbolicity.

The proof of this theorem is based in the following Lemma (for a proof see [33]).

Lemma 3.7. Consider the linear operators T‘?X X — FE, h" + E — X and
H = O‘AT’% : X — X then

0 < 0;[H%] < o3[T*5) max{o;[h?]}. (3.14)

KWhere the singular values have been ordered from larger to smaller for each oper-
ator.

Consider for contradiction, that there exists a hyperbolizer. Namely a surjective
reduction h%, : E — X, that does not depend on z, of the operator T4 (z) =
K#, —2B% : X — E, in which B, has no right kernel," and such that h*, B is
invertible.

Then the next theorem follows.

Theorem 3.8. Suppose that for at least one singular value of T4 (X + ee'?), with
A € C, satisfies

o[TAN+ee)] = O(e)  withl > 2

KThe singular values are o; [HE] \//\ [G’ oH' 0Gso H], o; [T \/)\ 5 0T 0oGy1oT]

and o;[h%,] = \/)\ [G o h’ 0 G o h]. Where \;[K] mean eigenvalues of K.
INotice that as in the square case, a rectangular operator TA has right kernel when at least one of

their singular values vanishes (see proof of Lemma [31)). But this is equivalent to the vanishing of
Eq. 32). Therefore, B4, has no right kernel if and only if det(B* 0 B) = o1[B4 g ou [BAB} #0.
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then there exists at least one singular value of h%, T4 (X + e€'?) such that
ol O‘AT’%()\ +ee®) =0(E™) withm >1>2.

Thus (( QCBCW)_l)aWhA’AK‘% is non-diagonalizable, in particular there does not
exists any hyperbolizer and system (1)) is not strongly hyperbolic.

Proof. We use Lemma B for T4(A + ee') and h*, TH(A + e€?), and let & =
max{o;[h*]} (It does not vanish since h®, # 0 and does not depend on A), then

for Eq. (B14)
e} 7 i 1
0 <oy AT%()\ +ce 9)] < ai[T%()\ +ce 9)]6,
But for some i, ; [T’%()\—I—Eew)] = O(e') with [ > 2. Therefore, o; [h“AT"é()\+gei9)] =
O(e™) with m >1 > 2. Since Ce™ < ¢! for 0 < £ < 1 is only possible if m > [.
Applying Theorem B3] to

~aﬁ = haAK% —( aAB/,}B)

and recalling that h"‘ABAﬂ is invertible by hypothesis, we conclude that
((h("cBCﬂ{)*l)hA’ WK ’% is not diagonalizable. Therefore it is not a hyperbolizer and
we reach a contradiction.

This result considers perturbation of the singular values around their vanishing
values. As it has been shown in[Appendix B] the orders of perturbations are invariant
under any choice of these Hermitian forms. Thus the result does not depend on the
particularities of the SVD. O

4. Applications and Examples

In this section, we shall show how to check conditions (1) and (2) in Theorems 2]
and They are very simple to verify in examples.

Condition (1): We shall assume that there exists w, such that 912w, has no
right kernel.

As we mentioned before, MEPn(A), with n(\), € S, has right kernel when
at least one of its singular values vanishes. This happens if and only if, given any
positive definite Hermitian forms G; and G,

\/det (G5 AN, GrapREPn(N)y) = 0, (4.1)

as it has been proved in Lemma [3.2 Therefore, the system is hyperbolic if and
only if all roots A of this equation are real. In addition, for any line n(\), we call
characteristic eigenvalues to their corresponding {\x}.

Condition (2): In general it is not an easy task to calculate the singular values
and their orders in parameter . Fortunately Theorem BTl below allows for a simpler
calculation, showing when the coefficient of zero and first order of the singular values
vanish.
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Assuming that condition (1) has been checked for w,. Consider the line
n(AN)e = —Aw, + B4 belonging to S,,, with (5, not proportional to w, and A
real. Let {\;} be the characteristic eigenvalues of n(M),. Then, the principal
symbol ‘ﬁ"{/“n()\k)a has right and left kernels. We call W7 () and U (\) with
1=1,.. .,dim(left_ker(‘ﬁ“fy“n()\k)a)) and j =1,.. .,dim(right_ker(méf“n()\k)a)) to
any basis of these spaces, respectively, namely they are linearly independent sets of
vectors such that ‘ﬁ"iyan()\k)aWZ()\k) =0 and Ui()\k)‘ﬁAﬂ{“n()\k)a = 0.

Now consider a perturbation of these covectors n. g(\i)g = —eePwy + n(N\)a
with 0 < |e] < 1 and € real, and any fixed 0 € [0, 27].

Theorem 4.1. A necessary condition for system (1)) to be strongly hyperbolic is:
The following operator
L7 (A) = U3 () (0 wa) W (Ar) (4.2)
has no right kernel.™
Definition of L’;(Ax) is equivalent to L7, = 617 (0,01, Us)%d100B2,(0,V1)%, in
Eq. (B4) in under a basis transformation. If L7, has right kernel then

it has a singular value which vanishes, and then at least one perturbed singular
value (M4, 9(Ai)a) is order O(|e|') with [ > 2.

As we have shown in Theorem [2.1] for the square case, this is also a sufficient
condition.

Now, using the tools developed, we show how to apply these results in some
examples.

4.1. Matriz example 1

Consider the matrix

_ . - )\1 K . 1 0 2%
I

in which A, A2,k are constants. Consider the scalar products Gio = 012 =
diag(1, 1), then the singular values of T'(z) are

A T(2)] = \ol2) + V(@) — [z = NPTz = Al
2 [T(2)] = \wl(2) — Va2 (@) — Tz = M2z — WP

with

1
w(z) =5z =M + [z = ol + 5[

iji has no kernel if and only if given any positive define Hermitian forms G3 and G4 then

det (Ggil szll Gajyjo Lji2) # 0.
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a non-negative function of z. Notice that o1[T(z)] can be vanished only when A\; =
Ao and k = 0.
The Taylor expansion of oy centered in A; o is™:

A1 — Ao

VIAL = Aol + |5[?

o2(Ai2+e)~ 0+ le| + O(e?).

As in Theorem [2.1]

e K is not diagonalizable when A\ = Ay and & # 0. In that case o2(A 2 +¢) =
O(lel*).
e K is diagonalizable for any other case and the singular values remain of order

O(|e]) or O(£).

4.2. Force-free electrodynamics in Euler potential description

In this subsection, we study a description of the Force-Free Electrodynamics system
based on Euler’s potentials [4], [34]. When it is written as a first-order system, this
is a constrained system and we shall show that it is only weakly hyperbolic. It is
important to mention that Reula and Rubio [28] reached the same conclusion by
another method. They used the potentials as fields obtaining a second-order system
in derivatives, which then led to a pseudodifferential first-order system without con-
straints and finally tested the failure of strong hyperbolicity using Kreiss criteria
[19]. The advantage of our technique is that we use the gradients of the potentials
as fields, obtaining directly a first-order system in partial derivatives but with con-
straints. Then, proving that condition (2) in Theorem [2.7] fails, we conclude that
there does not exist any hyperbolizer.

In this system the electromagnetic tensor Fy;, is degenerated F,;,j® = 0 and
magnetic dominated F := F,; % > 0. These conditions allows us to decompose
Fup = lifalap), (see, [T2, 24]) in terms of space-like 1-forms /;, with i = 1, 2. For more
detailed works on Force-Free electrodynamics see [2] 3], 12 [17].

In addition, Carter 1979 [4] and Uchida 1997 [B4] proved that there exist two
Euler potentials ¢; and ¢o such that [;, = V,¢;.

With this ansatz, the Force Free equations in the (gradient) Euler’s potentials
version are

lea Vo (I§1567) = 0
Vialjiip) = 0

"For calculate the Taylor expansion we use the identity X —v/X2 — Y2 = %(\/X +Y VX -Y)?
with real X, Y and X +Y, X —Y > 0.
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with background metric g.5. Taking a linearized version at a given point and back-
ground solution, we get the following principal symbol

(lla(lg.n) — (ll,lg)na) ((ll.ll)na — lla(ll.n))

laa(l2.n) — (l2.l2)na) ((lL1.l2)na — l2a(l1.n oly
4o g | (222 = (ale)na) (Lo =Ll ( )

nlbse 0 518
0 n[b(Sfi]
The solution space d¢p® = (ﬁﬁ) is 8-dimensional and the associated space of
2

equations is 14-dimensional 6X4 = (6W,6X, Yy, 02p.) where §Yp. = 0V} and
6 Zpe = 6 Zppe.

(1) We shall check that the system is hyperbolic: Consider w, timelike and
normalized w,w® = —1, since l;, can be chosen orthogonal (via a gauge transfor-
mation), we define an orthonormal frame {e;, ¢ = 0,1,2,3} with egqa = w, and
lia = liejq with ¢ = 1,2 such that g, = (—1,1,1,1). Consider now the plane
n(A)a = —nowa + fa € S, with ng € C, Ba = nieiq for i = 1,2,3, n; real and let
Giap = diag(l,...,1) and Gg‘ﬁ = diag(1l,...,1), then by [@I) the characteristic
equation of the principal symbol is (notice that M4? is real)

0— \/det(Ggmfg%(A)aalABm%bn(A)b)
= (Ino|? + 13 + n3 +n3)?|(—ng + n3)|Inag*ns| 315 (4.4)

It means that the characteristic structure is given in terms of two symmetric
tensors, the background metric, and g¢* = diag(—1,0,0,1) i.e.

0= nagabnb and 0= nagfbnb. (4.5)

The first one corresponds to the electromagnetic waves and the second one to the
Alfven waves. Because the characteristic eigenvalues are real, thus the system is
hyperbolic.

Note that the introduction of two unnatural scalar products lead us to a preferred
Euclidean metric g§®n,ny = |ng|? + n? + n3 + n3.

(2) We shall check that condition (2) in Theorem fails: For this system, it
is possible to calculate the singular values. We only show the relevant one (with ng
real)

1
o) = —= ‘\/N 203 — )3 — /N — 203 — )|,
N = nf + n% + (n% + ng)(l + l%).

Notice that it vanishes when n2 —n3 = 0.
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Consider now the line n(\), = —Awa+ B4 € S, with A real, 8, = nie1, and the
characteristic eigenvalue A = 0, i.e. () ag7*n(\)p|x=0 = 0. Perturbing this singular
value in a neighborhood of this point

’I’Lg’e()\ = O)a = —Eewwa — Awg + ﬂa‘éfg
we obtain
o (5) ~ L€2 (1+3l§) _ (1_l§)
! V2o \/ni e+  J/ndte2(l-1d)

It is order O(|¢]?) and by Theorem there does not exist any hyperbolizer
and the system is weakly hyperbolic.

In general, explicit calculations of the singular values cannot be done. Because
of that, we shall show how to reach the same conclusion using Theorem H.T]

Consider the line n(\), as before, then we get the following principal symbol

NAn(\), = —XN4%, + N5,

0 13e0q 0 0
—l3e0s O BBniera —lilaniesq,
e([)bdg] 0 N nle[lb&cl] 0

0 e([)b&cl] 0 nle[lb&cl]

To define I7; as @2), we need to calculate left and right kernel basis of
N2 (A = 0),. They are

1 0 0 0
0 0 0 0
ow of €0[b€2a] ’ €0[b€3a] ’ €2[5C3q] 7
0X 0 0 0 0
e | 0 0 0
02 0 0 0
0o | 0o | 0o |’
€0[b€2a) €0[b€3a] €2[b€3a]

) -(())
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We conclude that

7 =

o O O O o O

0

which trivially vanishes and then it has right kernel. Thus, as we discussed before,
there is a singular value that goes to zero at least quadratically in the perturbation
and the system cannot be strongly hyperbolic.

If we take w, outside the light cone, then there will be complex characteristic
eigenvalues (so the system would not be hyperbolic along those lines), so those cases
are trivially not strongly hyperbolic.

4.3. Charged fluids with finite conductivity

In this subsection, we present the charged fluid with finite conductivity in a first
order in derivative formulation, in which the relevant block of the principal part
has no constraints. We shall prove that the system is weakly hyperbolic while it has
finite conductivity and, of course, strongly hyperbolic with vanishing conductivity.
This result is in concordance with [5l chap. IX].

The system is

u""Vyn+nVa,u™ =0
uVap+ (p+p)Vau® = ubJ“Fba
(p+p)uVaub + Dbp = —h2JOF€,
u"Vong + qVpu™ + o F,""V,u® = ou®J,
v, Feb — b
v, b —
J* = qu® + oup F*®

with background metric g, k%, = (6% + ubu,.), uu, = —1, Db := h**V, and
p = p(n,p). Here p is the proper total energy density, n the proper mass density,
u® the four-velocity, ¢ the proper charge density, p the pressure of the fluid and o
the conductivity. For examples of this type of systems see [22 23] [36].

The variables are (n,p,u?,q, F?). As before, taking the linearized version at
a given point and background solution of these equations, the principal symbol is
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given by

(Mawia) 2 (2, ¢)nq ¢

on
u.n 0 n ny 0
0 (p+p) 0 o
w.n n
= b pne sub | =0,
Prh® M pph® g (p+p)0%(un) 0 54

0 0 O + ok, ™\, u.n

(q b b ) SFab

Na
(mElectro)A(g(l’, qﬁ)naéqso‘ = ( ) 6Fab -0

C
e qab

with ug,dou® = 0. Notice that the fluid-current part decouples of the electrodynamics
part. We shall only study this fluid-current part because there is where the lack of
strong hyperbolicity appears. This part of the system has no constraints.

on
The solution space §¢p< = ( ;jb) is 6-dimensional and the equation space 6 X 4 =

oq
(0W 60X 0Y, 0Z), with 0Y,u® = 0, is 6-dimensional too.

The characteristic structure of the fluids-current part is
det(mﬁqgid alta) = —(p +p)4(naua)4g‘11bnanb =0. (4.7)
This means that

(ngu®) =0 and g?bnanb =0

with g = (ﬁpn +pp)h® —uub (It is a Lorentzian metric if Gy Pn T Pp > 0).

In addition the characteristic structure of the electrodynamics part is
gabnanb =0.

The n,u® = 0 correspond to the material waves, g‘fbnanb = 0 to the acoustic
waves and g“bnanb = 0 to the electromagnetic waves.

(1) We shall check condition (1) in Theorem 2.1} Consider now the line n(\), =
—Mwg + B4 € Sy, with w, = u, and [, spacelike and such that G,u® = 0. We
notice from (@7) that ML, w, has no right kernel if (p+p) # 0 and the system is

n

hyperbolic for this w, if i PntPp 2 0. It means that the velocity of the acoustic

wave v := Dn + D, is real.

(p+p)

(2) Condition (2) in Theorem [ZTlfails: This line has the characteristic eigenvalue
A = 0, since un(A)q|x=0 = 0. We choose an orthonormal frame {e;, i = 0,1,2,3}
such that ey, = uq, €14 = ﬁﬁa with es, and es, space-like. In this frame the
background metric looks like g, = diag(—1,1,1,1).
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The principal symbol along this line is
Wetn(Na = —AWw, + N By
-1 0 nup 0
0 -1 (p+ p)up 0
0 0 —(p+py", 0
0 0 quy+oF,"u, -1

= -\

0 0 neip 0
— 0 (p+plew 0
+ ﬂ ’ /8 a a
pnel  Dpel 0 0
0 0 gew+oE, "e1n O

In order to find Lji the basis of the left and right kernel of M4%n(\ = 0), are

4% 0 0 —(p+0p)
0X 0 0 n
oY, - €24 ’ €34 ’ 0 '
4 0 0 0
on 0 —Pp 0
op 0 Pn 0
Sub B 0l 0 | |oub
dq 1 0 0
with e1p0ub = 0 and 6ubemelm = 0. Thus following Eq. (£2)
0 0 —(p + p)oues,
;=10 0 —(p+ p)oues,
0 —(rpp,+npn) 0

/1
Clearly L7, <0> = 0. Therefore, the system is weakly hyperbolic and there is no
0

hyperbolizer.

Notice that we chose a particular w, = u,. It is easy to show that condition (2)
still fails for any timelike w, in both metrics g**w,w, <0 and gfbwawa < 0. In addi-
tion, when choosing w, outside of these cones, complex characteristic eigenvalues
appear. Thus, in both cases no hyperbolizer exists.

4.3.1. Vanish conductivity o = 0

Finally, we notice that if the conductivity goes to zero o = 0 the kernels change
and the system becomes strongly hyperbolic.
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Consider the above line n()\), in A = 0, thus we shall prove that the new L7,
has no right kernel. The new left and right kernel basis are

W 0 0 —(p+p) 0
0X 0 0 n q
o |\ lesa | |esal o | 0 ’
YA 0 0 0 —(p+p)
on 0 —Pp 0 0
op 0 Dn 0 0
st | T\ Lol ] o | fea | |es
0q 1 0 0 0
Thus
0 0 —(p+p) 0
i 0 0 0 —(p+p)
' 0 —((p+ P)pp + 11Pn) 0 0
—(p+0) —DPnd 0 0
This operator has no kernel if the determinant is different from zero
det L; = —(p + p)"* (ﬁpn +pp> # 0.

Therefore p+ p # 0 and ﬁpn +p, # 0. As we explained, the first condition is
necessary in order for M4%, _w, not to have right kernel and the second condition
limits the possibility of the velocity of the acoustic waves to vanish. We conclude
that the system with o = 0 is strongly hyperbolic.

5. Conclusions

In this paper, we studied the covariant theory of strong hyperbolicity for systems
with constraints and found a necessary condition for the systems to admit a hyper-
bolizer. If this condition, which is easy to check, is not satisfied, then there is no
subset of evolution equations of the strongly hyperbolic type in the usual sense.

To find this condition we introduce the singular value decomposition of one
parameter families (pencils) of principal symbols and study perturbations around
the points where they have kernel. We proved that if the perturbations of a singular
value, which vanishes at that point, are order 2 or larger then the system is not
strongly hyperbolic, Theorem 2:2]

For systems with constraints, the rectangular case, is only a necessary condition,
but in the case without constraints, namely square case, this condition becomes also
a sufficient condition too, Theorem 2]l In this case, the condition is equivalent to
the ones in Kreiss’s Matrix Theorem.
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As an extra result, we showed that a perturbed Matrix has an [-Jordan Block
if and only if it has a singular value of order O(g').

Although the SVD depends on the scalar products used to define the adjoint
operators, we found that the asymptotic orders of the singular values are indepen-
dent of them.

When the systems have constraints, their principal symbols are rectangular oper-
ators and there is not a simple way to find their characteristic structure. We pro-
posed a way to calculate its, by connecting the kernel of an operator with the
vanishing of any of their singular values (see Eq. ([@1])).

We applied these theorems to some examples of physical interest.

A simple matrix example of 2 x 2 in which we study its Jordan form using the
perturbed SVD.

The second example is Force Free electrodynamic in the Euler potentials form,
that when written in first-order form has constraints. Using our result we checked
that there is no hyperbolizer, being the system only weakly hyperbolic. We did this
in two alternative ways. First by computing the singular values and showing that at
some point one of them is order O(g?). Second by computing the first-order leading
term using right and left kernels as in Theorem ETl In general, it is not an easy
task to calculate the singular values, therefore, the second way simplifies the study
of strong hyperbolicity.

The last example is a charged fluid with finite conductivity. For this case, it is
enough to consider the fluid-current part that decouples (at the level of the principal
symbol) from the electromagnetic part. We showed how the introduction of finite
conductivity, hampers the possibility of a hyperbolizer.
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Appendix A. Singular Value Decomposition

In this Appendix, the SVD is defined for linear operators that map between two
vector spaces of finite dimension. For introduction on topic see [11, [3T], B3] [35]. One
of the most significant properties of the SVD is that it allows us to characterize
the image and the kernel of the operator through real quantities called singular
values. They, as we showed in Sec. B provide data about the Jordan form of square
matrices.

One problem about singular values decomposition, is that, it is necessary to
introduce extra structure to the problem, namely, scalar products. When they are
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used in vector spaces over a manifold, they might introduce non-covariant expres-
sions. These scalar products are two positive definite, tensorial Hermitian forms,®
in the input and output spaces of the operator, respectively.

In this appendix, we use the notation of Sec. Blwith K4 : X — E and assume
that e = dim £ > dim X = .

Consider the two positive definite Hermitian forms G145 and Gz, in the spaces
FE and X, respectively. This allows us to define the adjoint operator

K*=Gy,'0K' oG, : E— X,
(K*)% = (Gy' oK' 0 G1)°% = G5 K% Ghse,
where G2 G po = 0%, and G5 Gy, = 0, are the identity operators in E and X

respectively, and K’ is the dual complex operator of K.
With this operator, we can define

KoK =Gy'oK' 0GioK: X — X,
¢~ — G3PKBG1pc K¢,

KoK*=KoGy;'oK' oG,:FE— E,
4 — K4G3 K5GipclC.

Since Gy 0o K* o K and Gy o K o K* are semi-positive define Hermitian forms,
K*o K and Ko K* are diagonalizable with real and semi-positive eigenvalues. Also,
the square roots of these eigenvalues are the singular values of K and K*.

With these definitions, we assert the singular value decomposition in the form of
a theorem. From now on Latin indices ¢, j, k go from 1 to e and primes Latin indices
i/, 7', k' from 1 to u, unless explicitly stated. These indices indicate the different
eigenvectors.

Theorem A.1. Consider K, K*,G1 and Gy as previously defined and e > u. Sup-
pose that rank(K) = r and dim(ker_right(K)) = u—r, then K can be decomposed as

-/

A Axi —1
Koz:UiEj’(V )jon

) . 0\*
where ¥° ;, = < 0 0) of size e X u, with ¥4 = diag(o1,...,0.),01 > - >0, >0
00/ .
j
l=1,...,r real, and 0,41 = -+ = 0, = 0. The oy are called singular values of K

and they are the square root of the eigenvalues of K* o K.

©Consider the C-vectorial space V' of finite dimension. A Hermitian form on V is a map G :
V x V — C such that G(av,bu) = abG(v,u) = ab(0*Gaqpub) and Gu, = Ggp (the bar means
conjugation). In addition there exists a symmetric real bilinear form gi145 and an antisymmetric
bilinear form goqp such that Ggp = g14b + 19245- When the hermite form is positive definite (g14p
is positive define), G defines a complex inner dot product of V.
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In addition, the columns of U‘? and V'), are eigenbasis of K o K* and K* o K
respectively, such that they are orthogonal

USGiopUY = 6y :=diag(1,...,1,1,...,1) (A1)

VZ/GQWVZ, = 52i/j’ = diag(L ey 1) (A2)

with C,D,i,5=1,...,e and o, 34',7 =1,...,u.

We are going to discriminate VS, = (Vo, V1), and U“} = (U, Uy, Ug)Ai, where
Va are the first r columns and Vy the u—r left of V; Us are the first r columns, Uy
the following uw — r and Us the remaining e — u of U.

Recalling that the eigenbasis that are chosen in the Jordan decomposition are
not unique we realize that they are the orthogonal factors in the SVD. For fixed
G1,2 we can select different orthogonal basis of the eigenspaces, associated to some
singular value, and obtain different U, V. Nevertheless the singular values remain
invariant as long as G'1,» remain fixed.

This decomposition allows us to control right and left kernels and images of any
linear operator, as we show in the next corollary.

Corollary A.2. Consider V = (Vo, V1), and U = (Us, Uy, Us)4 as in the previous

7 3

theorem, then the orthogonal conditions (AJl) and (A2) are
(Vi)"Gary (Vi) =0 withi,j=1,2 and i # j (A.3)
(U)C.Grep(U;)P =0 withi,j=1,2,3 and i # j. (A.4)
In addition
dim(right_ker(K)) = u —r
dim(left_ker(K)) =e —r
dim(rank_Columns(K)) = dim(rank_Rows(K)) = r.

And the explicit right and left kernels of K are

K%V:@:O with s =1,...,u—r, (A.5)
((SllmemGch)K% =0 withm,l=1,...,u—r, (A.6)
((SllngmGch)K% =0 withm,l=1,...,e—u, (A7)

where 5l1m is the inverse of 61im-

SVD is similar to Jordan decomposition for square operators. In particular,
they coincide when the operators are diagonalizable with real and semipositive
eigenvalues and particular G'1 o are used.

Suppose A% : X — X can be decomposed as A% = P‘;,Ailj, (P‘l)jlﬁ with
Allj, = diag(A1,...,Ay) and A; real and semipositive. If we choose G1og = G2ag =
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W(Si/j/(P*l)j;} then
(A% o A)aﬁ = GSWA_W“/GIWA%
= (P3,6" P )(PY, A%, (P7YR)((P™1) 585 (P1)%)
X (PEAT, (P71))
= P (5" AT, 6 AT ) (P
= P (A%, (PYY,.

Therefore the eigenvalues of (A*o A) are A?, thus the singular values of A are ;.
In addition U%, = V¢ = P% and the orthogonal condition is P, G124y P, = dirjr.P

Notice that, in the deduction, we used (677 A*, 8 AL, ) = (A2)", because A®
J 17 g J B

is diagonalizable, with real eigenvalues. But if Ai/j, is a non-trivial Jordan form, then

the singular values are the square roots of the eigenvalues of 51'/3'/1\’“]',,5;@/1-/1 Ai}/, the

2
explicit calculation becomes hard even for simple examples. In Chap. l] we present
an analysis of the 2 x 2 matrix case.

Appendix B. Invariant Orders of Singular Values

In this paper, we study perturbed singular values in terms of some parameter £. We
use the orders in this parameter, to decide when a system is strongly hyperbolic or
not. But as we showed in[Appendix A] the singular values depend on two Hermitian
forms, therefore we need to show that these orders remain invariant when we select
different Hermitian forms. Thus we shall prove it in Lemma [B.1l Also, in Theorem
[B:2] we shall show explicit expressions for the first order, when particular bases are
chosen.

Consider two pairs of positive definite Hermitian forms G14p, G245 and élc D,
éw in the spaces E and X. Since they are positive define, they are equivalent, i.e.

U%G1epUD = Gias, (B.1)
VLGQ’MV% = G2a,8 (B.2)

with some U : E — E and V : X — X invertible.
Consider now the linear operator 74 : X — FE with dim(X) < dim(E). We
call 6;[T4] the singular values of T4 defined using G1cp, Goap and o;[T4] using

(o3

GiaB, Gaag-

Lemma B.1. The operator T4 (¢) = K% + B4, : X — E, has singular values
oi[TA] = O(e%) with i = 1,...,dim(X) for some l; if and only if 6;[T4] = O(e").

S o
PThe standard result in textbook is when G1ag = Goap = dap = (P71)%, 0/ (P 1)J6 it means
that (P), is orthogonal, and the matrix A% is “symmetric”.
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Proof. If we call \;[T" o T to the eigenvalues of T* o T then
GilT) = V[T oT] =/ N[V 1oT*oToV]=0[U 'oToV]. (B.3)

The last equality is easy to prove.

Considering T4 : X — E with rank r, we recall that from definition of SVD

ol[T5] 2 02[T5) 2+ 2 0, [T5] > 0= 01 [T3] = -+ = Gaim(x) [Ta)-

In [33] it is proved that

o U oo [V]oi[T) < oi[U o T o V] < 0y[T)or [U Yo [V] Vi=1,...,u
with dim X = u, dimE = e and o.[U "o, [V] # 0 since U and V are invertible.
By this expression, we see that if o;[T] = O(g"?) then o;[U~ o T o V] = O(c") Vi.
Thus, due to Eq. [B3) 6;[T] this is exactly o;[U~! o T o V] and we conclude the
proof. |

Theorem B.2. Let the operator be T4 = K4 +ce?B4, : X — E where ce'? B4,
represents a perturbation of K with any 0 € [0,27], € real, 0 < |e] < 1 and K
has rank r. Consider T in basis in which Giap = diag(l,...,1) and Gaap =
diag(1,...,1) and the SVD of K s

S, 0
K% = (U, UL U)A [ 0 0| 657 (Va, Vi) j/620s
0 o/,
2y 0\
= (U2,0,004 | 0 0] 657 (Va,0)7; 82,5
0 0

Therefore

(1) If O'i[KAﬁ] >01i=1,...,r are the singular values of K, then the singular value
of T4 can be expanded as

oi[T4] = ai[K‘%] + lel& + O(?) withi=1,...,r

for some &; (see [30] for explicit formulas)
(2) When KAﬂ has ai[K‘%] =0 fori=r+1,...,u then the corresponding u — r
singular values of T are

oi[ K%, + e B
=0+ |e| 0:[8(0, U1, U3) 0100 B (0, V1), ] + O(e?) (B.4)
AQwith j=1,...,e;l=r+1,....e,m=r+1,...;uandi=r+1,...,u.

Notice that Eq. (B.4) does not depend on 6.

9These singular values are not differentiable respect to £ in € = 0, due to the presence of the
module |e|. However, it is possible differentiate respect to the module.
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