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Uncertainty modeling is a challenging topic in supply chain and operation management. When planning
material purchase and stock levels, demand uncertainty could have an important impact on the plan
results and its feasibility. Additionally, uncertainty could greatly affect customer satisfaction, inventory
costs and company profits. From a modeling perspective, problems considering uncertainty are difficult
to tackle and lead to complex optimization approaches. This work proposes a mid-term planning model
dealing with sales contracts to diminish the effect of uncertainty. Another interesting feature is given

I[()eemor:gs;ncertainty by the selection of different price levels. Price elasticity functions are introduced for each customer in
Planning order to jointly decide demand targets and prices. A linear generalized disjunctive programming model
Contracts is developed. Short execution time shows that this model can be applied to analyze several real scenarios

Generalized disjunctive programming to decide material purchase plan, inventory levels, sales strategies, prices and demand levels in a medium

term horizon planning.

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Supply chain management deals with material, information and
financial flows in a network consisting of vendors, manufacturers,
distributors and customers (Anupindi & Bassok, 1999). The general
purpose of a supply chain is to improve the overall efficiency to
handle several sources of uncertainty, where product demand vari-
ability can be identified as one of the main sources (Gupta, Maranas,
& McDonald, 2000; Rodriguez & Vecchietti, 2011). One alternative
in order to mitigate the effect of demand uncertainty is to sign sup-
ply contracts between suppliers and customers. Supply contracts
in a deterministic environment have been analyzed by Bansal,
Karimi, and Srinivasan (2007) and Khalilpour and Karimi (2011),
they remark that even assuming a deterministic model, contracts
prevent from uncertainties in prices and amounts ordered. Under
demand contracts a buyer commits a fraction of all his demand
from a specific supplier with the aim of sharing demand uncer-
tainty between both stakeholders (Anupindi & Bassok, 1999; Park,
Park, Mele, & Grossmann, 2006). In this approach, customers bene-
ficiate from better prices and financial conditions while companies
assure certain demand level.

Modeling uncertainty is a key issue in production and operation
management for several reasons. From the business perspective,
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uncertainty could have a significant impact on customer satis-
faction, inventory costs and company profits. On the other hand,
optimization models considering uncertainty are complex, involve
non-linearities in probabilistic approaches and present large size,
especially in these cases dealing with multi-stage stochastic sce-
narios. Due to those reasons, finding good models and methods
to solve this type of problems has been a concern in this research
field for the last decade. Several works can be found in the litera-
ture dealing with demand uncertainty. Gupta et al. (2000) present
a two-stage stochastic model to solve the trade-off between inven-
tory management and production cost under a context of demand
uncertainty, which is handled applying a probabilistic framework
through chance constraints. They handle three demand regimes:
low, intermediate and high. The model is solved considering differ-
ent levels of customer demand satisfaction for each product. They
conclude that significant improvements can be achieved in terms
of service levels to the customers with relatively small additional
cost. This approach does not consider signing supply contracts with
clients in order to reduce uncertainty impact. Regarding contract
selection, Carrion, Conejo, and Arroyo (2007) propose a mathemati-
cal model to decide the forward contracts that an electricity retailer
must sign in order to handle the demand uncertainty of end-users.
The retailers face pool price uncertainties at the time of buying
electricity via a contract; while at the time of selling it to clients
they have to deal with the uncertainty in their demands. They pro-
pose a stochastic framework where uncertainty is modeled through
time series and construct a scenario tree which is reduced using
special reduction techniques. They maximize the expected profit
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tomer j and price level h
pricep,  price of product k corresponding to price level h

Shk contract discount for product k and price level h

ZP; values of the standard probabilistic variable in the
point i of the demand probability distribution

ap; cumulative probability in point i of the demand
probability distribution

NC maximum number of contracts that can be signed

in each period
Objective functions variables
NPV net present value
sl service level

Positive variables

Mpe total cost of buying material p in period t

Sfe stock level of material family fin period t

Ape amount of material p purchased in period t

afs amount of material family f purchased in period t

consg  total amount of material family f required to satisfy
selected demand level in period t

savgp  average material stock of material family fin period
t

M*jk[ mean demand level selected for product k, customer
jin period t

OSjkt objective sale of product k for customer j in period t

Incomeyy, expected income of selling product k to customer j
in period t

Clie expected income if contract is signed with customer
j for product k in period t

NClIy,;  expected income if no contract is signed with cus-
tomer j for product k in period t
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Nomenclature S .
Zjke normal standard probabilistic variable used to
Sets describe
J customers
K products Boolean variables
P materials Yike true if a contract is offered to customer j for product
F material families k in period t and false if no contract is offered to that
T period times customer, product and period
H price levels
I points of demand probability distribution Binary variables
FPy, set that defines which materials p belong to each Yike 1 if a contract is offered to customer j for product k
material family f in period t and 0 otherwise
Yhjkne 1 if price and mean demand levels h are selected for
Parameters customer j and product k in period t and 0 otherwise
ms storage cost factor YZjkie 1 if expected demand level i is selected for customer
cost_avgy average cost of material family fin period t Jj and product k in period t and 0 otherwise
leyj lost sales cost of product k from customer j
Okt standard deviation of product k and customer j in
Loss; cpsa(ilcllattive probability of lost sales if level i of the for the retailer given a pre-speciﬁeq ris!( level. Altintas, Erhun,
demand probability distribution is selected and Tayur (2008) analyze the quantity (_hscognt contracts under
e service level values required applying the e- demand uncertamFy.Theydevelopamultl-perlod model to captqre
constraint approach the puyer’s behav19r underv stochastlc demand when the supph’er
cs material stock capacity provides an all-unit quanglty dlscqunt: They analyze the speqal
Isy initial stock level for material family f case then t.he trans.por.tatlon cost is high. These authors prowde
Qmax, maximal capacity from all suppliers to provide some guidelines and insights about the effectiveness of the discount
material p parameters.. . . S
oy amount of material family frequired to produce one Most articles aclc!ressmg this type of.optlmlgathn proble;ms
unit of product k consider an economic measure as the umque.objectl.ve function.
Ir interest rate However, it is clear that it is not always possible to integrate all
costy,  cost of material p in period t objectives ip an econorr_lic _meFric. For that' reason, some other
ih mean demand level of product in period ¢ from cus- approaches include multi-criteria programming because it is usual

to have two or more objectives in conflict in this kind of problems.
In these cases, there is no single global solution and the optimal set
is given by Pareto curve (Pareto, 1971) where an increase in one
objective means a decrease in the others. The challenging task is to
find the best compromise solution within a set of possible optimal
ones. The most extensive method used is given by the e-constraint
proposed by Haimes, Lasdon, and Wismer (1971). This approach
has been mainly applied for supply chain design or enterprise-wide
optimization, both characterized by a wide decisions scope and a
large number of goals to satisfy (Guillén-Gosalbez & Grossmann,
2010; Guillén, Mele, Bagajewicz, Espuiia, & Puigjaner, 2005; You &
Grossmann, 2008).

In this approach, a stochastic model is proposed to deal with
demand uncertainty. Customers demand is modeled as continu-
ous random parameter with normal distribution and known mean
and standard deviation (Zipkin, 2000). In order to avoid traditional
non-linear terms involved in probabilistic approaches, the random
normal variable is discretized in the formulation.

Sale contracts are also considered to mitigate the effect of
unknown demand in the company profits. The model decides the
set of customers to sign contracts according to their expected
behavior to reduce demand uncertainty and decrease raw mate-
rial safety stocks to satisfy unpredicted demand. In addition, the
model also determines the portion of demand to be satisfied with
traditional sales without using contracts. If contracts are not cho-
sen, a target demand is considered which represents a level that
the company is willing to satisfy in the horizon terms.

Another feature considered in this work is the selection of dif-
ferent price levels. Most planning optimization models from the
literature consider that the product price is just one parameter that
has previously been set by the company and a mean demand (and
standard deviation) is known for that price. In this case, we intro-
duce a demand elasticity function for each customer to model the
relation between a set of possible prices and the corresponding
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mean demand levels. Price elasticity of demand, measures the
responsiveness of the quantity demanded of a good or service when
there is a change in its price (Browning & Zupan, 2011). Then,
prices are also decisions in this approach which gives a more real
insight of the offer-demand relationship in the decision process.
This demand model is part of a wider planning model. We propose
a generalized disjunctive program to select material and quantities
to purchase in order to satisfy uncertain demand in a multi-period
horizon planning.

2. Problem statement

The problem consists of defining a mid-term tactical plan in
order to face an uncertain environment. The main features of this
problem are the following:

e Demand uncertainty is modeled using a probabilistic approach
assuming that can be represented with normal probability dis-
tribution with known mean and standard deviation for each
customer and product.
Raw material purchase as well as material stock levels are consid-
ered, they are tactical decisions influenced by uncertain demand.
“All-unit discount” contracts can be offered to customers in order
to decrease the negative effect of demand uncertainty.
Prices are also decision variables that are assigned to products in
the model considering a demand elasticity function that defines
the level of expected demand associated to each possible price.
e Two objective functions are considered. Net present value and
service level are maximized. While the first one includes all
incomes coming from expected sales and costs involved in the
model decisions, the second one represents customer satisfaction
and it is determined by the cumulative probability of satisfying
demand. If service level is increased, purchase and stock costs are
also higher.

As it was pointed out, one of the main decisions of this prob-
lem is to define what raw material purchase in each period in order
to satisfy customer demand. It is assumed that raw materials are
grouped into material families in order to give flexibility to pur-
chase decisions, in this way a set of materials can be used for a
given product.

Uncertain demand is modeled using a normal probability dis-
tribution with known mean (u) and standard deviation (o). This
function is discretized in order to avoid non-linear terms in the
formulation. For each term, a binary variable is introduced to select
the level of demand the company is willing to satisfy. We use the
standard random variable (z) to calculate the cumulative probabil-
ity of each demand level (OS) and the expected lost sales (Loss) since
we know that OS = 4 + ¢ x z. Further details regarding the values of
these data please can be found in Stockburger (1996).

service level is the probability that demand will be satisfied or, in
other words, the probability that the company will not break stock.

Stock level decisions connect material purchase and demand
decisions, thus in each period the expected inventory level is calcu-
lated considering the stock in the previous period plus the material
purchase amount minus the consumption of material to satisfy the
expected demand. The stock costs in the NPV are calculated con-
sidering the average level of materials in stock in each period and
that unit storage cost is a proportion of the material family average
cost. Stock capacity constraints are assumed as well as suppliers
limitation for material purchase.

In this article we consider that if there is enough material in
stock then the demand of products can be satisfied within the
period term. This means that only stock for material is considered
but not for final products. In this context, the definition of safety
stock is an amount of material which is kept in stock in order to
be able to satisfy an extra level of demand that exceeds the mean
value. This extra demand level is determined by the service level
as well as its standard deviation. The sum of this extra demand
level and the mean expected level can be called a target demand or
objective sales (OSji; variable in the model). In case no contract is
selected for a given product k, customer j and period t, some safety
stock must be determined because objective sales will be greater
than mean demand.

Prices for final products are also decision variables in this prob-
lem. It is assumed that mean demand levels for each client and
product are functions of the price selected. This means that a
demand-elasticity function is introduced to model the relation-
ship between price and mean demand level. A number of possible
prices are considered for each client and product applying a discrete
elasticity function.

Finally, we propose two objective functions in order to account
for an economic target as well as another performance which mea-
sures the customer satisfaction. This second objective function
is determined by the service level that represents the cumula-
tive probability that demand will be satisfied. The main trade-off
between these two objectives is given by stock costs. A higher ser-
vice level means that more material stock is required to response
to extra demand which, on the other hand, decreases the NPV of
the company.

3. Problem formulation

As it was mentioned in the previous section, this problem
presents two objectives to optimize. The first objective function is
defined as the net present value during the planning horizon. Prof-
its in each period are calculated according to the expected income,
minus material purchases, lost sales costs and inventory holding
costs. Materials p are grouped into families f in order to give flexi-
bility to purchase decisions. In this way, different materials from a
certain family can be used to satisfy product specifications.

Max NPV — Z Zkzjlncomejk[ - Epmm - ZjZijLossi.yzjk,-t.ij.lckj - Zfsavgﬂ.ms. cos t_avgp
t

In order to decrease demand variability, the company can offer
contracts to clients. If a contract is offered, it is assumed that this
portion of demand is deterministic so the company will plan to
purchase the exact required material to produce the amount of
products forecasted (mean demand). This alternative shows a pos-
itive effect on purchase and stock costs but a negative effect on
expected incomes since a discount is applied over all units sold if
the contract is selected. On the other hand, if no contract is offered
to a given customer and product it is assumed that this demand
is uncertain. The service level objective is introduced in order to
account for the maximum level of uncertain demand to satisfy. This

(1+1r) W

The NPV is calculated base on total incomes, Incomejy;, due to
expected sales from each customer j, product k and period t minus
the raw material purchase costs, mp, for each material p in period t.
Loss sale costs are also considered in the next term, they are deter-
mined for each product k, customer j and period t. Since demand
loss function (Loss;) is discretized, each index i indicates one possi-
ble value for this function. Finally, inventory costs for each material
family fin period t are also taken into account in the last term of
this objective function.

The second objective is to maximize the service level which is
given by the accumulative probability of satisfying demand. This
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means that if for instance, service level is 50%, then only mean
demand is satisfied. Any service level above this value supposes
that the company is willing to satisfy a potentially higher demand.
In this sense, the company must be prepared in terms of material
purchase plan in order to be able to produce additional products if
this extra demand level occurs. The increase in material purchase
will also lead, naturally, to higher inventory costs.

The method used to formulate this two-objective problem is
applying the e-constraint approach. In this case, service level (sl) is
considered the constrained objective, given by Eq. (2).

sl>¢ (2)

Eq. (3) shows that total initial stock of all families fin each time
period t (sf) must be less than or equal to the material stock capacity
CS. It is assumed that only raw materials are kept in stock, final
products are manufactured according to customer orders.

> sp=Cs, vt 3)
!

The stock at the beginning of each period for each raw material
family fis given by Eq. (4) as the initial stock in the previous period
plus the materials bought from suppliers in that period, qfg;_1),
minus the material consumption estimation consg;_y). This variable
is determined by the maximum target demand the company aims
to satisfy and the consumption of materials required to produce
one unit of each product, as shown in Eq. (9).

Sfr = Sf(e—1) + qf}r(t_]) — CONsg(r_1), Vf, vt > t1 (4)

Eq. (5) establishes that in the first period, there is an initial stock
given by Isg:

sft1 :ISf, Vf (5)

Average stock level savgy is estimated in Eq. (6) to determine
the inventory costs in the NPV objective function. This level is esti-
mated as half of: the initial stock in each period plus the quantity
of material family ordered and the stock level at the beginning of
next period.

Spe + Affe + Spcesn)
5 )
There s certain upper bound to each quantity gy that can be pur-
chased of material p in period t. This limit is given by the suppliers’
total capacity, Qmaxy, in Eq. (7). Note that in this case, materials are
used instead of material families. Material families allows flexibil-
ity in the purchase plan since they consists of groups of material p
that can be used indistinctly in the production process.

Vp, Vt (7)

savgg = Vf, Vt (6)

qpt < Qmaxp,

Constraint of Eq. (8) determines the total amount bought of a
material family qfy according to the materials p that belong to that
family. This relationship is given by set FPy,.

> ape=afy, ViV 8)

peFPg

In order to calculate the consumption of material family in each
period, given by variable consg, it must be taken into account a
target demand that the company wants to satisfy which can be
greater than the mean demand forecasted. This corresponds to the
objective sale OSj, for each product k, customer j in period t. The
total raw material requirement for that OSj, is determined by Eq.
(9) according to the unit material consumption oyy.

Zzosjkt'akf = Consg, Vf, vVt 9)

ik
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Fig. 1. Mean demand and price selected for product ks in period t;.

Material purchase costs mp; are calculated in the following Eq.
(10) by multiplying the quantity ordered g, by the corresponding
material cost costy. Note that this parameter can vary during the
horizon planning due to seasonal or inflation reasons.

Mpe > qpe.COStpe, VP, VE (10)

In order to take into account prices as decision variables in
this model, a price-demand discrete function is assumed for each
product and customer. Fig. 1 shows this situation for product ks,
which is a decreasing mathematical relationship between these
two variables. In order to model this price-demand relationship,
it is assumed that the company owns certain knowledge from
their clients which could be obtained from marketing forecasts
or previous negotiation processes with them. For each customer,
the company can estimate the mean demand expected for each
price offered. More elastic demand is shown when bigger changes
in demand level are observed for each unit change in price. Once
medium demand level //L;‘kt isselectedin Eq.(11), price is also deter-
mined. Note that u}f‘kt is adecision variable while pp, is a parameter
indicating different mean values for demand of product k from
client j when price level is h. From Eq. (11), yhjiy is a binary vari-
able which selects the price and demand level for each product and
client. We have considered h possible demand and prices levels.
This demand level is then used to calculate sales income in Eqs.
(13) and (14).

/‘Lfkt = Z,U«jkhyhjkhn vj, Yk, vVt (11)
h

The following constraintin Eq.(12) determines that one demand
level h has to be selected for each product and customer in each
time period. Note that more than one product can be ordered by
the same customer j and different price levels can be selected for
each of them.

> Vi =1, Vi, Yk, Vt (12)
h

Disjunction (13) determines whether a contract will be offered
to a customer for each product in each period time. If a contract is
selected we assume demand uncertainty is negligible (i.e. oji, ~ 0)
so objective sales must satisfy at least mean demand level pL;‘kt. Tak-
ing into account that OSj,, is applied to determine the amount of
raw material required, no safety stock is needed in this case. Oth-
erwise, safety stock must be defined in order to address uncertain
demand. This safety stockis determined indirectly by the additional
demand (zji; oji;) above the mean value selected in the second dis-
Jjunctive term of Eq. (13) where variable z;,, represents the standard
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random variable with normal probability distribution. The amount
of raw materials to satisfy this product demand is calculated in (8).

Expected income is determined in both cases. In the first one,
we assume mean demand is served with the corresponding price
and discount. In the second case, regular price is considered.

Yie =Yjke
Osjkt = Iu’]*kt

Incomejy; < Cljje

V| OSje = Zjke-Ojie + Wiy |~ VI, VK, VE (13)

Incomejy; < NCljy,

Contract income is determined in constraint (14) considering
the mean demand selected, the corresponding price and the dis-
count dp, offered to the customer. Note that since only one binary
variable yhj,; will be non-zero, then only one term on the right
hand side (rhs) of Eq. (14) will be positive.

Cljye = Zﬂjkh-yhjl<hr~PriC€hk-(1 —Onk),  Vj, Vk, V¥t (14)
h

Similarly, Eq. (15) establishes the expected income when no
contract is selected to a given customer j and product k. As men-
tioned, only one term will be non-zero on the rhs of Eq. (15). In this
case, since no contract is offered, no discount is considered and the
normal price is applied to the expected demand level. Note also,
that income is not overestimated since mean demand i, is used
to calculate it. This means that even though the objective sale (OSjy)
is higher, because represents the maximum potential demand level
the company is willing to satisfy, the expected income only assumes
that mean demand is expected to occur in order to allow a fair
comparison between contract and no contract incomes.

NCljy = Zﬂjlm Yhine pricep,  Vj, Vk, vt (15)
h

Uncertain demand distribution is discretized using binary vari-
able yzj;;. The normal standard variable zj;, can assume i different
values given by parameters ZP; as shown in Eq. (16). This vari-
able determines the additional demand for product k, customer j
in period t that the company is willing to satisfy in case that no
contract is signed.

Zie = > _ZPiyzya, Vi, Yk, Ve (16)

1

Eq. (17) is a logical constraint establishing that if no contract is
signed for a product k of customer j in period t, then one variable
YZjkir must be equal to 1 in order to determine variable zj;, value. On
the other hand, if a contract is selected (y;x; =1) no yzji;; is positive.
Note that binary variable yj is equivalent to Boolean variable Yji;
of disjunction (13).

> Ve =1y Vi, Vk, Ve (17)

Eq.(18)defines that certain service level sl must be satisfied if no
contract is signed. This level is defined considering the cumulative
probability ap; associated to the value selected of zj,, which is given
by yzj. Since sl is the second objective in this model, different
values will be given in order to obtain several points from the Pareto
curve.

> apiyzieie = sL(1 - yie), Vi, Yk, VE (18)

1

The final equation in this formulation is given by an optional
constraint that could be necessary if company policy restricts the
amount of contracts they can offer to their clients (NC). In this
case, Eq. (19) will be applied. In order to analyze the effect of this

Table 1
Model size and performance.
Equations Positive variables Binary variables CPUs
2381 1373 4600 116-471
Table 2

Pareto solutions obtained.

opee ey Sk Semern o,
23% 308579.1 0.933 165.75

17% 332782.6 0.89 5% 471.81

9% 364466.79 0.84 6% 190.66

| 5% 376874.92 0.77 9% 138.66
3% 387049.04 0.69 12% 116.33

1% 394086.4 0.59 17% 151.25
398758.94 0.5 18% 148.23

constraint in the formulation a special section will be considered
in Section 4.

DN ke =NC (19)
i kot

4. Results
4.1. Multi-objective solutions

The formulation was posed in GAMS system using LogMIP
(Vecchietti & Grossmann, 1999) to model disjunctive terms. The
generalized disjunctive programming (GDP) problem is reformu-
lated by LogMIP using convex hull relaxation which is solved as
a MILP problem with CPLEX. The main advantage of this formula-
tion is that contract decisions can naturally be posed in terms of
discrete decision and generalized disjunctive programming. Log-
MIP allows the disjunction formulation in a natural way as they
are presented in the original GDP formulation. Then it selects the
relaxation (convex hull or big-M reformulation) according to the
user input.

Several Pareto solutions are given according to the fluctuation
of service level target (sl) and the resulting NPV. The examples con-
sider 10 customers with 5 products to satisfy. For each product
and customer, 5 price levels are evaluated with a price-demand
discrete function as shown in Fig. 1. Uncertain demand function
is discretized using 17 points. The horizon planning is given by 4
months where 4 material families are handled to group 13 raw
materials. The model size and performance are presented in Table 1
considering all solutions obtained. According to Table 1, execution
time in order to obtain Pareto solutions varies from 116 to 471s.
Table 2 shows the different solutions obtained and the percent-
age of variation in each objective comparing to the best possible
solution for each objective. Note that higher service level implies
additional inventory and material purchase costs. Furthermore, a
higher service level has no positive effect on expected incomes
(whether contract is offered or not) because they are calculated
assuming the mean demand value and not the maximum potential
demand. Then, when service level increases, the NPV diminishes. It
can be considered that one compromised solution is the one high-
lighted in Table 2 since it is only 5% far from the best NPV value
and involves a reasonable value for the service level (0.77), only 9%
lower from the maximum value. This Pareto point will be further
analyzed in this section.
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2000

Fig. 2. Objective function and safety stock costs for Pareto solutions.

Some other interesting results come out from the multiple solu-
tions. Fig. 2 shows the fluctuation of both objectives as well as the
effect on safety stock costs. It is quite clear that in order to guaran-
tee a higher service level the company needs to keep an increasing
amount of material in storage as safety cost. The right vertical axisin
Fig. 2 shows the values of this cost for the different solutions which
also explains the decrease in the NPV value. Safety stock costs in
Fig. 2 are calculating multiplying safety stocks by the average cost
of material family (cost_avgy) and the storage factor ms.

In addition, it is also important to analyze how costs structure
changes from one solution to the other. Fig. 3 shows that even
though raw material cost always plays a relevant role in total cost,
stock cost are higher when service level is increased while lost sales
cost diminishes in the same direction. From Table 3, it is notewor-
thy that total raw material cost also rises by increasing the service
level since more material has to be bought in order to be able to sat-
isfy a potential higher demand level (which means higher service
level).

Regarding model decisions, the selected solution from the
Pareto points obtained are analyzed. Fig. 1 shows mean demand
and prices selected with black circles, for product k3 for each
customer j in period t,. This decision is solved for all products
and periods. In most cases, highest prices with lowest demand

Table 4
Contract decision.

Table 3
Present cost evolution in each Pareto solution.

Service level ~ Total costs ~ Material costs  Lost sales costs  Stock costs
0.5 277,110 213,098 37,133 27,157
0.59 281,415 226,539 26,172 28,704
0.69 279,254 232,060 17,872 29,322
0.77 274,643 233,447 11,535 29,661
0.84 281,785 243,463 7326 30,996
0.89 279,667 244,149 4475 31,043
0.933 283,956 249,598 2556 31,803

levels are preferred. The reason is not straightforward. Even though
demand functions present high elasticity values, meaning that the
percentage of increase in demand is higher than the percentage of
decrease in price, average stock cost and material purchase costs
also increase when mean demand does. In addition, there is a limi-
tation in the number of contracts that can be ordered in each period.
This also means that higher demand levels when no contract is
offered imply an increase in safety stock cost in order to guaran-
tee the service level assumed. So under some circumstances, many
factors influence price and demand selection. It will be interesting
to analyze the impact of no policy restriction regarding the number
of contracts allowed on the solution.

J1 P J3
Yiue ti ty ty ty ty tp ty t, t; t; tz t, t;

Ja Js
t, ty t, t, t, t; t,

ki No No No No No No No No No No No No No No No No No No No No
5 k2 Yes Yes Yes Yes No No No No Yes Yes Yes Yes No No No No No No No No
'§ k3 Yes Yes Yes Yes No No No No Yes Yes Yes Yes No No No Yes Yes Yes Yes Yes
= ks Yes Yes Yes Yes No No No No Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes
ks No No No No No No No No No No No Yes No No No No No No No No
jG j7 j8 j9 le
ki No No No No No No No No No No No No No No No No No No No No
5 k2 No No No No No No No No Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes
'§ ks Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes
= ks Yes Yes Yes Yes Yes Yes Yes Yes No No No No Yes Yes Yes Yes Yes Yes Yes No
ks No No No No No No No No No No No No No No No No No No No No

No in grey and Yes in white.
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Fig. 3. Total cost structure depending on service level.

Table 5

Safety stock of material families.
Family Periods

th t2 t3 t4

fl 1086 1086 1086 1100.25
f2 1719.98 1719.98 1719.98 1654.35
Ji] 2772.08 2772.08 2772.08 2772.08
fa 1104.25 1062.38 1062.38 1161.75

Another important result from the model is given by con-
tract decisions. As it was mentioned, the number of contracts is
restricted. In this example the limitation is 20 contracts per period.
Table 4 shows to which customers j and for what products k the
company should offer sales contract. Note that in all periods 20
contracts are selected meaning that this constraint is active in the
solution. So, even though they offer a discount to the customer,
profits are increased because no safety stock or lost sales have
to be faced when contract is signed. The possibility of disregard
demand uncertainty in these cases pays the decrease of income
due to discount offered by the contract.

Due to the limitation in the number of contracts that can be
offered in each period, the model has to choose in which cases con-
tracts are more beneficial. A combination of factors plays a relevant
role in this respect. On the one hand, discount offered to the cus-
tomers can vary from one customer to the other as well as from one
price level to another. In addition, customer standard deviation can
be also different. If demand variability is high (which means high
standard deviation) for a given customer and product, it is expected
that offering a contract in that case is more beneficial than if a
customer present a low variability. When a contract is offered, it
means that the reduction of expected income due to the contract
discount is better than the increase of purchase and stock cost due
to uncertain demand.

For those cases where no contract is offered, safety stock must
guarantee additional raw material availability in stock to cope with
extra demand due to uncertain variations. These results are pre-
sented in Table 5. It is interesting to notice that safety stock level
changes for each family and period to cope with demand variations
when no contract is offered.

Average stock levels for material families fluctuate in the plan-
ning horizon as shown in Fig. 4. These value are calculated in the
model according to material purchase, safety stock and consump-
tion decisions. In order to compute safety stock of material families
from Table 5 we calculate the total amount of material required
to satisfy objective sales (variable OS;,,) minus the total amount of

7500
z. 7000 . ]
S 6500
[ =
g 6000 [
£
a 5500 . Y
&
S 5000
g
X 4500
4000
tl 2 t3 t4
—f1 5346.5 5364.5 5346.5 5308.63
f2| 432864 4328.64 4328.64 425833
——f3|  6856.74 6876.54 6856.74 6856.74
—f4| 603031 6010.94 5988.44 5988.63

Fig. 4. Average material stock evolution.

materials required to satisfy mean demand level ( M}‘k[). Note that if

we compare safety stock from Table 5 with the average stock level
from Fig. 4 it can be clearly concluded that safety stock are actually
a small proportion of this expected variable. This result shows that
company decisions can definitely decrease demand uncertainty,
which is one of the main positive effects of offering contracts to
customers.

In this example for instance, since no contract was chosen in
the case of product k; bought by customer j; in the first period,
mean demand was selected with 200 units but target demand is
defined in 271.25 units. For this additional demand of 71.25 units,
raw material must be stored as safety stock. If demand exceeds this
target, lost sales will occur so expected lost sales are determined
by the right area under the curve in Fig. 5.

4.2. Contract limitation

In this section, we analyze the impact of changing the limitation
in the number of contracts. As it was pointed out in the previous
results shown, in every period this constraint is active in the solu-
tion meaning that the maximal number of contracts was always
chosen.

Fig. 6 shows two relevant results. On the one hand, it is remark-
able how the proportion of profits with and without contracts
changes as the maximum quantity of contracts is increased. On
the other, there is a clear improvement in the net present value
which is the economic objective function in this model. From the
first point in which only 10 contracts per period are allowed to the
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Fig. 7. Profits and costs evolution when changing the number of contracts allowed.

last one when 40 contracts can be selected, there is almost 12%
increase in the NPV. In Fig. 7 the fluctuation of present costs and
present profits is shown for each constraint level studied. It is also
noteworthy that the optimal quantity of contracts is given between
30 and 35 since no change in the NPV value is observed from 35
to 40 contracts allowed. One interesting conclusion of this study is
that this increase in the economic objective function does not com-
promise the demand satisfaction since service level is the same
in all scenarios considered in this section. Then, a more flexible

policy regarding the decision of offering contracts to customer can
improve the complete set of Pareto-solutions.

4.3. Demand variability analysis

In order to study if offering contracts to customer can effec-
tively decrease uncertainty effects on the company, the relationship
between demand variability and contract decisions is presented
in this section. Demand standard deviation was increased for all
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Fig. 9. (a) Profit proportions with no increase in standard deviation; (b) profit pro-
portions with 25% increase in standard deviation.

customers and products and the number of average contracts
selected in each time period is analyzed. From Fig. 8, it can be seen
that the number of contracts grow from 29.5 to 32.5 in average,
when there is a 25% higher standard deviation. In addition also the
structure of profits from contracts changes. Fig. 9a and b presents
that an additional 4% of profits come from contracts when stan-
dard deviation is increased in 25%. In conclusion offering contracts
to customer can attenuate the effect of demand uncertainty and
this result is even more relevant when demand variability is high.
The negative effect of offering discounts to customer is paid by the
fact that a certain proportion of demand can be guaranteed by the
customer commitments.

5. Conclusions

The present work studies a multi-objective model in which
service levels as well as net present value are both optimized
in a problem where purchase plan, raw material levels in stock,
safety stock and prices are decided in a mid-term planning hori-
zon. In order to take into account the effect of prices decisions, a
price-elasticity function is introduced in which different expected
demand levels are associated with several prices. The model brings
some interesting results that could help managers to make deci-
sions regarding what level of demand is convenient according to
price elasticity.

With the aim of mitigating the effect of demand uncertainty on
company revenues, contracts with customers are also analyzed as
decision variables in the model. In this respect, it is decided whether
contract should be offered to customers in order to diminish the
effect of uncertainty but offering the customer a discount over the
regular price. When no contract is offered to a customer, it is consid-
ered that safety stock must be held to be able to satisfy the company
demand target. Lost sales due to extra demand above that target
level are also penalized in the objective function. Higher demand
variability also stresses the importance of considering demand con-
tracts as a tool against this uncertain variable.

It is also noticed that a flexible policy regarding the number
of possible contracts to sign offer better economics results with-
out decreasing demand service level. Finally, short execution time
shows that this model can be applied to analyze several real scenar-
ios to decide material purchase plan, inventory levels, prices and
demand target in a medium term horizon planning.
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