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SYMMETRIC STRUCTURE FOR CLOSURE ALGEBRAS

J. PATRICIO DIAZ VARELA

ABSTRACT. The aim of this paper is to investigate the variety of symmetric closure alge-
bras, that is, closure algebras endowed with a De Morgan operator. Some general properties
are derived. Particularly, the lattice of subvarieties of the subvariety of monadic and linear
symmetric algebras is described and an equational basis for each subvariety is given.

1. INTRODUCTION

This paper deals with the variety of symmetric closure algebras (.%), that is, closure al-
gebras with a symmetric operator (a De Morgan negation), introduced in [9)]. An important
characteristic of these algebras is that the set of open elements forms a symmetric Heyting
algebra [21] (a Heyting algebra with a de Morgan negation [24]). Section 2 provides all
necessary background on closure algebras and symmetric Heyting algebras. We describe
the subdirectly irreducible algebras of the variety of symmetric closure algebras in Section
3. The rest of the paper is devoted to the study of the subvariety ..# of monadic sym-
metric algebras and the variety .#’% ', of linear closure algebras. We determine its lattice of
subvarieties and we find equational bases for each subvariety of . ¢’;.

Throughout this paper, & and ¢ will denote the equational classes of all Boolean alge-
bras and all Heyting algebras, respectively. If % is a class of similar algebras we will use
the following notation: Si(.#") (resp. Sifin(-#"), Simpgn (%)) for the class of subdirectly
irreducible (resp. finite subdirectly irreducible, finite simple) algebras in #". H(_#") for the
class of algebras that are homomorphic images of algebras in .#; and S(.#") for the class
of algebras that are subalgebras of algebras in #". The lattice of congruences of an algebra
A € % is denoted by Con 4 (A) or Con(A).

In general, for a variety %" and A,B € %, A<l ;- B means that A is a . -subalgebra of
B. The subalgebra generated by a part X of A € ¢ is denoted by [X] ,-. If " is a subclass
in a variety ¥, we will denote V (_#") the subvariety generated by .#", and A(?") (or simply
A) the lattice of subvarieties of #.

2. PRELIMINARIES

In a paper of paramount importance titled “The algebra of topology” J. C. C. McKin-
sey and A. Tarski [[17] started the investigation of a class of algebraic structures which
they named closure algebras. A closure algebra is an algebra (A;V,A,—,V,0,1) such that
(A;V,A,—,0,1) is a Boolean algebra and V is a closure operator, that is, V is a unary
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operator on A that satisfies the “Kuratowski axioms”, for all x, y € A: V(0) =0, x <
V(x), V(V(x)) = V(x), V(xVy) =V(x)VV(y).

The simplest example of closure algebras is the variety .# of monadic Boolean algebras.

Closure algebras have been extensively studied by several authors. Particularly, W. Blok
in an exhaustive and very deep work, developed in [6] the general properties of the lattice
of subvarieties of the variety of closure algebras.

An important feature in the structure of a closure algebra is the set of open elements. In
a continuation of their work on closure algebras, McKinsey and Tarski showed in [18] that
the set of open elements of a closure algebra is a Heyting algebra. Conversely, any Heyting
algebra can be embedded as the lattice of open elements of a closure algebra.

With the operators V and — we can define a new unary operator Q (interior operator) by
means of Q(x) = —V(—x), for all x € A. This operator satisfies the conditions: Q(1) =
1, x> Q(x), Q(Q(x)) = Q(x), Q(xAy) = Q(x) AQ(y). Closure algebras can be defined
by means of these equations and in that case, by defining V(x) = —Q(—x) we obtain the
closure operator.

The equational class of closure algebras will be denoted by &. These algebras were
named interior algebras by W. Blok in [6]. If A € € then Q(A) is a (0, 1)-sublattice of A,
and it is a Heyting algebra if we define a — b = Q(—aV b), forevery a,b € A. If b € Q(A),
b is said to be open.

It is known that if A € ¢, then the lattice Con(A) of congruences of A is isomorphic to
the lattice F(A) of all filters of A. If F € F(A) then the congruence 6 associated to F is
defined by (a,b) € 0 < aAu=DbAu for some u € F.

If A € ¢ and F is a filter in A, F is said to be an open filter if Q(x) € F whenever x € F.
It is known ([[18]) that Congs(A) is isomorphic to the lattice Fo(A) of all open filters of A,
and it is not difficult to see that Fp(A) and F(Q(A)) are isomorphic. So we have:

Theorem 2.1. ([S]) Let A € €. Then Cong(A) and Con »(Q(A)) are isomorphic.

Recall that a Heyting algebra A is subdirectly irreducible if and only if A = A; & 1, with
Ay € 2 and A| @ 1 is the lattice obtained by adjoining a new 1 to A;.

Thus from Theorem [2.1]and this remark it follows immediately the following corollary:

Corollary 2.2. Let A € €. Then A is subdirectly irreducible if and only if Q(A) is subdirectly
irreducible as Heyting algebra. Moreover, A is subdirectly irreducible if and only if Q(A) =
A1 D1, for some Ay € .

A symmetric Heyting algebra is a system (A;V,A\,=,~,0,1) such that (A;V,A,
=,0,1) is a Heyting algebra and (A;V,A,~,0,1) is a De Morgan algebra ([21], [12], [24],
[4]). The variety of symmetric Heyting algebras will be denoted by .7 7.

Observe that if A,B € .75 and h: A — B is ahomomorphism then 2~ !(1) = Ker(h) is a
filter with the property that if a = b € Ker(h), then ~ b = ~ a € Ker(h). Any filter F of an
algebra A € .77 satisfying the condition that if a = b € F then ~ b= ~a € F, is called
a kernel of A. A. Monteiro [21]] proved that if, for a given kernel F in a symmetric Heyting
algebra A we define x0ry if and only if x =y € F and y = x € F, then OF is a congruence.
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Symmetric Structure for Closure Algebras 81

Moreover, every congruence on A is determined by a kernel, and the mapping F +— O is a
lattice isomorphism between the lattice of kernels of A and the lattice Con o s (A).

A slightly more amenable to work with, the following theorem gives an equivalent con-
dition for a filter to be a kernel. As usual, ~a = a = 0.

Theorem 2.3. ([21]]) A filter F of a symmetric Heyting algebra A is a kernel if and only if
—~aé&F whenevera € F.

In the case of a principal filter F, = {x € A : a < x}, this condition is equivalent to the
condition aA ~a = 0.

Consider the following terms: (- ~)% =x and (= ~)""x = = ~ (= ~)"x. Observe

that - ~ (aAb) =—~aA—-~b and -~ ~—-~a<a, foralla,b €L € .. Thus, for
new, (-~ (ah—~a)> (=~ aN-~a).

We say that L € ¥ 5 is of finite range if for all a € L there exists n € @ such that
(=~ (an-~ (@) = (-~ (an- ~ a).

Let Cen(A) = {x € A: = ~x = ~ —x} be the center of A, that is, the sublattice of com-
plemented elements of A.

Theorem 2.4. ([24]) For A € ¥ I of finite range and |A| > 1, the following are equivalent:

1. A is simple.

2. A is subdirectly irreducible.

3. A is directly indecomposable.

4. Cen(A)={0,1} or Cen(A) = {0,a =~ a,—a,1}.

If A satisfies the Kleene condition (~ xA ~y < ~ xV ~ y) then in Theorem[2.4] condition
[4] is just Cen(A) = {0,1}.

To close this section we recall the following important results.

Theorem 2.5. ( [21]]) Any finite symmetric Heyting algebra is a direct product of (finite)
simple symmetric Heyting algebras.

Corollary 2.6. Every finite subdirectly irreducible symmetric Heyting algebra is simple.
The variety . ¢ is generated by its finite members ([21]). Thus
Corollary 2.7. . =V (Sifi, (S ) =V (Simp,, (S 7)).

3. SYMMETRY ON CLOSURE ALGEBRAS

In this section we study the variety of symmetric closure algebras introduced in [9]]. This
variety consists of closure algebras with a De Morgan negation “~” such that Q(~ Q(x)) =
~ Q(x), and in particular, the set of open elements form a symmetric Heyting algebra.

First we need some properties of the variety of symmetric Boolean algebras . % ([4],
[21]). A symmetric Boolean algebra is an algebra (A;~) such that A is a Boolean algebra
and ~ is a De Morgan negation.

Observe that these algebras are symmetric Heyting algebras. In addition, ~ —xV ~ x =
~(=xAx)=~0=1,and ~ —xA ~x=r~ (—xVx)=~1=0.So ~ —x=— ~x. Then
~ is a dual isomorphism of Boolean algebras.
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A cyclic Boolean algebra of order two is an algebra (A;T) such that A is a Boolean
algebra and T is a unary operation which is an automorphism such that T2 = I; (see [22]).
If (A;~)e SPBandweput T(x) =~x=>0=—~xV0=—~x=r~ —x, then T is
an automorphism such that 72 = I, that is, (A;T) a cyclic Boolean algebra of order two.
Conversely, if (A;T) is a cyclic Boolean algebra or order two and we put ~ x = —T'(x), then
(A;~) is a symmetric Boolean algebra. We say that this two varieties are equivalent in the
sense of R. Lewin ([14]]).

Congruences in the variety .48 (or in the variety of cyclic Boolean algebras of order
two) are given by symmetric filters, that is, by those filters F’ satisfying the condition 7 (x) €
F (or equivalently — ~ x € F) whenever x € F.

There are two subdirectly irreducible algebras in .4, which in addition, are simple,
namely: the algebra 2 = {0, 1} and the algebra 2 x 2, where ~ (0,1) = (0,1) and ~ (1,0) =
(1,0), (or T(0,1) = (1,0)).

Now we are in a position to define symmetric closure algebras.

Definition 3.1. We say that an algebra (A;V, A\, —,Q,~,0,1) is a symmetric closure algebra
if the following conditions are satisfied:

1. (A;V,A,—,0,0,1) €F.

2. (A, N, —,~,0,1) € S AB.

3. 0(~ Qx)) = ~ Q(x).

Let % denote the variety of symmetric closure algebras. Observe that if A € %, then
Q(A) e SI#.

Lemma 3.2. For A,A| € . and h: A — A an /6 -homomorphism, it holds that
(i) h(Q(A)) € Q(A1), (ii) hign) : Q(A) — QA1) is an & -homomorphism, and
(iii) if h is onto, then hjga) is onto.

Our objective now is to characterize the congruences and the subdirectly irreducible al-
gebras in SC.

A filter F is called an open kernel if F is open, that is, Q(x) € F whenever x € F, and
~b— ~aé€F whenevera —b e F.

Observe that an open filter F is an open kernel if and only if F is symmetric. Indeed, if
F is an open kernel and x € F, then | — x € F and thus ~x —0€ F. So Q(— ~x) € F
and then — ~ x € F. Consequently F is symmetric. Conversely, let F' be an open filter
such that if x € F, — ~x € F, and suppose that x — y € F. Then Q(—xVy) € F, and thus
—xVy € F. This implies that ~ —(—xVy) = ~ xV ~ —y € F. Hence Q(~ xV ~ —y) € F,
and consequently, ~y — ~ x € F. Therefore F is a kernel.

Let Ny (A) denote the family of all open kernels of A. Then we have the following
theorem (]9, [10]).

Theorem 3.3. Forany A € /€, Conyy(A) = Nyy.

It is easy to see that if F is an open kernel of an algebra A € %, then Q(F) is a kernel
of Q(A) considered in .#.7. Conversely, if F is an kernel of Q(A), then the filter generated
in A by F, [F)a, is an open kernel of A and Q([F)s) = F. Then we have the following
corollary.
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Corollary 3.4. LetA € .S€. Then COnycg(A) gNy%?(A) gNny(Q(A)) = COI’lyf(Q(A))

Corollary 3.5. Let A € .76 Then A is subdirectly irreducible if and only if Q(A) is subdi-
rectly irreducible in ./ €.

Then by Theorem [2.4) we have the following theorem.

Theorem 3.6. Let |A| > 1, with A € /% and Q(A) of finite range. Then the following
conditions are equivalent:

1. A is simple.

2. A is subdirectly irreducible.

3. Ais directly indecomposable.
4. Cen(Q(A)) ={0,1} or Cen(Q(A)) ={0,a =~ a,—a,1}.

Corollary 3.7. Let A € /€, A finite. Then A is subdirectly irreducible if and only if A is
simple.

As a consequence of the above results, we have the following.

Theorem 3.8. Let A € /€, A finite. Then A is a direct product of finite simple algebras.

4. SUBVARIETIES AND FINITE GENERATION OF .¥%

In this section we will prove that the variety .% is generated by its finite members. We
will follow a path similar to that of McKinsey and Tarski in [[18]] for closure algebras. We
will also give some general results about the relationship between the lattice of subvarieties
of symmetric closure algebras and the lattice of subvarieties of symmetric Heyting algebras.

Lemma 4.1. Let (A;\,V,—,0Q,~,0,1) be a symmetric closure algebra and let ay,. .., a, €
A. Then there exists A; C A and an interior operator Q| on Ay such that the following
conditions hold:
() (AN, V,—,01,~,0,1) is a symmetric closure algebra.
(1) ai €A fori=1,...,r.
(ii1) A; contains at most 22" elements.
(iv) Ifx € Ay and Q(x) € A| then Q) (x) = Q(x).

Proof. Let A be the symmetric Boolean subalgebra generated in A by ay,...,a,. Then
|A1| < 22", and (ii) and (iii) hold. Let K = {x € A| : Q(x) € A} and Q(K) = {Q(x) : x €
K}. Observe that if x € Q(K) then ~ x € Q(K). Indeed, since A; is a symmetric Boolean
algebra, ~ x € A, whenever x € Q(K). But A is a symmetric closure algebra, so Q(x) =
~ x € Q(K). Let L be the De Morgan algebra generated by Q(K) in A;. Then L defines an
interior operator Q) on A;. Let us see that if x € A; and Q(x) € A; then Q(x) = Q; (x). First
we prove that L = [Q(K)|p,, - Indeed, if x € L then there exist subsets {H,} C Q(K) and

{8:} € ~ Q(K) such that
=N VuvA Vo

H, yiEHx Sx }‘_/Esx
But we know that ~ (Q(K)) C Q(K). So we can state that there exist {R,} C Q(K) such

that
x=/\V

Ry yieRx
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and then L = [Q(K)] p, - Observe thatif x € L, Q1 (x) =x = Q(x). If x € Ay

Ql(x):\/{aEL: a<ux}.

Since Q(a) = a < Q(x), it follows that Q(x) < Q(x). In addition, x,Q(x) € Ay, and thus
0(x) € Q(K). So Q(x) € {a € L: a <x}, which implies that Q(x) < Q;(x). O

Definition 4.2. A finite sequence of terms in the language of /€, fi1,..., fr, (all with the
same number of variables) is called a chain for the term f if:
(i) fr=f
(ii) fu(x1,- . xn) = X3 or fo = fi N fj, (h>0,]), or fu=[iV fj, or fu =~ fi, or fa=—F,
or fr,=0(fi), or fn=1.

The number r is the length of the chain. The smallest length of the chain is called the

order of f. In the next theorem we use the fact that any equation in .%, p(xj,...,x,) =
q(x1,...,x,), can be written in the form #(xi,...,x,) = 1.

Theorem 4.3. If f(x1,...,x,) = | is an identity for every finite algebra in /€, then it is
an identity for every algebra in %€ .

Proof. Let A € % infinite such that f(x,...,x,) = 1 is not an identity for A, that is,
there exist aj,ay,...,a, € A such that f(ay,...,a,) # 1. Let fi,..., f, be a chain for f,
of length r, where r is the order of f. Let us put fi(ai,...,a,) = b1, fa(ai,...,a,) =
by, ..., frlay,...,an) = f(ay,...,a,) = b, # 1. By the previous lemma, there exists a fi-
nite closure algebra A} C A such that ay,...,a,,by,...,b, € Ay. Then fi(ay,...,a,) = by €
A, fz(al,...,an) =by €Ay, ..., fr(al,...,an) = f(al,...,an) =b, € A| and b, 75 1. So
f(x1,...,x,) = 1 is not an identity for the finite algebra A, a contradiction. Ol

Corollary 4.4. The variety € is generated by its finite members.

Corollary 4.5.
FEC =V (Sifin(L€)) =V (Simpgp (SF)) .

Next, as in the case of closure algebras and Heyting algebras (see Blok [[6]), we will find
a strong relationship between the lattice of subvarieties of .7 and the lattice of .7% . If
H € A(S€) then we denote

O(A) ={Q(A):Aec.r}
and for % € A(S ), we put
K gy ={A€SC:0(A) e X}
It is long but computational to check that

Theorem 4.6.

(i) If A is an equational class of symmetric closure algebras, then Q(%) is an equa-
tional class of symmetric Heyting algebras.

(i) If 7 is an equational class of symmetric Heyting algebras, then X oo is an
equational class of symmetric closure algebras.

Theorem 4.7.
() If # C.FE, then Q(V (X)) = V(Q(H)).
(i) if & C .S A is such that Si(V (")) C A, then V(H') pp =V (H pep).
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(In this case, X is not necessarily a variety).

Then we define the functions
O1:NSC)— NSAH), O(x)=Q(X).
and
ﬁz:/\(y%)%/\(y%), ﬁz(%):%y%
The functions &'1 and &, are well defined and they commute with the operators P, H and
S. By Jénsson’s Theorems [13]] we have that the distributive lattices A(.# %) and A(.% )
are complete. Now we will see some important properties of these functions.

Theorem 4.8. &' is a complete surjective lattice homomorphism. Oj is a lattice embed-
ding. Moreover, 0y o O = Id and consequently A(./ ) is a retract of N(SF).

Proof. We prove the theorem for &, the other case being similar. If 0 gy¢p is the trivial
variety of symmetric closure algebras, then &'1(0 oo¢p) =0 v 4p, With 0 v 0 the trivial
variety of symmetric Heyting algebras. In addition, itis clear that ' (1 oop) = 01 (SC) =
SH =1 p W{H i€} CA(SE), then

oY) [ () o[ () -+ (o) -y

On the other hand, &'; preserves arbitrary infima:

0 </\%,~> — 0 (ﬂzf,-) —0 (ﬂm) —Ner )=o) = \NO1(x))

icl icl icl icl icl icl

Finally, &' is onto, as if #~ € A(S ) then O1(H ) = Q(H ) = X . O

Observe that an identity characterizing a subvariety of symmetric Heyting algebras can
be translated into an identity characterizing a subvariety of symmetric closure algebras.
Indeed, if

pV(a17 e 7an) - qV(a17' . 7an)
is the characteristic identity for a subvariety V C .. then the subvariety V oocp of /€ is
determined by the equation

pv(Q(ar),...,Qan)) = qv(Q(ar),. .., O(an)).

In this way we can study many subvarieties of symmetric closure algebras obtained from
subvarieties of symmetric Heyting algebras.

5. SYMMETRIC MONADIC ALGEBRAS

In this section we study the variety ..# of symmetric monadic algebras. This variety
consists of those symmetric closure algebras in which Q is a quantifier, that is, Q(xV
0(y)) = O(x) V O(y), and it will play an important role for the study of the linear case. We
reproduce here some known results, the proof of which can be found in [9]].

In [4], M. Abad and L. Monteiro introduced the variety of cyclic monadic algebras.
A cyclic monadic algebra is a Boolean algebra endowed with a unary operation which
is a (monadic) automorphism of period two. We prove in this section that the variety of
symmetric monadic algebras and the variety of cyclic monadic algebras are equivalent in
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the sense of [14]. We describe the lattice of subvarieties of . .# and we determine an
equational basis for each subvariety.

As the previous section, A € .. is a simple (subdirectly irreducible) algebra if and
only if Q(A) is a simple symmetric Boolean algebra, that is, if and only if either Q(A) = 2
or Q(A) =2 x2, where ~ (0,1) = (0,1) and ~ (1,0) = (1,0).

Let A € . and let T* = — ~. We know that T* is a Boolean automorphism. Let
us prove that 7*(Q(x)) = Q(T*(x)). It is easy to see that .”.# is locally finite, and con-
sequently, .. # is generated by its finite members. Thus it is enought to prove that the
equation T*(Q(x)) = Q(T*(x)) holds in all finite subdirectly irreducible (simple) algebras
of S M .

Let B be a simple algebra in .. # such that Q(B) = {0,1}. Let x € B. If x = 1, then
OQx)=1=x.Thus —~Q(x) =—~x=—~1=-0=1=0(—~1)=0(— ~x). If
x#1,then Q(x) =0and — ~x# 1. Then — ~ Q(x) = — ~0=0= Q(— ~ x). The case
in which Q(B) = {0, 1,a =~ a,—a} is similar. So we have the following theorem.

Theorem 5.1. Let A € /4. Then (A;T*) is a cyclic monadic algebra of order two.

Now, let (A; T) be a cyclic monadic algebra of order two. Let ~*= —T. We know that ~*
is a De Morgan negation. In addition, if x € A, as A € .#, Q(~* Q(x)) = Q(—T(Q(x))) =
0(—0(T(x))) = —-0(T(x)) = —-T(Q(x)) = ~* O(x). So (A,~*) is a symmetric monadic
algebra.

Observe that — ~*= — — T = T. We have proved the following result.

Theorem 5.2. Let (A;T) a cyclic monadic algebra of order two, and let ~*= —T. Then
(A~ e S M.

If ./, is the variety of cyclic monadic Boolean algebra of order two, then the varieties
S M and A, are equivalent in the sense of [14]. This equivalence will allow us to use
both operations ~ and T, related by T = — ~.

We say that a simple algebra A is of type I if Q(A) = {0, 1}, whereas A is said to be of
type II when Q(A) ={0,a = ~a,—a,l1}.

Let At(A) denote the set of atoms of a finite algebra A, let §(At(A)) ={a € At(A) : T(a) =
a} denote the set of atoms fixed by the action of 7', and let §' (A7(A)) = {a € A1(A) : T (a) #
a} denote the set of atoms non-fixed by T. Observe that if a € F'(A7(A)) and T (a) = b,
(a #b), then T(b) =T(T(a)) =a. So T(a) € §'(At(A)). Thus |F (Ar(A))| is an even
number. It is clear that Ar(A) = F(Ar(A))UF (A1(A)).

Let Cyy,, denote the finite simple algebras of type I with 2s non-fixed atoms and ¢ fixed
atoms. A simple finite algebra of type II has an even number of atoms as the number of
atoms preceding a equals the number of atoms preceding —a. We denote Dy, a finite simple
algebra of type II with 2k atoms.

Since .. # is a congruence distributive locally finite variety, we can apply the well-
known results of Davey [8]] for the lattice of subvarieties A(.#.#). In this section we char-
acterize the poset J iy (A(.#)) of finite join-irreducible elements of A(.7.#). Recall
that a variety is said to be finitely generated if it is generated by finitely many subdirectly
irreducible finite algebras. We consider separately the finitely generated and non finitely
generated join-irreducible varieties.

Actas del IX Congreso Dr. Antonio A. R. Monteiro, 2007



Symmetric Structure for Closure Algebras 87

Recall that the ordering in J;, (A(7.#)) is given by V(A) <5 V(B) <= A € HS(B),
where A is a subdirectly irreducible algebra (see Jonsson [13]]). Since every subdirectly
irreducible algebra in .. is simple, then V(A) < V(B) <= A € IS(B). Thus we only
have to characterize the subalgebras of a simple algebra.

Let Vays; =V (Caxs,:) - The above properties give us a description of the ordering of the
join-irreducible varieties generated by a simple algebra of type 1.

Theorem 5.3. ([9,110]) Vasx; <A Vaxs; if and only ifk < s and k+1 < s+t.

Let . be the variety generated by the algebras of type I. Then we can describe the poset
Jtin(A(7)) of finite join-irreducible elements of A(.”): Let C be a chain of type @ and
C? the set of increasing functions from 2 into C and consider the set C% \ {(0,0)}. Let
@ : Jpin(A(7)) — CPI\ {(0,0)} be defined by @(Vaxs,) = (5,5 +1).

Theorem 5.4. The mapping ¢ is an order isomorphism.

Observe that the subvariety . is determined by the equation 7(Q(x)) = Q(x). Indeed,
this equation holds in any subdirectly algebra in .’ and does not hold in the simple algebras
of type I, as T(Q(a)) = T (a) = —a # a = Q(a) for an open element a & {0, 1}.

Now we investigate the varieties of type II. Observe that a variety contained in . cannot
be greater that (in A(.”.#)) a variety of type II. The reason is that a simple algebras of type
I contains no subalgebras of type II.

Let us look at the ordering for join-irreducible varieties generated by algebras of type II.
We denote Uy, =V (Dy).

The following theorem completes the description of the ordering in the set of finite join-
irreducibles of A(S.A).

Theorem 5.5. ([0.[10]) Uy < Uj if and only ifk <1 and Va5, <a Uy if and only if 2s+1 < k.

Now we will determine the infinite join-irreducible subvarieties of .., and we will
prove that any variety is a finite join of join-irreducible varieties in A(.”.#). This result
will play an important role in determining equational bases for subvarieties in .%.Z .

Consider the following subvarieties: for 4 > 0,
Sh=V(Coxjk:k>1,j<h)= \/ Vaxjk=V (U C2><h,k> .
k>1,j<h k>1
From the definition of .7, it follows that . = /> j>0 Vaxjx = Vi=1 Sk Hence
SoCSiCc$HC...cs,Cc...cs.
We have that .7, {S;}i>0 and .’ # are the unique infinite join-irreducible varieties .

Theorem 5.6. ([9.[10]) The unique infinite join-irreducible varieties in A(S M) are ./ M,
5” and {Si}izo.

The poset J(A(L.#)) of join-irreducible elements of A(.¥.#) looks like the diagram
in the following figure, in which we simply write Vy; instead of Va,.
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Observe that U, is covered only by Uy 1. Also, s +1 # 0. So, in C\ {(0,0)}, (s,s +1+1)
covers (s,s+1). Fort > 1, (s+1,s+1) also covers (s,s+¢), and these are the only pairs
that cover (s,s+17). Recall that @(Vay,) = (s,5+1). Hence Vaxs 41, Vaxstis—1 and Upgyy
are the unique elements in J(A(.”.#')) which cover V, .

The following theorem will be used in the next section.

Theorem 5.7. ([9,[10]) Any variety in A(% A ) is a finite join of finitely many join-irreduc-
ible varieties in A(.% ).

6. EQUATIONAL BASES FOR . .#

In this section an equation that characterizes each subvariety in .. is given. First we
characterize equationally the join-irreducible varieties, and then we determine an equation
for the join of finitely many join-irreducible varieties.

We have already shown that the variety .7 is characterized, relative to .., by the
equation 7(Q(x)) = O(x).
Observe that s(x,y,1,0) =x < y = Q(x — y) AQ(y — x) is a switching term for the

variety . (see [24]). Then x < y € {0,1} for any x, y in a subdirectly irreducible algebra
A € &, This remark will be strongly used in what follows.
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Let I's, (x1,...,X2,) denote the term
n 2n 2n+1
(AT i) cx)AC N (GiAx) = 0)A(A (XiHO))]
i=1 i£j, ji=1 i=1

2n+1 2n+1
E [T( V w) = (V )]

i=1 i=1

The next theorem shows a set of equations that characterize the varieties S,, within .. .
Theorem 6.1. (see [9,[10]) The variety S, is characterized by the following equations: If
n=0,T(x)=x andifn>0, T(Q(x)) =Q(x) and s, (x1,...,x2,) =1

Consider now the following terms:

T (x1) = x1,

<\~,
>

Tlp()?) = \/ V(x,-/\xj)/\( /\ V(Xk ] V [ (xk)))

i,j=1, i#j ki, j, k=1

I
o~
1*
-
I

Ty (x1) =Vx and T (%)= /\V(x,-),

where T (%) stands for T} (x1,x2, ... ,xp).

In [23]], (1] and [9] it is shown that the equation T}’ (¥) = T (¥X) is an equational basis for
the variety generated by the simple algebra B, € .#, for a ﬁxed )2

Let Iy, (x1,...,x2,) denote de term

n-+t n+t n-+t n—+t

(A== 0)AC A ((XiAXJ)<—>0))A(/\(T(Xi)<—>Xi))] - [(\/xl'%—ﬂ]-
i=1 i#], ji=1 i=1 i=1

The following theorem gives an equational basis for the join-irreducible subvarieties of

type I, Vaxg,.

Theorem 6.2. Let n > 0. The equations T12”+’ (X) = TZZ”” (X) and Taps(x1,...,x2,) =1
characterize the subvariety Vs within S,,.

Now we give an equational basis for the subvarieties Uy = V (D).

Lemma 6.3. ([9.[10]) The subvariety U, =V (Dy) is characterized by the equation T} (¥) =
().
We have determined an equational basis for each join-irreducible subvariety. Now we

are going to give an equational basis for every subvariety. From Theorem 5.7} we only have
to find an equation for every finite join of join-irreducible subvarieties.

Observe that any variety V € J(A(..#)) is determined by a single equation, that is,
there exists an equation of the form 9y (xi,...,x,) = 1, with r as needed, that determines V
within . # .
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LetV=\.,V,withV, € J(A(LA)),foralli=1,...,n. Let

WXL, Xpy) = (yvl.(x"l,...,xii) 1) A (Nm(x’i,...,xii) —0).

<=

~~ o~

In [9,[10] it is shown that %y (x1,...,x»,) = 1 is an equational basis for V.

7. LINEAR SYMMETRIC CLOSURE ALGEBRAS

This part of the work is devoted to an exhaustive investigation of the variety of those
closure algebras whose open elements form a linear symmetric Heyting algebra. We first
present some general results obtained in [[10] and then we characterize the subvarieties of
linear closure algebras. In 7.2 we will carry out a deep study of finitely generated subdirectly
irreducible algebras and of the ordering between the varieties generated by them. This will
allow us to give in 7.3 a precise description of finitely generated subvarieties. In 7.4 we will
describe the infinitely generated subvarieties of the locally finite subvarieties. Finally in 7.5
we will give an equational bases for each subvariety of locally finite subvarieties.

7.1. Linear Symmetric Heyting Algebras. A. Monteiro comprehensively investigated the
variety of symmetric Heyting algebras and several of its subvarieties in his very important
work “Sur les algebres de Heyting symétriques” [21]]. Particularly, he studied the subvariety
of linear symmetric Heyting algebras, that is, symmetric Heyting algebras satisfying the
identity
(x=y)Viy=x) =1

Linear symmetric Heyting algebras form an equational class ..7¢;. In this section we
consider the lattice of subvarieties of this variety. We describe the structure of the poset
of its join-irreducible elements and we find equational bases for each subvariety of .77}
This description is based on that given in [2] and consequently some of the proofs will be
ommited.

Linear symmetric Heyting algebras can be characterized by the condition that the poset
of filters containing a prime filter is a chain [21]].

The importance of the following examples of linear symmetric Heyting algebras will be
clear later.

Let C,, n > 2, be the Heyting algebra of all fractions P i=0,1,...,n—1 ([21],
n_

p. 136), with ~x=1—x, and let D, be the Heyting algebra C, x C,, with ~ (x,y) =
(I —y,1 —x). C, and D,, are linear symmetric Heyting algebras.

An I,-algebra is a symmetric Heyting algebra satisfying the Ivo Thomas identity:
}/n(xo,xl,...,xn,l) = ﬁn72 = (Bn*3 = ( o= (B() :>X()) )) =1,
where ; = (x; = xi11) = xo fori =0,1,...,n—2 (see [21]], p. 136).

The algebras C, and D, are examples of symmetric Heyting algebras that satisfy the
identity vy, = 1.

The following result is a characterization of the I,,-algebras.

Lemma 7.1. [21]] For a linear Heyting algebra A, the following are equivalent:
(1) The identity ¥, = 1 holds.
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(2) The poset of proper prime filters containing a prime filter P is a chain of length at
most n— 1.

A. Monteiro proved ([21], p. 138, Th.1.6) that the variety /, of /,-algebras is generated in
y%L byDn X Dy_q.

It is clear that a finite linear symmetric algebra is an I,-algebra for some n. Then we have
the following theorem:

Theorem 7.2. IfA is a finite algebra in . 7€, then A is subdirectly irreducible if and only
if there exists n such that either A is isomorphic to D, or A is isomorphic to C,.

Since the variety of linear Heyting algebras is locally finite, then it is easy to see that
& 71 is locally finite. In addition, . 71, has the congruence-distributive property, being
that the lattice of congruences in an algebra A is a sublattice of the lattice of congruences of
the Heyting algebra A, and the latter is congruence-distributive.

We conclude this section by recalling the characterization of subalgebras of the algebras
C, and D,,.

Let n > 2. If n is even, then the subalgebras of C, are the algebras Cy, k < n/2. If nis
odd, then Cy, is a subalgebra of C, for every k < n.

Let Sy =C, —Y, where Y C C, —{0,1}. Let S be the set of Heyting subalgebras of
Cy. Then S, ={Sy : Y CC,—{0,1}}. Forevery j, 2 < j<n,letY € S, be such that
|Y|=n—j. Then A =Sy x Sy is a subalgebra of D, isomorphic to D;. In addition, D; C D;
if and only if i < j. If A is a subalgebra of D, and A is not isomorphic to Dy, for any k,
then A ~ C;, for t < n. We have that A = {(x, a(x)),x € p1(A)}, where « is an isomorphism
from p;(A) onto py(A), pi1, p2 the projections in D, = C, X C,,.

The order in Si(.Z’) (and in Sig,(-Z)) is the following:
A < Bif and only if A € IS(B)

being that if A € Si(.Z) then A is simple, that is, the unique homomorphic images are the
trivial ones.

Let ), and (G, denote the varieties generated by D, and C,, respectively, that is, ), =
V(D,) and G, = V(C,), and for a distributive lattice R, _# (R) denotes the ordered set of all
join-irreducible elements of the distributive lattice R.

Let K=V (U,>2Cy). This is the variety called by A. Monteiro the variety of totally linear
symmetric Heyting algebras.

Let,\P:V(Unzl CZn)

It is clear that FCK Furthermore, P£ K Indeed, for A € Sig, (B, A is isomorphic to Cy,,
and then, for odd 7, there isn’t A € Sig, (P, such that C; € S(A). Thus, RCK

Therefore, 7 (A(77€)) is the poset indicated in fig. 1.

Theorem 7.3. K Pand .7 7| are join-irreducible in A(L).
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Observe that from the definitions of K, Pand .77, it follows that they are not com-
pletely join-irreducible. Furthermore, they are not finitely generated. The following theo-
rem can be found in [8]].

Theorem 7.4. K Pand . 71, are the unique join-irreducible varieties that are not finitely
generated. EveryvarietyV € A( 1) is a join of finitely many varietiesin 7 (AN(S HL)).

Now we will find equational bases for each subvariety of .7 7.

Consider the terms Yg(x) = x =~x and Ypx) ="~ (~vx=Xx) => "~ (x =>~X).
In [2] it is proved that
Theorem 7.5. [21]]. The equation Yg(x) = 1 characterizes the variety K within ./ 7,

and the equation Yp(x) = 1 characterizes the variety Pwithin K

As we pointed out in Section 1, the variety 1, is generated by D, x D,_;. Nevertheless,
we proved that D, is a subalgebra of D,,, thus I, is the variety generated by D,,, that is, the
variety 1, is the variety ,\lj)n , and consequently, the Ivo Thomas identity ¥, (xo,...,x,—1) = 1
determines the variety NQL , forn > 2.
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The variety that A. Monteiro calledNIﬂg is defined as the subvariety of .. character-
ized by the identities ¥, (xo, .. .,x,—1) = 1 and Yg{x) = 1. Monteiro proved ([21], p. 152, Th.

1.1) thartvlﬁé(: V(Cy) :gl, for n odd, andNI”L(: V(C, x Cy_1), for neven. Then we have:

Theorem 7.6. The equations Yy(xo, ..., Xp—1) = 1 and Yi(x) = 1 determine the variety C
for n odd, and the equations Y,(xo,...,X,—1) = 1, Yg{x) =1 and yfx) =1 determine the

varietyr\gl for n even.

7.2. The linearity in .%. The structure of the lattice of subvarieties of the variety of
linear closure algebras has been extensively studied by Blok in [6]. In this variety, the image
of the closure operator is a linear Heyting algebra, and hence the subdirectly irreducible
algebras are those closure algebras such that the image of the operator is a chain with a dual
atom. More precisely we have the following theorem proved by Blok in [6]].

Theorem 7.7. (W. Blok)
(i) The equation

(Q(x) = 0(y) V() = 0(x)) = Q(=2(x) V() VO(-Q(y) VO(x)) = 1,
determines the variety € in 6.
(ii) Si(€L) ={A € € : Q(A) is a chain with a dual atom}.
(iif) €L =V (Si(€L)).
(iv) €1 =V({A €€ :0(A) =Cy,and A is finite}.
(v) €=V (U1 €1) -
(vi) €1 C€1C...C b

Observe that the class %} is the class of monadic Boolean algebras and the class €7 is
the class ¢’ of three-valued closure algebras investigated by M. Abad and J. P. Diaz Varela
in [[1]] and [[10]. Also observe that the finite subdirectly irreducible algebras in €’y are those
closure algebras in which the set of open elements is isomorphic to a chain C,, for some
n. Let By, t,,.. x, denote the subdirectly irreducible closure algebra with n = };_, k; atoms
and Q(By, 4, k) =Cs={0=ap <a; <...<ay 1 <a, =1}, where the intervals [a;,a;]
have k; 1 atoms fori =0, ...,s— 1, that is, there are k; atoms of By, 4, . x precedingay, ...,

there are Y'7_, k; atoms preceding a;, ... . Thus, the finite subdirectly irreducible algebras
in ¢'r are the algebras By, r, . . In addition, these algebras generate the variety 6z, that
is, €1, is generated by its finite members.

Let us consider the following subvarieties:
Virkaods =V (Bl ko, k) -

In order to give a characterization of the ordering for the subvarieties Vi, r, .. x,» Ww consider
the set INy of all finite sequences of positive integers. Given X = xi,...,x; € INy we will
abbreviate Vx for V,, and By for B,

only if By € HS(By). Hence we can define an ordering in IN; by means of

X<yY <— BX € HS(By).
The mapping ¢ : Sign(¢'1.) — INy defined by ¢(By) = X is clearly an order isomorphism.
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The following theorem gives us a useful characterization of the order relation defined on
Nf. LetX,Y € Nf with X =x1,...,xyand Y =y,...,y.

Theorem 7.8. (W. Blok) X <y Y if and only if there exist 1 =i} < iy < ... < iy <l such
that x; <y, for j=1,2,... k.

In [9]] an equation is given for each subvariety of the variety
7 =V({Bx, where X is a k—tuple, k < n})

Consider now the variety .”%1. of linear closure symmetric algebras. This variety con-
sists of those symmetric closure algebras that satisfy the linearity condition on the set of its
open elements, that is,

(Q(x) = 0() V(Q(x) — O(y)) = 1.

This variety is the symmetric counterpart of linear closure algebras. Observe that if A €
€ then Q(A) is a linear symmetric Heyting algebra, so the results of the previous section
will be useful.

Since the variety of linear closure algebras is not locally finite then .%’;, is not locally
finite. Of course, it is congruence-distributive.

The proof of the following theorem is similar to that of its analogous for linear closure
algebras (see [6]).

Theorem 7.9. Any subvariety V of /€1 is generated by its finite members.

7.3. Finitely generated subvarieties of .”%}. Now we will study the subvarieties of
S E, where .7} is the subvariety of %, characterized by

n n
(CLn)  \(Q(x) = Qxin1)) =\ Q(=Q(xi) V Q(xir1)) = 1.
i=0 i=0
Observe that if A € Si;, (.7€), then Q(A) € Siy,(.#71) and then Q(A) is isomorphic
to a subalgebra of D, for some n. From this we can deduce that .’%] is locally finite.
Indeed, let A € Si(.7%7} ), A finitely generated. Let g1,g2,...,8n be generators of A. Then

A= [81,827-'-a8m]5ﬂ<g = [gl,gZ,---,gn, Q(A)]y%

m=+n

But |Q(A)| < n?, so0 |A] < 22" " Hence A is finite. Consequently we can conclude that
€] is locally finite, and thus, generated by its finite members.

In the following we will study the ordering between the finitely generated subvarieties.
To this end we need to characterize the simple algebras generating finitely generated join-
irreducible subvarieties.

If Q(A) = G, (t < n), then A =¢p By, with X = (x,x2,...,%). In addition, if 7 is even,
there exists a € Q(A) such that ~ a = a. Thus x| = x;, x = x;_1, and in general, if i <7/2,
X; = X;_ijr1. If £ is odd then for i < %, we have x; = x;_;1+1, as ~ (aj] = [a,—1), and in
general, ~ (a;] = [a,—;) where Q(A) ={0=ap <a; <...<a_; <a, = 1}. Observe also
that 7 = ~ —, when restricted to the atoms of A, T : At(A) — At(A), is a bijection, by means
of which the set Ay, = At(a;) \ At(a;—1) of atoms that precede a; and do not precede a;_;
corresponds to the set A,. = At(—a;—;y1) \ At(—a,—;). If t is even then the atoms of A are
non-invariant by T, as T (A,,) NA,, = 0.
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After these considerations we will analyze the structure of the finite subdirectly irre-
ducible closure algebras of .7 %7} . Let A € Sign (7€} ). We consider three cases.

L. O(A) = D,,. In this case there exists a € B(Q(A)) \ {0, 1} such that A = (a] x [a).
Observe in addition that (a] = By with X € N¢, X = (x1,x2,...,X,—1,%,), and that [a) =
By with X* € Ny and X* = (X, X1, ...,%2,%1). Taking ~4 (x,y) = (d~1(y),d(x)), where
d : Bx — By~ is the application such that x <y if and only if d(y) < d(x), we state that
A= gy (Bx X Bx+,~y). Indeed, it is clear that d is a negation over By x By-. Let us
see that every negation that can be defined on By x By- that maps a — a equals d, up to
isomorphism.

Let (Bx x By+,~) and (Bx x Bx+,~2), two structures of symmetric closure algebras
with the same universe By x By«. Let Tj =~ — = — ~jand T, = ~, — = — ~5 . Since
Ti(a) =—awithi=1,2and a € B(Q(A))\ {0, 1}, it follows that all atoms are non-invariant,
that is, both structures are isomorphic as symmetric Boolean algebras, by means of an
isomorphism o such that a7} = 75. So o = T2T1’1 =TT as le = 1;. In addition

Aoy (aisa;) = TiTa(ai,a;) = ~1~2 (aisa;).
Since the negation of Q(A) is the negation of D,, as ~ a = a, then in Q(A), ~;= ~7 . Then
aTQ(A)(aiaaj) = (ai,aj),
that is, ocIQ( A = Idg4)- Hence o is an ¢’ —isomorphism. Thus the structure is unique up
to isomorphism. We then denote
D§ = (BX X Bx*,Nd),
where (n+1)% =|Q(A)].

II. Q(A) = C,, n even. Then there exists a € C, such that ~ a = a. So every element is
non-invariant, and consequently, as in the previous case, there exists a unique structure of
symmetric closure algebras, up to isomorphism. Observe that A =¢» By and from the action
of ~, xj =xp_iy1, foralli=1,...,7.

II. Q(A) = Cy, n odd. As in the previous case, A =¢o By and x; = x,_;11, for all i =
1,..., % Let ap =0,ay,...,a, the open elements of A. Observe that if b € At(a%), then
T(h)=—-—~b< —dug1. Since At(a%) ﬂAt(—a%) = 0, it follows that T'(b) # b. So if
beAt(a n1 ), b in non-invariant. In the same way it can be proved that if b € At(—a n1 ), b
is non-invariant. Hence, if b is an invariant atom, b € At(a w1 )\ At(a e ). Thus there can be
at most x.41 invariant atoms in A. In addition, if we fix a negation with its invariant atoms

2
and its non-invariant atoms and with the structure of closure algebra of By, there exists a
unique structure of symmetric closure algebra for A. So there exist so many structures of
closure algebras as negations that can be defined on By, such that

o ~(a;)=a, .
o — At(a%l) —>At(—a%) is a bijection.
Then we have that if Xng1 = 2s 4t with 25 non-invariant atoms and ¢ invariant atoms, then
the notation C)z(s ! describes a unique structure of algebra A, up to isomorphism.
We will denote %y =V (D), 75 =V (Cx), Y201 = V(CF ™). Also §+ = (X155 X))

e + o
if nis odd and % = (x1,...,x1) if nis even.
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The following lemmas will be important to obtain the ordering on the algebras C}Z(”t .
Lemma 7.10. Let x € Cx. Then x\Q(x) AQ(~x) € [0,as] if n is even and xN\Q(x) NQ(~
x) € [O,Q%] if nis odd.

Proof. Let n be even. If Q(x) = az, there is nothing to prove. If Q(x) > ax, then Q(x) >
any1,80 Q(~x) < ax. Hence x A Q(x) A Q(~ x) < az. The case n odd is similar. O

2

By the previous lemma, it is immediate that if x € Cx then ~ (Q(x) A Q(~ x)) =
0(x)V ~ O~ x) € [ay, 1] if n is even and ~ (Q(x) A O(~ x)) = ~ O(X)V ~ O~ x) €
[ans1,1] if nis odd.

N
Lemma 7.11. Let x € Cy, with n even. Then
. x=0(x), xA ~x=x and xV (Q(y) ANQ(~y)) =x for all y € Cy, if and only if

x=an.
2
2. x=0(x),xV~x=xand x N\ (~ Q(y)V ~ Q(~y)) =xforall y € Cy, if and only if
X=dn,.
2

Proof. If x = Q(x), then x is open, that is, x = ;. Then ~ x = a@,_;. Since x < ~ x then
i <n—iandi< 7. From the hypothesis, xV (Q(az) AQ(~ an)) =xVas = x. Thus, x > ax.
So x = ay. Conversely if x = ax, it is easy to check that these properties hold. The rest of
the proof is analogous. g

Lemma 7.12. Let x € C§, with n odd. If Q(x) = Q(~ x) and xV (Q(y) AN Q(~y)) = x for
ally € C¢, thenx € (a ) an+1)

~—

= Q(~

. Hence

2

x) = ani.In add1t10n X > a1, and by the previous lemma O(Y)NQ(~y) <a.

(Q()/\Q( y) =
)Ifx\/Q() O(~ )—xforallyEC}'é,thenx\/(Q(a%)/\Q(rva%)):x,andcon—

sequently x\/(an i /\a,,+1)—x\/an 1 = x, that is, x > .. Since O(x) =0(~ ) x is not

Proof. <:) If x € (an 1 anH) it is easy to see that ~ x € (@1, y@ns1). SO O(x

o

open. Sox>an IfQ( )#an | thenx>an;1 1snotopenand~x<~an+1 =dn . There-

fore Q(~ x) <an L < dnt1 < Q( ). So Q(x) # Q(~ x), a contradiction. Hence Q( ) O(~

X) = an-1. Thus x > ax-1 and thus ang <~ X< dn From this, Ant <X <dust, which

concludes the proof. O

N

N

After this description of subdirectly irreducible (simple) algebras, we will provide an
order for the join-irreducible finitely generated varieties. First observe that %y’ £ 7y’ for
any X and n, being that the algebras Cx satisfy the Kleene condition yx(Q(x)) = 1 for its
open elements and Dy does not. Similarly, 7y’ £ #§" for n — 1 odd and m — 1 even, since
¥y satisfies the condition yp(Q(x)) = 1 for its open elements and 74! does not.

The ordering for Jyi,(A(#€)) is given by the following theorems.

Theorem 7.13. Let n,m be odd. Then Vy'y, ., < ¥y, if and only if%Jr <Ny %+, Xnt1 <

Yt Jk<s and k+1<s+t.
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Proof. =) If W'y < Wy, there exists an .¢-embedding i : C¥FH — ¢t Ob-
serve that i is a ¥-embedding, and in addition i|Q(C¥™) is an .#.s#-embedding. If
ap = 0,ay,...,a, are the open elements of C;‘;k“ and by = 0,by,...,b,, are the open ele-
ments of C2**" then

Q) A Q(~ x)) = Q(i(x)) A Q(~ (i(x))) < bus.

That is, i|[0,a%] : [O,Cln;zl] — [O,b%} is a ¥-embedding. So %Jr <N %Jr. Also, as i is
an % -morphism, the images of the elements satisfying the equations of Lemma [7.12
satisfy the same equations. Then i((an21 yAnst )) C (bH b%). If (a%,a%) = 0 the case
is trivial. Suppose (aﬂ,a%) #£0.If z € (an an;—l) then Q(z) = asa and i(a%) =

i(0(z)) = 0(i(z)) = b%. So l(anTH) =i(~ anTl) =~ b% = b%. Then i|[an JAnst]

-
[a% N |—1[b ut;bugs ] is an .#¢ —embedding and, by the previous section, .Xn+l < Ymit
k<syk+Il<s—+t.

<) Let §+ <N §+ and let P; the partition associated to a ¢-subalgebra isomorpphic to

[0,a = ] in the € —algebra [0,b = | (with the € —structure inherited from C2*'"). Observe

that T(P;) = ~ —(P;) generates a partition in At(C3*")\ Az([0, bua]) = At([0,~bus]).
If xoo1 < yma, k<sand k+1 < s+1¢, then there exists a partltlon P, of the atoms of
;

)

)

2

A(0.b 1,

[bn i bm (recall that there exists a bijection between the atoms of [b% b w1 |, and
At([O b%]) \At([O,b%])). Then, it is easy to see that P = Py UT(P;) UP, is a partition

that generates a symmetric closure subalgebra isomorphic to C§k+l. |

2
1)) \At([O,b% ]) that generates a .’%-subalgebra isomorphic to [@s1,dss1] in
J,

Theorem 7.14. Let n,m be even. Then ¥y < V4" if anf only if%Jr <N r+

£ 2
Consider the term ypr = [(W < 1) V(T (1) < D] A[(yr+ < 1) V(T (1) < 1)]

Lemma 7.15. Dy satisfies the equation = 1, where Yy = 1 is the equation that characterizes
Cy, the variety of linear closure algebras withY = (yy,...,y,). (See [9,[10]).

Proof. Recall that Dy = Cy X Cy-. Let (xi,yi)i_, € Cy x Cy+, with r as needed. Then

YY((xhyl)v"‘v(er’r)) = (YY(XIP"7xr))%’(y1""7yr)) = (1,61).
Then (yy < 1) = (1,a) < (1,1) = (1,c) with ¢ open. In addition
(T() = 1) = T((1,)) = (1,1) = ~ —(1,a) = (1,1) = ~ (0,a) < (1,1) =

(@' (=a),d(0) = (1,1) = (', 1) = (1,1) = (¢, 1).
So
(W= D)V(T(w) < 1)=(L,c)V(d,1)=(1,1).
In a similar way it can be proved that

(1 = DV (T () = 1) =1,

which concludes the proof. O
Theorem 7.16. %y <%y ifand only if X <N, Y and X* <N, Y* or X* <n,Y and X <n,Y".
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Proof. =) Let i : Dy — DY, a,—a € B(D%)\ {0,1}, and b,—b € B(D}) \ {0,1}. Then
i(a)=bandi(—a)=—b or i(a) = —b and i(—a) = b. In the first case, i|[0,a] : [0,a] — [0, b]
and i|[0, —a] : [0, —a] — [0, —b] are ¥-embeddings and so X <Y y X* < Y*. In the other
case, i|[0,a] : [0,a] — [0, —b] and i|[0, —a] : [0, —a] — [0, b] are ¥-embeddings and so X <Y*
yX*<Y.
<) If X <Y then By is a subalgebra of By. Then there exists a 4 —embedding i : By — By.
In addition, By« =z di(Bx) € S¢o(By+). Thus Dy = oye0 i(Bx) x d i(Bx) € S oo (Dy).
g

Theorem 7.17. Let n be odd. Then V' < %" if and only if X <N, Y and X <n,Y™.

Proof. =) By Lemmal[7.15] Cy satisfies the equation yp; = 1. Then, as Q(C§) = C,, 1y = |
orT(w)=1.ButTT(w)=1mw =T(1)=1.Hence }y = 1in C¥, and consequently X <, Y.
The other part of the equation proves that X < Y*.

<) Suposse that X <y, ¥ and X <n, Y. Recall that X = X*. Then X* <n, Y". LetA = o
(Cx x Cx,~) with ~ (x,y) = (~ y,~ x). Then A = oy¢o D, and by the previous theorem,
A €8 e (Dy). The /€ —subalgebra of A, D = {(x,x) € A} is isomorphic to Cy, and
hence Cy € S 0 (Dy). O

Observe that the proof of the previous theorem does not make use of the fact that n is
even, so the theorem is also true for n odd. So we have:

Theorem 7.18. Let n be odd. Then V', ., < %" if and only if X <n, Y and X <n,Y*.

Lemma 7.19. Let n be even. Then 7/21s+z <Y ifand only if 2s +1t < y.

Theorem 7.20. Let n be odd and m be even and let §+ +1=(x1,x2,... Xt ,x%). Then
Vot < Yy if and only if%Jr +1 <y, %Jr.

Proof. =) If V5 ., < g V4" then we have an embedding i : Cy, ., — Cy'. Since in
, if ag =0,ay,...,a, are the open elements of C)z(k” and by =0,b4,...,b,, are the open
elements of Cy, then

i(Q(x) NQ(~x)) = Q(i(x)) AQ(~ (i(x))) < by,

that is, i\[O,a%] : [O,a%] — [0,bn] is a ¢-embedding. Then §+ <N %Jr. In addition,
i(a%) = by,. Observe that h # 7, as ~ b% = b%, and this does not occur with ant, and
h # % since otherwise b, < b;, and i(a%) < i(a%), a contradiction. So 4 < 3. Then
i [a%,a%] : [a%,a%l] — [bp,by—p) is an . € —enbedding, and by the previoues lemma,

+ +
Xog Syper, h< B —LThus 37 +1<n 5
The converse is similar to Theorem [Z.13] O

Then we have given the ordering for each subvariety of J;, (A(.75)).

7.4. Infinite Subvarieties of .”¢;. We recall the ordering for infinite subvarieties of linear
closure algebras. These results can be seen in [9]].
Consider the following s—tuples

X e (X17X2’. .. ,xs),
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where there exists a (nonempty) subset of indexes i| < i, < ... <i < ssuch that Xi; =% and
another (possibly empty) i1 < hy < ... < h; < s such that x;, = kp,, with k, € IN, t* 4t = 5.

By way of example, for s = 5, X = (3, %,%,2,%) is a 5—tuple.

Let x; denote the set of all such s—tuples, and consider the following subvarieties:

US=V({Br, . riry, =1, j=1,..6 my=ky, 1 =1,...,1}).
Observe that Uz(*’*) = %7 =%r,and in general, € =UX, where X = (x,%,...,%).
——
n times

The following propositions prove that these varieties are join irreducible and they are the
unique non finitely generated join-irreducible subvarieties in €7 .

Proposition 7.21. ([9]) The varieties of the form UsY , with s < n, are join-irreducible in
A(EL)-

Let )(,d denote those r—tuples X of the set J;, satisfying the condition x; = x, ;1. Observe
that this only holds for the even case or the odd case with Xngl = k. It remains the case
Xng1 = and Xnp1 = 25+t (odd case).

Recall that the ordering in J;, (see [9]]) is Y <* X, if and only if

o s<t¢
e There exist 1 =i; <ip < ... < iy <[ such that y; <* Xi; for j=1,2,...,k, where
yi <Fx
— y;j and x;; are positive integers and y; < x;,
— yj is a positive integer and x;, = *,
- yj=*andx; = *,
(observe that if x;; is a positive integer and y; = *, then y; £* x;,).
For the symmetric case we define an order in J;, in the following way.

-+ —+
e For s, even, % =Y1,..-,y3, and % =Xl XL Then we put Y, < X; if and
only if
X"
2 = 2
e For the case #,s odd, we have new n-tuples, those that represent the non-invariant
—+ -+
elements of Yast (see the previous section). Let us put % = VeVt and % =
Yiseoes Yot Nor Ysi1 can take any of these three values: *, 25+t and *; whis is the
one that corresponds to the monadic variety Sj,. Then the ordering is Y < X, if and
only if
7S+ YIJF
- g —
2 2
and
= Vsl = * < Xip = *
—y#—*hg)mlz * Or X 1f/’l<k
—y%—2h+l<x% *kor.Xt+l—* if h <k.
—y%—2h+l<x% 2k+r, 1fh<k h+1<k+r
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-+ -+
e The case s odd, ¢ even, % +1 =Vl Vst Yagt and % =Vlsees Vst Observe
that xj, < *. Then the ordering is Yy < X, if and only if

L +1< X
2 -2
To simplify the notation when introducing the irreducible infinite varieties, we order the

n—tuples X of de, and the n—tuples Y of xZ, by means of X, <, Y, if and only if there exist
1 =i; <ip<...<ix <5 suchthat x; <y; for j=1,2,...,5, where x; < y; if x; is a
positive integer and y;; is equal to * or a greater positive integer, and for the case s, odd we

put xXs:1 < Yest with the ordering

® Xt a positive integer and Y1 = .
° x%:Zh—i—lgy%:*k,ifhgk.
® Xyii :2h+l§y% =2k+r,ifth<k, h+I1<k+r

We denote the ordering in x? by <* . In a similar way as for linear closure algebras we
construct the following subvarieties: If ¢ is even

FF=v|Ucg|, P,:V< U c;)

Y<X s<t,s=odd
and is ¢ is odd

k=v|{Uqg]|, Kt:V<UC§(>.

Y<.X s, s<t

For the case of algebras in which their open elements asr isomorphic to D, for some n, we
define

r=v| by, 1,:V<UD;>.

YS*Y s<t

Observe that I, = /%
>From the results of the previous section and the beginning of this section, and making
use of the ordering for finite join-irreducible varieties, the following theorem can be proved.

Theorem 7.22. The varieties PSY , Py, KtY , K, I,Y , I are the unique infinite join-irreducible
varieties in A(/€ ).

Theorem 7.23. Every variety is a finite join of join-irreducible varieties in A(S€L).

7.5. Equational Bases in .%";. Our purpose is to determine equations characterizing
each join-irreducible variety, and then, equations characterizing a finite join of join-irreduc-
ible varieties. By Theorem we will have equations for every subvariety in A(.7%7).

Observe that if x # y, x,y € A and x,y € Q(A) = C,, then, if x =a;, y=a; and x < y, we
have that

x—=y=0(—xVy)AQ(—xVy) = (a; —aj)\(aj — a;) = 1 Na; =a; Naj = a;.

This simple observation will be useful for the proof of the following theorems.
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Consider the following terms:

=
®

>

O(~zi) < 0(z),

Al(ZO,Zh--',Z%):

i=1

X+l

Ag(Zo,Zl,...,Z%) = /\ zi V(Q(z0) NQ(~ z0)) < zi,
i=1

Xnt1
2
As(z0,21,-nzan) = N\ Q@iAz) < (iAzy),
i), ji=1
X nt1 X nt1

and
Vena (20,21 2u01) = (A1 ANA2 NA3) — Ag

2

Theorem 7.24. C;’(’ZSH satisfies the equation. YY;, ., (20,21, - . yZugt )=1
2

Proof. We have the following cases:
1. Suppose that A; # 1. Then there exists z; such that Q(~ z;) # Q(z;). Then Q(~
a) < Q@) < Q(~ ) A Q&) < aws. So ALiAi < (Q(~ ) A Q(zi) < Q(z) <

Xnil
O(V,_1 zi) < A4, and consequently yY;,,, = (AN A) — Ag = 1.
2

2. Suppose that A # 1. Then there exist z; and zo such that z; V (Q(z0) A Q(~ z0) # z.

Then A < Q(z;), and arguing as in the previous case, we have that yy,,,, = 1.

2

3. Suppose that A3 # 1. Then there exist z; and z; such that Q(z; Azj) # (zi Az;). Thus

Az < Q(Zi/\Zj) and so Aj AAy NA3 < Ay, and YV = 1.
4. Suppose that A = A, = 1. Then, by Lemma we have that z; € (a% At )

and if A3 =1 then the elements z; are distinct atoms (necessarily all the atoms) of
[a%,a%]. Then

and hence yy,,,, = 1.

2

O

2 7

Theorem 7.25. Let m be odd. Then Cy 2t satisfies V¥c,., = lif and only if yme1 < Xns1
2

m,2k+1
Cy

Proof. =) Suppose that Ymel > Xml . Let by,...,b,, the open elements of and

2
2y s T the atoms of [b%,bm;l]. Let {Zl,...,Z%l} be a proper subset of atoms of

Xnt1

[me4 ,meH] and 2o = b, . Then itis easy to check that A} = A, = A3 = 1. But o(V,_1 @)=
Xnl
b% + (\/l.j zi), and thus A4 # 1. So ¥%,,, # 1. A contradiction.

2
<) We have already seen in the proof of the previous theorem that if Aj,A,,A3 are distinct
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from 1, then the equation holds. Observe that if Ym1 < X then A; or A, or A3 are distinct

from 1, and consequently the equation holds. If Ymol = Xt and there exist zj,... Tl
such that A{,A,,A3 = 1, then 21y eeyZnp ATE the atoms of [me—l,meH]. Then A4 = 1 and the
equation holds. U

As we have already proved, the elements of the form x A A(xg) with A(xp) = Q(xp) A
Q(~ xo) in C**" belong to the interval [0,a..1] in the odd case, and to [0,a;] in the
even case. We can algebrize the interval [0,A(xp)] with €-terms and we can put A =
([0,A(x0)], A4, Va,—4,04,14,04), where the A—operations are defined: Ay = A, V4 =V,
—a(x) = =xANA(x0), Q4 = Q, 14 = A(x0), 04 = 0. With these operations it is easy to see
that [0,A(xo)] is a closure algebra. Observe that [0,A(xo)] = [0,a;] with i < % ori < 251,
and [O,A(an;zl)] = [O,a%], for the odd case and [0,A(az)] = [0,az], for the even case. So
[0,A(x0)] € S(By) for every xo. Thus [0,A(x)] satisfies tha equation

Aol

2

-x()vxla"'?xr) = 15

where yxg o) is the equation }/x+ that characterizes the subvariety of closure algebras C x

(ver [Te51s] [UMA]), where the % -operations are replaced by the A— operatlons Observe

that if C;" 2K+ satisfies this equation, then [0,b.,_1], satisfies ¥y, hence £ 5 <N ; So we
2 7

have proved the following theorem.

Theorem 7.26. C;’ZHI satisfies the equation }/i(fo) = 1. Moreover if Cy' 2t satisfies this
7

equation then Yy+ <N, Yx+
3 103

As we have already seen in Lemma the elements x € C;Ht’" that satisfy Q(x) = Q(~
x) and xV (Q(y) AQ(~y)) = x for all y € C&" are those that belong to (@n1,@np). In

addition, Q(x) = dn and ~ Q(x) =~ ny = dus. In this way we can define, for every x

satisfying this equation, in the interval M = [Q(x),~ Q(x)] a structure of symmetric closure
algebra if we write (M, Ay, Var, —m, Om, ~m, 1y1,00) Where the operations are defined by
A =N, Vu =V, Oy = Q, ~y=r, Iy =~ Q(x), Oy = Q(x), and —p(y) = (—yA ~
O(x)) vV Q(x). In this way we have Ty (y) = —p ~u (y) = (— ~yA ~ Q(x)) VO(x) =
(T(y)A ~ Q(x)) V Q(x). Observe that ¢ is an invariant atom of CZHI " if and only if ¢ V ns
is an Tys-invariant atom of M. Indeed, if ¢ is T —invariant then

TM(C\/a%) = (T(c\/a%)/\NQ(x))\/Q(x) =((cV a%)/\anﬂ)\/a

1 =

2

(c/\angl)\/anzu =cVdani.

2
Conversely if ¢V a,1 is Ty-invariant then
2

¢V :TM(C\/G%I) = (T(c)/\a%)\/an I :T(c)\/a%

and T(c) A —au1 =c. As T(c) is an atom, then T'(c) = c. Hence (M, Tjy) is a symmetric
monadic algebra isomorphic to Cy,; where 2s is the number of non—invariant atoms and ¢
is the number of invariant atoms of M.

By these remarks and the results obtained for monadic algebras we have the following
theorem.
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Theorem 7.27. C;’(’ZSH satisfies the equation

BBos (20,21, - 22641) =

2s 2s
(/\(Q(N z) < Q(z,-))) A </\(Zi V(Q(20) A Q(~ 20)) Zi)) A

i=1 i=1

Ay Az

(/‘\ 0(ziNzj) < (Z,‘/\Zj)) A\ <\‘/ /\(TM(zj)(Zli—l) — ZZi)) —

i=1

v~

Aj Ay

s 2s5+1 2s5+1
V T <\/ Zz‘) < (\/ Zi) =1
i=1

i=1 i=1

-~

As
Proof. 1. Suppose that A; # 1. Then, as in the proof of Theorem [7.24] there exists z;
such that /\?ZlAl- < 0(z)- But Ty, (\/1-2:{11,-) = ((\/,25[1 z,-) A~ Q(z,-)) VO(zi) >
0(z), that is, At_; A; < Q(z:) < As. So BBas = 1.

2. If Ay # 1 or A3 # 1 the proof is similar.

3. Suppose that Ay = A, =A3=1.Then z; € (a%,a%), and thus Tjy(;,) = Ty Sup-
pose that there exists zp;—; such that Ty (z2;—1) # z2;. Then T, M(z) (z2i—1) < z2i is an
open element less than Q(zp;), and arguing as in the first item, /\?:1141‘ < Q(zi) <
As. Hence B, = 1.

4. In the case that /\?: 1A; =1, the elements z; for i = 1,...,2s are all distinct and
non-invariant. Thus, as for monadic algebras, we have that \/}_; Tz (fo{l z,-) =
(Vl-zf{l Z,-) , and consequently As = 1. Then B, = 1.

|

In a similar way it can be proved the following.
Theorem 7.28. C;’ZSH satisfies the equation
ﬁﬁs-ﬁ-t(ZOyZl P 7ZS+Z) ==

s+t s+t
(/\(Q(N z) = Q(Zi))) A </\(Zi V(Q(20) AQ(~ 20)) z,-)> A

i=1 i=1

( /\ 0(ziNzj) < (Zi/\Zj)> A (\/ /\(TM(zj)(Zi) — Zi))] —

i), ji=1 j=li=1

(V) = (V-e) -

As a consequence of the previous theorems we have the following.
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Theorem 7.29. For n odd, the following equations form an equational basis for V),(172s vy

W(Q00) A 1p(Q(e1) =1, BPos =1, Bfos =1, Vh,, = 1,71 =1

Theorem 7.30. For n even, the following equations form an equational basis for Vy :
A

(Q(x0) =1, 7,2 = 1.
2

1R (1, ) = [0 = %0V (Q() A Q(~ 1)) A (Q(o) < Q(~ x0))]
- Kygg(m’ = 1) Vo~ Q(xoﬂ =1

Proof. We know that Cy satisfies the two first equations. Let xo € Cy and suppose that
xg =xo V (Q(y) AQ(~y)). Then xo > az and Q(~ xp) <~ xo < as < Q(xo). Then if Q(~
x0) = Q(xo) we have that ~ xo = xo = Q(~ x9) = Q(x0) = az. So the third equation holds.
If A is subdirectly irreducible and satisfies these equations then Q(A) is a chain, A = C} and
YT <N X7 I mis even, C € S(C}). If m is odd, then if the third equation holds, it holds

for xo = bwi. So y;g(x(’) = 1, which implies that %Jr +1<n %Jr, and from the previous
2 2
section, C}' € S(C%). O
Observe that all these varieties are within %] and consequently they satisfy que equa-
tions characterizing this variety.

Theorem 7.31. The variety Uy is characterized by the following equation

= | (W= DV(T(w) = )| A (B = D)V (T(h) = 1) =1
A pe

Now we give an equational basis for each infinitely generated join irreducible subvari-
ety. As for the finitely generated varieties, we use the equations of the infinitely generated
varieties in €7 (ver [9]).

Observe that in the odd case, we can consider three different types of varieties PSY , ac-
cording the value of Xsst .

1. PSY’h, where Xsg1 = ¥, that is, if Cx € Psy’h, then [a%,a%] € Sy, where S, is the
variety in troduced in [9]].
2. PXY here Xsp1 = 2h+1, thatis, if Cx € PYMH then [a%,a%] € S(Bas++t)-
3. P?*, where Xl = %, that is, if Cx € Psi’h, then [a%,a%] € S. S is the variety
introduced in [9]].
In the following theorem, we give an equational characterization of these varieties.

Theorem 7.32. (1) An equational base for the variety P is :
Y (Q(x0)) Ap(Q(x1)) =1, %,(Q(x1), ..., O(x,)) = 1.

(2) An equational base for the variety PX s
T (Q(x0) AT (Q(x1) = 1, 1, (Q(x1), -, 0(x)) = 1, o) = 1.
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(3) An equational base for the variety PgY Ms:
Y (Q(x0) ATp(Q(x1)) = 1, %, (Q(x1), -, Q(x)) = L %" = 1. By = 1.

(4) An equational base for the variety P . Yk (Q(x0)) AYr(Q(x1)) =1, 1,(Q(x1),
s 006) = 1,1 = 1 BB =1 BBes = 1, oy = 1,

2

vl

2
(5) An equational base for the variety K; is:

Yk (Q(x0)) = 1, %,(Q(x1),...,0(xn)) = 1.

(6) An equational base for the variety KX is:
Y (Q(x0))(Q(x1) = 1, 1, (Q(x1)s- -, 0(xs)) = 1, ) = 1,y @) =1,
(7) An equational base for the variety IsY is:
%(Q(x1),- .., Q(x)) =1,
(% = DV (T (k) < DN (1 = D V(T (%) < D] = 1.
(8) An equational base for the variety I is:

%,(0(x1),...,0(xs)) = 1.

As in the case of symmetric Heyting algebras the following theorem can be proved for
join reducible varieties.

Theorem 7.33. LetV € A(S€1), V=V ViwithV; € J(A(S€1)). Then

WXt Xn) = \/ (}/\/i(x’i,...,xii) o DA (~W(xr,..x,) < 0)=1

i=1

SRS

is an equational basis for V en /€ .
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