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Maximal Inequalities for a Best Approximation
Operator in Orlicz Spaces

Abstract. In this paper we study a maximal operator M f related with the best ¢ ap-

proximation by constants for a function f € Lfolc (R™), where we denote by ¢’ for the
derivative function of the C'! convex function . We get a necessary and sufficient con-
dition which assure strong inequalities of the type fIR" O(M|f])de < K fR" 0(|f]) de,
where K is a constant independent of f. Some pointwise and mean convergence re-
sults are obtained. In the particular case p(t) = t?T1 we obtain several equivalent
conditions on the functions 6 that assures strong inequalities of this type.
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proximation operator, maximal inequalities.

1. Introduction and Notations. Let ® be the class of all nondecreasing
functions ¢ defined for all real number ¢ > 0, with ¢(07) =0, ¢(t) — oo as t — oo,
and ¢(t) > 0 for ¢ > 0. Observe that we do not assume continuity for the functions in
®. This class of functions is quite similar to that treated in [10] though they assume
that the functions ¢ are increasing. When the functions in ® are also continuous
functions they are called Orlicz functions and they were considered by Musielak and
Orlicz in [18]. According to [2] we say that a function ¢ satisfies the As condition
if there exists £ > 0 such that ¢(2t) < kp(t), for all t > 0, and in this case we write
(RS AQ.

Given a function ¢ € ® and a bounded measurable set  C R™ we set L#(2) for
the class of all Lebesgue measurable functions defined on € such that [, ¢(X|f(z)|) dz
is finite for some A > 0, where dz denotes the Lebesgue measure on R". For
@ € &N Ay, the set LP(2) coincides with the class of all Lebesgue measurable
functions defined on R™ such that [, ¢(|f(x)]) dz is finite.

*This paper was supported by CONICET and UNSL grants



4 Mazimal Inequalities for a Best Approximation Operator in Orlicz Spaces

If the function ¢ € ® is a convex function which satisfies a Ay condition we
considered in [7] the multivalued operator u,(f)(f2) of all the best approximation
by constants to the function f € L¥(€2). That is, a real number ¢ is a best appro-
ximation of f if and only if

/ o(1f(x) — ) d < / o(1f () — ) da,
Q Q

for every r € R. It is easy to see that u,(f)(Q) is a non empty set and if ¢ is
a strictly convex function this set has only one element. For the particular case
) = B.(x), where B.(z) is a ball centered at € R™ with radius ¢, we set pu.(f)(x)
for 41 (F)(Q). |

Further, when ¢ is a C* function, we consider the space L¥ (£2), where ¢’ is the
derivative of the function ¢, and we extend this operator in a continuous way, to
functions f in L‘/’/(Q). Note that in general L“"/(Q) is a strictly bigger space than
L?(Q2). We refer to [4] for an extension of this operator in a more general set up.
We will use the notation fi,(f)(£2) for the extended best approximation operator,
given in the next definition.

From now on, the C! condition on the function ¢ will be assumed. We extended
in [7] the definition of the multivalued operator p,(f)(2) to functions f € L? (),
as follows.

DEFINITION 1.1 Let ¢ be a convex fuction in ® N Ay and let f be in L# (€2). We
say that a constant c is an extended best approximation of f on ( if it is a solution
of the following inequalities

W[ AU -das [ ) -y

(b) () — ey dy < / (£ () — ) dy.

{f<cinq {f2einQ
We write fi,(f)(£2) for the set of all these constants c.

In (7] we have proved that fi,(f)(2) # 0. The inequalities (a) and (b) in De-
finition 1.1 characterizes the elements in p,(f)(Q) if f € L then p,(f)(Q) =
fo(f)(82), for f € L¥. The extension of the best approximation operator was stu-
died for the first time in [12] for ¢(t) = t?, p > 1, for a rather general approximation
class of functions. In [6] we considered the extension of the best approximation ope-
rator for a general approximation class on Orlicz spaces L¥. Other results involving
the extension of operators, where the approximation class are the constant func-
tions, can be found in [15] and [16].

If Q is the ball B.(x) we write f.(x) for any ¢ € fi,(f)(2), and the notation
fie(f)(z) will be used for the set of all these constants. We refer to [7] for some
equivalences of the Definition 1.1.

One of the main results of the paper are the inequalities given in Theorem 2.1. In
the special case that f is a non-negative function the first inequality of the theorem
says that ¢'(f-(z)) is equivalent to consider the averages IBilsl fBE(x) O (f(y)) dy.
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If ¢©'(0) = 0, this type of equivalence and some version of the classical Lebesgue
Differentiation Theorem, will imply the following pointwise convergence result

(1) sup{|fe(z) — f(2)] : fe(x) € fe(f)(x)} — 0, as e — 0.

The result stated above can be obtained even in the case ¢’(0) > 0. This fact is not
a consequence of Theorem 2.1 and a proof will be given at the end of Section 2.

As we pointed out in [7], page 33, if ¢ is a strictly increasing function and
©'(0) = 0 the set fi(f)(z) has a unique element f. () which is a continuous function
on . With this additional hypothesis on ¢’ we study the mean convergence

) [ 005 = 2. dy =0, as =0,

for some 0 € ®.

The only case where the mean convergence (2) can be easily obtained is when
L¥ is the space L. In this particular case the extended best approximation operator
fe(z) is given by the average ﬁ fBE(z) f(y) dy, and using standard arguments we

have that (2) holds provided f € LY(R") and 6 is a convex function in ® N A,. For
a general function ¢ to deal with the mean convergence problem (2) it is necessary
to introduce the following maximal operator

0 M (@) = sup{|f(a)| : f-(x) € fie( ) 2}

This operator M f depends on the function ¢, therefore sometimes we will denote
it as My f. The very well known Hardy Littlewood maximal operator is obtained
considering o(t) = t2. In this case M2 (| f|) will be denoted by M (f)(z) and

M(f)(z) = ili%ﬁ b |f(y)| dy,

where f € L} (R™).

We point out that the measurability of the operator M, f is unknown and
it can be proved only in some specific cases. For example, the Hardy Littlewood
maximal operator or ¢(t) = tP, p > 1. This is also the situation if ¢’ is a continuous
strictly increasing function and ¢’(0) = 0, since in this case we have that f.(x) is a
continuous function on zx.

We characterize, in Theorem 2.3, those functions 6 such that

() oM(f))dr < C [ ol d

Rn

for all f € L (R™). As an application of (4) and using (1) we can get the mean

convergence iggult (2). We also obtain, for some cases, the norm convergence, see
Theorem 2.6.

Also we can see, in the proof of Theorem 2.3, that the operators M(|f]) and the
Hardy-Littlewood M (f) are related by

1 1

(5) 37 (GME (D)) <MD (@) < M) () (@),
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where we denote by ¢'~! the generalized inverse function of ¢’ which is given by

©'"Ht) = sup s.
P (s)<t

For the particular case ¢(t) = tP*1, with p > 0 a direct calculations in (5) gives

LOM(FP)3 (@) < Mo (1)) < K3 (),

where the constant K is independent of f. Thus sufficient and necessary condition
in order to get strong inequalities for the operator

_ L . )
My(£)@) = (398 5 [, @y
can be obtained applying Theorem 2.3. This result is given in Corollary 2.8.
Observe that the operator M, is related with the p—averages of a function and
it is well known in the literature and often used in the case p > 1, see for example
[21] and more recently [3].
We need to introduce the following

DEFINITION 1.2 A function ¢ € & satisfies the Vy condition if there exists a
constant a > 1 such that

(6) ot) < ig@(at), >0,

In [11] and [20] the condition (6) on the function ¢ appears as follows

@ plt) < 5oplat),

for some « > 1 and for all ¢ > 0. We will see later, Proposition 3.3, that for functions
¢ € ® the conditions (7) and (6) are equivalent.

To obtain a strong inequality for the operator M, we need, by Corollary 2.8,
that the function 0(t!/?) satisfies the Vy condition. The last section of this paper
is devoted to study the above condition and related ones. Also one of them is used
in the proof of Theorem 2.5.

2. Main Results. Now we state the first result of this paper.

THEOREM 2.1 Let ¢ € ® N Ay be a C! convex function, f € L (R™) and select

fe(z) in g (f)(x), where x € R™ and € > 0. Then we have the foﬁgwing estimates.
1 / 1 !/ /

(8) 0¥ (f()]) < Bl o (IfF @)D dy < CL'([fle()).
1, 1 /

9) ¢ (fe(2) = f(2)]) < Bl Jpon? (If (y) = f())dy,

We have used |Bc| for the Lebesgue measure of the ball B..
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ProOF We will prove the right hand side of (8). Without lost of generality we may
assume [ > 0, then f.(z) > 0. In fact by a) of Definition 1.1 we have a contradiction
if we assume ¢ < 0. Then we have

1
|Be| JB.(x)

S () dy = & (F@) = f-(2)) + fo()) dy+
|Be| J B, (2)n{f. (2)< 1}

1
B 80/ y)) dy.
|Be| Bo(z)N{f-(z)>f}
Note that for ¢ € & N Ay we have

(10) ¢'(a+b) < i

2
S @+ B), ab>0,

since p(2z) < ke(x) implies that ¢'(2z) < %cp’(m).
Using (10), the above expression is bounded by

2 2
e & (F0) ~ 1) dy + (e

1
B—/ ©'(f(y)) dy.
|B:| JB.()n{f. ()= f}

Now by the part (a) of Definition 1.1 we have that (11) is bounded by

2 |B
an) 1Bel JB.@)nif. )< 1

k2 1 / k2 /
— ¢ (f(y) = fe(@)) dy + =& (f=(2))+
1

©
| Be | /Bs(r)ﬁ{fs(fer}

"(f(v)) dy,

and assuming K > v/2 we get that the equation (12) is bounded by

] (¢ (2) ~ () + &' () dy+
(13) el JB.@)nis. )21 2
()

Since in the above integral f.(z) — f(y) > 0 and f(y) > 0, we have ¢'(f.(x) —
f) +¢'(fy)) < 2¢'((f-(2) = f(y)) + f(y)). Then the equation (13) is bounded

by 2k%¢'(f.(x)). Thus
1

B s ? (f(v) dy < ¢ (f-(x)),

with ¢ = 22,
The left hand side of inequality (8) was proved in [7]. For the sake of completeness
we include it here.
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We show first that given f.(z) € fi(f)(x) there exists c. € fi(]f])(z) such that
|fe(x)] < c.. Since |f| > f > —|f] and the fact that the extended best approximation
operator is a monotone operator , see Lemma 12 of [7], there exist a. > 0 and b, > 0
with —a. € fi.(—|f|)(z) and b. € fic(|f])(z) such that —a. < fe(z) < be. But now
ac € fic(|f])(x), and c. = maz(ac,be) € (| f])(x), since this set is a closed interval.
Observe that we have proved above that M f < M(]|f|), see (3). Now we may assume
f=0.

Now ¢'(f-(x)) can be written as

1 /

o'(
|Bel JB.n{f.2)> 13
1

|Bel JiB.in{s. <13

(fe(@) = F(y) + f(y)) dy+

ﬁ/B Qpl(fa(x))dy:

©'(fe(x)) dy,

and using (10) the above expression can be estimated by
k2 1
2 |Be| Jpon{f.(2)> 1}

k2 1 1
S 1B o' (f(y))dy + Bl ' (fe(x)) dy.
|Be| JB.0(s.(x)> 1) 1Be| J s )<

¢ (fe(x) = f(y)) dy+

Since b) of Definition 1.1 we have

1 /

o @' (fe(x) = f(y)) dy <
|Bel JB.n(f.(0)> 1}

1

B @/(f(y) - fs(ff))dy,
|Bel J.nif.@)<s)

Then assuming % > 1 we can estimate (14) by

K1
2 |Be| JBon(s.(x)< s}

¢ (f(y) = fe(@)) + ¢ (fe(2)) dy+

15
" - () d
FYrul 2 y))ay.
2 |Bs| B.N{fe(z)>f}
Thus (15) is bounded by
2 1 / kQ 1 /
K ) dy + 5 57 f(y))dy,
1Bel JB.05. ()<} 2 |Be| Jp.ns.(2)> 13
which is bounded by
1
k? ¢ (f(y)) dy.
|Be| Jp.

To prove part (9), observe that if f.(z) € ug,(f), then f.(x) — f(x) € pg, (f —
f(x)). Thus applying part (8) to the function f — f(x), the proof is completed. nm
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The constant C' in the above theorem is %kQ where k is the constant given for
the Ay condition of ¢, thus this constant C' is independent of the dimension n.

The left hand side of the inequality (8) and inequality (9) of the Theorem 2.1
were proved in [7], Theorem 3, where the unnecessary hypothesis ¢'(0) = 0 was
asked but not used in the proof.

We will use the following result given in [10].

THEOREM 2.2 A function v € ® satisfies the Vo condition if and only if

(16) (M f(x))dz < C | &(C|f(x)])dz, f€ Li(R"),

R R

with the constant C' independent of f.

Although this result was set there for an increasing function v it also holds for a
nondecreasing function 1.

We denote, according to [11], by ¢’ ~! for the generalized inverse function of the
monotone function ¢'.

Now we give a necessary and sufficient condition in order to get a continuity
property for the maximal operator M| f]|.

THEOREM 2.3 Let ¢ € ® N Ay be a C' convex function and let ¢’ be such that
AP (t) < ¢'(Kt), t > 0, for some constants K, A > 1. Now for a function 6 €

® N Ay we have that the function 0 o gp'_l satisfies a Vo condition if and only if
there exists a constant C independent of f such that

(17) O((MIf) (@) de < C | 0(f(@)])dz, fe LR,
R™ R™

ProOOF First we compare the maximal operator M(|f|) with the Hardy-Littlewood
Maximal Operator M (f) by proving

1 1
(18) 590"1(5M(90'(|f\))(17)) SM(IfD() < THOM ) () ().
Since ¢'~! is the generalized inverse of ¢’ we have x < ¢'~1(¢')(x). Thus, by

Theorem 2.1, we have

1

(19) Fle(x) < ¢ (Crpy ¢ (1 @)) dy).-
el JBe(w)
Then M(|f])(z) < ¢ HCM () (|f)())-
Now by Theorem 2.1 we also have
(20) %M(w'(lfl))(x) < @ (M(If1)(2).

Note that if we assume, for simplicity, K = 2 in the hypothesis of this theorem,

we have ¢'(z) < A¢'(xz) < ¢'(2x), and then clearly ¢ = ¢'(z) — ¢'(5) > 0, for
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e > 0. It is known that ¢'~1(¢/(z) — ) < x, for every ¢ < ¢/(x). Thus we have
¢! (¢'(z)) < 2z. Now, using inequality (20) we have o'~ (&M (¢'(|f])(z)) <
2M(If1)(2)-

Now we assume that the maximal function M(|f|) satisfies (17). Since 6 € A
we also have

eV [ M@ <K [ @) de, e LR,

for some constant K independent of f. Now using (18) and the fact that ¢’ is also
a A, function we have

[ o (GME @D de < Ko [ 0o s @) de <

n

Ko | 06 (el (@) dr, S € L{ (R™),

with Ky independent of f. Thus for ¢ = # o ¢'~! we have

(22 [ wg) ) dr <Ky | 0(Esg(@)do

where g is obtained as ¢'(|f]) for any f € Ly (R™). In order to get (22) for all

loc

g € L (R") set f = ¢'71(Cg) and use the fact that ¢'(¢'~!(z)) = z. Now by
/

Theorem 2.2 we have that § o ’'~! € V,.
On the other hand if 6 0 o'~ = 1) € V4 by Theorem 2.2 we get

Y(M(g)(x))dz < C [ ¢(Cg(x))da.

Rn™ Rn

Now by (18) we have that M(|f])(z) < 'Y (CM(¢'(|f()]))), and we may use the
same constant C' in both inequalities. Thus

OM(|f|()) dz < [ 0 "HCM (L (|f(2)]))) da <

]R‘IL R"L
c [ w(C(If @) de < Cy / W(Crg (1 (@)])) de,
R R

and using the hypothesis on ¢’ we have C1¢/(z) < ¢'(Caz), where Cy = 2! for [
such that A’ > C}, we have

Ci [ (G ([f@))de < Cy | (' (Col f()])) da.

Rn R

1—1, ./

Now recalling that ¢’ !¢/ (x) < 2z, we have

/ OMU () dr < Cs / 001 ())
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The condition A¢'(t) < ¢'(Kt), t > 0, for some constants K, A > 1 implies
that ¢’(04) = 0 and ¢'(x) — 00 as © — oo. Thus the generalized inverse function
¢©'~1 is real valued and even more ¢'~1 € ®.

Note that if ¢’ is any function in ® that satisfies ¥ < ¢'(t) < ct?, then ¢’ (Kt) >
Ag'(t), t >0 for any K such that A = KTP > 1. Thus the above Theorem allow us
to consider ¢’ € ® which is not an strictly increasing function. In this case the set
fe(f)(2z) may have more than one element.

REMARK 2.4 Observe that using Theorem 2.3 and (1) we have (2), that is
A 0(1f(y) — f-(y)))dy — 0, as e —0,

for the function 6 given in Theorem 2.3.

THEOREM 2.5 Let ¢ € ® N Ay be a C' convex function and let ¢’ be such that
AY'(t) < ¢'(Kt), t >0, for some constants K, A > 1. Then for all f € L¥(R™) we
have

(23) | etz <c [ wls@hs

where the constant C' is independent of f.

PROOF By Theorem 2.3 we only need to show that = ¢ o ¢’~! is a Vy function

assuming that ¢ is a As function. Using b) of Proposition 3.3 we need to show that
there exist # > 1 and K > 1 such that

(24) n(t1) < Kﬁﬁ(Ktz)
t? 9
1 2

Cif 0<ty <t

We introduce the complementary function of ¢ setting

(25) v = [ e

Then

(26) () <z’ (x) < p(2x).

And also

(27) p(z) < 2¢'(2) < 9(22).

Setting & — '~ (y) in (27) and using that ' (¢'~(y)) = y we have
(28) Pl (W) <y (y) <2 Y)))-

By (27) and (26) we have

(29) (@ (W) <y’ M y) <P(2y).
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Now by (28) and (26)

(30) P(y) <y’ y) < e Y)).

Now we will find the constants $ and K in (24). By (29) we have

p(e' "1 (t1)) < vty

31 <
(31) 7 7

Now we use b) of Proposition 3.3 for the function 1) which we know is a V5 function
since ¢ is a Ay function, see [20]. Thus there exist constants K and /3 such that

Y(2t) < (2K)7 Y(Kta)

32
(32) 7 2

, 0<ty < ts.

By (30) we have

Y(2ty)

s P2 H(K)) _ (K1)° p((¢" " (Kta))
t? A 1

ty ty

< (2K)

)

where the last inequality follows since ¢ is a Ay function. Finally, by (31) for a
suitable constant Ko, we get

(¢ (th))

_ 5%((@'_1(%?52))
tl

<K e
2

)

and the Theorem follows. n

In [7] we have also obtained (23) with different conditions on the function ¢. In
that paper the V5 condition was asked on ¢ and in the above Theorem we need
that Ay'(t) < ¢'(Kt), t > 0, for some constants K, A > 1. We do not know how
these two conditions are related.

According to [11], a convex function ¢ € ® is called an N-function if its right
derivative ¢’ is also in @, and the function ¢ € ® is named a Young function if it is
a convex function.

If ¢ is a Young function and f € L¥ we denote by ||f||, the Luxemburg norm
of f, which is defined by

I flle =inf{\ >0 /Rnw(m)\x”)da: < 1}

The following result is a direct consequence of (1) and Theorem 2.5. We observe
that the hypothesis of Theorem 2.5 implies ¢’(0) = 0, then we have (1) by (9) in
Theorem 2.1. The pointwise convergence of f.(z) to f(z) has been considered in
many situations since a long time ago, for example see [22] or [5]. On the other hand
the norm convergence is well known only for the case ¢(t) = t2. For other powers
and even for more general functions ¢ the first result we know is settled in [7].
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THEOREM 2.6 Let o € ® N Ay be a C! strictly convex function and let ¢’ be such
that Ae'(t) < ¢'(Kt), t > 0, for some constants K, A > 1. Let f € L¥(R™) and
fe(z) the unique element of p.(f)(x), then ||f- — fll, — 0 as e — 0.

We note that in the above theorem the convergence || f; — f||, — 0 as € — 0 can be
replaced by || fe — flle — 0, where 6 is a convex function satisfying the hypothesis
of Theorem 2.3.

In the next Remark we use T for a positive homogeneous operator defined on
L?(R™) and taking values on the space of measurable functions from R” into R. An
example of operator 1" can be the operator M,, that appears in Corollary 2.8.

REMARK 2.7 Let 6 be a Young function such that

(33 [ T ()@ dr <K [ 0K f(@)) de.

for every f € LY and a constant K independent of f. Then there exists a constant
C such that for every f € L? we have

(34) IT(f)lle < Cllf -
More precisely C' = max(1, K?).

PROOF Assume K > 1 and use (+2z) < +0(z). Thus

o T, o e [ K@ e [ g @I

we o K2 £l we K2[fllo v K[ fllo
()]
< 0 dr < 1.
</ e /<t

Then C = K2. If K < 1 we use the same argument assuming (33) with K = 1.g

We observe that assuming inequality (16) for any function f € L¥(R"), where
¥ is a A Young function, we can use Remark 2.7 to obtain

(35) IM flly < Cll fll

for f € L¥(R™), and where the constant C is independent of f. As a consequence
of the Lorentz-Shimogaki theorem see for example [1], the inequality (35) holds if
and only if the superior Boyd index @, < 1. A Gallardo’s result says that given an
N function ¢, equation (35) holds if and only if 1) € V3, see [8]. Henceforth the Vs
condition for an N function % is equivalent to @, < 1. For an explicit expression
of the Boyd index @, we refer to [1] and [13]. Both results are given for a convex
function ¢ while Theorem 2.2 requires only a function ¥ € ®. In this paper we deal
mostly with inequalities of the type (16).
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COROLLARY 2.8 Let 0 be a function in ® and p > 0. Then

(36) [ o)) de <K | 00| (@) da

for all f € LY. (R™), if and only if O(t'/P) € V.

loc

Corollary 2.8 is an immediate consequence of Theorem 2.2 and gives an improved
version, in a particular case, of Theorem 2.2 in [3]. Here we counsider the operator
M,, for p > 0 and we impose the conditions on 6 not on ¢ as it was considered in
[3]. Also we will see, for a Young function 6, that inequality (36) implies

(37) 1My (f)lle < Cllfllo,

for every f € LY and some constant C independent of f, see Remark 2.7
Similar equivalences to those of Corollary 2.8 for inequalities of the type

(38) /x|<1 00, () (@) dr < K (1 +/

|z|<1

0(K|f(x)]) da).

are given in [3] and also in [9] (p = 1).

The fact 6(t'/P) € Vs, used in Corollary 2.8, is considered in detail in Section
3, where several equivalent conditions are given, see Lemma 3.7, 3.11 and 3.12.

Now we use the remaining of the section to prove the convergence result stated
in (1) for the case ¢'(0) > 0. This result was proved in Theorem 9 of [7] where the
two last lines of the proof are not correct.

For a function f such that |{f # 0}| < co and f{f;to} ©'(|f]) do < oo we consider
the next operator.

I'f(z) = 1irgljélp(sup{|fe(w) —f@)]: fe(2) € fe(f)(2)}).

Our purpose is to prove that T'f(z) = 0, almost every x € R™. We observe that
given a step function s, then for almost everywhere z, there exists an £(z) such that
for every £, 0 < e < g(x), we have fc(x) = (f — s)e(x) + s(x). Here we have used
that for a constant c it holds (f + ¢)c(z) = fe(z) + ¢. Now we estimate I'f by

(39) {Tf > 837 SHMf =) > /24" + [{If = s| > t/2}].

The following weak type inequality was obtained in Theorem 8 of [7],

5 ) e

where the constant C is independent of f and the % means the outer Lebesgue
measure. Now using (40) and the Tchebyshev inequality in (39) we have

c c
r <= "(If = sl)dy + == "(If — s]) dy.
{Cf > t}" < 0 /{f_s>t/2}so(|f sl) T /{lf_s|>t/2}<p(|f s|) dy

(40) Hz € R" : M f(x) > t}|* <
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That is we need to estimate f{|f75|>t/2} @' (If — s|)dy. Thus we split the above
integral as follows.

/ Sf - ghay+ g~ sy =1+
{lf—sl>t/2} {If—s|>t/2}

Where g is a simple function such that |g| < |f| and

/ S(f)dy <e,
{lf=g|>t}nO

and O is an open set of finite measure such that {f # 0} C O.
Taking into account that ¢'(|f — g|) < ¢'(2|f]) < C¢'(|f]), for a fixed g we
estimate I by

(41) c ¢'(If)dy +C ' (1f1) dy.
{If-gl>t/4}n0 {lg—sl>t/1}nO

Now, for the fixed simple function g = 22:1 Aixg, with E; C O, we choose
s = 22:1 AiXx1,, where I; is a finite union of intervals contained in O, in such a way
that the measure of U_, (E;AIL) is small enough. Thus the second integral in (41)
will be less than e.

In order to estimate J we observe that

l

¢'(lg(x) = s(@)) < Q) ¢ (M) + ¢ (0)),

i=1

where the constant C; depends on the Ay condition of the function ¢’. Then we
also must choose U._, (E;AIL) such that

l
(42) Uiy (BAL)Q ¢ (M) +¢(0) <e.

=1

In fact we split the integral J on the two following regions |s| < |g| and |s| > |g|.
The first one is treated as the integral I and the second one is bounded by (42).

3. About the V, condition.. For a function n € ® we will prove some
equivalences to the inequality (6), that is 7 € V3, and observe that in the literature
the symbol V3 is only used for convex functions. The next lemma is quoted as 3.4.2
on page 19 of [19]. Besides it is known that for a N-function 1 the next inequality
(43) is equivalent to (7) which is used as a definition of the Vo condition, see [20].

LEMMA 3.1 For an absolutely continuous function 1 : (0,00) — (0,00), the follo-
wing statements are equivalents:
a) There exists 3 > 1 such that

(43) WIONP)
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for almost every t > 0.
b) There exists 3 > 1 such that

for every 0 <t < ta.

PROOF Given [ > 1 and assuming a) we have for ¢t > 0,

nt) " '(s) "B
log o) —/t s) ds}/t Sds-ﬁlogl.

Thus we have

B
nit) s _ (0"
n(t) 0
for every [ > 1 and ¢ > 0, and so we have b).

On the other hand, given 0 < ¢ < s the statement b) implies

O o 1) g [ B
/tn<r>d‘1gn<t>>lg(t) / dr.

r

Now using the Lebesgue differentiation theorem we obtain w(t

3
G
Vv
@
®
@
~

The following result can be found in [10], page 7.

LEMMA 3.2 Let n be a function in ® and suppose that there exists o > 1 such that
2am(t) < n(at) fort > 0. Then there exists aq € (0,1) such that

202 (1) < 9™ (a®t),
fort>0.

Now we can proof.

PROPOSITION 3.3 For a function n € ® the following statements are equivalent
a)There exists oo > 1 such that

n(t) < sonlat),

for all t > 0.
a)There exists & > 1 such that

n(t) < gen(at),

for allt > 0.
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b)There exists B > 1 and K > 1 such that

for 0 <ty < to.
¢)There exists a positive constant C such that

t
/%d5<0@, 0<t<oo.
0

PRrROOF First we prove a) implies b). By Lemma 3.2 there exists a constant as €
(0,1) such that

1
W2 (t) < 7—n**(a1t),
1 () < g™ (ant)

where a; = o? and ¢ > 0. Then applying Lemma 1.2.3 (p.7) of [10] n®* is a quasi

convex function and we get
n*2 (1) n*2 (Ktz)

45 <K ,
(45) » i

if 0 < t1 < t2. See Lemma 1.1.1 in [10] where it is proved that condition (45) is
equivalent to the concept of quasi convex function given by these authors. Then we
have %
t 1 t
77(;) < s Lz),
" ty?

and b) holds with 8 = a%
Now we assume b) and we have for a > 1

n(Kat) _ (at)? a\PB

n® - (K0P (5) = 2K
the last inequality holds if we select a such that o > 27T K %. Thus we have a)
with the constant & = Ko.

We prove that @) implies a). In fact, we have 2an(at) < n(a?t) for ¢t > 0. Then
an(at) < 2an(at) < n(@2t), and ¢t > 0. Therefore n(t) < s=n(at) < 5=zn(a*t), for
any t > 0, that is we have a) with constant o = &*. We have used that n(s) > 0 for
7 € ® and s > 0. For a proof of a) < c¢), see [10]. n

REMARK 3.4 If we assume that n is also a convex function the constant K in
Proposition 3.3 is equal to 1.

In fact when 7 is a convex function property a) in Proposition 3.3 is equivalent
to property a) in Lemma 3.1, see page 23 in [20], which is equivalent to tgn(tl) <
B

tl’l?(tg), t1 < to.
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REMARK 3.5 If ) is a differentiable function in @, then condition ¢) of Proposition
3.3 is equivalent to the following inequality

t 7
[ 11 4y < 2D
0 S t

for some constant C' > 0. See [10], page 6.

We analyze in more details the condition G(t%) € Vo, which appears in Corollary
2.8. For this purpose it will be useful to introduce the following definition.

DEFINITION 3.6 For p > 0 we will say that a function 7 : (0,00) — (0, 00) satisfies
a Vp41 condition (n € V,11) if there exists 3 > 1 such that

1

(46) n(t) < ﬁn(ﬁt),

for all ¢ > 0.

In the literature the V,; is only considered for p = 1, that is the classical Va
condition. Also note that r](t%) € Vy if and only if n € V1. The definition 3.6 is
meaningful for all p € R, though if n € ¢ always we have nn € V11, for p < 0. Also
it follows directly from the definitions that 1 e v, o N € Vyya, 7> —1 and

tT‘
;@1 EVy & nE Vi1, p>0.

LEMMA 3.7 Givenn € ® and p > 0 the following statements are equivalent
a) The function n satisfies a Vpp1 condition.
b) There exists C > 0 such that

(47) /0 F ) g o €7

gp+1 = D tP ’

fort>0.
¢) There exists 8 > 1 and K > 0 such that
n(s) _ pn(KD)
(48) gy <K Tt

for s < t.

If n is a differentiable function and the constant K in the above statement is
one, then c) is equivalent to

d) There exists 3 > 1 such that

n' ()t

n(t)

PROOF Since a) is equivalent to n(t%) € V5, then use Proposition 3.3 to see that
a) is equivalent to b) and c¢). Then use Lemma 3.1 for the equivalence with d). m

(49) > Op.
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Note that if we assume that n(t%) is a V3 convex function the statement c) holds
with K = 1, see Remark 3.4. Besides in this case the equivalence ¢) and d) appears
in Theorem 3.2 of [14].

For a pair of functions 1 and ¥ in ® we make some considerations about the Vs
condition on 7 o .

REMARK 3.8 If a function n € ® satisfies the V3 condition, then the function 1o
satisfies the V5 condition, for any convex function ¢ in ®.

Proor Using the V5 condition on the function 1 applied on ¥(t) we get

M) < 5-n(aw()

and now by the convexity on 1 we obtain

1
t — t)).
n6(8) < pnlis(ot)
The next Remark follows using that ¢ (at) < av(t), for a concave function ¢ € ®
and a > 1.

REMARK 3.9 Consider a function n € ¢ and a concave function ¢ € ®. If n o
satisfies the V3 condition, then 7 also satisfies the V4 condition.

n(t)
v

Given a function n € ® such tha — 00 for t — oo we consider the comple-

mentary function n* € ® defined by

n*(t) = Zgg(ts —n(s)).

In some specific cases the function n* coincides with the complementary function

used in (25). The basic properties of n* can be found in [13].

REMARK 3.10 Note that for functions 71,72 € ® such that 7 (¢) < n2(¢) for every
t > 0, it follows straightforward that n3(¢) < ni(¢) for every ¢ > 0.

Now we get some properties on 7* assuming the V,,; condition on 7. First we
need the following auxiliary known result.

LEMMA 3.11 Given a function n € ® such that @ — 00 fort — oo, set n1(t) =
an(bt), for any a,b > 0. Then

W) = ().

PRrROOF From the definition of nn* we have
t

1
7y (t) = sup(ts —mi(s)) = 3 sup(tsb — abn(bs)) = an*(—).
s=0 ) ab
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PRroproOSITION 3.12 Let i be in ® such that @ — 00 fort — oo and n € Vpy
with p > 0. Then

(50) n* (2P 1) < 20Pn*(t),
for any t > 0 and for somel > 1.

PROOF Since 0(t) = 5-n(lt) is a function in ® we obtain, by Lemma 3.11

0% () = —p* (21 1¢).

T

Now, using Remark 3.10 we get

1 * — *
o 2T < (),

for t > 0, which concludes the proof. n

Similar arguments of Proposition 3.12 and the fact that n**(¢) = n(t), according to
Theorem 8.5, page 54 of [13], are used to prove the following.

REMARK 3.13 Given a convex function n € ® such that (50) holds for its conjugate
function n*, then n € V4.

Observe that the inequality n(2[P~1t) < 2IPn(t) appearing in Proposition 3.12 is
a sort of A,4q condition for the function n, which is exactly the Ay condition for
p = 1. For p > 1 the condition is stronger than the Ay condition while for 0 < p < 1
the condition holds for any function n € ®.
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