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Abstract. In this paper we study some questions concerning Lukasiewicz implication al-
gebras. In particular, we show that every subquasivariety of Lukasiewicz implication alge-
bras is, in fact, a variety. We also derive some characterizations of congruence permutable
algebras. The starting point for these results is a representation of finite Lukasiewicz
implication algebras as upwardly-closed subsets in direct products of MV-chains.
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In the first section we present the definition and some basic facts about
Lukasiewicz implication algebras which we use throughout the article. Sec-
tion 2 begins with a representation of finite Lukasiewicz implication algebras
as upwardly-closed subsets in direct products of finite MV-chains. In this
section we also develop some consequences of this representation; namely,
we characterize congruences and show that every homomorphic image is, in
fact, a retract.

In Section 3 we study quasivarieties. We deal first with the locally finite
case by means of critical algebras and then use a representation of free
Lukasiewicz implication algebras given in [6] to extend these results to the
general case.

In the last two sections we concentrate on giving characterizations for
congruence permutability. First we show that congruence permutability is
equivalent to the existence of meets for every pair of elements. In addition,
we prove a Nachbin-like theorem characterizing congruence permutable finite
algebras as those algebras which do not have certain algebras as quotients.

1. Preliminaries

Lukasiewicz implication algebras are the algebraic counterpart of the impli-
cational fragment of super-Lukasiewicz logic (see [13, 14]). In fact, they are
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the class of all {—, 1}-subreducts of Wajsberg algebras (Wajsberg algebras
are term-wise equivalent to Chang’s MV-algebras and bounded commuta-
tive BCK-algebras [5, 9, 15]). They are also called C-algebras in [13, 14] and
Lukasiewicz residuation algebras by J. Berman and W. J. Blok in [3].

A Lukasiewicz implication algebra is an algebra A = (A, —,1) of
type (2,0) that satisfies the equations:

(L1) 1 — 2 ~uw,
L2) (z—y) = ((y = 2) = (x — 2)) =1,
(L3) (z—y)—y~({y—r) >,

b4) (z—y) = (y—2)=y— 2

We denote by L the variety of all Lukasiewicz implication algebras. The
following properties are satisfied by any Lukasiewicz implication algebra:

(15)
(L6)
(L7) if z y~1and y — x ~ 1, then z = y,
(18) 2 — (y — z) = 1,

(

If A € L then the relation a < b if and only if a — b = 1 is a partial
order on A, called the natural order of A, with 1 as its greatest element.
The join operation z V y is given by the term (x — y) — y and if ¢ € A,
then the polynomial p(z,y,c¢) = ((x — ¢) V (y — ¢)) — ¢ is such that
p(a,b,¢) = a Ab = inf{a,b} for a,b > c. The lattice operations satisfy the
following properties:

(110) (z = y)V(y—a) =1,

k1) (zVvy) —z= (@ —2) A (y— 2),

(B12) z = (zVy) = (z = z) V(2 — 1),

and if for a,b € A the meet a A b exists, then for any ¢ € A,
(L13) (aAb) —c=(a— )V (b— c),

(E14) ¢ — (aAb) = (c — a) A (c — b).

Moreover, if A = (A,—,1) is a Lukasiewicz implication algebra and
c€ A, then A, = ([c) ={a € A:c<a},—¢, e ¢ 1) becomes a Wajsberg
algebra defining
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e . :=x —c,

o — Y I=T =Y.

Lukasiewicz implication algebras are congruence 1-regular. For each con-
gruence relation 6 on an algebra A € L, 1/60 is an implicative filter, i.e., it
contains 1 and if a,a — b € 1/6, then b € 1/6 (modus ponens); in particular,
1/6 is upwardly-closed with respect to the natural order. Conversely, for any
implicative filter F' of A the relation

0r = {(a,b) € A*:a — b,b—acF}

is a congruence on A such that F = 1/6p. In fact, the correspondence
0 — 1/0 gives an order isomorphism from the family of all congruence re-
lations on A onto the family of all implicative filters of A, ordered by in-
clusion. For this reason, we often write A/F instead of A/fr. We usually
write a =p b instead of (a,b) € Op.

It is easily shown that if a,b € F' and the meet of a and b exists, then it
must lie in F' as well. Note also that since any implicative filter F' contains
1 and is closed by —, it is the universe of a subalgebra F of A.

The following result about implicative filters is needed in Section 5. We
include it here for completeness.

ProrosITION 1.1. Let A be a Lukasiewicz implication algebra and F an
implicative filter of A. The following conditions are equivalent:

(i) A/F is a chain,
(i) for every xz,y € A, eitherx —y € F ory —xz € F,
(iii) for every x,y € A, ifxVy € F, thenx € F ory € F.

PROOF. The only nontrivial implication is (#i7) = (i). Assume (i7i) and
consider 7,y € A/F. By (L10), we have that (7 - 7))V (¥ — Z) = 1, so
(x - y)V(y — x) € F. Hence either z —y€ Fory -z € F,s0T <7 or

7<T. m

An implicative filter satisfying the conditions in the previous proposition is
called a prime filter.

PROPOSITION 1.2. Given a Lukasiewicz implication algebra A and two ele-
ments x1,x2 € A, Fg(z1) N Fg(x2) = Fg(z1 V x2), where Fg(x) stands for
the tmplicative filter generated by x.
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Every subdirectly irreducible algebra in IL is linearly ordered relative
to the natural order. Linearly ordered Lukasiewicz implication algebras
are called L-chains. Finite L-chains are the {—,1}-reducts of finite MV-
chains and we denote them by L,, n > 1. The universe of L, is the
set of rational numbers L,, = {0, %, %, e "T_l, 1}, and for each a,b € L,,
a — b=min(1l,1 —a+b). Another important L-chain is the {—, 1}-reduct
of Chang’s algebra (see [5, p. 474]):

Co, ={(0,9) : y e NfU{(L, —y) : y €N},
where N is the set of non-negative integers and

(170) if 2 >z,
(z,y) = (z,u) = { (1, min(0,u —y)) if z =z,

(1—x42z,u—y) otherwise.

The set L, = {(1,—y) : y € N} is the only maximal implicative filter of
C., and C, /L, = L;. Its associated subalgebra L, is not finitely generated,
and any infinite subalgebra of L, is isomorphic to a copy of it. Moreover,
every non-trivial finite subalgebra of L, is isomorphic to L,,, for some n > 1.
In addition, C,, and all L,,, n > 1, are two-generated and every non-trivial
finitely generated subalgebra of L, is isomorphic to L,,, for some n > 1. In
particular, L, is isomorphic to a subalgebra of L, if and only if n < m, and
every infinite L-chain contains a copy of L,, for all n > 1 (see [14]). Finally,
it is easy to see that any simple algebra in L is isomorphic to L, for some
a € wU{w} (again, see [14]).

The lattice of all subvarieties of I was described in [14], and it is an
(w 4+ 1)-chain:

TCVE)C...CV(En) C...C V(L) = V(C,) =L,

where V(A) denotes the variety generated by an algebra A and T stands
for the trivial variety. Observe that V(Lj) is the variety of all implication
algebras, also known as Tarski algebras (see [1, 2, 7]).

2. Finite Lukasiewicz Implication Algebras

We give here a representation for finite Lukasiewicz implication algebras that
is useful to get an insight of these algebras. In the following theorem and
in the sequel we refer to the set of complemented elements of a lattice B as
the Boolean skeleton of B.
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THEOREM 2.1. Given a finite Lukasiewicz implication algebra A, there exists
a finite MV-algebra B (which is a direct product of Ly ’s) such that A is an
upwardly-closed subset in B and such that every element in B is a meet of
elements in A. Moreover, A contains the coatoms of the Boolean skeleton
of B.

Proor. Let A be a subdirect product of Ly, ,..., Ly, . Since each Ly, is
simple, Ly, = A /M; for some maximal implicative filter M; in A. We must
also have that (), M; = {1}. In addition, we may assume that for each j,
N 2 Mi # {1}, for otherwise we could erase the j-th factor in the subdirect
product.

In what follows, we identify A with its image in the product []}; Ly,.
Looking at this product as an MV-algebra, we can define the set B consist-
ing of those elements in [[;"; Lk, which are meets of elements in A. Let
m + A — Ly, denote the projection of A onto Lj,. Since 7; is surjective,
there exists a; € A such that m;(a;) = 0. Hence A;a; = 0 and so 0 € B.
Moreover, if A\; a;, \; a’; € B,

/\ai — /\a;- :/\ <\/(ai —>a,;-)> € B.

J

7

This shows that B is closed under — and, consequently, also under
-z : =22 — 0and @y = -z — y. Hence B is an MV-subuniverse of
HLki'

We claim that B = [][ZLg,. Note first that B contains the elements
¢i=(1,...,1,0,1,...,1) with 0 in the i-th position and 1 everywhere else.
Indeed, for each i, (;; M; # {1}, so there is some d; € (\;,; M;, d; # 1.
But d; ¢ M;, thus d; = (1,...,1,z,1,...,1) where z # 1 occupies the i-th
entry. Recall that in L, we have 2% = 0 if 2 # 1. Hence, dfi = ¢;. This
shows that ¢; belongs to B, since d; does.

Consider now an arbitrary element b € [[ £y, b = (b1,...,by,). Since
i+ A — Ly, is surjective, there exists a; € A such that m;(a;) = b;. So
(1,...,1,b;,1,...,1) = a; V ¢; € B, where b; is in the i-th entry. Thus
b= A(ai V ¢;) € B. This shows that B = [] Lg,.

We prove now that A is upwardly-closed in B. Let a € A and b € B
with a < b. We have b = A a;, a; € A. Since a < a; for every i, the meet of
{a;} belongs to A.

We have already noted that there are a; € A such that m;(a;) = 0. Since
A is upwardly-closed and ¢; > a;, ¢; € A, where ¢; = (1,...,1,0,1,...,1),
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with 0 in the i-th position. Thus A contains the coatoms of the Boolean
skeleton of B. ]

REMARK 2.2. Observe that the MV-extension where A is embedded is
unique in the following sense: if B; and By are to such extensions, then
there exists an isomorphism ¢ : By — Bj such that ¢ is the identity map
on A. Indeed, since A is upwardly-closed and contains the coatoms of the
Boolean skeleton of B; and Bsg, the meet-irreducible elements of A, By and
B, coincide. Hence, the assertion follows immediately.

We continue to use the notation of the last theorem throughout the
remainder of this section, that is, A denotes a finite Lukasiewicz implication
algebra embedded as an upwardly-closed subset in an MV-algebra, which is
a finite product of Lj’s. Moreover, A contains C' = {cy,...,c,}, the set of
coatoms of the Boolean skeleton of the MV-algebra.

We now characterize congruences on A by means of subsets of C'. Note
first the following property of congruences.

PROPOSITION 2.3. Let F' be an implicative filter in a Lukasiewicz implication
algebra A. If a =p b, c=p d and a N c, bAd both exist, then aNc=p bAd.

PRrooOF. Note that

(anc)— (bAd) = ((anc)—=b)A((aNhc)—d)
= (a=B)V(e—=B)A(a—d)V(c— ).

Since a — b,c — d € F and F is upwardly-closed and closed under A (where
A is defined), we get that (aAc) — (bAd) € F. Analogously, (bAd) — (aAc)
also lies in F' ]

PROPOSITION 2.4. The mapping F' — C N F gives a lattice isomorphism
between the lattice of implicative filters of A and the power set of C. The
corresponding inverse map is given by U — AN [\U), for U C C, where
) ={a€A:a>uzx}.

PROOF. Let h be the mapping given by h(F) = C' N F for any implicative
filter F. We claim that F' = AN [A h(F)).

Indeed, let f € F. If f = 1 there is nothing to prove. Suppose that
[ #1. Then f = A,c; fi with f; # L and f; = (1,...,1,2:,1,...,1) > ¢.
Here x; is of the form ¢ with 0 < r < k. If r =0, fi = ¢; € F. If
1<r<k weget f; — (1,...,1,4,1,...,)=(1,....,,LEL 1 .. 1) e F
so (1,...,1, r;kl, 1,...,1) € F. Applying this procedure as many times as
necessary we get that ¢; € F.
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Finally, AhR(F) < Nierci < Nierfi = f. This shows that
f € AN [AR(F)).

Conversely, let a € AN[A\h(F)). We have that a > A conpc. We also
know that a = A\;.; a; where each a; is greater than or equal to some c € C.

If ¢ < a; for some c € C N F, then a; € F. Now suppose ¢ £ a; for all
¢ € CNF. Then there is some ¢y € C'\ F with ¢y < a;. Since ¢g € C'\ F,
—cg < ¢ for every ¢ € C'N F. Hence

—icg < /\ c < a;.
ceCNF
Since ¢y < a; and ¢y < a;, it follows that a; =1 € F.
This shows that a; € F for every i € I. Since a € A and F' is A-closed
(where A is defined), a € F.

We now show that given U C C, we have C N AN[AU) = U. Since
C C A, we must show that CN[AU) =U.

Let cc CN[AU). Thenc> A\, cpu. If c €U, ~u < ¢ for every u € U.
Hence

Therefore
c> - /\ uV /\ u=1,
uelU uelU
a contradiction. So ¢ € U. The converse is immediate.

This proves that h is a bijection. We show now that h preserves the
partial ordering.

If Fy C Fy, it is clear that h(F}) C h(F3). Conversely, if Uy C Us, U; C C,
then /\U2 < /\Ul. So [/\ Ul) C [/\ UQ) and AN [/\ Ul) C AN [/\ UQ). [ |

Let D denote the set of meet-irreducible elements of A, that is,
D =[C)\{1} C A. Fora € A, let D, ={z € D : 2z > a}. Given an
implicative filter F', let Dp = DN F.

Observe that, as a partially ordered subset, D consists of mutually in-
comparable chains. The minimal elements in D are the coatoms of the
Boolean skeleton of A, that is, C. Moreover, given an implicative filter F' on
A, FFN D consists of some of those chains of meet-irreducibles. In particular
F'N D contains precisely those chains whose minimal elements are in F'NC.
Note that FN D = FNC = if and only if F = {1}.

The following proposition gives a characterization of the congruence
relation associated with an implicative filter in terms of meet-irreducible
elements.
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PROPOSITION 2.5. Let F be an implicative filter in A and a,b € A. Then
a=p b if and only if D, \ D = Dy \ Dp.

PROOF. First suppose a =p b, so a — bb — a € F. Let z € D, \ Dp.
We have a < z,s0b — a < b — x and then b — =z € F. Since z es
meet-irreducible, b — x is either meet-irreducible or 1.

Assume b — x is meet-irreducible. As b — x € F, we get € F (since z
lies in the same chain of meet-irreducibles as b — x), a contradiction. Hence
b—xz=1and b<uz, ie,x € Dy\ Dp.

This shows that D, \ Dp C Dy \ Dr. The reverse inclusion follows
analogously.

Now assume D, \ Dp = Dy \ Dp holds. Write a = A\ Dy, b = A Dy.
Deleting those meet-irreducibles which are in F', we get a =p A D, \ Dr
and b =p A\ Dy \ Dp. It follows immediately that a = b. [

As a result of Proposition 2.4, we get a useful fact about finite
Lukasiewicz implication algebras. This allows us to determine the critical
algebras in the next section.

PROPOSITION 2.6. Every homomorphic image of A is isomorphic to a sub-
algebra of A. In symbols, H(A) C IS(A). Moreover, every homomorphic
image of A is a retract of A.

PrOOF. Let F' be a filter in A and let U be the subset of C which de-
termines F', that is, U = F'N C. Without loss of generality we may as-
sume that U = {ci1,...,¢} with ¢t < n. Consider the subuniverse of A
given by S = {x € A : m(z) = 1,1 < i <t} and define h : A — S by
h(ai,...,an) = (1,...,1,a¢41,...,a,) where there is a 1 in each of the first
t entries. Recalling that ' = AN [AU), it is easily seen that A/F = S.
Moreover, since h(x) = x for any = € S, h is a retraction. [ ]

3. Quasivarieties

In this section we study quasivarieties in L. In fact, we show that every
quasivariety of Lukasiewicz implication algebras is a variety. We show this
first in the locally finite case, that is, within the varieties V(L,). Then we
extend the result to the whole variety.

A finite algebra A is called critical if it does not belong to the quasiva-
riety generated by its proper subalgebras. The importance of these algebras
is exemplified in the next theorem. We reproduce a proof of this fact given
by J. Gispert and A. Torrens in [11].
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THEOREM 3.1. FEwvery locally finite quasivariety is generated by its critical
algebras.

PrRoOOF. Let K be a locally finite quasivariety and let A € K. Consider
the family F of finitely generated subalgebras of A. It is known that A
can be embedded in an ultraproduct of members of F' (see [4, Chapter V,
Theorem 2.14]). Therefore A € ISPy (F). Since K is locally finite we have
that A € ISPy({B < A : B is finite}) C Q(Kysn), where Ky;, denotes the
family of finite algebras in K. This shows that K = Q(K i,).

Let A € Ky, We claim that Q(A) = Q({B < A : B is critical}).
We proceed by induction on the cardinal of A. If |A| = 1, then A is
critical and the statement becomes obvious. Now assume that |A| = n.
If A is critical, the statement again follows immediately. On the other
hand, if A is not critical, then Q(A) = Q({B < A : B # A}). For any
B < A, B # A, we have that |B| < n and, by inductive hypothesis,
Q(B) = Q({C < B : C is critical}). Putting everything together we get
that Q(A) = Q({C < A : C is critical}), as was to be shown.

We finally get

K =Q(Kyfin) = Q({B : B is critical, B < A A € Ky }) = Q(Kerit) C K,
where K..;; is the family of critical algebras in K. [ |

We now determine all critical Lukasiewicz implication algebras.

THEOREM 3.2. Let A be a Lukasiewicz implication algebra. A is critical if
and only if A = £y for some k € N.

PROOF. Let A be a finite Lukasiewicz implication algebra. Since A is finite,
A € ISP(L;,,...,L;,) for some iy,...,i, € N, where each L;; is a homo-
morphic image of A and, by Corollary 2.6, isomorphic to a subalgebra of
A.

If A is not isomorphic to any Lg, k € N, then A belongs to the quasiva-
riety generated by its proper subalgebras, that is, A is not critical.

Conversely, if A & Ly, its proper subalgebras are £;, 1 < i < k — 1.
Since A ¢ V(Lj—1), it follows that A is critical. |

COROLLARY 3.3. V(£i) = Q(Ly) for every k € N.

PROOF. By Theorem 3.1, V(L) is generated as quasivariety by its critical
algebras. But the only critical algebras in V(Ly) are Ly,...,L; and they
are all subalgebras of L. Therefore V(Ly) = Q(Lg). |
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COROLLARY 3.4. Every subquasivariety of V (L), k € N, is a variety.

PROOF. Let @ be a subquasivariety of V(Ly). By Theorem 3.1, @ is gen-
erated as quasivariety by its critical members which are L, Lo, ..., L, for
some r < k. Therefore Q = Q(L,) = V(L,), which is a variety. |

We would like to extend Corollary 3.4 to the variety L of Lukasiewicz
implication algebras. In [10] it is shown that the variety of MV-algebras
has the Finite Embeddability Property (FEP, for short). Since Lukasiewicz
implication algebras are the subreducts of MV-algebras, the following also
holds.

THEOREM 3.5. The variety I has the FEP.
COROLLARY 3.6. L is generated as quasivariety by its finite members.
COROLLARY 3.7. L = Q({£ : k € N}).

In [6], free Lukasiewicz implication algebras are characterized. In par-
ticular, the free Lukasiewicz implication algebra over two generators is com-
puted. We reproduce the construction here.

Let Freeyy(1) be the free MV-algebra over one generator, that is, the
MV-algebra of McNaughton functions over the real interval [0, 1]. Let

M2 = FreeMV(l) X FreeMV(l).

We say that (f1, f2) € My is compatible if f1(0) = f2(0). Let M§ be the
MV-subalgebra of compatible pairs. Let 1 = (z,0) and z2 = (0, ), where
x is the free generator of Freeyy(1). For i = 1,2, we consider the upwardly-
closed sets [z;) = {(f1, f2) € M§ : x; < (f1, f2)}. Then

Freer,(2) = [z1) U [x2).

PROPOSITION 3.8. Freer (2) has a subalgebra isomorphic to Ly for every
ke N.

PRrROOF. L is a subalgebra of any non-trivial Lukasiewicz implication alge-
bra. For each k > 2 we consider the following McNaughton function

11—z forOﬁxﬁ%,
fk‘(x): (k’—l)(]} fOI‘%SxS kll’
1 forﬁﬁxﬁl.
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1
k—1 1

Figure 1. McNaughton functions fx

It is easily seen that

1—rx for()gxg%,
fi(x)y=X rk—1)z—r+1 for%ﬁxg kil,
1 forﬁgxgl,

for 1 <r < k. See Figure 1.
We claim that {1, fy, f2,..., fF} is an implicative subalgebra of
Freeyy (1) isomorphic to L. Indeed, from Figure 1 it is clear that

1 ifr>s
‘s S ___ 9
fkﬁfk_{ T ifr<s.

We can also represent fj by means of an MV-term. Indeed, from Figure
1, it is clear that this term is t, = -z V (k — 1)z.

Now consider the following elements in Freer (2): (1,1), (1, fx), (1, f2),
. (1, fF). Tt is immediate that they all belong to Freey (2) since they are
compatible pairs and they are all greater than or equal to (z,0). Hence
Freep (2) has a subalgebra isomorphic to L. |

THEOREM 3.9. Fvery subquasivariety of IL is a variety.

PROOF. Let @ be a subquasivariety of L and consider V = V(Q). V is a
subvariety of L, so either V' = V' (Lj) for some k € Nor V = L.
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In the first case, Q@ C V(Ly), so Corollary 3.4 implies that @) is a variety.
In the second case, we have that L. = V(Q). Then Freer,(2) = Freeg(2) so
Freer (2) € Q. By the last proposition, we conclude that Ly € @ for every
k € N. Finally, Corollary 3.7 implies that @) = L. |

REMARK 3.10. Lukasiewicz implication algebras are the {—,1}-subreducts
of Wajsberg hoops. So it is natural to try to face the problem of finding
the subquasivarieties of the variety WH of Wajsberg hoops. It turns out
that WH contains subquasivarieties which are not varieties, as is shown in
[8]. For example, if L, denotes the {-, —, 1}-reduct of the (n + 1)-element
MV-chain, it is shown that the class

WH: L~ = {A € WH: L~ ¢ IS(A)}

is a proper quasivariety for n > 2 (see Lemma 2.19 and Example 2.20 in [8]).
This shows the great difference between these two subreducts of Wajsberg
algebras as well as the poor expression power of — in the context of Wajsberg
algebras when considered alone.

4. Congruence permutable Lukasiewicz implication algebras

In this section we show that congruence permutable Lukasiewicz implication
algebras are precisely those Lukasiewicz implication algebras that have an
underlying lattice structure, that is, the meet of every pair of elements exists.

We shall need the universal result stated below, which gives a repre-
sentation of arithmetical algebras as global subdirect products of finitely
subdirectly irreducible algebras. The reader can find more information on
global subdirect representations in [17], [16] and [12].

THEOREM 4.1. Let A be an arithmetical algebra and suppose that the class
V(A)psr U {trivial algebras}, which consists of the finitely subdirectly irre-
ducible algebras in the variety generated by A and the trivial algebras, is a
universal class. Then the embedding

A— H{A/G : 0 is meet irreducible or § = A x A}

is a global subdirect product under the equalizer topology.

PRrROOF. This follows from the fact that every congruence system is solvable
in an arithmetical algebra (also known as the Chinese remainder theorem
condition) and Theorem 2.1 of [12]. |
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In our present case, given a congruence permutable Lukasiewicz impli-
cation algebra A, the class V(A)psr U {trivial algebras} is definable by the
universal sentence

(Vz)(Vy)(rVy=1— (z=1ory=1)).

Moreover this class of algebras contains only chains. Therefore, the last the-
orem guarantees that every congruence permutable Lukasiewicz implication
algebra is a global subdirect product of chains. We are now in a position to
prove the characterization of congruence permutability.

THEOREM 4.2. Let A be a Lukasiewicz implication algebra. Then A is
congruence permutable if and only if for every x,y € A, the meet x Ny
exists.

Proor. Consider the following sentence
o=Vr,y)A)(z—rx=1&z—-y=1&(x—2)V(y—2) =1).

It is easy to see that ¢ is valid in a Lukasiewicz implication algebra A if and
only if the meet x A y exists for every z,y € A. This condition is valid in
any chain, hence it is also valid in any congruence permutable Lukasiewicz
implication algebra, since validity of this type of sentences is preserved by
global subdirect products (see [17]).

Now assume that A is a Lukasiewicz implication algebra such that every
pair of its elements has a meet. Let f: A3 — A be given by

f(@,y,2) = ((x = y) = 2) A ((z = y) — ).

Although f is not a term-function in the language of Lukasiewicz implication
algebras, by Proposition 2.3, we have that if x; = y;, 1 < i < 3, then
f(x1,22,23) =F f(y1, 2, ¥3)-

Observe that the function f acts like a Mal’cev term. Indeed, it is imme-
diately verified that f(x,z,2) =z and f(x,z,2) = 2. Now if v =p, 2 =p, v,
we have that

T = f(a:,z,z) =R f(:c,y,z) =R f(y,y,Z) = z.

This proves that A is congruence permutable. [

The global representability of congruence permutable Lukasiewicz impli-
cation algebras by means of chains may be derived in a slightly different way
using Theorem 3.4 in [16]. To accomplish that, we also need a kind of prime
filter theorem for Lukasiewicz implication algebras. We state and prove this
theorem because it may be of independent interest.
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THEOREM 4.3. Let A be a Lukasiewicz implication algebra. Let F be an
implicative filter and M a subset of A closed under \/ such that M NF = ().
Then there exists a prime filter P such that F C P and PN M = ().

Proor. Let F be the family consisting of the filters G of A such that
F CGand GN M = (. Clearly F is nonempty since F' € F. By a routine
application of Zorn’s Lemma, there exists a filter P maximal in F. We claim
that P is a prime filter.

Indeed, assume x1 V 29 € P, x1,20 ¢ P for some x1,z9 € A. Since P
is maximal in F, there exists m; € M, i = 1,2, such that m; € Fg(P, z;).
Since M is closed under joins, we may assume that m; = ms = m. Thus
m € Fg(P,z1) N Fg(P,x2).

Observe now that

Fg(P,x1) NFg(P,x2) = (PVFg(x1))N(PV Fg(x2))
= PV (Fg(z1) N Fg(x2))
= PV Fg(x1Vx2)
= P

Hence m € P, a contradiction. [

The following straightforward lemma gives a partial affirmative answer to
the existence of meets in a congruence permutable Lukasiewicz implication
algebra.

LEMMA 4.4. Let A be a congruence permutable Lukasiewicz implication al-
gebra. For every x,y € A such that xV y =1, the meet x Ay exists.

PROOF. Let F} = Fg(z) and Fy, = Fg(y) and let 01, 02 be the corresponding
congruences. Clearly (x,1) € 6 and (1,y) € 02, that is, (z,y) € 01060s. Since
1 and 0y permute, there exists z € A such that (z,z) € 63 and (z,y) € 6;.
Thus z — x € Fy and 2z — y € F. Moreover, we get 2 — x,z — y € F1NFs.
Now observe that F1 N Fy = Fg(z Vy) = {1}. Hence, z < z and z < y, so
T Ay exists. [ |

We are now in a position to show the global representation of congru-
ence permutable Lukasiewicz implication algebras by means of chains. In
fact, by Theorem 3.4 in [16], we only need to show that the set MI(A) of
meet irreducible congruences on A is compact in the following sense: given
S C A x A such that for every § € MI(A), there exists (a,b) € S such that
(a,b) € 0, then there exists some finite subset Sy C S such that for every
0 € MI(A), there is (a,b) € Sy with (a,b) € 6.
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Recall that for any a,b € A we have that (¢ — b))V (b — a) =1
and since A is congruence permutable, Lemma 4.4 implies that the meet
(@ = b) A (b— a) exists. Let X = {\/;_,(a; — b;) A (b; — a;) : (a;,b;) € S}
and assume 1 ¢ X. By Theorem 4.3 there exists a prime filter P in A such
that PN X = (. On the other hand, since P is a prime filter, A/P is a
chain, so §p € MI(A). Hence, there exists (a,b) € S such that (a,b) € 0p.
It follows that (a — b) A (b — a) € PN X, a contradiction.

This shows that 1 € X. Hence, 1 = /[ (a; — b;) A (b — a;) for
some (a;,b;) € S. Now, given any § € MI(A), the associated filter Py
is a prime filter, and since 1 € P, there exists j € {1,...,n} such that
(a; — bj) A (bj — aj) € Py, or equivalently, (aj;,b;) € 6. This concludes the
proof that MI(A) is compact.

5. Another characterization of permutability

We say that an algebra A is minimally non-permutable if it is not con-
gruence permutable, yet each one of its non trivial quotients is congruence
permutable. The following result is immediate.

LEMMA 5.1. Given a finite algebra A, A is not congruence permutable if
and only if one of its quotients is minimally non-permutable.

We now give a simple characterization of minimally non-permutable
Lukasiewicz implication algebras.

LEMMA 5.2. A finite Lukasiewicz implication algebra is minimally non-
permutable if and only if it is isomorphic to an upwardly-closed proper im-
plicative subalgebra of a product of finite chains, B, which contains the atoms
of the Boolean skeleton of B.

PRrROOF. Let A be a minimally non-permutable finite Lukasiewicz implica-
tion algebra. We may consider A as an upwardly-closed implicative subal-
gebra of a product of finite chains B such that A contains the coatoms of
the Boolean skeleton of B (see Theorem 2.1). Since A is not congruence-
permutable, A is a proper implicative subalgebra of B.

We may write B = [[;"; B;, where each B; is a finite MV-chain. For each
jed{l,....n}, let Fj ={x € A:xz(i) =1fori# j}. Itis clear that F} is
a non-trivial implicative filter of A. Thus A/Fj is congruence permutable,
and by Theorem 4.2, every pair of elements in A/F; has a meet. Since
A/F; = {x € A x(j) = 1}, it follows that (0,...,0,1,0,...,0) € A, where 1
occupies the j-th position.
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This shows that A contains all the atoms of the Boolean skeleton of B.

Conversely, assume A contains all the atoms of the Boolean skeleton. It
is clear then that every non-trivial quotient has a least element and hence
is congruence permutable. [

COROLLARY 5.3. A finite Luksaiewicz implication algebra is congruence per-
mutable if and only if none of its quotients is isomorphic to a proper im-
plicative subalgebra of a product of finite chains containing the atoms of the
Boolean skeleton.
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