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Foreword

DOI: 10.1134/51560354711030014

It is a remarkable fact that for most classical integrable systems, the solution with generic
initial values admits an analytic continuation which is a meromorphic function, in particular it is
single-valued.

In the case of the Euler top (a rigid body which rotates around a fixed point which is its center of
gravity), the analytic continuation of the generic solution is expressible in terms of elliptic functions.
Thus, after complexification, the circles (ovals) which fill up the phase space and on which occurs
the periodic motion of the top, become elliptic curves, likewise called elliptic Riemann surfaces.

At first, the above phenomenon seemed to be a very particular and exceptional one, being
restricted to integrable systems in one degree of freedom, or more generally to integrable systems
whose solutions are periodic functions of time, as a few other examples of this type were discoverd.
However, when Kowalevski integrated the top which bears her name in terms of genus two, rather
than elliptic (genus one) theta functions, it became clear that the concepts and tools developed by
Jacobi, and further generalized by Riemann, were going to play a decisive role in the study of the
integrable problems of classical mechanics: theta functions, Riemann surfaces, Jacobi varieties and
Abelian integrals were the new tools, enabling the explicit integration of the integrable problems of
mechanics. Nevertheless, when Poincaré showed that the three body problem is not integrable, the
further development of the theory of integrable systems slowed down, in particular the remarkable
connection with the emerging theory of Riemann surfaces and Abelian varieties was put to rest.

In the 1960’s, half a century later, a series of important discoveries were made on the (by now
famous) Korteweg—de Vries equation (KdV equation), which describes long waves in a shallow one-
dimensional channel. The magical interaction between the solitary waves which appear as solutions,
the so-called solitons, led to the discovery that the KdV equation can be viewed as an infinite-
dimensional integrable Hamiltonian system. The KdV equation is nowadays still considered as the
prototype of an integrable PDE: Lax equations, multi-Hamiltonian structures, Virasoro symmetries,
matrix integral solutions, Backlund transformations, and so on, have not only be constructed for
this equation, the KdV equation is in fact the first equation for which each item of this list has
been constructed.

The same holds true for what brings us back to Riemann surfaces and Abelian varieties: Its-
Matveev show in 1975 that every hyperelliptic theta function, with properly scaled space and time
coordinates as arguments, is a solution to the Korteweg-de Vries equation (the time and space
coordinates being thought of as complex). This observation and its generalization to arbitrary
theta functions in connection with the Kadomtsev-Petviashvili equation (KP equation) led to very
striking new results. The classical Schottky problem, for example, which asks for a characterization
of Jacobi varieties among all so-called principally polarized Abelian varieties gets a very definite
answer in terms of the KP equation: the theta function of a polarized Abelian variety comes from
a Jacobian if and only if it is a solution of the KP equation (the Novikov conjecture, proven by
Shiota in 1986)! These results and several others generated a breakthrough which brought algebraic
geometry back in the realm of integrable systems and the classical results on (finite-dimensional)
integrable systems were revisited from a new angle, leading often to a better understanding of what
was known, and of course to many new results and techniques, both in the finite-dimensional and
infinite-dimensional integrable world.

A particular instance of this is the notion of “algebraic integrability”, which is the topic of the
present special volume. When Adler and van Moerbeke revisited the original works of Kowalevski,
they not only adopted the method by which Kowalevski found her top in order to find new cases
of integrable systems, they moreover transformed her tool into an efficient instrument which allows
one to unveil the beautiful (complex!) geometry that underlies integrable systems, such as the
Euler, Lagrange and Kowalevski tops, and basically all classically known integrable systems. While
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Kowalevski does an explicit integration of the equations of motion, by a real tour de force, leading
to explicit formulas for the motion of the top in terms of genus two theta functions, Adler and van
Moerbeke take a much more geometric point of view, considering the complex invariant manifolds,
which are the affine algebraic varieties on which the flow takes place and they show that these are
Abelian surfaces (compact complex tori of dimension two), minus a pair of genus three curves on
which the flow (with complex time) blows up. Thus, the notion of an algebraic completely integrable
system (a.c.i. system) is born: it is a complex integrable system for which the invariant manifolds
are affine parts of Abelian varieties (commutative algebraic groups, in general) and such that the
flow of the integrable vector fields are linear on these tori.

Thirty years have passed by and a lot of progress on algebraic integrability has been made. Not
all complex integrable systems are a.c.i., but a vast number of examples is known; they include
several types of Toda lattices and similar lattices, potentials such as the Garnier potential, certain
geodesic flows, integrable systems on moduli spaces of connections, reductions of equations such as
the KdV and KP equation, and many systems which appear naturally in algebraic geometry. Often
these systems have deep connections with Lie theory, which is apparent from their Hamiltonian
structure or from the definition of their phase space, which account for the integrability, but
the direct connection between Lie theory and algebraic integrability remains poorly understood.
Similarly, starting from a Lax operator with spectral parameter in some Lie algebra, we have a
fair understanding of the connection between the isospectral deformations describing the flow of
the corresponding integrable system as a linear flow on the Jacobi variety of the spectral curve;
but given an integrable Hamiltonian coming from classical mechanics, with no extra information
such as Lax equations, underlying Lie algebras or spectral curves, we have at present only a partial
understanding of how the apparently intertwined Lie algebraic and algebraic-geometric properties
are encoded (hidden!), in the sparse information which is contained in the Hamiltonian and its
constants of motion.

The purpose of the current volume on algebraic integrability is to give an overview of the actual
state of the theory, a few of the papers being review papers the other ones being research papers
which contain new results. In either case, they are written by researchers which are currently active
in the field of algebraic integrability. We hope that these papers will be a significant contribution
to the area and will give the reader a overview of the subject as well as of the main problems which
remain unsolved.

Pantelis Damianou (University of Cyprus) and Pol Vanhaecke (University of Poitiers)
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Abstract—In this paper, I present an overview of the active area of algebraic completely
integrable systems in the sense of Adler and van Moerbeke. These are integrable systems whose
trajectories are straight line motions on abelian varieties (complex algebraic tori). We make,
via the Kowalewski—Painlevé analysis, a study of the level manifolds of the systems. These
manifolds are described explicitly as being affine part of abelian varieties and the flow can
be solved by quadrature, that is to say their solutions can be expressed in terms of abelian
integrals. The Adler—Van Moerbeke method’s which will be used is devoted to illustrate how
to decide about the algebraic completely integrable Hamiltonian systems and it is primarily
analytical but heavily inspired by algebraic geometrical methods. I will discuss some interesting
and well known examples of algebraic completely integrable systems: a five-dimensional system,
the Hénon—Heiles system, the Kowalewski rigid body motion and the geodesic flow on the group
SO(n) for a left invariant metric.
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The problem of finding and integrating Hamiltonian systems, has attracted a considerable
amount of attention in recent years. Beside the fact that many integrable Hamiltonian systems
have been on the subject of powerful and beautiful theories of mathematics, another motivation
for its study is: the concepts of integrability have been applied to an increasing number of physical
systems, biological phenomena, population dynamics, chemical rate equations, to mention only
a few. However, it seems still hopeless to describe or even to recognize with any facility, those
Hamiltonian systems which are integrable, though they are exceptional. The resolution of the
well known Korteweg—de Vries equation has generated an enormous number of new ideas in the
area of Hamiltonian completely integrable systems. It has led to unexpected connections between
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mechanics, spectral theory, Lie algebra theory, algebraic geometry and even differential geometry.
All these connections have generated renewed interest in the questions around complete integrability
of finite and infinite dimensional systems, ordinary and partial differential equations. However given
a Hamiltonian system, it remains often hard to fit it into any of those general frameworks. But
luckily, most of the problems possess the much richer structure of the so called algebraic complete
integrability (concept introduced and systematized by Adler and van Moerbeke). A dynamical
system is algebraic completely integrable in the sense of Adler—Van Moerbeke [1, 2] if it can be
linearized on a complex algebraic torus C"/Lattice (=abelian variety). The invariants (often called
first integrals or constants) of the motion are polynomials and the phase space coordinates (or
some algebraic functions of these) restricted to a complex invariant variety defined by putting these
invariants equal to generic constants, are meromorphic functions on an abelian variety. Moreover, in
the coordinates of this abelian variety, the flows (run with complex time) generated by the constants
of the motion are straight lines. However, besides the fact that many Hamiltonian completely
integrable systems possess this structure, another motivation for its study is: algebraic completely
integrable systems come up systematically whenever you study the isospectral deformation of some
linear operator containing a rational indeterminate. Indeed a theorem by Adler—Kostant—Symes [3]
applied to Kac—-Moody algebras provides such systems which, by a theorem of van Moerbeke—
Mumford [4], are algebraic completely integrable. Also some interesting integrable systems appear
as coverings of algebraic completely integrable systems [5, 6]. The invariant varieties are coverings
of abelian varieties and these systems are called algebraic completely integrable in the generalized
sense. The concept of algebraic complete integrability is quite effective in small dimensions and has
the advantage to lead to global results, unlike the existing criteria for real analytic integrability,
which, at this stage are perturbation results. The methods used are primarily analytical but heavily
inspired by algebraic geometrical methods. Abelian varieties and cyclic coverings of abelian varieties,
very heavily studied by algebraic geometers, enjoy certain algebraic properties which can then be
translated into differential equations and their Laurent solutions.

In this paper, I present an overview of the concept of algebraic completely integrable systems in
the sense of Adler—Van Moerbeke. I will discuss some examples of algebraic completely integrable
systems: a five-dimensional system, the Hénon—Heiles system, the Kowalewski rigid body motion
and the geodesic flow on the group SO(n) for a left invariant metric. For details the reader is
referred to Adler—Van Moerbeke—Vanhaecke excellent books [3, 6], where other interesting problems
are being discussed in detail such that the Toda lattice, the odd and the even Mumford systems,
the Garnier potential, the Goryachev—Chaplygin top, etc.

1. ALGEBRAIC COMPLETE INTEGRABILITY

We give some results about abelian surfaces which will be used, as well as the basic techniques to
study two-dimensional algebraic completely integrable systems (details can be found in [3, 6-8]). Let
M = C/A be a n—dimensional abelian variety where A is the lattice generated by the 2n columns
A, ..., A2n of the n x 2n period matrix and let D = )" k;D;, k; € Z, be a divisor on M. Define
L(D) = {f meromorphic on M : (f) > —D}, i.e., a function f € £(D) has at worst a k;—fold pole
along D;. The divisor D is called ample when a basis (fo, ..., fx) of L(kD) embeds M smoothly

into PV (C) for some k, via the map

M —PN(C), p—[1: fi(p) : ... : fn(p)],

then kD is called very ample. It is known that every positive divisor D on an irreducible abelian
variety is ample and thus some multiple of D embeds M into PV (C). By a theorem of Lefschetz,
any k > 3 will work. Moreover, there exists a complex basis of C™ such that the lattice expressed
in that basis is generated by the columns of the n x 2n period matrix diag(di,...,d0,|Z), with
Z' =Z,ImZ >0, d; € N* and 6;]0;41. The integers §; which provide the so-called polarization of
the abelian variety M are then related to the divisor as follows:

dim £(D) = 8y . .. 6. (1.1)

In the case of a 2—dimensional abelian varieties (surfaces), even more can be stated: the geometric
genus ¢ of a positive divisor D (containing possibly one or several curves) on a surface M is given
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by the adjunction formula

Ky D+D.D
g(p) = =T,

where K is the canonical divisor on M, i.e., the zero-locus of a holomorphic 2—form, D.D denotes
the number of intersection points of D with a + D (where a + D is a small translation by a of D
on M), where as the Riemann-Roch theorem for line bundles on a surface tells you that

(1.2)

(D) = pa(M) +1 + %(D.D _DEw), (1.3)

where p, (M) is the arithmetic genus of M and x(D) the Euler characteristic of D. To study abelian
surfaces using Riemann surfaces on these surfaces, we recall that
X(D) = dim H*(M, Op (D)) — dim H' (M, Op (D)),
= dim £(D) — dim H (M, Q*(D ® K};)), (Kodaira-Serre duality),
= dim £(D), (Kodaira vanishing theorem), (1.4)

whenever D ® K7}, defines a positive line bundle. However for abelian surfaces, Kj; is trivial and
pa(M) = —1; therefore combining relations (1.1), (1.2), (1.3) and (1.4),

X (D) =dim L(D) = ? =g(D) —1=0102.

A divisor D is called projectively normal, when the natural map
L(D)** — L(kD),

is surjective, i.e., every function of L(kD) can be written as a linear combination of k-fold products
of functions of £(D). Not every very ample divisor D is projectively normal but if D is linearly
equivalent to KDy for k > 3 for some divisor Dy, then D is projectively normal.

Now consider the exact sheaf sequence

0— O¢ 5 0 — X — 0,

where C' is a singular connected Riemann surface, C= > Cj the corresponding set of smooth
Riemann surfaces after desingularization and 7 : C — C' the projection. The exactness of the sheaf
sequence shows that the Euler characteristic

X(0) = dim H°(0) — dim H*(0),
satisfies

X(0c) — X(Og) + X(X) =0, (1.5)

where X(X) only accounts for the singular points p of C; X(X,) is the dimension of the set of
holomorphic functions on the different branches around p taken separately, modulo the holomorphic
functions on the Riemann surface C' near that singular point. Consider the case of a planar
singularity (example a tacnode for which X' (X) = 2, as well), i.e., the tangents to the branches lie

in a plane. If f;(z,y) = 0 denotes the 4t branch of C' running through p with local parameter 55,
then

Clle.yl]
So using (1.4) and Serre duality, we obtain X(O¢) =1 — g(C) and

X (Xp) = dim TL;C{[s;]]/

n

X(0g) =n—7_ g(C}).

j=1

REGULAR AND CHAOTIC DYNAMICS Vol. 16 Nos. 3-4 2011



190 LESFARI

Also, replacing in the formula (1.5), gives
9(C) =Y g(Cj) + X(X) +1—n.
j=1

Finally, recall that a Kahler variety is a variety with a Ké&hler metric, i.e., a hermitian metric
whose associated differential 2-form of type (1,1) is closed. The complex torus C?/lattice with the
euclidean metric > dz; ® dz; is a Kéhler variety and any compact complex variety that can be
embedded in projective space is also a Kahler variety. A compact complex Kéhler variety having
as many independent meromorphic functions as its dimension is a projective variety.

Consider now Hamiltonian problems of the form

XH:j::J% = f(z), x € R™, (1.6)

where H is the Hamiltonian and J = J(x) is a skew-symmetric matrix with polynomial entries in z,

for which the corresponding Poisson bracket {H;, H;} = <8£" ,J %), satisfies the Jacobi identities.

The system (1.6) with polynomial right hand side will be called algebraic complete integrable (a.c.i.)
in the sense of Adler—Van Moerbeke [1, 2] when:

i) The system possesses n + k independent polynomial invariants Hi,...,H, ; of which

k lead to zero vector fields J % () =0, 1 <i<k, the n remaining ones are in involu-

tion (i.e., {H;,H;} =0) and m =2n+ k. For most values of ¢; € R, the invariant varieties
n+k

N {xr € R™: H; = ¢;} are assumed compact and connected. Then, according to the Arnold—
i=1

Liouville theorem [9], there exists a diffecomorphism

n+k
ﬂ {r € R" : H; = ¢;} — R"/Lattice,
i=1
and the solutions of the system (1.6) are straight lines motions on these tori.
i1) The invariant varieties, thought of as affine varieties in C™ can be completed into complex
algebraic tori, i.e.,
n+k
ﬂ {r € C™: H; = ¢;} UD = C"/Lattice,
i=1
where C"/Lattice is a complex algebraic torus (i.e., abelian variety) and D a divisor. Algebraic
l
means that the torus can be defined as an intersection ﬂ{PZ-(XO, ..., Xn) = 0} involving a large

i=1
number of homogeneous polynomials P;. In the natural coordinates (t1,...,t,) of C"/Lattice
coming from C”, the functions z; = z;(t1,...,t,) are meromorphic and (1.6) defines straight line

motion on C"/Lattice.
Condition 7) means, in particular, there is an algebraic map

($1(t)7 R xm(t)) — (Ml(t)v s 7“”@))?
making the following sums linear in ¢ :
n wi(t)
/ wj:djt,lgjgn,deC,
i (0)
where w1, ...,w, denote holomorphic differentials on some algebraic curves.
Adler and van Moerbeke [2] have shown that the existence of a coherent set of Laurent solutions:

=1

T ngj)tj*ki, k; € Z, some k; >0, (1.7)
§=0

REGULAR AND CHAOTIC DYNAMICS Vol. 16 Nos. 3-4 2011



ALGEBRAIC INTEGRABILITY: THE ADLER-VAN MOERBEKE APPROACH 191

depending on dim (phase space) —1 = m — 1 free parameters is necessary and sufficient for
a Hamiltonian system with the right number of constants of motion to be a.c.i. So, if the
Hamiltonian flow (1.6) is a.c.i., it means that the variables x; are meromorphic on the torus
C™/ Lattice and by compactness they must blow up along a codimension one subvariety (a divisor)
D C C"/Lattice. By the a.c.i. definition, the flow (1.6) is a straight line motion in C"/Lattice and
thus it must hit the divisor D in at least one place. Moreover through every point of D, there
is a straight line motion and therefore a Laurent expansion around that point of intersection.
Hence the differential equations must admit Laurent expansions which depend on the n —1
parameters defining D and the n + k constants ¢; defining the torus C"/Lattice the total count
is therefore m — 1 = dim (phase space) — 1 parameters. Assume now Hamiltonian flows to be
(weight)-homogeneous with a weight v; € N, going with each variable z;, i.e.,

fi(@xy,. .. " xy) =" fi (21,. .., 2m), Ya € C.
Observe that then the constants of the motion H can be chosen to be (weight)-homogeneous:
H(a"zy,...,a""xy) = o*H (z1,...,2n), k € Z.

If the flow is algebraically completely integrable, the differential equations (6) must admits Laurent
series solutions (7) depending on m — 1 free parameters. We must have k; = v; and coefficients in

the series must satisfy at the 0"step non-linear equations,

f; (g;gm, o ,xg})) +g2® =0, 1<i<m, (1.8)
and at the k*step, linear systems of equations:

0 fork=1

(L —kI)z® = (1.9)
some polynomial in @ 2D for ko> 1,
where
. of
L = Jacobian map of (8) = 5 +9l|,_.0 -

If m — 1 free parameters are to appear in the Laurent series, they must either come from the non-
linear equations (8) or from the eigenvalue problem (9), i.e., L must have at least m — 1 integer
eigenvalues. These are much less conditions than expected, because of the fact that the homogeneity
k of the constant H must be an eigenvalue of L. Moreover the formal series solutions are convergent
as a consequence of the majorant method [3]. Next we assume that the divisor is very ample and
in addition projectively normal. Consider a point p € D, a chart U; around p on the torus and a
function y; in £(D) having a pole of maximal order at p. Then the vector (1/y;,y1/yj,.-.,yn/Yj)
provides a good system of coordinates in U;. Then taking the derivative with regard to one of the
flows

<yi>.: Uil —YYi ) < <N,
Yj Y;

are finite on U; as well. Therefore, since y]2 has a double pole along D, the numerator must also
have a double pole (at worst), i.e., ¥;y; — yiy; € L(2D). Hence, when D is projectively normal, we

i.e., the ratios y;/y; form a closed system of coordinates under differentiation. At the bad points,
the concept of projective normality plays an important role: this enables one to show that y;/y; is
a bona fide Taylor series starting from every point in a neighborhood of the point in question.

To prove the algebraic complete integrability of a given Hamiltonian system, the main steps of
the method are:
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192 LESFARI

— The first step is to show the existence of the Laurent solutions, which requires an argument
precisely every time k is an integer eigenvalue of L and therefore L — kI is not invertible.

— One shows the existence of the remaining constants of the motion in involution so as to reach
the number n + k.

— For given cy, ..., ¢y, the set

2 (t) =t (xEO) +aWt 2P 4 ) 1<i<m,

Laurent solutions such that : H; (z; (t)) = ¢; + Taylor part ,

defines one or several n — 1 dimensional algebraic varieties (divisor) having the property that

n+k
ﬂ {zeC": H;=¢}UD,
i=1

is a smooth compact, connected variety with n commuting vector fields independent at every point,
i.e., a complex algebraic torus C"/Lattice. The flows J % seeeyd a%% are straight line motions
on this torus.

From the divisor D, a lot of information can be obtained with regard to the periods and the
action-angle variables. Some others integrable systems appear as coverings of algebraic completely
integrable systems. The manifolds invariant by the complex flows are coverings of abelian varieties
and these systems are called algebraic completely integrable in the generalized sense.

2. THE LIOUVILLE-ARNOLD-ADLER-VAN MOERBEKE THEOREM
The idea of the Adler—Van Moerbeke’s proof [10] we shall give here is closely related to
the geometric spirit of the (real) Arnold—Liouville theorem [9]. Namely, a compact complex
n-dimensional variety on which there exist n holomorphic commuting vector fields which are
independent at every point is analytically isomorphic to a n-dimensional complex torus C™/Lattice
and the complex flows generated by the vector fields are straight lines on this complex torus.

Theorem 1. Let M be an irreducible variety defined by an intersection

M=(\{Z=(20.2,...,2,) e PN(C): P(Z) = 0},

involving a large number of homogeneous polynomials P; with smooth and irreducible affine part
M=Mn{Zy#0}. Put M =MUTD, i.e., D= MnN{Zy=0} and consider the map

f:M—PNQ), Z+— f(2).

Let M = f(M)=f(M), D=DyU...UD,, where D; are codimension 1 subvarieties and S =
f(D)=f(D1)U...uU f(D;) =851 U...US,. Assume that:

(7) f maps M smoothly and 1-1 onto f(M).

(13) There exist n holomorphic vector fields X1, ..., X, on M which commute and are indepen-
dent at every point. One vector field, say Xi(1 < k < n), extends holomorphically to a neighborhood
of Sy, in PN (C).

(iii) For all p € Sk, the integral curve f(t) € PN (C) of the vector field Xy through f(0) = p € S
has the property that

{ft):0<|t|<e,teC}C f(M).
This condition means that the orbits of X through Sk go immediately into the affine part and in
particular, the vector field X does not vanish on any point of Sk. Then

a) M is compact, connected and admits an embedding into PV (C).

b) M is diffeomorphic to a n-dimensional complex torus. The vector fields Xi,..., X, ertend
holomorphically and remain independent on M.

¢) M is a Kdhler variety.

d) M a Hodge variety. In particular, M is the affine part of an abelian variety M.
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ALGEBRAIC INTEGRABILITY: THE ADLER-VAN MOERBEKE APPROACH 193

Proof. a) A crucial step is to show that the orbits running through S form a smooth variety
Yy, p € S such that ¥,\S, € M. Let p € S, € > 0 small enough, g&k the flow generated by Xp
on M and {gg(k 1t € C,0<|t]|< e}, the orbit going through the point p. The vector field X, is
holomorphic in the neighborhood of any point p € S and non-vanishing, by (i) and (éi7). Then
the flow gka can be straightened out after a holomorphic change of coordinates. Let H c PV (C)
be a hyperplane transversal to the direction of the flow at p and let X, be the surface element
formed by the divisor Sy and the orbits going through p. Consider the segment of S’ = H N X, and
so locally, we have ¥, = S’ x C. We shall show that ¥, is smooth. Note that S’ is smooth. Indeed,
suppose that S’ is singular at 0, then ¥, would be singular along the trajectory (¢-axis) which goes
immediately into the affine f(M), by condition (iii). Hence, the affine part would be singular which
is impossible by condition (i). So, S’ is smooth and by the implicit function theorem, ¥, is smooth
too. Consider now the map

M CP™(C) — PY(C), Z+— [(2),

where Z = (Zo, Z1,. .., Zy) € P™(C) and M = f(M) = f(M). Recall that the flow exists in a full
neighborhood of p in PV(C) and it has been straightened out. Therefore, near p € Sy, we have

¥y = M and ¥,\Sp € M. Otherwise, there would exist an element ¥, C M such that
{gk, :teC,0<|t|<el=(Z,NE)\pC M,
by condition (4i7). In other words, ¥, N Z;:t—axis and hence M would be singular along the t-axis

which is impossible. Since the variety M is irreducible and since the generic hyperplane section Hyey,.
of M is also irreducible, all hyperplane sections are connected and hence D is also connected. Now
consider the graph Gy C P™(C) x PNV(C) of the map f, which is irreducible together with M.
It follows from the irreducibility of G that a generic hyperplane section Gf N (Hgen. x PN (C))

is irreducible, hence the special hyperplane section Gy N ({Zy =0} x P¥(C)) is connected and
therefore the projection map

Projus o) [Gy N ({Zo = 0} x B (©)] = (D)

S,
is connected. Hence, the variety

M=MuU|Js,=MUS, CPY©),
PESk
is compact, connected and embeds smoothly into PV (C) via f.

b) Let g’ be the flow generated by X; on M and let p; € M\ M. For small ¢ > 0 and for all t; € C
such that 0 < [t1] < &, note that ¢ = ¢g''(p;) is well defined and g'*(p;) € f(M), using condition
(797). Let U(q) € M be a neighborhood of ¢ and let

g2 (p2) =g M og?og(p), VYpaeU(p)=g " (Ulg),

which is well defined since by commutativity one can see that the right hand side is independent
of t1:

—(t1+e) t1+€( (t1+¢)

p2) =g~ 0 g™ o g™ o g°(pa),
=g 0 g°og™ g (p),
=g " og"og"(pa).

g ogoy

(ti4e)

Note that g'2(ps) is a holomorphic function of ps and to, because in U(p;) the function gt is
holomorphic and its image is away from S, i.e., in the affine, g'? is holomorphic. The same argument
applies to ¢3(p3), ..., g""(p,) where

g (pn) =g "o g o g™ (pn), Vpn € U(pn—1) =g " (U(q)).
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Thus X1, ..., X, have been holomorphically extended, remain independent and commuting on M.

Therefore, we can show along the same lines as in the Arnold-Liouville theorem [9] that M is a
complex torus C"/lattice. And that will be done, by considering the local diffeomorphism

C"— M, t=(t,....t;) — g'p=g" o...0g"(p),

for a fixed origin p € f(M). The additive subgroup L = {t € C" : g'p = p} is a lattice of C" (spanned
by 2n vectors in C", independent over R), hence C"/L — M is a biholomorphic diffeomorphism.
c¢) Let

ds> = dty ® diy,
k=1

be a hermitian metric on the complex variety M and let w its fundamental (1,1)-form. We have
1 VA _
—5 Imds® = ~— kzldtk A diy,.

So we see that w is closed and the metric ds? is Kihler and consequently M is a Kihler variety.
d) On the Kéhler variety M are defined periods of w. If these periods are integers (possibly after
multiplication by a number), we obtain a variety of Hodge. More specifically, integrals f% w of

the form w (where ~y; are cycles in HQ(M 7)) determine the periods w. As they are integers, then
M is a Hodge variety. The variety M is equlpped with n holomorphic vector fields, independent

and commuting. From a) and b) the variety M is both a projective variety and a complex torus
and hence an abelian variety as a consequence of Chow theorem [8]. Another proof is to use the
result that we just show since every Hodge torus is abelian, the converse is also true. Note also
that by Moishezon’s theorem [11], a compact complex Kéhler variety having as many independent
meromorphic functions as its dimension is an abelian variety. O

3. A FIVE-DIMENSIONAL SYSTEM

Let us consider the following system of five differential equations in the unknowns z1, ..., z5:
z1 = 224, z3 = 22(321 -+ 82’%),
Zo = 23, Z4 = Z% + 42’12’% + zs5, (31)

Z"5 = 2212’4 + 4232’4 — 2Z12’22’3.
The system (3.1) possesses three quartic invariants

1, 1
573 — 7Z1 2Z27

1
Fy = 2 — 2122
1 z5 2122+2 4

2
1
Fy = 22 — 2225+ 421202324 — 2525 + 4z1 42222, (3.2)

2.2 .2
s = 2125 + 2125 — 2],

and is completely integrable in the sense of Liouville. It can be written as a Hamiltonian vector
field

Z_Jaia z = (21722723724725)T7
where H = F;. The Hamiltonian structure is defined by the Poisson bracket
5

OF oH OF 0H
{F H} = <a > Z Moz, 02
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I T
Whereaj_<8£d£d£d£8£) , and

0z = \0z17 0z 0z3? 0z4’ Ozs
| 0 O 0 221 4zy ]
0 0 1 0 0
J = 0 -1 0 0 22129 )
—22 0 0 0 225 + 42123
i —4z4 0 —2z129 —22z5 — 4z1z% 0 |

is a skew-symmetric matrix for which the corresponding Poisson bracket satisfies the Jacobi

identities. The second flow commuting with the first is regulated by the equations z =.J %,

z = (21,22, 23,21, 25) " and is written explicitly as

Z1 = 82’%2’223 — 16212524 + 82425 — 4z%24,

Zo = 221 (22024 — 2123) ,

,7;’3 = —4212324 + 82222 + 421222’5 - 22?2’2,

24 = 22%25 — 821292324 + 42’%23 — 22{1 + 4z§ + 8z1z§,25 — 4,2:1)’,2%,

Zs = 8212425 — 16222322 + 8212524 - 42%24 - 82%2%24 + 425’22,23

—8z1292325 + 162%2425 — 162%25’23 + 32212324.

These vector fields are in involution: {F}, Fo} = 0, and the remaining one is a Casimir: J % = 0.
Let z € C%, t € C. By the functional independence of the integrals Fy, I, F3, the map

¢ : (F, Fy, F3): C° — C3,
is submersive, i.e., dFi(z), dFy(z) and dF3(z) are linearly independent on a non empty Zariski open
set A C C. Let
Q=9 (C\4),
= {c=(c1,¢2,¢3) € C*: 3z € ¢ ! (c) with
dFy(z),dF5(z),dF5(z) linearly dependent} ,

be the set of critical values of . We denote by Q the Zariski closure of © in C3. The set
{z cCo:p(z) € C3\Q} is a non-empty Zariski open set in C°. Hence this set is everywhere dense
in C° for the usual topology. Let A be the complex affine variety defined by

2
A=¢ )= ﬂ{z : Fr(2) = ¢} € CP. (3.3)
k=1

For every ¢ = (c1, c2,c3) € C3\Q, the fibre A is a smooth affine surface. Now, the main problem will
be to complete A(3.3) into a non singular compact complex algebraic variety A = AU D in such a
way that the vector fields X, and Xp, generated respectively by F} and F», extend holomorphically

along a divisor D and remain independent there. If this is possible, A is an algebraic complex
torus (an abelian variety) and the coordinates zi,..., z5 restricted to A are abelian functions. A

naive guess would be to take the natural compactification A of A by projectivizing the equations:
A= ﬂiil{Fk(Z) = ¢ Z5} C P5(C). Indeed, this can never work for a general reason: an abelian
variety A of dimension bigger or equal than two is never a complete intersection, that is it can never
be described in some projective space P"(C) by n-dim A global polynomial homogeneous equations.
In other words, if A is to be the affine part of an abelian surface, A must have a singularity

somewhere along the locus at infinity AN {Zy = 0}. In fact, we shall show that the existence of
meromorphic solutions to the differential equations (3.1) depending on 4 free parameters can be
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used to manufacture the tori, without ever going through the delicate procedure of blowing up and
down. Information about the tori can then be gathered from the divisor.

Theorem 2. The system (3.1) possesses Laurent series solutions which depend on 4 free parame-
ters: a,, 3,7 and 0. These meromorphic solutions restricted to the surface A (3.3) are parameterized
by two copies C—1 and Cy of the same Riemann surface (3.5) of genus 7.

Proof. Consider points at infinity which are limit points of trajectories of the flow. To be precise, we
search for the set of Laurent solutions which remain confined to the fixed affine invariant surface A
(3.3), related to specific values of ¢1, co and c3. The first fact to observe is that if the system is
to have Laurent solutions depending on 4 free parameters «, (3,7, 0, the Laurent decomposition of
such asymptotic solutions must have the following form

1 1 1
z1:foz—7042—1—&——a(a3+4ﬁ)t2+’yt3+~-,
t 2 16
1 1 1 1
2’2:275—1504‘1‘§5042t—335(—03+125)t2+9t3+"',
1 1L o 1 3 2
= ——c+-ea’— —c(—-ad+12 4
23 52+ gc@ 166( o’ +1203) t 4 360t° + - - - (3.4)
1 1. 1 3,
R T A G L T
1 1 1
25:2720&2—47(043—1—4@—1—1(1(@3—1—25)—(aQﬁ—27+45¢9a)t+--',

with € = +1. Using the majorant method [3], we can show that these series are convergent.
Substituting the Laurent solutions (3.4) into (3.2): Fy = c1, F» = ¢o and F3 = c3, and equating
the t'-terms yields

7 1 5
' = —at— a8 — 20 =
it 64a 8aﬁ 269 c1,
1
= 16 (46 — a3) (40¢2ﬁ —a® + 6400 — 32’}/) = co,
1 1
3 35 16 4aﬂ 3eba” + day =c3

Eliminating + and 6 from these equations, leads to an equation connecting the two remaining
parameters o and [3:

C:648° — 160°3% — 4 (a® — 32a%c; — 16¢c3) 3

+a (32c, — 32a’c; + o® — 16a’c3) = 0. (3.5)

The Laurent solutions restricted to the surface A(3.3) are thus parametrized by two copies C_1 and
C1 of the same Riemann surface C (3.5). According to the Riemann-Hurwitz formula, the genus of
the Riemann surface C is 7, which establishes the theorem. O

In order to embed C into some projective space, one of the key underlying principles used is
the Kodaira embedding theorem, which states that a smooth complex manifold can be smoothly
embedded into projective space PV (C) with the set of functions having a pole of order k along
positive divisor on the manifold, provided k is large enough; fortunately, for abelian varieties, k
need not be larger than three according to Lefshetz. These functions are easily constructed from the
Laurent solutions (3.4) by looking for polynomials in the phase variables which in the expansions
have at most a k-fold pole. The nature of the expansions and some algebraic properties of abelian
varieties provide a recipe for when to terminate our search for such functions, thus making the
procedure implementable. Precisely, we wish to find a set of polynomial functions {fo,..., fxy}, of
increasing degree in the original variables z1, ..., z5 having the property that the embedding D of
C1 +C_1 into PV (C) via those functions satisfies the relation: geometric genus of D = g(D) = N + 2.
At this point, it may be not so clear why D must really live on an abelian surface. Let us say, for
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the moment, that the equations of the divisor D (i.e., the place where the solutions blow up),

as a Riemann surface traced on the abelian surface A (to be constructed in theorem 4), must be
understood as relations connecting the free parameters as they appear firstly in the expansions (3.4).
This means that (3.5) must be understood as relations connecting o and 3. Let

polynomials f = f(z1,...,25)
of degree < r, such that
LU ={ f0) =t (20 4+ .., J[Fr = cr k=1,2,3],
with 20 £0 on D
and with z(¢) asin (3.4)

\

and let (fo, f1,..., fn,) be a basis of L"), We look for r such that: g(D(")) = N, + 2, D) ¢ PNr,
We shall show that it is unnecessary to go beyond r = 4.

V

Theorem 3. a) The spaces L") | nested according to weighted degree, are generated as follows

LY = {fo, f1, f2},

L® = LW & {f3, fa, f5. f6},

LY = L® & {fr, fs, fo. fro},

LYW = L® @ {fi1, fi2, f13, f1as fis}, (3.6)

where fo =1, fi = 21, fo =20, f3 =225 — 2], fa =23+ 2623, fs = za+eziz, fo = [f1, 2], fr =
fi(fi +2efs), fa= folfi+2efs), fo=za(fa+2efs), fio=2z(fs+2f6), fi1= fs(f1+2fs),
fiz = fifo(fs +2¢efs), fis = fafs + [f1. fa), fra=[f1, f3) +2e[f1, fo], fis = f3 — 225 +4fF, with

(s, 5k] = $jsK — 8jSk, the wronskian of s and s;.
b) LW provides an embedding of D@ into projective space P(C) and DW has genus 17.

Proof. a) The proof of a) is straightforward and can be done by inspection of the expansions (3.4).
b) It turns out that neither LM nor L@ nor LB, yields a Riemann surface of the right genus;
in fact g(D")) # dim L") + 1,7 = 1,2,3. For instance, the embedding into P?(C) via L") does
not separate the sheets, so we proceed to L?) and the corresponding embedding into PS(C) is
unacceptable since g(D®) —2 > 6 and D c PS(C) # P9=2(C), which contradicts the fact that

N, = g(D®) — 2. So we proceed to L) and we consider the corresponding embedding into P0(C),
according to the functions (fo, ..., fi0). For finite values of o and (3, dividing the vector ( fo, ..., fi0)
by fo and taking the limit ¢ — 0, to yield
1 1
[0:2ea:1:—e(48 —a?): —a: —ea?: 5(46 —a¥):ea?: 5042 :

iea3(4ﬁ R —%sa4(4ﬂ —a¥)].

The point o = 0 requires special attention. Indeed near o = 0, the parameter 3 behaves as follows:
B ~ 0,iy/c3, —iy/c3. Thus near (a, 3) = (0,0), the corresponding point is mapped into the point

0:0:1:0:0:0:0:0:0:0:0],

in P19(C) which is independent of ¢ = +1, whereas near the point (a, 3) = (0,4,/c3) (resp. («, ) =
(0, —i4/c3)) leads to two different points:

0:0:1:—4eiy/c3:0:0:2¢eiy/c3:0:0:0:0],
(resp.
0:0:1:4ei/c3:0:0:—2¢eiy/c3:0:0:0:0]),
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according to the sign of e. The Riemann surface (3.4) has three points covering a = oo, at which 3

behaves as follows:
1
a3 _ ; =
Jé; 516~ 132° (1333 1295zx/§> i3

Then by dividing the vector (fo, ..., fi0) by fi0, the corresponding point is mapped into the point
0:0:0:0:0:0:0:0:0:0:1],

in P'%(C). Thus, ¢g(D®)—2>10 and D? c P'0 + P9-2(C), which contradicts the fact that
N, = g(D®)) — 2. Consider now the embedding D™ into P'®(C) using the 16 functions fo, ..., fis
of L(4)(3.6). It is easily seen that these functions separate all points of the Riemann surface (except
perhaps for the points at « = 0o and a = 3 = 0). The Riemann surfaces C; and C_; are disjoint

for finite values of a and 3 except for o = 3 = 0; dividing the vector (fo,..., fi5) by fo and taking
the limit ¢ — 0, to yield

1279 . 1
_22 s o? (1333-+—1295ix/§>.

1 1 1
[0:2a:1: (48 —a?): —a: —ca?: 5(4ﬂ —a%)ea?: 5042 : Zea3(4ﬂ —a¥):
L 4 3 L 4. 13 3.3 3 3 3 3
—15 (46—04):—55()( -1 (45—04):104(46—04):50( (46 — ) : —2ea”)].

As before, the point @ = 0 require special attention and the parameter 3 behaves as follows:
B ~ 0,iy/c3, —iy/c3. Thus near (a, 3) = (0,0), the corresponding point is mapped into the point
[0:0:1:0:0:0:0:0:0:0:0:0:0:0:0:0],
in P1°(C) which is independent of e = £1, whereas near the point (o, 8) = (0,4,/c3) (resp. (a,8) =
(0, —iy/c3)) leads to two different points:
0:0:1:—4eiy/c3:0:0:2¢iy/c3:0:0:0:0:0:0:0:0:0],
(resp.
0:0:1:4ei\/c3:0:0: —2¢iy/c3:0:0:0:0:0:0:0:0:0)),

according to the sign of €. About the point a = oo, it is appropriate to divide by fig; then the
corresponding point is mapped into the point

[0:0:0:0:0:0:0:0:0:0:1:0:0:0:0:0],

in P(C) which is independent of ¢. The divisor DWW obtained in this way has genus 17 and
DWW c P5(C) = P9=2(C), as desired. This ends the proof of the theorem. O

Let £=L® and D =DW. Next we wish to construct a surface strip around D which will
support the commuting vector fields. In fact, D has a good chance to be very ample divisor on an
abelian surface. Following the method (theorem 1), we obtain the following theorem:

Theorem 4. The variety A (3.3) generically is the affine part of an abelian surface A. The reduced

divisor at infinity K\A = C1 + C_q, consists of two copies C1 and C_1 of the same genus 7 Riemann
surface C (3.5). The system of differential equations (3.1) is algebraically completely integrable and

the corresponding flows evolve on A.

Remark 1. a) Note that the reflection o on the affine variety A amounts to the flip o:
(21, 22, 23, 24, 25) — (21, —22, 23, —24, 25), changing the direction of the commuting vector fields. It
can be extended to the (-Id)-involution about the origin of C? to the time flip (¢1,t2) — (—t1, —t2) on
g, where t1 and ty are the time coordinates of each of the flows Xr, and Xp,. The involution o acts
on the parameters of the Laurent solution (3.4) as follows o : (¢, «, 3,7,0) — (—t, —a, — 3, —7, 0)
and the linear space £ can be split into a direct sum of even and odd functions.

b) Consider on A the holomorphic 1-forms dt; and dty defined by dt;(Xr;) = d;;, where Xp, and
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Xp, are the vector fields generated respectively by F} and Fy. Taking the differentials of ( = 1/2;
and £ = 21 /22 viewed as functions of ¢; and t2, using the vector fields and the Laurent series (3.4)
and solving linearly for dt; and dto, we obtain the holomorphic differentials

_ _ L8, 9 -8
w] = dt1|c5 = A(atzd 8t2d£)|65 - a(_4ﬁ+a3)da’
B 1 -og, . -z
wp = dize. = A an " ar ¢ Jle. = (—45+a3)2da’

with A = %% — g—ég—é. The ze{roes of wy provide the points of tangency of the vector field Xp,
to C.. We have % = é (—4ﬁ + oz‘s) , and Xp, is tangent to C. at the point covering o = 0.

There are many examples of differential equations which have the weak Painlevé property
that all movable singularities of the general solution have only a finite number of branches and
some interesting integrable systems appear as coverings of algebraic completely integrable systems.
The invariant varieties are coverings of abelian varieties and these systems are called algebraic
completely integrable in the generalized sense. These systems are Liouville integrable and by the
Arnold—Liouville theorem, the compact connected manifolds invariant by the real flows are tori;
the real parts of complex affine coverings of abelian varieties. Most of these systems of differential
equations possess solutions which are Laurent series of 1/ (t being complex time) and whose
coefficients depend rationally on certain algebraic parameters. It was shown in series of publications
of Vanhaecke [12, 13], Abenda and Fedorov [14] and others that ©-divisor can serve as a carrier
of integrability. Let H be a hyperelliptic curve of genus g and Jac(H) = C9/A its jacobian variety
where A is a lattice of maximal rank in CY9. Let

k P
Ay - Sym*(H) — Jac(H), (P, ..., P) — Z/ (wi,...,wg)mod.A,0 < k < g,
j=170°

be the Abel map where (w1, ...,wy) is a canonical basis of the space of differentials of the first kind
on ‘H. The theta divisor © is a subvariety of Jac(H) defined as © = A [Sym?~!(H)] /A. By O}, we

will denote the subvariety (called strata) of Jac(H) defined by O = A [Symk (H)] /A and we have
the following stratification

{0} COCOLCO;C...C O, CO,=Jac(H),

where O is the origin of Jac(H). Vanhaecke [12] showed that these stratifications of the jacobian are
connected with stratifications of the Sato grassmannian, via an extension of Krichever’s map. He
discussed the relation between Laurent solutions for the Master systems and stratifications of the
jacobian of a hyperelliptic curve. In [13], Vanhaecke studied Lie-Poisson structure in the jacobian
and showed that invariant manifolds associated with Poisson brackets can be identified with these
strata. Some problems were considered in [13] and [14], where a connection was established with
the flows on these strata. Such varieties or their open subsets often appear as coverings of complex
invariants manifolds of finite dimensional integrable systems (Hénon—Heiles and Neumann systems).
Consider the case F3 = 0, and the following change of variables

2 2 2 2
21 =4q1, *22=4Qq2, =23=DP2, 24 =DpP1q1, 25 =DP1 —{q192-

Substituting this into the constants of motion F, F5, F3 leads obviously to the relations

1. 3 1, 1
Ho— 12 922, Lo 1a a4 37
L= 5Pl 50t 5P~ g6~ 24, (3.7)
1
Hy = p} — 6414507 + 41a5 — 41t + a5 + 4qiqopip2 — qip3 + qu,

whereas the last constant leads to an identity. Using the differential equations (3.1) combined with
the transformation above leads to the system of differential equations

i = q1 (4 +30), (3.8)
G = q2 (3¢1 + 8¢3) -
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The last equation (3.1) for z5 leads to an identity. Thus, we obtain the potential constructed
by Ramani, Dorozzi and Grammaticos [15, 16]. Evidently, the functions H; and Hs commute:
{H1, H2} = 0. The system (3.8) is weight-homogeneous with g1, g2 having weight 1 and p, p2 weight
2, so that H; and Hy have weight 4 and 8 respectively. We show that this system is algebraic
completely integrable in the generalized sense. To be more precise, when one examines all possible
singularities, one finds that it is possible for the variable ¢; to contain square root terms of the type
t1/2 which are strictly not allowed by the Painlevé-Kowalewski test (i.e., the general solutions
have no movable singularities other than poles). However, these terms are trivially removed by

introducing the variables z1, ..., z5 which restores the Painlevé-Kowalewski property to the system.
Let B be the affine variety defined by

2
B = ({z € C": Hy(z) = by}, (3.9)
k=1

where (b1, by) € C?. We show that the system (3.8) admits 3-dimensional family of Laurent solutions

in ¢t'/2, depending on three free parameters: u,v and w. There are precisely two such families,
labelled by € = %4, and they are explicitly given as follows

1 1 5 1 /3 7
—(u — Sl ot — a3+ 7u<1u3v — —ud 4+ 3€w)t4 + - '>,

"=\ T 128 8 256
Q2 = 1 (;a — %eth + é€u4t2 + 15u($u — 3v)t3 +wtt + - -), (3.10)
p1 = 2t1\/f<_u - iu:gt + 3ut? — f—QZtP’J
—i—%u(%u?’v g76u + 35w)t4 +- '>,
p2 = %2( %s—l—ésu‘th—i— 15u<3i2u —3@>t3+3wt4 >

These formal series solutions are convergent as a consequence of the majorant method. By
substituting these series in the constants of the motion H; = b; and Hy = by, one eliminates the
parameter w linearly, leading to an equation connecting the two remaining parameters v and v:

65 93 3
Do Zruv’ + o’ + ST (—9829u® + 26112H; ) u’v (3.11)
10299 4 123 15362 98731
Bk — & Hy 4 222700
65536 256 " T2t T

According to Hurwitz’s formula, this defines a Riemann surface T' of genus 16. The Laurent
solutions restricted to the surface B(3.9) are parametrized by two copies I'_; and I'; of the same
Riemann surface I'. Applying the method explained in Piovan [5], we show that the invariant

surface B(3.9) can be completed as a cyclic double cover B of the abelian surface A, ramified
along the divisor C; 4+ C_;. Consequently, the system (3.8) is algebraic complete integrable in the
generalized sense. Moreover, B is smooth except at the point lying over the singularity (of type As)
of C1 + C_1 and the resolution B of B is a surface of general type with invariants: X (B) =1 and
pg(B) = 2. The asymptotic solution (3.10) can be read off from (3.4) and the change of variables:

= \/Z1,q2 = %2,P1 = 24/q1,p2 = 23. The function 21 has a simple pole along the divisor C; +C_;

and a double zero along a Riemann surface of genus 7 defining a double cover of A ramified along
C1+C_;.

4. THE HENON-HEILES SYSTEM
The Hénon—Heiles system
OH . OH ) OH . oH

Q128Th> Q2:87727 pl:‘a?f p2:_8q2’
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with

H=Hy = = (p +p3 + Aqi + Bg3) + ¢;q2 + 643,

N =

ie.,

@ =p, P1=-Aq —2qq, (4.1)
g2 = p2, P2 = —Bago — ¢} — 643,
has another constant of motion
Hy = ¢} +4¢7¢5 — 4p1 (p1g2 — paq1) + 4Aqiqe + (4A — B) (pi + Aqi) ,

where A, B, are constant parameters and ¢i,qo, p1,p2 are canonical coordinates and momenta,
respectively. First studied as a mathematical model to describe the chaotic motion of a test star in
an axisymmetric galactic mean gravitational field this system is widely explored in other branches of
physics. It is well-known from applications in stellar dynamics, statistical mechanics and quantum
mechanics. It provides a model for the oscillations of atoms in a three-atomic molecule. The system
(21) possesses Laurent series solutions depending on 3 free parameters a, 3,7, namely

a  (o® aA aB 2, (4,3, (5),a . (6),5
q1—t+<12+2—12>t+ﬁt +q T+t g+
1 n o> B N ot n oA o’B  B? 2 aﬁtg e
=" T 12\ 10 60 240 30 7 ’

where p; = ¢q, p2 = ¢, and
@ oAB o® 11a®B  11a®A  aB? «aA?

N = o T T 0 120 720 8 °
2

) _ Pa” BB AB

“W =Ty Teo T 100

6) _ Qv a’ B a’A n a®B n a’B? n a’A? B a’AB n aAB?
9 15552 2160 © 12960 = 25920 = 1440 4320 1440
aB3 aA’B oAl
TTo440 288 | 144
Let D be the pole solutions restricted to the surface

2
M = ﬂ {z = (q1,q2,p1.,p2) € C*, H; (z) = ¢;},
i=1

to be precise D is the closure of the continuous components of the set of Laurent series solutions
x (t) such that

HZ(:L“(t)) = Gy, 1 <Z<2,
i.e., D =t — coefficient of M. Thus we find an algebraic curve defined by

D ﬁQ = Pg(Oé), (42)
where
7 1 13 1/ 671 17 943
Bo(a)=———ab— — (54— 2°B)aS— — (2o B2y a2 2 pa)at
5 ()= ~Tm® T 1 < 18 )O‘ 36 (15120 T3 1260 )¢

36 2520 6 9 7 36

The curve D determined by an eight-order equation is smooth, hyperelliptic and its genus is 3.
Moreover, the map

1 1 13 2 10 1
<4A3 - B3 - —A’B+ ZAB? - cl> o+ —cp.

oc:D—D, (f,a) — (8, —«q), (4.3)
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is an involution on D and the quotient £ = D/o is an elliptic curve defined by

£: 8% = Py(0), (4.4)

where Py (¢) is the degree 4 polynomial in ( = a? obtained from (22). The hyperelliptic curve D
is thus a 2-sheeted ramified covering of the elliptic curve & (24),

p:D— & (B,0) — (B,(), (4.5)
ramified at the four points covering ( = 0 and co. The affine surface M completes into an abelian
surface M , by adjoining the divisor D. The latter defines on M a polarization (1, 2). The divisor 2D
is very ample and the functions 1, q1, ¢3, g2, p1, P} + qiqe, p2q1 — 2p1g2, Pip2 + 24q1G2 + 20163,
embed M smoothly into P7(C) with polarization (2,4). Then the system (4.1) is algebraically
completely integrable and the corresponding flow evolves on an abelian surface M = C2 / Lattice,

. . . 20ac ac
where the lattice is generated by the period matrix , Im >0, (a,b,c € C).

04chbh cb
Theorem 5. The abelian surface M which completes the affine surface M is the dual Prym variety
Prym* (D/E) of the genus 3 hyperelliptic curve D(4.2) for the involution o interchanging the sheets

of the double covering p(4.5) and the problem linearizes on this variety.

Proof. Let (a1, az,as, by, be, b3) be a canonical homology basis of D such that o (a1) = as, o (b1) = bs,

o (ag) = —ag, o (by) = —by, for the involution o(4.3). As a basis of holomorphic differentials
wo,wi,we on the curve D(4.2) we take the differentials w; = O‘zﬁdo‘, Wy = %O‘, wg = % and

obviously o*(w1) = —wy, 0*(w2) = —we, 0*(w3) = ws. Recall that the Prym variety Prym (D/€)
is a subabelian variety of the Jacobi variety Jac(D) = Pic®(D) = HY(Op) / HY(D,Z) constructed
from the double cover p, the involution ¢ on D interchanging sheets, extends by linearity to a map
o : Jac(D) — Jac(D) and up to some points of order two, Jac(D) splits into an even part and an
odd part: the even part is an elliptic curve (the quotient of D by o, i.e., £ (4.4)) and the odd part
is a 2—dimensional abelian surface Prym (D/£). We consider the period matrix €2 of Jac(D)
fa1 w1 faz w1 fag w1 fbl w1 sz w1 fb3 w1
Q=1 Jo w2 [o,wr [y, 02 fy, w2 [y, wn [y, w2

fal WS faz w3 fag w3 fbl w3 fbg w3 fbg w3

Then,

fal LUI a2 wl _f(l1 (.L)l fbl CL)l fbg (.Ul _fbl wl
Q= fal w9y as Wy — fa1 w9 fbl w9 sz w9y — fb1 w92 y
a W3 0 fal w3 fb1 wg 0 fbl w3

and therefore the period matrices of Jac(€)(i.e., £), Prym(D/E) and Prym*(D/E) are respectively

Az(alwg fb1w3>,

I — 2[@1 w1 as w1 2fb1 w1 fb2 w1
2fa1 w9 faz w9 2fb1 w2 be w2
and
1—1* — fal wl fag wl fbl wl fbg wl
Joy w2 [o, w2 fp, w2 [y, w2
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w1 w1
Let Lo = Z?Zl m; fa_ wo | 1 fb_ wy | 1 mi;ni € Z ; , be the period lattice associated to (2.
w3 w3

Let us denote also by La, the period lattice associated to A. We have the following diagram

0

!
& D

Lp Y
0 — ker N, — Prym(D/E) ® € = Jac(D) Moe o
N7 !
M = M U 2D ~ C?/Lattice
!
0

where N, is the norm mapping (surjective). The polarization map
7 Prym(D/E) — M = Prym*(D/€),
has kernel (p*E) ~ Za x Zy and the induced polarization on Prym(D/E) is of type (1,2). Let

M — C2 JLa:p zi) (32)7 be the uniformizing map where dty,dts are two differentials on M

corresponding to the flows generated respectively by Hy, Hy such that: dt;|p = wy and dte|p = wa,

4
dt
Ly = {Z ng fyk ! N € Z},
k=1 I, dt2

is the lattice associated to the period matrix

Ao Jdt [, dt [, dt [, dt
[, dta [, dts [, dta [, dts

and (v1,v9,v3,14) is a basis of H 1(]\7 ,Z). By the Lefschetz theorem on hyperplane section [8], the

map H,(D,Z) — Hl(]\7 ,Z) induced by the inclusion D < M is surjective and consequently we
can find 4 cycles vy, v, v3, v4 on the curve D such that

A: fl/l Wl fl/g wl fl/g wl V4 UJl

fle w2 fz/g w2 fllg w2 V4 w2

fl/k (.Ul

w2

and L = Zi:l Nk :ng € Z p. The cycles vq,v9,v3,v4 in D which we look for are

Vg

ai,as,b1, by and they generate Hl(M, Z) such that

A = fal w1 fag w1 fbl w1 be w1

Jo,w2 [, w2 [y, w2, wo

)
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is a Riemann matrix. So A =TI, i.e., the period matrix of Prym*(D/E) dual of Prym(D/E).
Consequently M and Prym*(D/E) are two abelian varieties analytically isomorphic to the same

complex torus C2/Ly. By Chow’s theorem [8], M and Prym*(D/E) are then algebraically
isomorphic. O

5. THE KOWALEWSKI RIGID BODY MOTION
The motion for the Kowalewski’s top is governed by the equations
m=mAm-+yAlL v =75AAIm, (5.1)

where m, v and [ denote respectively the angular momentum, the directional cosine of the z-axis
(fixed in space), the center of gravity which after some rescaling and normalization may be taken
as [ = (1,0,0) and Am = (my/2,ma/2,m3/2). The system (5.1) can be written

mp = mg M3, Y1 = 2 m3y2 — m2Y3,
mg = — my mg + 273, Yo = m1y3 — 2m3n1, (5.2)
m3 = —27, Y3 = M2yl — M1,
with constants of motion
1
Hi =3 (mf+m3) +m3+ 2y = c1,
Hy = mivy +mavye + m3y3 = ca, (5.3)

Hy=v+%+7% =c3=1,

Hy = <<mlzzm2>2 —(n+ i72)> <<m1_2m2>2 —(n- i’m)) =y

In her famous Acta Mathematica paper [17], Kowalewski integrates the problem in terms of
hyperelliptic integrals, using a very beautiful change of variables. Here, we sketch the integration
of the problem using the Laurent solutions, as carried out in full detail in [18]. The result is
that the invariant surfaces could be completed via the flow into complex algebraic tori (abelian

10ac
surfaces) C?/Lattice were the lattice is spanned by the columns of the period matrix )
02cb
ac
Im > (, i.e., the problem is not expressed in terms of hyperelliptic integrals but rather
cb

in terms of abelian integrals associated with the period matrix. As we have seen in the previous
section, such abelian surfaces come up naturally as Prym varieties of double covers of elliptic curves
ramified over four points. The system (5.2) admits two distinct families of Laurent series solutions:

. 2 1
(=] ¢ TiHeimeatel, )} o),
U (a2 —2)az+ol(t), oz +o(t),
iy _ 2 i
mary =t e g § el
=L —ajaz +o(t), 5z Tolt),
L+ ajag +o(t), F4o(t),
" =Lt ajag +o(t) s L 4o (t)
t ) t 9
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which depend on 5 free parameters «q, ..., as. By substituting these series in the constants of the
motion H; (5.3), one eliminates three parameters linearly, leading to algebraic relation between
the two remaining parameters, which is nothing but the equation of the divisor D along which the
m;,y; blow up. Since the system (5.2) admits two families of Laurent solutions, then D is a set of
two isomorphic curves of genus 3, D =D +D_; :

D.: P(ar,as) = (af —1) ((af — 1) a3 — P(as)) +c1 =0, (5.4)

where P (ag) = c1a3 — 2ecoan — 1 and ¢ = +£1. Each of the curve D, is a 2-1 ramified cover
(a1, g, ) of elliptic curves DY :

DY : % = P? (an) — 4eq0id, (5.5)
ramified at the 4 points a; = 0 covering the 4 roots of P (az) = 0. It was shown [18] that each

divisor D, is ample and defines a polarization (1,2), whereas the divisor D, of geometric genus 9, is

very ample and defines a polarization (2,4). The affine surface M = ﬂ?zl {H; = ¢;} C C®, defined
by putting the four invariants (5.3) of the Kowalewski flow (5.2) equal to generic constants, is the

affine part of an abelian surface M with

M \ M =D = one genus 9 curve consisting of two genus 3
curves D, (5.4) intersecting in 4 points. Each

D. is a double cover of an elliptic curve D? (5.5)
ramified at 4 points.

Moreover, the Hamiltonian flows generated by the vector fields Xy, and Xy, are straight lines

on M. The 8 functions 1, fi =my, fo=ma, fs=ms, fa=1s, f5=fi+ f2, fo=4f1f4 — f3fs

fr = (foy1 — f172) f3 + 2f4y2, form a basis of the vector space of meromorphic functions on M
with at worst a simple pole along D Moreover, the map

M ~ (CQ/Lattice — P7(C) , (t1,te) — [(1, f1(t1,t2), ..., fr(t1,t2))],

is an embedding of M into P7(C). Following the method (theorem 5), we obtain the following
theorem:

Theorem 6. The tori M can be identified as M = Prym*(D./D?), i.e., dual of Prym(D./D?)
and the problem linearizes on this Prym variety.

6. THE GEODESIC FLOW ON SO(n) FOR A LEFT INVARIANT METRIC

Consider the group SO(n) and its Lie algebra so(n) paired with itself, via the customary inner
product (X,Y) = —3 tr (X.Y), where X,Y € so(n). A left invariant metric on SO(n) is defined
by a non-singular symmetric linear map A : so(n) — so(n), X — A.X, and by the following
inner product; given two vectors ¢X and ¢gY in the tangent space SO(n) at the point g € SO(n),
(gX,g9Y) = <X , Afl.Y>. The question of classifying the metrics for which geodesic flow on SO(n) is
algebraically completely integrable is difficult. As the Euler rigid body motion is always algebraically
completely integrable and can be regarded as geodesic flow on SO(3), we consider the case n = 4.
The problem has been resolved for SO(4) by Adler and van Moerbeke [3, 10]. It more convenient
to use the coordinates u = (z1, z2,23) and v = (x4, x5, x¢), they correspond to the decomposition
u@v € so(4) ~ s0(3) @ so(3). In these coordinates, the geodesic flow on the group SO(4) can be
written as

for the metric defined by the quadratic form
18 3
H= §Z>\ij2 +Z,uj:cjxj+3, (6.1)
j=1 j=1
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where )\1, ey )\G,ul, Mo, U3 € C and >\12/\23)\31)\45)\56)\64N1N2N3 75 0 with )\jk = /\j — )\k‘ The equa-
tions have besides the energy Hy = H, two trivial constants of the motion

Hy = :r%—i—x%—i—x%,
Hsz = mi—l—wg—i—x%.
Adler and van Moerbeke [3, 10] have shown that the geodesic flow on SO(4) for the metric
defined by the quadratic form (6.1) is algebraically completely integrable if and only if:

a) The quadratic form H is diagonal with regard to the customary so(4) coordinates (Manakov
metric), i.e.,

4
2H = Z NpXZh (Xj)1<ik<a) € so(4),

Jik=1
i<k
with
Bj — Bk .
Ajp = = , (0,8, €C,1<j<4),
Q; — Qg

all Ajj distinct. The extra invariant Hy is quadratic and the flow evolves on abelian surfaces

20
C?/lattice C P7(C), having period matrix @ , Im s 0, (a,b,c € C). According to

04chbh cb
Haine [19] and Mumford [1],

4
ﬂ {z € C°: Hj(z) = ¢;} = Prym (C/Cy) \D,
j=1

where D is a curve of genus 9, Cy is an elliptic curve defined as
CO = {(tl,tQ,tg,t4) S PS((C) such that thHj has rank 3} s

and C is a double cover of Cy ramified at the 4 points Co N {)_t;c; = 0}. The periods of this Prym
variety Prym (C/Cy) provide the exact periods of the motion in terms of abelian integrals. The
problem of the solid body in a fluid in the case of Clebsch is a particular case of this metric.
b) The quadratic form H satisfies the conditions
(12,13, 13) = A12 22331 Aa5A56 A64 <()\23 —Xs56)2 (31— Aea)? (A1 — )\45)2>
b EB s (M6A32 — AesAi3)? A2s3dse | Azidea | A2das ’

with the product pjpsps being rational in A1, ..., Ag and with the following sign specification

A12A23A31 Aa5A56 \64
(A12 — Aa5)(A23 — As6) (A31 — N6a).
(A6 32 — AesAiz)”

The extra invariant H, is quadratic and the flow linearizes on 2-dimensional hyperelliptic jacobians.
More precisely

H1po2 3 =

ﬂ {z e CO: Hj(x) = ¢j} = Jac (hyperelliptic curve C of genus 2)\D,

j=1
where D is a divisor of genus 17, which contains 4 translates of the O-divisor in Jac(C), each of
which is isomorphic to C. The hyperelliptic curve C is a double cover of the curve Cy (see a)) of
rank 4 quadrics which in this case is isomorphic to P!(C). The periods of the motion are given by
the periods of the hyperelliptic curve C. The problem of the solid body in a fluid in the case of

Lyapunov—Steklov is a particular case of this metric.
c) The form H satisfies

1 1 1
44 4
= A13A46 21 A54A32\ :
(11, 12, 113) = Mz hasAz1 Asada2 Ao <)\32)\65’ A13A46 )\21)\54>
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The quantities ¢, £ and n defined by
)\46 )\54 )\65
42577 2577 772577
A3 A21 A32
satisfy the quadratic relations
CE+&n+nC+1=0, 3n+n—E&+1=0.
The geodesic flow has a quartic invariant Hy, evolves on abelian surfaces ACp® (C) having period

20 ac ac
matrix , Im >0, (a,b,c € C) and it will be expressed in terms of abelian

012c b cb
integrals. More precisely

4
m {z e CO: Hj(x) = ¢} = A\D,
j=1

where D is a curve of genus 25 with 8 singular points. Put in a more geometrical language, the tori A
contain a very ample and projectively normal curve D of geometric genus 25, with 8 normal crossings
whose smooth version C is a 4-1 unramified cover of a curve Cy of genus 5. The curve Cy itself is a
double cover ramified over 4 points of a genus 2 hyperelliptic curve H. Moreover, the linearization
takes place on a 2-dimensional subtorus of the 3-dimensional Prym variety Prym (Co/H) with

Prym (Co/H) = A& &,

where £ is an elliptic curve. This situation provides a full description of the moduli for the abelian
surfaces of polarization (1,6).

We have seen throughout this work that if a system is algebraically completely integrable,
then it has a family of meromorphic Laurent series depending on ”"dim (phase space) — 1”7 free
parameters. Now, trying to generalize the result to the geodesic flow on SO(n) for n > 5 using
the same method leads to insurmountable calculations. As was shown by Haine [20], for n > 5
Manakov’s metrics are the only left invariant diagonal metrics on SO(n) for which the geodesic
flow is algebraically completely integrable. Note that it turns out that the geodesic flow on SO(n)
admits a lot of invariant manifolds on which they reduce to geodesic flow on SO(3) and the solutions
of the differential equation with initial conditions on these manifolds are elliptic functions and this
without any condition on the metric. Haine [20] has shown that looking at solutions near these
special a priori known solutions and imposing these solutions to be single-valued functions of t € C,
suffices to single out the left invariant diagonal metrics for which the geodesic flow is algebraically
completely integrable.

I wish to express my thanks to an anonymous referee for his valuable helpful comments and
suggestions.
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Abstract—We give a birational morphism between two types of genus 2 Jacobians in P'®. One
of them is related to an Algebraic Completely Integrable System: the Geodesic Flow on SO(4),
metric IT (so termed after Adler and van Moerbeke). The other Jacobian is related to a linear
system in 40| with 12 base points coming from a Gopel tetrad of 4 translates of the © divisor.
A correspondence is given on the base spaces so that the Poisson structure of the SO(4) system
can be pulled back to the family of Gopel Jacobians.
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1. INTRODUCTION

It was Jacobi who realized that new Integrable Systems were very difficult to find. In the best
cases, if one has a good change of coordinates that relates a given System to a known Integrable
System, one could expect to integrate the given one via this change of coordinates. We asked
ourselves whether there would be an Algebraic Completely Integrable System related with genus
two Jacobians in P!® and associated to a divisor Dy in [40| formed by four translates of the ©
divisor by %—periods intersecting into 12 nodes ey, ..., e12 as shown in Fig. 1. Such a divisor is an
even section of [40| cut out by a hyperplane section at infinity. The affine variables expressed in
terms of the complex time flow have to blow up at Dy in order for this to be associated with an
Algebraic Completely Integrable System in the sense of Adler and van Moerbeke.

Fig. 1

This is the classical configuration that comes up when in the related Kummer surfaces in P3
we pick a Gopel tetrad of theta functions as coordinates of the ambient 3-space. This subject is
extensively described in [1-3].

The Geodesic Flow on SO(4), metric II is an Algebraic Completely Integrable System that was
studied by Adler and van Moerbeke [4, 5], (See also [6-8]). In [8] an alternative way of obtaining this
system via algebro-geometric considerations is given. This Integrable System linearizes on genus
two Jacobians and has at infinity divisors D; which consists of four translates by %—periods of the
O divisor that intersect into four triple points (Fig. 2).

* . . . .
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ON ROSENHAIN-GOPEL CONFIGURATIONS 211

Dy

Fig. 2

The configuration divisor D; comes up when in the related Kummer surface in P? we choose a
Rosenhain tetrad of theta functions as coordinates of the ambient 3-space [1-3]. In terms of the
(—1)-involution applied to the theta functions defining Dj, this divisor becomes odd, as opposed
to Dy.

We realized there should be a map between the variables associated with the functions in
L(Dy) and those in £(D;) in the following way. Write Dy = Og + 01 + ©2 + O3 where the 0;’s
are the four translates by %—periods of the © divisor and therefore homologous to ©. Analogously,
D1 = 0y + 01" + 0y’ + 03/, where the ©;"’s are homologous to ©. Since the ©;’s are related to
a Gopel tetrad and the ©;"’s to a Rosenhain tetrad, they must be linearly equivalent to 40. In
particular, we have the linear equivalences 40; ~ Dy ~ 40 ~ Dy ~ 40, that imply a linear map
between L£(Dy) and L(D;) on each Jacobian. Now, the divisors 20, and 20, are algebraically
equivalent and because they are totally symmetric we have the linear equivalence 20; ~ 20,
(see [7]). The functions of £(26;) and £(20,’) embed the respective Kummer surfaces in P3 and

they are therefore related by a linear transformation in P3. This map gives an isomorphism between
the Kummer surfaces of the Rosenhain and Gopel configurations and can be extended to a linear
map in P by a procedure that was described in [7]. Thus we get a biregular map at the level of
the Jacobians.

The main result of this paper is Theorem 1, the linear map in P3 that relates the Gopel and
Rosenhain Kummer surfaces biregularly. As a bypass we can translate the Poisson structure of the
SO(4) system to the Gopel family of Jacobians.

2. GENUS TWO THETA FUNCTIONS

Let 7 be the 2 x 2 Riemann matrix of a (generic and principally polarized) genus 2 Jacobian.
A pair of real vectors (m,m*) is associated univocally with the point m* + mr of €Z.

For the pair of row vectors (m, m*) (called characteristics) we define the classical theta functions
[3, §8.5] as (1) below, where e(z) = exp(2miz), 2 € €. They have the properties (2), (3), (3'), (4).

(1) e (1,0) = X ez ez +m)7' (W +m) + (¢ +m)' (¢ +m*))
(2) D (1, —=C) = Vo, —m= (7, €)
(3) m-p,m*4ap* (T C) - 6( t¢*)§m,m* (7_, C), fOI"gb,l/J* eZ"
) ¥

(3’ m,m* ('7'7 C +ur +u ) = 6(—%UTtu — ut(C + u*))e(—utm*)ﬁm+u,m*+u* (T, C)

m
We also use the customary notation ¥, m=(7,() =9 (1,¢), and agree to represent the
*

m
point m* + mr either by " or " , when 7 is fixed.
m* m*
" Y e 7% /7% is a half period, then we have the formula (Prop. 3.14 — Ch. IL. p. 167 [9]).

(4) I (1, =€) = e(Cm'm* )y m= (7, C) = ex(m* + mT) 0y (1, C)
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There are 229 half periods on an abelian variety of dimension g. We say that a half period of

m m
characteristic is odd (even) if the factor e, is negative (positive).

m* m*
-

For a genus 2 Jacobian the even half period characteristics are given by

00 0 O 00 1/2 0
€35 = , €23 = , €45 = , €13 =
00 1/2 0 01/2 0 0
0 1/2 1/2 1/2 1/2 0 0 1/2
€12 = , €25 = , €14 = , €15 =
00 0 O 0 1/2 1/2 0
0 O 1/2 1/2
€94 = 9 €34 =
1/2 1/2 1/2 1/2

While the odd characteristics are the following

1/2 1/2 1/2 1/2 0 1/2 1/2 0
€0 = , €1 = , €2 = , €3 =
1/2 0 0 1/2 1/2 1/2 1/2 1/2
1/2 0 01/2
€4 = ) €5 =
1/2 0 01/2

It follows that the theta functions J]e;] are odd functions with respect to the involution, while
the [e;;]’s are even. One has the relations & +¢€; =€;; + €, 0<i<j <5, and Z?:Oeﬁ =0 on
the Jacobian.

The odd half periods are the Weierstrass points of the theta divisor {¢ : Yo0(7,{) =0} = © and
O is also the genus 2 curve into its Jacobian.

Any Rosenhain divisor D; (i.e. related to the SO(4) system) and any Gopel divisor Dy
can be constructed from one of the 16 symmetric curves {Op; =© +ey+¢, 0<i<5; O =
©+¢e +ej, 0<i<j<b} by acting on it with a particular group of translates G = Zy x Z3 =
{1,t1,t2,t3 = t1 + t2} and by selecting the origin to be one of the €;’s. As well known, there are 80
Rosenhain tetrads and 60 Gopel tetrads that can be chosen among these 16 curves possibly after
choosing the right origin [1], [2]. For any curve C, define Cy :=C + €, £ =0,...5.

The 60 Gopel divisors have the form Dy = ©; + (0i5)¢ + (Oki)e + (Omn)e, where 4,7,...,n are
all different and 0 < £ < 5. The 80 Rosenhain divisors are Dy = O, + (O;)¢ + (Oo;)¢ + (Oi5)¢ with
O0<t<g<h, anlel:@g+(@ij)g+(@jk)e+(@ki)g, with0<i<j<k<50<lL5.

These divisors are all linearly equivalent in [40|. Also, any divisor 2(©;;), is linearly equivalent
to 20. However, there may be issues once an origin is chosen.

Let us call Gy = Zy x Zy = {1,t1,ta,t3 = t1 + t2} a Gopel group if acting on ©, by translations
it defines a Gopel divisor. G = Zy x Zy = {1,1],t5,t5 =t} +t5} is a Rosenhain group if acting on
O, by translations it defines a Rosenhain divisor.

Assume that on the Jacobian A we have chosen an origin and fixed a Gépel or Rosenhain divisor
D given as the zeroes of theta function sgs;ssss, where the s;’s are translates of the Riemann theta
function by %—periods. We have the following:
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Proposition 1 ([7]). Let D =©¢+ O1 + Oz + O3 be a Gipel or Rosenhain divisor defined by
the theta sections sg, s1, S2, S3 Then, the sections of 20: {3(2), 2, s%, s%} are linearly independent and
therefore give a basis for HY(A,20). If X represents a generic global vector field, then a basis for the
even sections of HO(A,40) is given by the sections {sg, sis?, s3s3, s3s2, 51,5353, 5353, 53, 5352, 53,
and a basis for the odd sections of HY(A,40) is {Wx(s3,s7), Wx(s3,s3), Wx(s3,53), Wx(s?,53),
Wi (s2,52), Wx(s3,53)}, where so, s1, s2, 83 are theta functions vanishing on ©g, ©1, O9, O3 respec-
tively.

3. KUMMER EQUATIONS
Here we will give the equations of the Kummer surfaces in the Rosenhain and Go&pel basis
of H°(A,20). We will work with a particular choice of theta functions and the action of the
Rosenhain (Gopel) group on the respectively chosen Rosenhain (G&pel) basis is one of the possible
many actions that essentially differ by a symplectic automorphism.
Pick three points eg,é7,é3 in © = {( : ¥(7,() =0}, €y as origin and consider the group G,
generated by €1 — €g, e — €. This has an extra element e1j3 — €y. We write

0 0 00

t1=€1—60: 2624+
—1/2 1/2 —-10
~1/2 0 ~10

to = ey —eg = =e14 +
0 1/2 00
~1/2 0 ~10

I3 =e12—e = =eq4+
71/20 —-10

and consider the translates of the ¥-divisor © by these elements of Zo x Z5. These translates are
given by the sections

so = Vless|(7,¢) = (7, (), 51 = V]eaq](7, ), s2 = V[era](, (), and s3 = Jes](7, ().
Thus, the zero locus of Z;(7,() = [635]19[624}19[614]19[64] gives a typical SO(4) divisor. As Z; is the
product of 3 even sections and one odd section, Z; is odd

We will make a table with the action of ¢; defined by t_,9(¢) = J({ + x). This action is associated
with the Schrodinger representation of the Theta group (see [3] and [7] for those matters).

so = Vess|(T,C) s1 = Veaq] | s2 = V]e1s] | s3 = V]e4]
tl 19[635](7‘, C +e1 — 60) = 19[624] 79[635] —19[64] 19[614]
ta | less](1,( +e2 —eo) = f(()V[era] | f(Q)id]ed] | f(Q)V]ess] | f(C)id]ead]

ta | Vless](7,C + era — eo) = —g(Q)Vea] | g(Q)idlera] | g(()Veas] | g(C)iv[ess]
This induces the following action on the Rosenhain basis of H%(4,20)

Table I
xlzsg :CQZS% I3:S§ 934:5%
t1 To T Ty T3
to | fPas | —fPxa | [P —f2xy
ts | gPxa | —gPxs | gPra | —g’m

where f, g are factors corresponding to trivial ¥-functions.
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Using Table I we deduce the equation of the Kummer surface in terms of a Rosenhain basis.
This is the following (compare with [1, p. 83] for a slightly different equation due to a different
action on the basis)

2811 Tox3T + U’ (:c%x?l + $%l‘§) + 2uv(z1my — To3)(T1 T3 — ToXy)
+2uw (x4 + Tox3) (T129 + T3T4) + VP (m%x% + x%xi) (3.2)
0

—2vw (2123 + Taxa) (2172 — T324) + W? (225 + 2577) =

The intersection of this surface with the coordinate planes x; = 0 give double conics. Also, the
equation can be written as x2ps (w2, 23, 14) + x1p3(72, T3, 24) + (g2 (72, 23, 74))? = 0, where p;, ¢; are
homogeneous polynomials of degree . Having the equation written down in this form in a Rosenhain
basis allows us to quickly find the branch locus of the projection from [1:0: 0 : 0] onto the plane
{21 = 0}. This is given by decomposing A = p3 — 4pyq3 into its 6 linear forms (possibly using roots
of u,v,w), each one of these forms defines a plane that intersects the surface into a double conic.
The branch locus of the projection is precisely the union of these 6 double conics. This branch locus
is important to find if we want to match two Kummer surfaces. As it was shown in [7, Prop. II, Ch.
V], two Kummer surfaces with chosen double points are biregularly equivalent (K,p) = (K',p')
if and only if there is a linear map in P3 preserving the branch loci of the projections from p
(respectively p’) onto a plane. So essentially in order to match a Rosenhain Kummer surface and a
Gopel one we have to carry the Gopel equation into Rosenhain form by a linear change which will
probably involve a choice of an origin in the Jacobian.

Notice that four of the double points of the surface are the corners of the tetrahedron formed
by the planes z; = 0; namely the points {[1:0:0:0], [0:1:0:0], [0:0:1:0], [0:0:0:1]} of
P3. These double points correspond in the Jacobian to the triple points of a Rosenhain divisor D;.

Now, let us write down for later use the action of G; on the sections v;; = s?s?, 1 < j of 40.

These sections are closely related to one of the incarnations of the SO(4) system that was worked
out in [7] and [8].

Vo1 V02 V03 V12 V13 V23 A
t1 Vo1 V13 V12 V03 Vo2 U23 -7
(3.3)
4 4 4 4 4 4 4
ta | —ffvaz  ffvee  —fviz —ffvoz  ffviz —ffvor | —f 2
4 4 4 4 4 4 4
t3 | —g"ve3  gviz  —gvo3 —gvi2 G vz —g vol VAL

In the Gopel situation we choose the %—periods €o, €15, €4, €23. Fix the origin €y and let Gg be
the group generated by {e15 — eg, e4 — €g, €23 — eg}. Write

, -1/20 —-10
tp =e5 —eg = =e13+
0 O 00
, 0-1/2 0-1
g =e4—ey= =e12+
0 O 00
-1/2 —-1/2 -1 -1
té=€23—€0= / / :625+
0 0 0 O
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Therefore, consider the translates of the ¥-divisor ©® by these elements of Zs X Zs. These
translates are given by the sections

sh = ess](1,¢) = I(1,C), 81 = Vers](,¢), s5 = Ier2](7,¢), and sy = I]eas](T, ().

Thus, the zero locus of Zy(7, () = V]ess|I]e13]]e12]V]e2s] gives a Gopel divisor. As Zj is the product
of 4 even sections, Zj is even.
We will make a table with the action of tg on the theta functions as in the Rosenhain case.

s, = Vless](7, ) sy =0V[es] | sy=1era] | s5=1]eas]
1| Vless)(1,¢ +e15 — eo) = g(¢)Iers] 9(¢)V|ess] 9(¢)V|eas] g9(Q)Vei2] (3.4)
to|  Vess|(1, ¢ +es —eg) = f(Q)V]er2] f(Q)[eas] f()[ess] f(¢)[exs]
ty | Vess](7, ¢ + e23 — eo) = f(Q)g(Q)Veas] | F(C)g(C)V[er2] | F(Q)g(C)I[ers]| f(C)g(C)I]ess]
This leads to the following action on the Gépel basis of H?(A, 20)
Table I
x=(s)” | y=(s1)? | z=(s5)* | t = (s})
t| gy g’z g’ 9’z
t f?z f fPx 2y
ty | fPg*t f?g%z 2%y | g’z
Again, f and g are factors corresponding to trivial 9-functions.
The equation in these variables is already given in [1, p. 85]:
(2p(tx + y2) + 2q(ty + 2) + 2r(t2 + 2y) + 12 + 2% + 12 + 22)° 55)

—16tzyz (p* — 2pgr + ¢* +r* — 1) = 0.
Using Table II and the invariance of the Kummer surface under this action, we deduce the same
equation as Hudson for which we get the relation Zg = zyzt and moreover, our section x (in Table

IT) and z; (in Rosenhain case) is the same theta function ¥[ess]*.

The 12 double points corresponding to the 12 half periods in a Gopel divisor Dy are met
at the intersection of each pair of coordinate planes (i.e. at an edge of the fundamental Gopel
tetrahedron whose faces are the planes {z = 0}, {y = 0}, {z = 0}, {t = 0}). There are two double
points per edge. The remaining 4 double points are outside any of the double conics obtained by
intersecting the surface with a face of the tetrahedron. They come from the %-periods in the affine

part of the Jacobian in P'® whose hyperplane section at infinity is precisely Zy. One checks that
if Py =1[1:yo:20:to] (with all entries # 0) is one of these 4 double points, then p,q, and r are
obtained in the following way:
B e
~2(to — yozo)
+yd—2-1
~ 2(toyo — 20)
-yt (3.6)
~ 2(yo — toz0)
¢o = 2p(to + yoz0) + 2q(toyo + 20) + 2r(toz0 + yo) + 5 + 1+ y5 + 25 =
_ 2toyozo(to —yo — 20+ 1)(to +yo — 20 — 1)(to —yo + 20 —1)(to + yo + 20 + 1)

| (toyo — 20)(tozo — Yo) (to — Yoz0)
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These relations are deduced from the condition that Py be a singular double point in the Kummer
surface, and as soon as this happens, the orbit Gg.FP, gives the 4 double points corresponding to the

%—periods in the affine part. It is by using (3.6) into the general quartic equation invariant under
Gy that one obtains (after several calculations) equation (3.5). It matters here that the intersection
of a coordinate plane and the surface has to be a double conic.

The four points Go.Py are the vertices of a Rosenhain tetrahedron. We would like to map the
vertices of the Rosenhain tetrahedron coming from the SO(4) system to the tetrahedron with
vertices in Go.Py (although this is not unique). In order to do that, we write Gopel’s equation (3.5)
around the point Py. We need to do a Taylor expansion of (3.5) about Py keeping in mind that
Py is a double point. The change of coordinates involved is the following: {x = z,y = y + yox,z =
z + zox,t =t + tox} and in these new variables the equation can be written down as follows:

( ©’Py(y, z,t) + xPs(y, 2, t) + (Q2(y, 2,t))> =0,  where

6452 tyozo + toyzo + toyoz 2
PQ (y7 z, t) = ( ¢2 )
0

+ 200 (2(pyz + qty 4+ rtz) + t* + y* + z2) — 16s(tyzo + tyoz + toyz),

P ( t) 16s (2(pyz qty +1 tz) + t? + y2 + 22) (tyOZO +toyzo + tO?/Oz)
3\Y,2,1) =
b0

Q2(y, z,t) = 2(pyz + gty + rtz) + * + y> + 2%,  and
s:p2—|—q2+r2—2pqr—1.

(3.7)

— 16styz,

Although (3.7) looks like a Rosenhain form, we will need to go to the roots of the moduli numbers
{0, Y0, 20} in order to fully factorize these expressions. In fact, the double conics that should appear
by intersecting equation (3.7) with the coordinate planes {y = 0},{z =0}, and {t =0}, only
appear after taking the root {a = \/(to—ZU—yO—H)(to—i—yo—zo—l)(to—y0+zo—1)(to—|—y0—|—zo+l)}.
Also, notice that the groups Gg and G do not correspond well under this translation.

4. THE SO(4) SYSTEM
The SO(4) system for the metric IT is the system of differential equations [5], [6], [7].

T| = T2T6 T4 = T3T5
Ty = 57’3(7’14-7'4) Ty = T3T4
. 1 .
T3 = 57’3(7’1 +74) Te = T1T2.
One can pick a Poisson matrix for this system
0 T3 T2 0 0 (27’2—7’5)
—T5 00 0 O 0
—To 00 0 O 0
Jsow) =
0 00 0 O T5
0 00 0 O T4
_—(7'4 —75) 0 0 —75 —74 0 |

with Poisson bracket {f, g} = <<TJ;7 Jso() - 873>.
By making the change of variables

V1 =T1+7Tg, V2=7T —Tl, V3 =To+ T3, V4 =T2 — T3, Us =T4+ T5, V6 =T5 — T4
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the Poisson matrix takes the form

0 2(vs +v4) — (v5 +v6) V3 —v4 —U5 Vg
—2(v3 + v4) + (v5 + vg) 0 —V3 V4 —Us Vg
JSO(4) _ —v3 V3 0O 0 0 O
U4 —4 0 0 0 O
Us Vs 0 0 0 O
i U6 —vg 0 0 0 0]

and the invariants are Qo = v1v9 = ao, (3 = v3U4 = “4—3, Q1 =v5v = a1; Q4 = %(m + vg3 — vy —
vg)? + %(03 — vy — v —v9)? — i(vl — vy — v5 +vg)? = ag with Q1 and Q3 as the Casimirs. The
SO(4) system possess a group Zy X Zy =< o, T > of translations by %—periods leaving invariant the
equations and the vector fields whose action on the affine variables v;’s is given in the following

Table IIT
‘ V1 V2 V3 Vg4 Vs Vg
O|—V2 —U1 —V3 —VUq4 —Vg —Us
T|—v1 —V2 Vg4 V3 Vg Vs

This Algebraic Completely Integrable System linearizes on Jacobians of genus 2 curves and
has an odd divisor Dy = Oy + ©1 + Oy + O3 at infinity given by 4 translates of the theta divisor

(Rosenhain divisor). The functions {1, k1 = voug, ko = v9v3, k3 = v3vg} yield a basis of H°(A4,20)
(see [7]). With the four invariants at hand one easily deduces the equation for the Kummer surface
in P? in terms of the homogeneous variables {ko, k1, ko, k3}

a3k0k‘1

9
—(—a1koks + azkoks — kika + kiks)? + 2 <—a1k0k2 + — k1ks + k2k3>

(4.1)
a3k‘0k1

2
+2 <a2k‘0k‘3 + + ki1ko — k‘zk3> — 16a4koki1koks =0

We need to exhibit an expression for the branch locus of this Kummer surface in order to relate
equation (4.1) to equation (3.7). First, we need to connect the Kummer equation (4.1) with the
basis {s3, s7, 53,53} of H°(A,20). The action of G} on the affine variables {V} = P Ve =33V =
UZ%?’, Vi= ”Z%l, Vs = vZ%”, Vs = %2} is the same as that given in Table III by substituting the v;’s

2
with the V;’s (see [8] and [7]). Moreover V1Vo = 1, V3V, =1, V5Vs = 1, and also VoV = %’VQVi” =
0

2 2
j%, VsV = 2—5 As shown in [7], the divisors of the functions k;,7 = 1,2,3 have precisely the form
0 0
(ki) = 20; — 20¢. Thus, the v;’s are just a rescaling of the V;’s. We can pick kg to be cs% for some
constant c. This is done by conveniently fixing an origin for the Kummer surface (3.2).

For the SO(4) system the four triple points of D; go down to the points {pg =[1:0:0:0],p; =
0:1:0:0],p2=[0:0:1:0],p3=1[0:0:0: 1]} in the Kummer surface (4.1). We will project from
the point pg to the plane {ky = 0} and obtain

Proposition 2. The branch locus of the projection from py =[1:0:0:0] to the plane {ky =0}
in the Kummer surface (4.1) of the SO(4) system is given by the zeroes of the linear forms in the
sextic form

2@1/\1'
A —1

3
A = k1koks H <a3)\ik‘1 +

ko + 2a2k53> (4.2)
i=1
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where the roots A\;’s are obtained from the relations
ayp = *ag()\l — 1)()\2 — 1)()\3 — 1),
az = —azA1A2A3, (4.3)
ag = —az(M1 — 5) (A2 — 5) (A3 — 3)-

Proof. Write equation (4.1) as ng% + Ps3kg + Q% = 0, so that the branch locus will be a multiple
of P? —4P,Q3 = H?:l(ﬂilkl + pioks + pisks). We compute
P§ — 4P,Q3 = 4kykoks (—8atkik3 + 8aikikoks + 8aiks — 8aikiks — 8ayaskik3 + 16ayask: koks
— 8ayagki k3 + 6ayazkiks — 2a1a3kiks — 6arazki ks — 2a1azki koks + 4ayazksks
+ 16a1ask1 k3 — 48ayaskikoks + 32a1a4k3ks + S8a3kikoks — Sask1 k3 — 8a3kok3
+ 8a3k3 + 2asaskiky — Gagaskiks + 2asaskikoks + 6agaski k3 — 4agaskok?
— 48agasky koks + 16azaski k3 + 32agaskoki — a3k} + adkika + a3kiks — adkikoks

—8agaskiks + 8azaskiks + 64ajkikoks) .
(4.4)

Look at the quadratic polynomial in equation (4.1) when we put kg =1 (i.e. when we do a
Taylor expansion around the point pg in affine coordinates). This is the polynomial

1
Z (4a%k§ + 8aiaskoks — 4ajaskiko + 4a%k§ + dasasgkiks + a%k%) R (4.5)
which already gives a double point at pp; but when intersecting with the form (u;1k1 + pioke +

wisks) = 0, there has to be a double tangent because the intersection of one of these planes with
the surface is a double conic. Assume p;3 # 0, then k3 = p1k1 + peks and by substituting this

. .. . . 2
into (4.5) the condition of double tangency is met if puy = —%. If py =0 we get k3 =0. If
w1 =oo we get by =0, and p; = —;732 implies ko = 0. The remaining linear forms are proportional

to (—uikl + a32f2ltl;2iui ko + kg). Therefore, after rescaling p; = —2%)\@-, we get (4.2) up to a constant.

Now, by comparing (4.4) with (4.2) we get the relations (4.3).

5. BRANCH LOCI

Here we will write the linear forms that appear in the factorization of the branch locus about
the point Py for the Gopel equation (3.7) in its Rosenhain form. As a first approximation we try
to factorize the polynomial A = P3(y, z,t)? — 4P (y, 2, t)Q2(y, z,t)?. Using the relations given in
(3.6) we get (up to a constant ¢’ depending on yo, 29,t9) that A = ¢/ Ry RyR3, where the R;’s are
the quadrics

Ri(y,z,t) = y* + 2> + t* + payz + vyt + piszt,  i=1,2,3,

and the coefficients ¢;; are given in the following list

(15— 18y — toag — 268 + dtoyozo — ¥ — 25 + 1 o B+l
o (toyo — 20)(tozo — o) ’ F12 = e toYo — 2o
‘:_—t(%yg—t(2)+4t0yozo+y§—y§z§—2y§—z§—|—1 _ :_t%—yg—zg—i—l
o2 (toyo — 20)(to — Yozo0) ) waLT e to — Yozo
. —1328 — 12 + dtoyozo — 32 — i + 20 — 222 + 1 . ; B—yd+22-1
32 = — , P13 =33 = — .
(tozo — yo)(to — yozo0) tozo — Yo
(5.1)

REGULAR AND CHAOTIC DYNAMICS Vol. 16 Nos. 3-4 2011



ON ROSENHAIN-GOPEL CONFIGURATIONS 219

These coefficients are related to the original p, ¢, r in the following way:

0
P11 =21~ 5 , P12 = P22 = 2gq,
Yozo
0
P23 = P33 — =, P31 = P21 = 2p,
220t0
0
P32 = P22 — ———, P13 = P33 = 2T.
2yoto

In order to factorize R;(y, z,t) = (y + iz + vit)(y + [z + 7t), we get that (;, 3/ must be the
roots of the equation ¢? — ¢;;¢ + 1 = 0. Analogously, i, 7y, are the roots of 2 —pp¢+1=0,but
the signs of these roots must be carefully chosen so that the relation 3;v; + ;0. = ¢:3 holds. Call
rf; the roots of the equation ¢? — ¢;;¢ +1 = 0. We get the following

1 (12 — Da ) 1 < a )
+ 0 +

1 — = 11 + , T - 29 + R
H2 (Lp (toyo — 20)(toz0 — Yo) 2753\ oo — 20

1 (22 - Da 1 a
T3€:2<@32i( 0 )7 T 2<‘P21ito_y020>7

Yo — tozo0)(Yozo — to)
where {a2 =(to—2z0—yo+ 1)(to+yo— 20 — 1)(to — yo + 20 — 1)(to + yo + 20 + 1)}

We state now the following

(5.2)

M-

Proposition 3. Let Py =[1:yp: 20 : to] be a double point of the Kummer surface coming from
one of the four %—pem’od not sitting on a Gépel divisor Dy. After translating to Py Gépel equation

(3.5), the projection from Py to the plane {& = 0} has a branch locus determined by the zeroes of

the following sextic form
A = (y+riiz +rpt)(y + riz 4+t (y + 1312 +rit) (5.3)
X (Y + 12 +rpt)(y + oz + rpt) (Y + 132 +rgt),

+

where the r;;’s are in (5.2)

Proof. This follows from the considerations above. Since r;; + 75 = Yij) and rgrig =1, in order to

obtain a decomposition into linear factors for the quadratic polynomial R;(y, z,t), we only need to

check that the roots 3;, 8l,7i,~ satisfy the relation % + % = ;3. This tells how to pick the right
+ _ + - + -

roots for each linear factor. We check that & + "L = 137 "2 4 ™21 — (po3: and 8L 4 581 — (pgg
T12 T12 T22 T22 T'32 T'32

by using (5.1) and (5.2). Thus, having decomposed into linear factors each R; according to this

prescription and using the equalities in (5.1) we obtain the stated decomposition for A.

6. MAPPING THE GOPEL AND ROSENHAIN KUMMER SURFACES

The plan now is to match the branch loci of the Gopel and Rosenhain Kummer surfaces. As
said before, the linear map in IP? has to take Py — po and A — A so as to give the required
isomorphism. We discussed in section 4 that kg = cs3 = cx = cx (after choosing a different origin
for the SO(4) system if necessary). Therefore one of the possible linear maps that take Py — po
and A — A is (in the affine chart {& # 0}) the following

ki =ci(y + {1z +rpt),
ky = ca(y +royz + ropt), (6.1)
ks = c3(y + 7% + rpt).
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After a relabeling of the roots A;’s if necessary, we need to check that the following relations
hold

( 2a1 )\
<a3)\1k‘1 + N 1_1 ko + 2a2k3> =d; (y + 7112+ 7“;215) ,
2a1)\2 + +
ag\ok1 + " ]{32 + 2a9ks | = do (y + 192 + 7“22t) , (6.2)
Ask ‘“A?’ o+ 2asks | = d Szt
a331+)\ 2 + 2a9k3 | = 3(y—|—r21z+r32).

This implies the d;’s are determined once the constants ¢;’s are given. Just substitute (6.1) into
(6.2) and compare the coefficients of y on each side of the three equations (6.2). We obtain

2a1 0
d; = aghic1 + )\al 1102 + 2a9cs, for i =1,2,3. (63)
i —
The remaining equations that appear by comparing the coefficients of z and ¢ in (6.2) allow us

to determine co,c3 and the \;’s in terms of yo, 20,tp and a. So the correspondence is written as
follows

( 02()\1 — 1)

3 = _Ta

o = 2¢2(M\ —_s_l)(r?Fl - 7’2_1)7

11— T
As = — (1 = 751) (133 — 135) (6.4)
(riy = ra)(ron = 3h)’
Ny = 11 =721 (g = 755)
(ry — 3 (s —733)

\ =) )

\ (r3; = r21)(ros — 732)

Here, we substituted (4.3) and (6.3) into (6.2). Then we factored and solved the equations.

Finally we used (5.2) and the expression for a?. Notice that there is one degree of freedom in the
coefficients ¢;’s since we can pick any co. This is due to homogeneity of the branch locus. We have

Theorem 1. The Gdpel Kummer surface and the SO(4) Kummer surface are bireqularly equiv-
alent. A linear mapping in P3 taking one into the other in such a way that the point Py goes to
po is given by combining (6.1) and (6.4) with the translation that takes Py — po. The constants
of motion of the SO(4) system are obtained by substituting (6.4) into (4.3). Thus, they depend on
Y0, 20, to and the root . By inverting this map and using the extension procedure of Proposition 1
we induce on the Gépel family a Poisson structure. Moreover, The Jacobians of the SO(4) and
Gopel configuration are isomorphic.

Proof. The proofs of the procedure have been described in [7] and the procedure is carried out as
described above. Notice that the constant ¢ such that ky = cx = cx is determined in terms of co,
as and other constants yg, 2o, tg, «. We will not make this relation precise here. If we are given a
set a;’s of SO(4) constants of motion, we find the A;’s by solving a cubic equation because by using
(4.3) we get the symmetric functions in A;’s. Obtaining the quantities yo, zo, to by inverting (6.4) is
much more difficult and has to be done locally. Once we get ¥, 20, to as functions of the a;’s and we
have y, z, t (affine variables) as functions of {1, k1 = vavg, ko = vous, ks = vsvg} (also affine variables
of P3) then we use the SO(4) Poisson structure to translate the SO(4) vector fields to the Gopel
family. In doing that we have to keep in mind that the constants a;’s have to be treated as functions
of the entire phase space. Namely, computing { f, as} we get 0 since @3 is a Casimir, while {f, as}
is differentiation under the nontrivial vector field generated by Q2. In other words, we replace all
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the a;’s by the functions @;’s of the SO(4) affine space. Let ' denote differentiation with regard
to the SO(4) vector field. Now, with the given functions of H%(4,20): {1,v, 2,t} we construct the
embedding of the Jacobian in P'® via the functions of H?(A,40) = {1,y, z,t, 9%, yz, yt, 22, 2, t*} T @
{/, 2/t yz' — 2y, yt' — ty, 2t —tz'}~ which are split into even and odd functions. The isomorphism
obtained from the SO(4) Kummer surface to the Gopel Kummer surface is then extended to
a linear map in P'® [7] that yields an isomorphism of the respective Jacobians. Let Zy be the
Gopel function of HY(A,40). That is, if sgs1s2s3 is the Gopel section then Zg = %1%2%8  We have

O

Z2 = yzt, then we will be able to compute the SO(4) Poisson bracket of any two of the functions

2

0 — (1l Yy =z t Yy oyz oyt 22 zt 214 2 yR—zy oyt —ty 2t tz
IHH(A ZO) {Z()’Zo’Zo’Zo’Zo’Zo’Zo’Zo’Zo’ZO} EB{ZO’ZO’Z()’ Zo ) Zo } . This
leads to expressions that close up in terms of the affine variables v;, i = 1,...,6 of the SO( ) system.

However, using the isomorphism H(A, Z;) & HY(A, Zy) between the SO(4) and Gopel variables
in P15 one gets the closure of the Gopel variables in P,

7. CONCLUDING REMARKS

A more direct way would be desirable to get a Poisson structure and integrals for functions
related to a Gopel configuration. In some cases this has been carried out successfully [8]. For
instance one starts with the sections s, s, 85, s5 of a Gopel configuration so that Zy = s{s}shss
gives the section at infinity. Then from Table II one gets the action of a Gopel group Gg and

IN2(\2
this can be extended to the even functions u;; = M, 0 <7< j<3; and the odd functions

Zo
s 2 _ S/~ 2 S/. 2
wij = () X ()" )Zo( 7 X() ), 0<i<j<3 (X ageneric global vector field) of HY(A, Zy) just by

tensoring the action. Then we ask whether there would be a subset of these functions that entitle
as the phase space variables of an Integrable System with integrals and Poisson structure invariant
under Gy and Dy as divisor at infinity. One way is to look at the linear system |Dy — 21121 e;| of

functions vanishing at the 12 half periods of Dy or |Dy — ZZ L€+ ZZ 15 €i]; then exhibit a basis
of functions for these systems, compute dimensions of the spaces of odd and even functions for
linear, quadratic, cubic expressions (etc.) and find the invariants. Unfortunately, the first linear
system is not symmetric and the second does not have fixed components. So they do not apply
as candidates in the theory developed by Bauer [10] and Szemberg [11]. A new algebro-geometric
theory is needed. Moreover, functions that are related to these linear systems are the Wronskians
w; ;. However, relations for the Wronskians of genus 2 theta functions are very difficult to work out.
Some of them are explained in the old books by Baker [12] and M. Krause [13].

The other functions on which we may try to define a phase space for the Gopel family
are the 6 even functions wu;;, 0 <i < j < 3. The advantage here is that with the relations
Wii = WijWikil, %, J, k, | all different, and Kummer equation (3.5) we already have four invariants:
upruzz = 1, upgu1z = 1, upzu1z = 1, and (uo1uo2uos + uo1u12u13 + uo2u12uz3 + uozt1zugs + 2p(uos +
u12) 4 2q(uo2 + u13) + 2r(ugr +u23))? = 165 = 16(p? + ¢> +r2 — 2pgr — 1). In a way this is how one
obtains the SO(4) system from Rosenhain Kummer equation (3.2) by rescaling the theta functions
and using a basis v;;’s (3.3), which are the cousins of the u;;’s because they are constructed similarly
but for the Rosenhain sections sg, s1, s2, s3. The problem here is that Z; is also an even section
and therefore the quadratic vector fields (in the variables of P!%) have to be sums of products of
an odd and an even function. In the variables of H°(A,4©) for genus 2 Jacobians the square of
an odd function can be written as a quadratic polynomial of even functions, and because of the
relations held by the w;;’s, as a sextic polynomial in the u;;, ¢ # j. Thus, and this seems awkward,
square roots of the u;; would have to be introduced. These are odd sections and the (—1)-involution
changes the sign of the roots. A Poisson matrix Jggpel that is equivariant with respect to Go and
changes sign with regard to the (—1)-involution will have to contain some of these square roots in its
entries, otherwise if only polynomial in the even variables u;;’s we obtain the null matrix. The other
approach is to extend the phase space with some odd functions and again it will be difficult to find
Wronskian relations and new invariants, now with the addition of even functions. Both solutions
seem workable, although kind of difficult may give an invariant way of expressing what was shown
here and a new Algebraic Completely Integrable System whose Jacobians are isomorphic to those
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of the SO(4) metric II system. Although Rosenhain and Gopel divisors are linearly equivalent (and
therefore follows the setting explained in this paper) we can state that the two families are in a way
different. This is explained because the actions of the groups Gy and G are not preserved under
the obtained isomorphism. They are related to two different choices of a Zs x Z5 group inside the
Heisemberg group. In any case if the matrix Jggpe is found it may lead to a system quite different
from the SO(4) metric II.
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17.
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19.
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1. INTRODUCTION

The study of the separability of the Hamilton—Jacobi (HJ) equations associated with a given
Hamiltonian function H is a very classical issue in Mechanics, dating back to the foundational
works of Jacobi, Stackel, Levi-Civita, and others. It has recently received a strong renewed interest
thanks to its applications to the theory of integrable PDEs of KdV type (namely, the theory of
finite gap integration) and to the theory of quantum integrable systems (see, e.g., [1, 2]).

As it is well known, the problem can be formulated as follows. Let (M,w) be a 2n dimensional
symplectic manifold, and let (p1,...,pn,q1,--.,qn) = (P,q) be canonical coordinates in U C M,
ie., w, = Y1 dp; Adg;. The (stationary) HJ equation reads

oS oS

H(Qlw"?qn;aia"'v

g ) = (1.1)

Definition 1. A complete integral S(q;aa,...,an) of the HJ equation is a solution of (1.1),
depending on n parameters (ai,...,ay,) such that Det%{%j # 0. The Hamiltonian H is said to

be separable in the coordinates (p,q) if the HJ equation admits an additively separated complete
integral, that is, a complete integral of the form
n
S(q;al,...,an):ZSi(qi;al,...,an). (1.2)
i=1
In this paper we will focus on an equivalent definition of separability, originally due to Jacobi and
recently widely used by Sklyanin and his collaborators. Let us consider an integrable Hamiltonian H,

that is, let us suppose that, along with H = H; we have further (n — 1) mutually commuting
integrals of the motion Ho,...Hy,, with dH1 A ... NdH, # 0.

Definition 2. An integrable system (Hy, ..., H,) is separable in the coordinates (p,q) if there exist
n non-trivial relations

(I)Z(q’np’quaan):Oa lzlan’ (13)
connecting single pairs (g;, p;) of canonical coordinates with the n Hamiltonians H;.
This alternative definition is indeed a constructive approach to separability, since the knowledge of
the separation relations (1.3) allows one to reduce the problem of finding a separated solution of HJ

to quadratures. In fact, let us suppose that the relations ®;(q;, p;; H1,...,Hy) =0, fori=1,...,n,
can be solved in terms of the p; to get p; = pi(qi; Hi, ..., Hy). Then one can define:

dgq . (1.4)

H;=a;

n Qi
S(Cﬁala---van):Z/ pi(Q£§H17~-->Hn)
=1

This is by construction a separated solution of HJ; the fact that it is a complete integral is equivalent
to the (already assumed) fact that the integrals of the motion depend non trivially on the momenta.

In intrinsic terms, one notices that the equations H; = «, for i = 1,...,n, define a foliation F
of M. The leaves of F are nothing but the (generalized) tori of the Arnol’d-Liouville theorem.
The foliation is Lagrangian, that is, the restriction of the two-form w to F vanishes. Hence the
restriction to F of the Liouville form 6 = >"" | pidg; is (locally) exact. Indeed, the function S
defined by (1.4) is a (local) potential for such restriction. What is non intrinsic, and singles out
the separation coordinates (p,q), is that the separation relations (1.3), which are another set of
defining equations for the foliation JF, have the very special property of containing a single pair of
canonical coordinates at a time. The problem to find such a system of coordinates and relations is
the core of the theory of SoV. In particular, a natural question arises:

Is it possible to formulate intrinsic condition(s) on the Hamiltonians (Hy,...,H,) to a priori
ensure separability in a (given) set of canonical coordinates?

Actually, this is the main issue studied by both the “classical” Eisenhart—Benenti theory [3]
of separability of natural systems defined on cotangent bundles to Riemannian manifolds (M, g),
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as well as the “modern” theory, mainly due to the St. Petersburg [2] and Montreal [4, 5] schools,
of SoV for systems admitting a Lax representation. Even though a detailed survey of the huge
mass of results in these fields is clearly outside the aim of this paper, we notice that both such
general approaches require, generally speaking, the presence of an additional structure to solve the
problem. Indeed, the Eisenhart—Benenti theory requires the existence of a conformal Killing tensor
for the metric g (but we mention that, under additional hypotheses, such tensor can be computed
starting from a given Hamiltonian function, see [6, 7] and references cited therein), while the Lax
theory requires — in addition to the knowledge of a Lax representation with spectral parameter
for the Hamiltonian system under study — the existence of an r-matrix structure for such a Lax
representation. To be more precise, the existence of an r-matrix is needed to prove the involutivity
of the integrals of motion given by the Lax representation, and, as shown in [8], the converse
statement is also true. In this case too, we have to point out that, in some special circumstances,
a multi-Hamiltonian structure can be provided by the Lax matrix (see, e.g., [9-11]).

The method we review in this paper has recently been exposed in the literature (see, e.g., [12-24]),
and can be seen as a kind of bridge between the classical and the modern points of view, putting an
emphasis on the geometrical aspects of the Hamiltonian theory. Its “additional” structure is simply
the requirement of the existence, on the symplectic manifold (M,w), of a second Hamiltonian
structure, compatible with the one defined by w. Namely, the bihamiltonian structure on M will
allow us:

1. To encompass the definition of a special set of coordinates, to be called Darbouz—Nijenhuis
(DN) coordinates, within a well defined geometrical object.

2. To formulate intrinsic (i.e., tensorial) conditions for the separability of a Hamiltonian
integrable system, in the DN coordinates associated with the bihamiltonian structure.

3. To give recipes to characterize, find and handle sets of DN coordinates.

A very important issue that is close to the separability problem is the notion of algebraically
completely integrable Hamiltonian systems (see, e.g., [25]). In general, a (Hamiltonian) system
is said to be algebraically integrable whenever its flow(s) linearize on the Jacobian variety of an
algebraic curve (the spectral curve). The latter is usually recovered as the characteristic polynomial
of the Lax matrix of the system (provided the latter is known/given), and the integration of the
equation of motion reconducted to a Jacobi inversion problem.

It is fair to say that in the bihamiltonian setting we are herewith discussing we are, so far, not
able to provide general criteria for the algebraic integrability of our systems. However, as we shall
see below, we are in a position to make contact with the problem of algebraic integrability, at least
in the (slightly different and weaker) setting of Veselov and Novikov [26], that can be summarized
as follows.

Given a Hamiltonian systems one assumes that the phase space M fulfills the following
properties:

a) M has the fibered structure

k

MELpB, (1.5)
where the base B is an n-dimensional manifold whose points b determine an algebraic curve
['(b), and the fiber is the k—th symmetric product of that curve. In more details, one requires
that T'(b) be given as an m-sheeted covering I'(b)—=C of the complex A-plane, and that
points of M can be parameterized via the curve I'(b), and a set of k points on it, that is,
the coordinates Aq,...,A\; of the projection on the A-plane of a set of points on it, as well as
discrete parameters ¢; that specify on which sheet of the covering the points live.

REGULAR AND CHAOTIC DYNAMICS Vol. 16 Nos. 3-4 2011



226 FALQUI, PEDRONI

b) An Abelian differential Q(I") on I' (or possibly on a covering of I'), smoothly depending on the
point b € B, is defined. It is furthermore required that, if Q(I") is given by

Q(T) = Q(b: A)dA (1.6)

according to the representation of I' as a covering of the A-plane, the closed two-form

k
wo =Y _dQ(b;\) Ad (1.7)
i=1
gives rise to a Poisson bracket, conveniently called algebro-geometric Poisson bracket, with
Ai and p; = Q(b; ;) playing the role of Darboux coordinates on the symplectic leaves of this
bracket.

In such a case, it was proven in [26] that functions that depend only on the curve I' — i.e., on
the points of B — are in involution with respect to the Poisson bracket defined by (1.7), and
these geometric data explicitly define action-angle variables for the corresponding Hamiltonian
flows. The Veselov—Novikov picture was further generalized in more recent works of Krichever and
Phong [27, 28], who showed (besides generalizing the construction to include also 1 + 1 PDEs) how
to construct out of algebro-geometric data some “universal” symplectic form on suitable moduli
spaces, whose Darboux coordinates are, by construction, algebro-geometrical coordinates. Also,
Sklyanin’s interpretation [2] of the method of the poles of the Baker—Akhiezer function can be seen
as a particularly efficient scheme of implementing the Veselov—Novikov axiomatic picture also for
the case of quantum integrable systems, especially quantum spin chains.

In [29] we studied some relations between the bihamiltonian approach to SoV and the Veselov—
Novikov description of algebraic integrability, especially within the example of the Volterra lattice.
It might be useful to remark the following change of “perspective” that (si parva licet) qualifies
the approach described in the above-mentioned paper of ours, as well as the present paper, with
respect to the Novikov—Veselov (and Krichever-Phong) approach. We start from a bi-Hamiltonian
structure to produce separation coordinates that eventually turn out to be associated with an
algebro-geometric structure; on the other hand, it is fair to say that in the approach of the “Moscow
school” the building block is the algebraic geometry of Riemann surfaces and moduli thereof, and
Poisson structure(s) an output.

As far as the organization of this paper is concerned, in Section 2 we briefly introduce the notions
of bihamiltonian geometry relevant for the subsequent sections. In particular, we discuss the notion
of DN coordinates, as well as methods to find them. In Section 3 we present the main theorems of
the bihamiltonian set-up for SoV, namely, the tensorial conditions ensuring separability of the HJ
equations in DN coordinates. Section 4 is devoted to separable systems coming from bihamiltonian
systems by means of a reduction along a suitable transversal distribution. Then we discuss our
constructions in a specific example, whose separability, to the best of our knowledge, has not been
considered in the literature yet. It is a generalization of the periodic Toda lattice with four sites. In
Section 5 we recall its definition, and show how the “bihamiltonian recipe” for SoV can be applied
to it. Although our constructions can be generalized to the generic N-site system, for the sake of
concreteness and brevity we choose to consider the four-site system only, and sometimes rely on
direct computations to prove some of its properties. In the last subsection we apply our geometrical
scheme to study a specific reduction of this generalized Toda system, and to find integrals of the
motion which are not encompassed in the Lax representation. This result can possibly be a suitable
step towards an alternative approach to the so—called chopping method [30] for the full (non-
periodic) Toda Lattice.

2. SOME ISSUES IN THE GEOMETRY OF BIHAMILTONIAN MANIFOLDS

We start this section recalling some well known facts in the theory of Poisson manifolds (see,
e.g., [31]).

Definition 3. A Poisson manifold (M,{-,-}) is a manifold endowed with a Poisson bracket, that
is, a bilinear antisymmetric composition laws defined on the space C°°(M) satisfying:

1. The Leibniz rule: {fg,h} = f{g,h} + g{f,h};
2. The Jacobi identity: {f,{g,h}} + {g,{h, f}} +{h, {f,9}} =0.
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A Poisson bracket (or Poisson structure) can be equivalently described with the corresponding
Poisson tensor, i.e., with the application P : T*M — T M, smoothly varying with m € M, defined
by

{f,9} = (df, Pdyg),

where (-,-) denotes the canonical pairing between T*M and TM. In a given coordinate system
(x!,...,2™) on M, the Poisson tensor P associated with the Poisson bracket {-,-} is represented as

n
! o g o
P= PY— AN —, with PY = {a* 27}.
i,7=1
The Jacobi identity is translated into a quadratic differential condition on the matrix (Pij ), known
as the vanishing of the Schouten bracket, which in local coordinates reads

" 9Pk Pk oPY
pisZ___ | pis pks = P> 7> k. 2.1
Z( ppe + ppe + 6358) 0, Vi>j>k (2.1)

s=1

A function in C*°(M) is said to be a Casimir function if its Poisson bracket with any other function
on M vanishes, or, equivalently, if its differential lies in the kernel of P.

The local structure of a Poisson manifold is described in details in [1, 31, 32]. For our purposes,
we just need to recall that (in the open subset of M where the rank r = 2n of the Poisson tensor
is maximal) M is foliated in symplectic leaves, that (locally) are the common level sets of k
Casimir functions C,...,Cy of P. The dimension of M is related with the integers n and k by
dimM =k + 2n.

Let us now come to the definition of bihamiltonian manifold.

Definition 4. A manifold M is called a bihamiltonian manifold if it is endowed with two Poisson
brackets {-,-} and {-,-}' such that, for any A € R (or A € C if M is complex), the linear combination

{f,9} = Mf, g} = (df, (P" = AP)dg) (2:2)
defines a Poisson bracket. This property is known as the compatibility condition between the two
brackets.

The expression (2.2) will be referred to as pencil of Poisson brackets, and the sum Py, = P — AP
as pencil of Poisson tensors. The most “popular” property of bihamiltonian manifolds is contained
in the following

Proposition 1. Let f and f’ be two functions on a bihamiltonian manifold M, which satisfy the
characteristic condition Pdf = P'df’. Then the Poisson brackets {f, f'} and {f, f'} vanish.

Proof. Tt consists of a one-line computation. Let us consider, e.g., {f, f'}:
{f’f,} = <dfanf/> = _<df/anf> = _<df/aP,df,> =0.

The vanishing of the other Poisson bracket is even easier. O

Definition 5. A wvector field X that can be written as X = Pdf = P'df’ is called a bihamiltonian
vector field.

Corollary 1. Let f;, with i € Z, be a sequence of functions satisfying
Pdf; = P'df;_,. (2.3)
Then {fi, fx} = {fi, fx} =0 for all i,k € Z.

Proof. Using twice equation (2.3) and the antisymmetry of the Poisson brackets we have

{flafk} = <dfl7Pdfl€> = <dfiaP,df/€—1> = 7<dfk—lvpldf’i>

= —(dfx—1, Pdfit1) = (dfit1, Pdf—1) = {fi+1, fi—1}-

Supposing k > i and iterating this procedure (k —i) times, we get {f;, fr} = {fr, fi}, so that
{fi, fr} = 0. The vanishing of {f;, fx}’ is an easy consequence. O
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Using the same technique, we can prove
Amplification 1. Let {f,}n>0 and {gn}n>0 be two sequences of functions satisfying
Pdf; = P'df;_1, Pdfy = 0; Pdg; = P'dg;_1, Pdgy = 0. (2.4)
Then, along with {fn, fm} = {fns fm} = {9n: 9m} = {gn, gm} =0, it holds
{frn:gm} = {fn,9m} =0 Vn,m>0.

The family of vector fields associated with a sequence of functions satisfying the recursion
relations (2.3) are customarily said to form a Lenard-Magri sequence. Those sequences starting
from the null vector field, as in Amplification 1, are pictorially called anchored Lenard—Magri
sequences. Notice that anchored Lenard sequences can occur in bihamiltonian manifold where at
least one of the Poisson brackets is non-symplectic (indeed, e.g., dfy is a non-trivial element of
the kernel of P). We can compactly express equations (2.4) relative, say, to the sequence f; by

considering the formal Laurent series f(A) = > o, f;/A" and writing the equation
(P' — A\P)df(\) = 0. (2.5)

If, as it often happens in the applications, inside the family f; we have an element f, satisfying
P'df, =0, we can form a polynomial Casimir of the pencil as

FQ) =X"fo+ A" i+ + fa (2.6)

In analogy with the definition of Casimir of a Poisson bracket, Laurent series satisfying (2.5)
are called Casimirs of the Poisson pencil. The reader should, however, bear in mind that while
Casimir functions for a single Poisson bracket are, in a sense, uninteresting functions, Casimirs of
a pencil of Poisson bracket compactly encode non-trivial dynamics and constants of the motion.
More precisely, anchored Lenard sequences may give rise to families of integrable systems. Let us
see how this happens in the case of a (2n + 1)-dimensional manifold endowed with a rank-2n pencil
of Poisson tensors. Let us suppose that we have found a polynomial Casimir of the form (2.6),
such that the (n + 1) functions fo,..., f, are independent. Let S, be a generic symplectic leaf of P,
corresponding to fy = c. The vector fields X,, with i = 1,...,n, are tangent to S, are Hamiltonian
on S, (with respect to the symplectic form given by the restriction of P), and the restrictions of the
functions f1,..., f, provide n commuting integrals for each of them. In general, it holds [33, 34]:

Proposition 2. Let (M, P, P’) be a bihamiltonian manifold of dimension d =2n+k, and let
dim(Ker(P' — \P)) =k for generic values of . Let us suppose that HD(X),..., H®(\) are k
polynomial Casimirs of the pencil Py of the form

H(a)()\) — )\naHéa) + /\na—lHYl) + o+ Hy(l‘z)’

such that the collection of differentials {dH](a)}?:é::;‘;i defines a (k + n)-dimensional distribution

in T*M. Then the vector fields defined by the anchored sequences associated with the H® are
integrable (in the Arnol’d-Liouville sense) on the generic symplectic leaves of P.

2.1. Geometry of Regular Bihamiltonian Manifolds and Darboux—Nijenhuis Coordinates

An important class of bihamiltonian manifold occurs when an element of the Poisson pencil
(which without loss of generality we will assume to be P) is everywhere invertible, i.e., the Poisson
bracket {-,-} associated with P is symplectic. The possibility of defining the inverse to one of the
Poisson tensors leads us to introduce a fundamental object in the bihamiltonian theory of SoV: the
Nijenhuis (or Hereditary, or Recursion) operator

N=P P (2.7)

together with its transpose N* = P~! P/, By definition, N (resp., N*) is an endomorphism of
the tangent bundle to M (resp., of the cotangent bundle). As a remarkable consequence of the
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compatibility between P and P’, the Nijenhuis torsion of N, defined by its action on a pair of
vector fields X,Y as

T(N)(X,Y)=[NX,NY] - N([NX,Y] + [X,NY] - N[X,Y)), (2.8)

identically vanishes [35]. So, from the classical Frolicher-Nijenhuis theory, we know that its
eigenspaces are integrable distributions. Such distributions will be the building blocks of the
bihamiltonian set-up for SoV.

To explain this point, we have to make some remarks and a genericity assumption. It can be
shown that, owing to the antisymmetry of the Poisson tensors defining NV, the eigenspaces of N are
pointwise even dimensional. Throughout this paper, we will assume that, for generic points m € M,
the operator N, has the maximal number n = %dimM of different eigenvalues A1, ..., Ay, so that
the dimension of the eigenspace relative to any eigenvalue is 2. Otherwise stated, the characteristic
polynomial of N is the square of its degree-n minimal polynomial Ay ()), whose roots are pairwise
distinct. We will call regular a bihamiltonian manifolds endowed with a Poisson pencil with at least
one of the elements of the Poisson pencil invertible, and such that the eigenvalues of the associated
Nijenhuis tensor are maximally distinct.

Theorem 1. On a regular bihamiltonian manifold there exists a class of coordinates (y;, z;), to be
called Darboux—Nijenhuis (DN) coordinates, satisfying the two properties:

(Darboux) They are canonical, that is, {z;,y;} = dij, {zi,z;} = {yi,y;} = 0.

0 0
(Nijenhuis) They diagonalize N, that is, N =), )\2(87 ® dy; + e ® dacz-).

Yi i
The proof of this theorem can be found in [33, 36]. Here we will sketch it and discuss its meaning.
In words, the assertion states that DN coordinates are defined by the spectral properties of N, as
follows. For all m in the open set U where the eigenvalues \; of N (which are the same as the
eigenvalues of N*) satisfy A\; # \; for i # j, the cotangent space T}, M admits the decomposition

Ty M = & Dy.z,, dim Dy, z, =2, (2.9)

into eigenspaces of N*. Thanks to the vanishing of the torsion of IV, each eigenspace D, y, is locally
generated by differentials of pairs of independent functions (f;, ;). This means that the pointwise
decomposition (2.9) holds (in U’ C U) as

T*M\U/ = ®;j=1Dx,;;

where D, is spanned by df; and dg;, with N*df; = \idf; and N*dg; = \idg;.

Functions whose differential belong to different summands Dy, are in involution with respect to
the Poisson brackets defined both by P and P’. Indeed, suppose that fi and fo satisfy N*df, = A\1df,
and N*dfy = Aadfa, with A\ # Xo. The relation N* = P~'P’ implies that P'df; = A\ Pdf; and
Pldfg = )\QPdfg. SO,

(dfv, P'df2) = Xa(df1, Pdf2) = Ao{ f1, fo}
—(df2, P'df1) = =M (df2, Pdf1) = M{f1, 2}

whence the assertion. It is equally straightforward to realize that the only non vanishing Poisson
brackets have the form

{fiv9i} = Fi(fin90)s  AfiraY = F(fig1), i=1,...,n.

This means that from the n pairs of functions (f;, g;) we can construct by quadratures a set of
canonical coordinates satisfying the Nijenhuis property of Theorem 1. Thus the class of coordinates
where to frame the bihamiltonian set-up for SoV admits a clearcut and simple geometrical
description. Admittedly, in the general case the computation of DN coordinates requires the
integration of the two-dimensional distributions D), associated with the eigenvalues A; of N*.
Fortunately enough, there are instances (that frequently occur in the applications) in which DN
coordinates can be found in an easier way.

For an analysis of Darboux—Nijenhuis coordinates within the theory of multi-hamiltonian
structure on loop algebras, see [15, 37, 38].

{f1,f2} =
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2.2. On Darboux—Nijenhuis Coordinates

In this subsection we will briefly discuss conditions and “recipes” to algebraically find and/or
characterize sets of Darboux—Nijenhuis coordinates on regular bihamiltonian manifolds. A very
simplifying instance occurs whenever the eigenvalues A; of N (that are, in general, functions of the
point m € M) are functionally independent. It holds (see, e.g., [39]):

Proposition 3. Let us define I, = ﬁTrNk for k=1,...,n. In the open set U where dI; A\ --- N\
dl, # 0 the eigenvalues \; ;i =1,...,n, are functionally independent, satisfy N*dA; = M\idX;, and
so may be used to construct a set of Darboux—Nijenhuis coordinates.

Proof. We express the normalized traces [ of the Nijenhuis tensor N in terms of its eigenvalues
as kI, = 3.0 AF. Hence dI}, = Y7, AF=1d)\;, that is, in matrix terms:

Iy 11 1 A
dI AA An dA
2 1 2 2 (2.10)
dl, | [ AT AT Ld,

So we have

dly A Adl = | TTv =) | dd A Adg,
i#]
i.e., on the open set where the traces of the powers of the Nijenhuis tensor are functionally
independent, we have that the eigenvalues \; are different and functionally independent.

To proceed further we need to recall [35] that the normalized traces I of the powers of Nijenhuis
operator satisfy the recursion relation

N*dI, = dIyyq.
This can be proved as follows. At first one notices that (2.11) is equivalent to the relation

LNX(Ik) = Lx(Ik+1) for all vector field X,

as it can be easily seen evaluating the equality (2.11) on a generic vector field X. Thanks to the
Leibniz property of the Lie derivative and the cyclicity of the trace, we see that

Lyx(Ix) = Tr(Lyx (N) - N*1) and Lx(Iz41) = Te(Lx(N) - N*). (2.12)

Since the vanishing of the Nijenhuis torsion of N implies that Lyx(N) = N - Lx(N), the validity
of (2.11) is proved.

We now express the relations (2.11) in terms of the eigenvalues \; as

(2.11)

11 1 N*dA; — MdA 0
ALA An N*dAg — Agd 0
1 2 2 2012 _ (2.13)
APTEASTE AT ] N A — AndAn | [0

Since the Vandermond matrix in the left-hand side of this equation is, by assumption, invertible,
we conclude that N*d\; = \;d)\; foralli =1,...,n.

O

This proposition can be rephrased saying that “half of” the DN coordinates are algebraically
provided by the Nijenhuis tensor itself. The remaining “half” uq,...
quadratures. Actually, there is a condition leading to the algebraic solution of this problem too. To
elucidate this, the following two considerations are crucial.

, n can always be found by
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The first argument goes as follows. Let us consider the distinguished functions [ introduced in
Proposition 3, and trade them for the coefficients p; of the minimal polynomial

AN()\) — )\n —pl)\n_l _p2)\n—2 — =y
of N. The functions p; and I are related by the triangular Newton formulas
1 1
Li=p;; Iy=pa+spi; I3 =ps+pop1 + =pi;

2 3 (2.14)

1 1
I4=p4+p1p3+p%p2+§p%+1pil; Is=ps+....

As a consequence of the recursion relations (2.11), it can be easily shown that the p;’s satisfy the
“Frobenius” recursion relations

N*dp; = dpi+1 + pidp1, with pp1 =0. (2.15)

We can compactly write these relations as a single relation for the polynomial Ax()); indeed, a
straightforward computation shows that they are equivalent to

N*dAN(N) = MdAN(N) + An(N)dpy . (2.16)

Actually, relations of this kind are very important for our purposes. Indeed, in [21] we proved the
following

Proposition 4. Let ®(\) be a smooth function defined on the manifold M, depending on an
additional parameter A. Suppose that there exists a one-form ag such that

N*dP(A) = MdP(\) + Axv(N)ag - (2.17)
Then, the n functions ®; obtained evaluating the “generating” function ®(X\) for X = X;, with
1=1,...,n, are Nijenhuis functions, that is, they satisfy N*d®; = \;d®;.

Definition 6. We will call a generating function ®(X\) satisfying equation (2.17) a Nijenhuis
functions generator.

Secondly, one remarks [21] that the n(n —1)/2 equations {);, j1;} = d;; can be replaced with the
requirement N*dpu; = \jdu; and the n equations
M+ =1, j=1,...,n,
that do not involve the individual coordinates A; but only their sum Z;;l A; = 1. In terms of the

0
Hamiltonian vector field Y = —Pdl; =), P the condition we are looking for is
M

Ly (n;) = 1. (2.18)

The relevance of Definition 6 in the search for DN coordinates stems from the fact that Nijenhuis
functions generators form an algebra N (M), which is closed under the action of the vector field
Y = —PdlI;. In this way, knowing a set of Nijenhuis functions generators, we can obtain further
elements of the algebra N'(M) by repeated applications of the vector field Y. Clearly, in such an
extended algebra, the characteristic equation

Ly (¥(\)) =1+ An\) fu,

corresponding to (2.18), may be easier to solve, thus yielding the missing Darboux—Nijenhuis
coordinates pu; as p; = ¥(\;). The following remark is very important in view of the relations
with algebraic integrability.

Remark 1. Suppose (Hy,...,Hy) to be a separable system in the DN coordinates constructed
above. Then the separation relations (1.3) do not depend on the pair (A;, ;), i.e., they collapse to
the single relation

O\, Hy, ... Hy) =0. (2.19)
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Indeed, p; = W(\;), where the \; are the eigenvalues of N. Since the I} are invariant with respect
to the exchange \; <+ \j, every function globally defined on M is invariant with respect to the
exchange (A, pti) <> (Aj, it5). This is in particular true for the Hamiltonians Hy, and the assertion
about (2.19) follows.

In many cases, equation (2.19) defines an algebraic curve, possibly coinciding with the spectral
curve associated with a Lax matrix for the Hamiltonian system at hand. We will see an instance
of this situation in the example of Section 5. The application of this scheme to (a particular class
of) Gaudin models have been spelled out in [23, 24].

3. SEPARABILITY CONDITIONS IN THE BIHAMILTONIAN SETTING

As we have briefly recalled in Section 2, on a bihamiltonian manifold one is usually led to
consider bihamiltonian vector fields, that is, vector fields X admitting the twofold Hamiltonian
representation X = Pdf = P'dg. Let us now suppose that (M, P, P') be a regular bihamiltonian
manifold of dimension 2n, and that we were able to construct, by means of the Lenard-Magri
iteration procedure, a sequence of functions Hi, Ha, ... satisfying P'dH; = PdH; 1. Let us also
suppose that the first n of them be functionally independent. Then one easily shows that all the
further Hamiltonians H,,11,... are functionally dependent from the first n. (This follows from the
fact that a regular Poisson manifold of dimension 2n cannot have more than n mutually commuting
independent functions). This means that, if we consider the Hamiltonian H,, 11, there must be a
relation of the form

. 0
Y(Hu, ..., Hp; Hn+1) =0, with an+1 = 71/} # 0, (31)
aHn-H
relating it with the independent Hamiltonians H;, with ¢ =1,...,n.

Actually, the case of H; = I; = %TrN ¢ is an instance of this situation. In fact, since by the

Cayley-Hamilton theorem N annihilates its minimal polynomial, we have N™ — >"" | p; N"~ = 0,
yielding the relation

n

2(n + DInyr — Y 2(n —i+ )pilyi1 = 0.
i=1

Differentiating equation (3.1) we see that, along with P'"dH; = PdH;y1,fori=1,...,n— 1, it holds:
1 &0
an.H 1 8HZ

P'dH, = PdH, .1 = PdH;, (3.2)

i=
that is, the vector field X, 1 = PdH,.1 = P'dH, is a linear combination of the vector fields
X1 = PdHy,..., X, = PdH,.

This innocent looking observation is the clue for the bihamiltonian theory of SoV. Indeed,
let {Hy, Ha,...H,} be any integrable system on M, that is, suppose that the H; are mutually
commuting (with respect to P) independent functions. We can construct an n-dimensional
distribution, namely the distribution Dy spanned by the n mutually commuting vector fields
X,; = PdH,;. This is nothing but the very classical tangent distribution to the invariant (generalized)
tori of the Liouville Arnol’d theory of integrable systems. Since M comes equipped with a second
Poisson tensor P’, we can as well consider the distribution D); generated by the Hamiltonians H;
under the action of P’, that is, generated by the vector fields X = P'dH;. It holds:

Theorem 2. Let {Hy,...,H,} define, as explained above, an integrable system on a regular
bihamiltonian manifold (M, P, P"). The Hamilton-Jacobi equations associated with any of the
Hamiltonians H; are separable in the DN coordinates (21, ...,Tn,Y1,--.,Yn) defined by N = P'P~!
if and only if the distribution D'y is contained in Dy, or, equivalently, if and only if the distribution
Dy is invariant along N.
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Proof. We will first prove the equivalence between the invariance of Dy under N and the inclusion
D%, C Dpy. To say that D), is contained in Dy is tantamount to saying that there exists a matrix
Fj;, whose entries are, in general, functions defined on M, such that

X/=PdH; =Y F;PdH;=> F;X; fori=1,...,n. (3.3)
J J
Writing P’ = NP, we can translate these equalities into NX; = Z]‘ Fy;Xjforalli=1,...,n.

The full proof of the fact that the invariance of Dy insures separability in DN coordinates can
be found in [21]. It goes as follows.

At first we notice that the translation in terms of the codistribution D} generated by the
differentials of the Hamiltonians H; of the invariance condition for Dy is the invariance condition
N*D% C Di. This can be easily seen applying to (3.3) the operator P~ to get N*dH; =
Zj Fi;dH;.

Since all the Poisson brackets {H;, H;} vanish and M is a regular bihamiltonian manifold,
the matrix F' defined by (3.3) can be shown to have simple eigenvalues, that coincide with the

eigenvalues \; of N. So there exists a matrix S satisfying SF' = AS, where A = diag(\1,...,\,) If
we introduce the n one-forms 6; = Zj SijdHj, we get

N*0; =Y SiyN*dH; = SiFjrdHy = > Xibi;SjrdHy, = \ifh, (3.4)
J ak gk

meaning that 6; is an eigenvector of N* relative to A;. Hence there must exist functions Fj, G; such
that

Z Sijde = Fydx; + G;dy;, (35)

J
whence the existence of a separation relation ®;(x;, y;; Hi, ..., Hy,) foralli = 1,...,n. The converse
statement can be trivially proved. O

We would like to stress that the separability condition of Theorem 2 is a tensorial one. That
is, given a regular bihamiltonian manifold (M, P, P’) this separability criterion can be checked
in any system of coordinates, without the a priori calculation of the DN coordinates themselves.
Notice, also, that the validity of the statement does not (as it should be!) depend on the choice of
mutually commuting integrals {Hq, ..., Hy,}. That is, if we consider a “change of coordinates in the
space of the actions”, that is, we trade the H;’s for another complete set of integrals of the motion
K; = K;(Hy,...,H,), then the separability of the new Hamiltonians K; will hold if and only if the
separability of the original ones holds. Indeed, the dual distributions generated by the H;’s and the
K;’s coincide.

A second remark is important and deserves to be explicitly spelled out. Although we have
started our discussion considering the case of a family of bihamiltonian vector fields, that is, the
case of Lenard—Magri sequences, the hypotheses of Theorem 2 concern only the relations of the
distributions generated respectively under the action of P and P’ by the Hamiltonians H;, without
any mention of the fact that the generators of the distribution be bihamiltonian vector fields. Thus,
although it might seem a somewhat odd statement, the vector fields that are separable by means of
the bihamiltonian approach are not necessarily bihamiltonian vector fields! It is also important to
notice that it is not only a matter of choice of generators. Indeed, in [40] it has been shown that
the only bihamiltonian vector fields on a regular bihamiltonian manifold turn out to be associated
with separated functions of the eigenvalues of N, i.e., functions of the form H = > "7 | f;(A;). This
means that, in such a case, the distribution Dy coincides with that generated by the distinguished
functions I;. However, this is by far a very special example, that is, the range of applicability of
the method is much wider than that, as it has already been shown in the literature.

The separation condition of Theorem 2 is based on the analysis of the behaviour of the
characteristic distribution associated with an integrable system under the Nijenhuis tensor V.
An equivalent criterion, based on the analysis of the Poisson brackets associated with the tensor
P’  can be formulated as follows.
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Theorem 3. Let {Hy, Ho,...H,} be an integrable system defined on a regular bihamiltonian
manifold (M, P, P"). The Hamiltonians H; are separable in the DN coordinates defined by N =
P'P~Y if and only if, along with the commutation relations {H;, H;} =0, there also hold

{H;,H,;} = (dH;, P'dH;) =0, fori,j=1,...,n. (3.6)

Proof. The key formula is the relation between P, P’ and N*. Indeed, suppose that Dj; be invariant
along N*. Then:

{H;, H;} = (dH;, P'dH;) = (dH;, NPdH,) = (N*dH;, PdH,)

=" Fy(dHy, PdH;) = Fy{Hy, Hi} =0,
k k

which, in view of Theorem 2, proves the statement in one direction. Now, let us suppose that (3.6)
holds. Then, for every 7,5 = 1,...,n, we have:

0= {H;, H,;} = (dH;, P'dH;) = (dH;, NPdH;) = (N*dH;, PdH),

meaning that, for all i = 1,..., n, the one-form N*dH; belongs to the annihilator (with respect to P)
of the distribution Dy . Since such an annihilator coincides with Dj;, this means that N*dH; € Dy,
foralli=1,...,n. O

This results lead to the following, (somewhat daring), comparison. The Liouville-Arnol’d
theorem on finite dimensional integrable Hamiltonian systems says that the geometrical structure
underlying integrability of a Hamiltonian vector field defined on a symplectic manifold (M, w) is a
Lagrangian foliation of M. We can rephrase the content of Theorem 3 saying that the geometrical
structure underlying the separability of a system defined on a regular bihamiltonian manifold
(M, P, P') is a bilagrangian foliation of M.

We end our presentation of the bihamiltonian set-up for SoV with the following remark.
Theorem 2 concerns only the existence of the separation relations. In principle, one could try
to find these relations in concrete examples by actually diagonalizing the matrix F', and explicitly
finding and integrating the relations (3.5). However, there is a very simple tensorial criterion which
can be used to determine the functional form of the separation relations ®;(x;,vyi; H, ..., Hyp),
whose proof can be found in [21].

Proposition 5. Let {Hy,...,H,} be an integrable system defined on a regular bihamiltonian
manifold, which is separable in the Darbouz—Nijenhuis coordinates associated with N = P~1P’.
Consider the matriz Fij fulfilling the relations (3.3). Then the separation relations are affine in the
Hamiltonians H;, that is, of the form

(i, yss Hiy o Hy) = > Sig(i,yi) Hy + Us(i, i), (3.7)
J
if and only if the matriz F' satisfies the relation N*dF;j =), FipdF};.

The matrix S on (3.7) can be shown to be a suitably normalized matrix of eigenvectors of the
matrix F. Its characteristic property is that, as expressed in the equation, the entries S;; of the
i—th row depend only on the pair (z;,y;) of Darboux—Nijenhuis coordinates. For this reason it can
be called a Stéckel matrix.

4. TRANSVERSAL DISTRIBUTIONS AND SEPARATION RELATIONS

A very natural source of integrable systems fulfilling the separability conditions given in
Theorems 2 and 3 is described in [21]. In this short section we recall this construction, and we
comment on the resulting separation relations, with a particular emphasis on the relations with
algebraic integrability.

Suppose that the hypotheses of Proposition 2 hold, and that there exists a k-dimensional foliation
Z on M, spanned by the vector fields Zy,...,Zx, with the following properties:
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1. Tt is transversal to the symplectic foliation of P; more precisely, the vector fields Z, are
normalized in such a way that Za(H(()b)) =6,

2. The Z, are symmetries of P:
Lz,(P)=0;

3. There exist vector fields Y,? such that

Lz, P =Y "Y'n 2,
b

It turns out that the Z, commute, and that Y,* = Pd(Za(Hfb))). But the important point is that
any symplectic leaf S of P can be seen as a quotient space and inherits a (quotient) bi-Hamiltonian
structure from M. Moreover, the reduction of P coincides with the symplectic form of &, and
therefore S is a regular bihamiltonian manifold (if the eigenvalues of the associated Nijenhuis
tensor are maximally distinct).

Now, it can be shown that the integrable system described in Proposition 2 is separable in the
DN coordinates on S. As far as the Stéckel separability is concerned, a necessary and sufficient

condition is that Zb(Zc(HJ(-a))) =0on S, forall a,b,c=1,...,kand for all j =1,...,ng,.

The search for DN coordinates is made easier by the fact that the determinant of the matrix

Zi(HWW)) -+ Z(HDN)
G(A) = s : (4.1)
Zi(HPN)) -+ Zg(HB )

coincides on § with the minimal polynomial of the recursion operator N. Thus the coordinates
A; are the solutions of G(A) = 0. To find the pu;, one can use the results of Subsection 2.2 and the
following proposition, whose proof is given in [29].
Proposition 6. In the above setting, let us consider a generating function I'(\, 1) of the Casimirs
H(@(X) of the Poisson pencil, and let us suppose that T'(\, 1) = 0 defines a smooth algebraic curve.
Suppose that f is a Z-invariant root of the minimal polynomial of N, i.e.,

N*df = fdf, and Z;(f)=0,i=1,...,k, (4.2)

and suppose that T'(u, f) = 0 defines generic point(s) of the affine curve I'(\,u) = 0. Then, any
solution g of the equation I'(g, f) = 0 which is invariant as well under Z satisfies N*dg = fdg.

5. EXAMPLE: A GENERALIZED TODA LATTICE

In this final section we will apply the general scheme outlined in the previous sections to a specific
model, with the aim of showing how the recipes discussed so far from a theoretical standpoint can
be concretely applied. We will study a generalization of the four site Toda lattice, to be termed

Todaj model. This system is a member of a family introduced in [41] as reductions of the discrete
KP hierarchy, whose continuous limits are further discussed in [42]. It can be described as follows.

We consider on M = C'2, endowed with global coordinates {b;, a;, ¢; }i=1,2,3,4, the Hamiltonian
_ 1 2 2 2 2\
HGT— 2(b1+b2+b3+b4) (CL1+(12+CZ3+CL4), (51)
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and the linear Poisson tensor given by the matrix

0 A C
P = _Arlf Cy O where A; =
-CT o o
—C1 0 C3 0
0 —C2 0 Cq4
C]_ = ) CZ =
C1 0 —C3 0
0 C9 0 —Cy4

_—al 0 0 a4 ]
a; —ag O 0
0 a —az O 7
i 0 0 asg —ay |
| 0 —c1 0 ¢ ]
cc 0 —c2 O
0 ¢ 0 —c3 ’
| —Ca 0 e O |

(5.2)

and we denoted by 0 the 4 x 4 matrix with vanishing entries. Using (here and in the sequel) the cyclic
identifications a; 4 = a;, bjya = b;, and c; 4 = ¢;, the Hamiltonian vector field Xy, = PdHgr can
be written as

b; ai—1 — a;

i=1,...,4 (5.3)

a;(big1 — b)) +cic1—ci | o
i ¢i(bi—2 — b;)

The expert reader surely noticed that Hgp coincides with the Hamiltonian of the periodic four-
site Toda lattice, written in the Flaschka coordinates b; = p;, a; = exp(¢; — ¢i+1). Indeed, on the
hyperplane M7 ~ C® defined by ¢; = 0 for i = 1,...,4, the vector field X Hep defines the periodic
Toda flow.

Proposition 7. The Hamiltonian vector field Xg,, admits the Lax representation L(Z/) =
[L(v),®], where

a;

_q, €3 a4 €3 a4
by vooE oo 001121/
T el N (5.4)
V)= , = o.
c1 cCl1 Qa
g @ by 4% 0 0
co2 Q CcCo2
G G b 0% % 0

The bihamiltonian aspects of this system have been discussed in [43] (see also [44]). In particular, it
has been noticed that on M there exists a second Hamiltonian structure for the vector field Xg,, ..
Namely, one considers the bivector P’ having the following form:

—b161 0 6163 0
A2 Bl Cg 0 —bQCQ 0 b204
P = —-BT A3 C4 | where C3 = , (5.5)
_ng —CI A4 Clb3 0 —b363 0
0 02b4 0 —b4C4
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0 al 0 —ayq —b1a1 C1 —C3 b1a4
—ai 0 as 0 bgal —b2a2 C2 —Cyq
A2 = ; B; = )
0 —a9 0 as —C1 b3a2 —b3a3 C3
ay 0 —as 0 Cq4 —C9 b4a3 —b4a4
0 —bocy — ajas 0 bics + araq
boci + ajas 0 —bgco — asag 0
Aj = )
0 bsco + asasg 0 —bycs — agay
—bicy — ajay 0 bycs + azay 0
—aj1C] —aj1c2 ajics ai1cC4 0 —C1C2 0 C1C4
C1ag —a2Cy —a2C3 Q€4 C1C9 0 —C2C3 0
C4 = ) A4 =
ci1as Coa3z —a3zC3 —aszcCyq 0 CoC3 0 —C3C4
—C1Q4 C20a4 C34 —QycCy —C1C4 0 C3Cq 0

It can be easily checked that Xp,, = P'd(— Z?‘Zl b;). More in general, we have the following

Proposition 8. The pencil P' — \P is a pencil of Poisson brackets. The rank of the generic element
of the pencil is eight. The characteristic polynomial Det()\l — L(V)) can be expanded as:

Det(A1 — L(v)) = X* = v* + HA) + (K(\) — A1) /vt + Jo/vb. (5.6)

The functions Jy and Jo are common Casimirs of P and P'. The polynomials H(\) and K(\) are
Casimirs of the pencil Py = P' — AP. They have the form

H(\) = XNHo — A\Hy + \Hy — Hs, K(\) = Ko\ + K. (5.7)

Explicitly, J1 = c1c3 + cocq and Jo = cicacscey, while the coefficients of H(A) and K () are given
by:
4 4 4 4
Hy = Z bi, Hy = Z bibj + Zai, Hy = Z (ci 4 bi(ais1 + ar42) + bibiy1bit2)
i=1 i>j=1 i=1 i=1

4
Hsz = Z bici+1 + a1a3 + aza4 + cubic and quartic terms;

i=1
4 4
Ky= g (bici—1¢i+1 — ciaj—1a,42), K1 = g @;Cit+1Ci+2 + quartic terms
i=1 =1

One can show via a direct computation that the eight functions Hy, Hy, Ho, Hs, Ko, K1, J1, Jo are
functionally independent and, thanks to the fact that they fill in Lenard sequences, are mutually
in involution. The kernel of P is generated (at generic points m € M) by the differentials of the
four functions Hy, Ko, J1, Jo. Hence, on the 8-dimensional manifold S, defined by the equations
Hy = k1, Ko = k2, J1 = K3, Jo = K4, that is, the generic symplectic leaf of P, the vector field X,
is completely integrable. To realize this we simply have to notice that Hgr can be expressed as
%Hg — Hy, and apply the properties of anchored Lenard—Magri sequences collected in Proposition 2.
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5.1. Separation of Variables

We will now show how to apply the ideas and recipes of the bihamiltonian set-up for SoV to the
Todag model introduced above. The first problem to deal with is that the Poisson tensor P’ does
not restrict to Sk, but must be projected according to the procedure outlined in Section 4. This
can be rephrased as follows, by means of a kind of Dirac reduction process (see [21, 37, 45, 46] for
details and the geometric background).

0 0
We consider the vector fields 71 = ——— and Zs = ——, and we notice that the matrix
Oby Oay
o [ LaHo) Lo(Ho) | _ [ 1 0
Lz, (KO) Ly, (KO) —C1c3 —C1a3 — a1Cy

is invertible. Then we form the bivector

2
R=>" (G™1),; Zi A X], where X} = P'dHy and X? = P'dKj. (5.8)
ij=1

Lemma 1. The modified bivector Q = P' — R defines a Poisson bracket, compatible with P;
moreover, () restricts to Sk.

Proof. The proof of the fact that @) = Q — AP is a Poisson pencil follows (see, e.g., [45]) from the
equalities

)
Lz P=0, Lz P =Y!'ANZ —c3— N2y
6&3

(5.9)
0 0 0 0
Ly P=(———)AZy, Lz P =(bs—+—)\NZ1+YENZ
Z2 (6b1 8(11)/\ 2 22 ( 48a4+8b1)/\ 1+ 2 A Z
where
0 0 0 0
S P
Yl - 80,3 a 8a4 tez 862 “ 864
0 5] 0 5] 0 0 5] 0
V2 — e — b — — Qa—— — Q4—— — C —— s .
2 b4 8b4 bl 6[)1 3 6&3 aa 8a4 “ 601 te 802 + “s 803 “ 604’
as well as from the fact that
QdHy = QdKy = QdJ, = QdJs = 0. (5.10)

To show that (5.9) holds true is simply a matter of an explicit computation, while (5.10) follows
from the definition of Q. In fact, the last two equations hold since J; and Jy are Casimirs of P’
invariant under Z; and Zs. For, e.g., Hy one computes
2 .
QdHy = P'dHy — RdHy = X| — Z (G_l)zj Ly, (Hy) - X}

1,j=1

=Xi- ) (G),Gn-Xi=X{-) du-X{=0,
7

where the second equality follows from the fact that all the functions H;, K, J, are in involution
with respect to P. O

Thanks to the above lemma, the generic symplectic leaf S is endowed with the structure
of a regular bihamiltonian manifold. We know from Section 4 that the non trivial Hamiltonians
H,, Hy, H3, K1 (more precisely, the restriction to Sy of these Hamiltonians) satisfy the hypothesis
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of Theorem 2 with respect to the (restriction to Sx) of the pencil @ — AP. This fact can be directly
shown as follows:

2 2
QdH; = P'dH; — )  (G™'),(Zi A X{)(dH;) = PdHpr — Y (G71),; Lz, (Hi) X{
i,j=1 hj=1

(where we understand Hy = 0) and

2 2
QAKy = P'dK1 — Y (G71), (Zi A X{)(dK>) = Z o Lz, (AKX
4,j=1 Jj=1
So we proved that, for generic values x;, with ¢ = 1,...,4, of the Casimirs, the system obtained

by restriction of the Toda§ flows on Sk is separable in the DN coordinates associated with the
restriction to Sy of the pencil @ — AP. To finish our job we finally have to:

a) explicitly compute the DN coordinates;

b) find the separation relations.

To solve the first problem, we will use the tools briefly described in Subsection 2.2. We rely on
a result of [21], as well as on explicit computations, to state the following proposition, whose first
part has been already discussed in Section 4.

Proposition 9. Let us consider the matriz

gy — [ FaHO) L2HO) | )
Lz, K(A) Lz, K(X)

The roots of the degree-4 polynomial Det(G(X)) are the roots of the minimal polynomial A(X) =

A — Z?:l piXiT? of the Nijenhuis tensor N = P~1Q associated with the regular Poisson pencil Q).

The coefficients p; are functionally independent on the generic symplectic leaf Si. Furthermore, the
ratios

p(A) = —G22/G12, o(A) = —Go1 /G

are Nijenhuis function generators.

Thus, one half of the Darboux—Nijenhuis coordinates will be given by the roots of Det(G())).
To find the remaining half we consider the vector field Y = — Pdp;, whose role has been discussed
in Subsection 2.2. Since an explicit computations shows that Ly log(p()\)) = 1, we can state the
following

Proposition 10. A set of Darbouzr—Nijenhuis coordinates for the restriction to the generic
symplectic leaf S, of the Todaj flows are given by the four roots \; of Det(G(\)) and by the values
wi of the function log(p(\)) for A = \;, where

( ciasg — alcg) )\ + 02a1b3 — ai1asas + Clbgag + Clcg
6103)\ + ai1ascs — Clb263

(We assume that cs # 0 and c1\; + arag —baer # 0 foralli=1,...,4.)

p(A) =

To find the separation relations, we notice that the pairs (\;, p(\;)) are common solutions to the
system

{ pG11 +Go1 =0 (5.12)

pG12 + Goo =0
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since the rank of G(\;) is equal to 1. Then we reconsider the Lax matrix (5.4), and we compute the
Lie derivatives of the matrix £(\,v) = A1 — L(v) along the vector fields Z;:

0000 000 —v!
0000 000 O
LZ1 (E()V V)) = ’ LZQ (,C()\, V)) =
0000 000 O
0001 000 O
Since
Lz, Det(£O )] = T [z, (EOEN Y], a=1,2,

L(\,v)Y being the classical adjoint to L(\,v) = A1 — L(v), it follows from Proposition 8 and the
definition (5.11) of G(A) that the solutions of the system (5.12) are related to those of the system

{ L )Y]ag = 0
L) V]a1 = 0

via p = v*. Now we can state

Proposition 11. The separation relations connecting pairs of Darbouzr—Nijenhuis coordinates
(Niy i), the Hamiltonians Hi, Ha, Hs, Ko, and the Casimirs Hy, K1, Ko, Jy are, on the generic
symplectic leaf Sk, given by the evaluation of the characteristic polynomial Det(L(\,v)) in A = \;
and v = v; = exp(4}).

Proof. We know that the pairs (\;, ;) solve system (5.1), and we have to show that they satisfy
Det(L(A;,v;)) = 0. This can be done with the following adaptation of the algebro-geometrical
technique of finding the poles of the (normalized) Baker—Akhiezer function. Let us consider the
5 x 4 matrix M, obtained by putting the vector (0,0,0,1) on the top of L£(A;,v;). As we have
assumed at the end of Proposition 10, the 3 x 3 matrix extracted from M; by removing the 3rd
column and the 2nd and the 4th rows, is invertible. Since the system (5.1) is satisfied, the rank of
M, is 3, and therefore Det(L()\;,v;)) vanishes. d

We notice that, a posteriori, the separation coordinates for the Todaugl system fall in the class
described in, e.g., [2, 4, 47-50]. Namely, the DN coordinates that separate the Todaé system are
algebro-geometrical Darboux coordinates associated with the spectral curve (5.6), and fulfill the
so-called Sklyanin’s “magic recipe”. This is a quite general fact, as discussed in Section 4 (see
also [51] and Remark 1).

As a final remark, in connection with the discussion on the relation between the bihamiltonian
property of an integrable vector field and the separability of the associated HJ equations of Section 3,
we notice that the Hamiltonians Hy, Ho, Hs, K9 are functionally independent from the coefficients of
the minimal polynomial of the Nijenhuis tensor obtained from @@ — AP. So, this is a further instance
of a system which is not bihamiltonian on a regular manifold, but turns out to be separable via
the bihamiltonian method of SoV.

5.2. A Remarkable Subsystem: the Open Todaj System

In this last subsection we will discuss a remarkable reduction of the periodic Toda% system
(even though less interesting from the point of view of algebraic integrability), leading to the

corresponding generalization of the open (or non-periodic) one. In the manifold M ~ C'? we
consider the nine-dimensional submanifold My defined by the equations

agq — C3 = C4 = 0. (513)
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One can easily verify that the restriction X%GT to My of the vector field Xy, is tangent to M.
Also, the tensor P can be restricted to My; indeed, the expression of its restriction Py with respect
to the natural coordinates {bi,...,bs,a1,...,as,c1,ca} of My is obtained from (5.2) simply by
removing the 9th, 11th, 12th rows and columns. Moreover, one can check that X%GT = PodHar),
with

1
Hgrpo = §(b%+b§+b§+bi) — (a1 + ag + a3), (5.14)
and recognize that this function is the Hamiltonian of the open Toda lattice. Also, a Lax pair for
Xy i

bp —v 0 O 0 00O

L oby —v 0 a0 00
Lo = . By = . (5.15)

kG b v %200

v s 2o 05 %)

It should be clear from the form of the Lax pair that the system associated to the vector field X%GT

is an extension of the standard open Toda lattice towards the so-called full open Toda lattice, which
is a system describing a flow on the lower Borel subgroup of si(N). The integrability of the full
(open) Toda lattice was established in [30] (see, also, [52]). The idea was to complement the integrals
of the motion coming from the Lax representation with additional integrals obtained by means of
the “chopping method”, within the group—theoretical point of view.

The need to supply the standard results of the Lax theory with further methods should be
clear from the following considerations. The only Casimir function of Py is hg = Z?Zl b;. Hence, its
symplectic leaves S¢ C My are the eight-dimensional manifolds defined by hg = £, and X%GT can

be seen as a Hamiltonian system with four degrees of freedom. The characteristic polynomial of
the matrix Lg is

Det(A1 — Lo(v)) = —v% + Xt — hoA® 4+ hi A2 — hoX + hg, (5.16)

that is, it provides us with only three non trivial Hamiltonians,

4 3 4 3
hy = Z bibj + Z a;, ho= Z b;b;by, + Z ai(biy2 + bit3) +c1 + ¢ (5.17)
i=1 .

i>j=1 i>j>k=1 i=1
hs = biasbs + a1b3bs + biboas + bica + ajaz + c1by + bibabsby.

We will now show how the tools we previously introduced can be used to geometrically prove the
complete integrability of such a system and, moreover, yield the existence of an additional integral
of the motion. The main property is that, along with P, the tensor @) restricts to My. This can be
proven as follows: one checks by direct inspection that this is true for P’; then the assertion follows
from the fact that the vector field X? = P'dK( vanishes on My, while Z; and X7, which coincides
with Xgr, are tangent to M.

Furthermore, we add two observations. The first one concerns the restriction Gy to My of the
matrix G. It has the form

g?l A2 — (bz + bg) A+ bobs + ao
Go = (5.18)

0 — (01a3 + alcg) A — arasas + cica + crboasg + ajcobs

and therefore its determinant (that is, the minimal polynomial of the Nijenhuis tensor Ny induced by
the pencil Qg — APy on S) factors as G, GY,, where G| = A3 — mA? — o\ — w3 is a degree-three
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polynomial. The second observation consists in the fact that the three surviving Hamiltonians
hi, he, hs given by (5.17) satisfy the conditions:

3 ™ 10
Qodh; = > F{jPodhs, with Fjj = | 1, 01 | - (5.19)
=1
’ 7300

We notice that the functions 71, 7, 73, and the root

= —aiazag + c1cg + ai1cabs + c1baag (5.20)
c1a3 + aj1ca

of GY, are still functionally independent and hence (generically) different on Sg.

Lemma 2. Let o be any function satisfying Qodo = A4Pydo. Under the above hypotheses, the
brackets {o, hi}p, and {0, h;}q, vanish.

Proof. Evaluating both sides of Qodo = \yPydo on the differentials (dhq, dhs, dhs), and switching
the action of the Poisson tensors on the dh;’s, we get

(do, Qodh;) = \i(do, Pydhy),  i=1,2,3.

Inserting (5.19) we get the equation Z?-:l (Fg — Mdij)(do, Podh;) = 0. Since A4 is not an eigenvalue
of FZ%-, the lemma is proved. O

So a fourth integral of the motion, that commutes with the Hamiltonian H, gT of the open Toda§
lattice, is given indeed by the distinguished root A4 of equation (5.20); this constructively proves
the integrability of the system.

Finally, we notice that this method proves the existence of a fifth integral of the motion. Indeed,
we know that, along with A4, there must exist another independent function pug4, satisfying the
hypotheses of Lemma 2 and functionally independent of A4 and of the h;’s. In such a comparatively
low dimensional case, such a function can be explicitly found to be

2 2
¢z (a1baer — agar® — ¢1? — crbgar)

pg = :
¢1 (craz + arca) (Ag® — mM\? — modg — m3)
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1. INTRODUCTION

The discretization method studied in this paper seems to have been introduced in the geometric
integration literature by W. Kahan in the unpublished notes [1]. It is applicable to any system of
ordinary differential equations for x : R — R™ with a quadratic vector field:

& =Q(z)+ Bx +c,
where each component of ) : R® — R" is a quadratic form, while B € Mat,, x,, and ¢ € R"™. Kahan’s
discretization reads as

T—T

L= Q)+ %B(az LB 4o (1.1)

where

QD) = 5 Qe +7) - Q) ~ Q)

is the symmetric bilinear form corresponding to the quadratic form (). Here and below we use the
following notational convention which will allow us to omit a lot of indices: for a sequence = : Z — R
we write x for x, and 7 for xgy1. Eq. (1.1) is linear with respect to = and therefore defines a rational
map = f(x,¢€). Clearly, this map approximates the time-e-shift along the solutions of the original
differential system, so that xy ~ z(ke). (Sometimes it will be more convenient to use 2¢ for the time
step, in order to avoid appearance of various powers of 2 in numerous formulas.) Since Eq. (1.1)
remains invariant under the interchange x <> T with the simultaneous sign inversion € — —e, one
has the reversibility property

f_l(xv 6) = f($7 _6)'
In particular, the map f is birational.
W. Kahan applied this discretization scheme to the famous Lotka—Volterra system and showed

that in this case it possesses a very remarkable non-spiralling property. This example is briefly
discussed in [2]. Some further applications of this discretization have been explored in [3].

The next, even more intriguing appearance of this discretization was in the two papers by
R. Hirota and K. Kimura who (being apparently unaware of the work by Kahan) applied it to two
famous integrable systems of classical mechanics, the Euler top and the Lagrange top [4, 5]. For the
purposes of the present text, integrability of a dynamical system is synonymous with the existence
of a sufficient number of functionally independent conserved quantities, or integrals of motion, that
is, functions constant along the orbits. We leave aside other aspects of the multi-faceted notion
of integrability, such as Hamiltonian ones or explicit solutions. Surprisingly, the Kahan—Hirota—
Kimura discretization scheme produced in both the Euler and the Lagrange cases of the rigid body
motion integrable maps. Even more surprisingly, the mechanism which assures integrability in these
two cases seems to be rather different from the majority of examples known in the area of integrable
discretizations, and, more generally, integrable maps, cf. [6]. The case of the discrete time Euler top
is relatively simple, and the proof of its integrability given in [4] is rather straightforward and easy
to verify by hands. As it often happens, no explanation was given in [4] about how this result has
been discovered. The “derivation” of integrals of motion for the discrete time Lagrange top in [5]
is rather cryptic and almost uncomprehensible.

We use the term “Hirota—Kimura (HK) type discretization” for Kahan discretization in the
context of integrable systems. At the Oberwolfach meeting on Geometric Integration in 2006,
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T. Ratiu proposed to apply the Hirota—Kimura discretization to the Clebsch case of the rigid body
motion in an ideal fluid and to the Kovalevsky top. The claim on the integrability of the HK
discretization of the Clebsch case was proven only several years later in [2], while the integrability
of the HK discretization of the Kovalevsky top remains an open problem (although there are
some indications in favor of its non-integrability). Anyway, the general question of integrability
of the HK type discretizations turns out to be very intriguing and rather difficult. In the present
overview, we will present a rather long list of examples of integrable HK discretizations. Actually,
this list is so impressive that in [2] we conjectured that HK discretizations of algebraically integrable
systems always remain integrable. At present, we have some indications that this conjecture is
wrong (although a rigorous proof of non-integrability for any of the apparently non-integrable cases
remains elusive). Nevertheless, the sheer length of our list of examples clearly shows that there exist
some general mechanisms that ensure integrability at least under certain additional assumptions.
We think that to uncover general structures behind the integrability of HK discretizations is a big
and important challenge for the modern theory of (algebraically) integrable systems.

The structure of our overview is as follows. In Section 2 we demonstrate some general sufficient
conditions for a HK discretization to be measure preserving. These conditions are not related to
integrability and do not cover all special cases considered in the main text. All our examples turn out
to be measure preserving but for the majority of them we only can prove this property individually
and do not know any general mechanisms. In Section 3 we present a formalization of the HK
mechanism from [5], which will hopefully unveil its main idea and contribute towards demystifying
at least some of its aspects. We introduce a notion of a “Hirota-Kimura basis” (HK basis) for a
given map f. Such a basis @ is a set of simple (often monomial) functions, ® = (¢, ..., ¢;), such

that for every orbit {f"(x)} of the map f there is a certain linear combination ci1p1 + ... + ¢y
of functions from @ vanishing on this orbit. As explained in Section 3, this is a new mathematical
notion, not reducible to that of integrals of motion, although closely related to the latter. We
lay a theoretical fundament for the search for HK bases for a given discrete time system, and
discuss some practical recipes and tricks for doing this. Sections 4-15 contain our list of examples
of algebraically integrable systems with quadratic vector fields, for which the HK discretization
preserves integrability. For all the examples we provide the reader with a rather complete set of
currently available results. The proofs are omitted almost everywhere. One of the reasons is that
our investigations are based mainly on computer experiments, which are used both for discovery of
new results and for their rigorous proof. For a given system, a search for HK bases can be done with
the help of numerical experiments. If the search has been successful and a certain set of functions ®
has been identified as a HK basis for a given map f, then numerical experiments can provide a very
convincing evidence in favor of such a statement. A rigorous proof of such a statement turns out to
be much more demanding. At present, we are not in possession of any theoretical proof strategies
and are forced to verify the corresponding statements by means of symbolic computations which in
some cases turn out to be hardly feasible due to complexity issues. All these issues are intentionally
avoided in our presentation here; an interested reader may consult [2] for a detailed discussion of
one concrete example (Clebsch system). Our main goal here is to document the available results
on integrable HK discretizations and to attract attention of specialists in integrable systems and
in algebraic geometry to these beautiful and mysterious objects which are definitely worth further
investigation.

2. SOME GENERAL RESULTS ON INVARIANT MEASURES
In this section, we prove the existence of invariant measures for Kahan discretizations of two
classes of dynamical systems with quadratic vector fields (not necessarily integrable).
The first class reads:

N
-%"izzaijx?‘i‘ciy 1<i<N,
j=1
with a skew-symmetric matrix A = (aij)fvjzl = —AT. The Kahan’s discretization reads:
N
fi—xiZEZaijxj:fj—l—eci, 1<i<N. (2.1)
J=1
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Proposition 1. The map x = f(x,€) defined by Egs. (2.1) has an invariant volume form:
0T ¢(Z,¢€) dry N ... Ndxy
d t - = * = =
oo T OTETE YT TG

where ¢(x,€) = det(1 — eAX), with X = diag(z1,...,xN), is an even polynomial in €.

Proof. Egs. (2.1) can be put as
T=AYz e)(x +ec), A(z,e) =1 — eAX.
As for any Kahan type discretization, there holds the formula
0z det A(z, —e¢)
ox det A(z,€)

Indeed, differentiation of eqs. (2.1) with respect to z; will give the j-th column of the matrix
equation

(2.2)

A(z, e)g—i = A(z, —e).
It remains to notice that det A(x,€) = det A(x, —¢). Indeed, due to the skew-symmetry of A, we

have: det(1 — eAX) = det(1 — eXTAT) = det(1 + eX A) = det(1 + eAX).

The second class consists of equations of the Lotka—Volterra type:

N
T = X bi+zaij$j ; 1<i<N,
j=1
with a skew-symmetric matrix A = (‘%’)%’:1 = —AT. The Kahan'’s discretization (with the stepsize
2¢) reads:
N
T; — T; = Ebl(l‘l + fl) + eZaij(:UiEEj + fi$j), 1<i1<N (23)
j=1
Proposition 2. The map T = f(z,€) defined by egs. (2.3) has an invariant volume form:
0T XXy X dri N...Nd
det O8 = T1T2TTEN ffw=uw, _ an TN
or x1T9- TN T1T2 TN
Proof. Egs. (2.3) are equivalent to
T = i =: Y. (2.4)

1+ Ebi +€ Z;VZI aijfj 1-— Ebi — € Zj\[:l Q55
We denote d;(z,e) =1 —eb; — € Zjvzl a;jz;. In the matrix form equation (2.3) can be put as

=AYz €)1+ eB)x,
where the i-th diagonal entry of A(xz,€) equals d;(x,€), while the (i,7)-th off-diagonal entry
equals —ex;a;;. In other words, A(z,e) = D(1 — €Y A), where D = D(z,¢) = diag(dy,...,dn) and
Y = diag(yi,...yn). Formula (2.2) holds true also in the present case, and it implies:
det 0r  det D(Z, —¢) det(1 + €Y A)
et — = .
Ox det D(z,e) det(l —eY A)

The second factor equals 1 due to the skew-symmetry of A, while the first factor equals

dl(f, —6) . --dN(:Z‘V, —6) . T1- TN

di(z,€)--dn(z,€)  m1--an
by virtue of (2.4).
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The statement of proposition 2 for the Kahan discretization of the classical Lotka—Volterra
model with two species, & = z(a — by), ¥ = y(cx —d), was found in [7] and used to explain the
non-spiralling behavior of the numerical orbits in this case.

3. HIROTA-KIMURA BASES AND INTEGRALS

In this section a general formulation of a remarkable mechanism will be given, which seems to
be responsible for the integrability of the Hirota—Kimura type (or Kahan type) discretizations of
algebraically completely integrable systems. This mechanism is so far not well understood, in fact
at the moment we do not know what mathematical structures make it actually work.

Throughout this section f:R™ — R™ is a birational map, while h;, p; : R® — R stand for
rational, usually polynomial functions on the phase space. We start with recalling a well known
definition.

Definition 1. A function h : R™ — R is called an integral, or a conserved quantity, of the
map f, if for every x € R"™ there holds

so that h(f(x)) = h(z) for alli € Z.

Thus, each orbit of the map f lies on a certain level set of its integral h. As a consequence, if
one knows d functionally independent integrals hi,..., hq of f, one can claim that each orbit of f
is confined to an (n — d)-dimensional invariant set, which is a common level set of the functions

hi,...,hq.

Definition 2. A set of functions ® = (¢1,...,¢), linearly independent over R, is called a Hirota—
Kimura basis (HK basis), if for every x € R" there exists a vector ¢ = (c1,...,¢;) # 0 such that

caer(fi(@)+ ...+ ap(f(z) =0 (3.1)

holds true for all i € Z. For a given x € R", the vector space consisting of all ¢ € R with this
property will be denoted by K¢ () and called the null-space of the basis ® (at the point x).

Thus, for a HK basis ® and for ¢ € K¢ (z) the function h = ¢1¢1 + ... + ¢y vanishes along the
f-orbit of x. Let us stress that we cannot claim that h = c1p1 + ... .. + ¢y is an integral of motion,
since vectors ¢ € Kg(z) do not have to belong to Kg(y) for initial points y not lying on the orbit

of z. However, for any z the orbit {f(x)} is confined to the common zero level set of d functions
h; :cgj)gol—k...%—cl(])gol =0, j=1,...,d,

where the vectors ¢¥) = (cgj), ceey cl(])) € R! form a basis of Kg(z). We will say that the HK basis ®
is regular, if the differentials dh1, ..., dhg are lineraly independent along the common zero level set
of the functions hq, ..., hg. Thus, knowledge of a regular HK basis with a d-dimensional null-space
leads to a similar conclusion as knowledge of d independent integrals of f, namely to the conclusion
that the orbits lie on (n — d)-dimensional invariant sets. Note, however, that a HK basis gives no
immediate information on how these invariant sets foliate the phase space R"™, since the vectors
¢, and therefore the functions hj, change from one initial point x to another.

Although the notions of integrals and of HK bases cannot be immediately translated into one
another, they turn out to be closely related.

The simplest situation for a HK basis corresponds to | = 2, dim K¢ (z) = d = 1. In this case we
immediately see that h = @1/ is an integral of motion of the map f. Conversely, for any rational
integral of motion h = ¢1 /2 its numerator and denominator o1, o satisfy

cpi(f (@) + eapa(fi(2)) =0, i€,
with ¢; =1, ¢ = —h(x), and thus build a HK basis with = 2. Thus, the notion of a HK basis
generalizes (for [ > 3) the notion of integrals of motion.

On the other hand, knowing a HK basis ® with dim K¢(z) = d > 1 allows one to find integrals
of motion for the map f. Indeed, from Definition 2 there follows immediately:
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Proposition 3. If ® is a HK basis for a map f, then
Ko (f(2)) = Ko ().
Thus, the d-dimensional null-space Kg(x) € Gr(d,l), regarded as a function of the initial point

x € R", is constant along trajectories of the map f, i.e., it is a Gr(d,l)-valued integral. Its Pliicker
coordinates are then scalar integrals:

Corollary 1. Let ® be a HK basis for f with dim K¢ (x) = d for all x € R™. Take a basis of K (x)
consisting of d vectors ) € R' and put them into the columns of a |l x d matriz C(x). For any
d-index o = (a,...,aq) C{L1,2,...,n} let Co = Cyq,..q, denote the d x d minor of the matriz C
built from the rows o, ..., aq. Then for any two d-indices o, B the function Co/Cg is an integral
of f.

Especially simple is the situation where the null-space of a HK basis has dimension d = 1.

Corollary 2. Let ® be a HK basis for f with dim K¢(z) =1 for all x € R™. Let K¢(x) = [c1(x) :
:¢(z)] € RP!L. Then the functions cj/ck are integrals of motion for f.

An interesting (and difficult) question is about the number of functionally independent integrals
obtained from a given HK basis according to Corollaries 1 and 2. It is possible for a HK basis with
a one-dimensional null-space to produce more than one independent integral. The first examples of
this mechanism (with d = 1) were found in [5] and (somewhat implicitly) in [4].

We note, however, that HK bases appeared in a disguised form in the continuous time theory
long ago. We mention here two relevant examples.

e (Classically, integration of a given system of ODEs in terms of elliptic functions started with
the derivation of an equation of the type §> = P4(y), where y is one of the components of
the solution, and P4(y) is a polynomial of degree 4 with constant coefficients (depending on
parameters of the system and on its integrals of motion), see examples in Sections 12, 13.
This can be interpreted as the claim about ® = (72, y*, v3, 2, y, 1) being a HK basis with
a one-dimensional null-space.

e According to [8, Sect. 7.6.6], for any algebraically integrable system, one can choose projective
coordinates g, Y1, - - - , Yn SO that quadratic Wronskian equations are satisfied:

n
YiYj — YiYj = Z Q5 YrYi,
k,l=0
with coefficients afj depending on integrals of motion of the original system. Again, this
admits an immediate interpretation in terms of HK bases consisting of the Wronskians and
the quadratic monomials of the coordinate functions: ®;; = (ylyj - Yi%j, {ykyl}};”lzo).

Thus, these HK bases consist not only of simple monomials, but include also more complicated
functions composed of the vector field of the system at hand. We will encounter discrete counterparts
of these HK bases, as well.

At present, we cannot give any theoretical sufficient conditions for existence of a HK basis ® for
a given map f, and the only way to find such a basis remains the experimental one. Definition 2
requires to verify condition (3.1) for all ¢ € Z, which is, of course, impractical. However, it is enough
to check this condition for a finite number of iterates f°.

Typically (that is, for general maps f and general monomial sets ®), the dimension of
the vector space of solutions of the homogeneous system of s linear equations (3.1) with i =
10,%0 + 1,...,170 + s — 1 decays with the growing s, from [ — 1 for s =1 down to 0 for s =1. If|
however, ® is a HK basis for f with a d-dimensional null-space, then this dimension fails to
drop starting with s =1 — d+ 1. Thus, the dimension of the solution space of the system (3.1)
with ¢ =4g,i0+1,...,90+s—1 is equal to I — s for all 1 < s <[ —d, and remains equal to d
for s=1—d+ 1. It is easy to see that this situation can be also characterized as follows: the d-
dimensional spaces of solutions of the system (3.1) with ¢ = ig,i9 + 1,...,i0 +1 —d — 1 and of the
system (3.1) with i =19+ 1,990+ 2,...,i0 + | — d coincide with each other and with Kg(x). The
most important particular case of this characterization corresponds to d = 1 and reads as follows:
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Proposition 4. A set ® = (1,...,¢1) is a HK basis for a map f with dim K¢(x) =1 if and

only if the unique solution [c1 : ... : ¢;] € RPI™L of the system (3.1) with i = ig,ig 4+ 1,... 50 +1—2
coincides with the unique solution of the analogous system with i = ig+ 1,59 +2,...,50+1—1, in
other words, if this unique solution [c1 : ... : ¢ is an integral of motion:

e1(@) - a@)] = [ (f@) 5 alf @)

At this point it should be mentioned that a numerical testing of the above criterion usually
represents no problems, but the corresponding symbolic computations might be extremely compli-

cated, due to the complexity of the iterates f’(z). While the expression for f(z) is typically of a
moderate size, already the second iterate f2(x) becomes typically prohibitively big. See the detailed
discussion of the complexity issue for the case of the Clebsch system in [2]. In such a situation it
becomes crucial to reduce the number of iterates involved in (3.1) as far as possible. Several tricks
which can be used for this aim are also described in [2]. Here is one of them.

Proposition 5. Consider the non-homogeneous system of l — 1 equations

ae1(fi(@) + ... +as1ei-1(f(2) = @l fi (=), d=rdo,i0+1,... 50 +1—2. (3.2)

Suppose that the index range i € [ig,ig + 1 — 2] in Eq. (3.2) contains 0 but is non-symmetric. If
the solution of this system (cl(x,e), .. ,cl,l(x,e)) 1s unique and is even with respect to €, then

all cx(x,€) are conserved quantities of the map f, and ® = (p1,...,¢;) is a HK basis for f with
dim K¢ (z) = 1.

Proof. Considering the non-homogeneous system (3.2) instead of the homogeneous one (3.1)
corresponds just to fixing an affine representative of the projective solution [¢1 : ... : ¢ by ¢ = —1.
The reversibility of the map f~!(x,¢) = f(x, —¢) yields that equations of the system (3.2) are
satisfied not only for i € [ig, o+ — 2] but for ¢ € [—(ig + | — 2), —ip], as well. Since, by condition,
the intervals [ig,i0 + ! — 2] and [—(ip + [ — 2), —ip] overlap but do not coincide, their union is an
interval containing more than [ integers.

Of course, it would be highly desirable to find some structures, like Lax representation, bi-
Hamiltonian structure, etc., which would allow one to check the conservation of integrals in a more
clever way, but up to now no such structures have been found for any of the HK type discretizations.

4. WEIERSTRASS DIFFERENTIAL EQUATION
Consider the second-order differential equation
i =622 — a. (4.1)
Its general solution is given by the Weierstrass elliptic function p(t) = p(t, g2, g3) with the invariants
go = 2a, g3 arbitrary, and by its time shifts. Actually, the parameter g3 can be interpreted as the
value of an integral of motion (conserved quantity) of system (4.1):
i? — 423 4 20x = —g3.
Being re-written as a system of first-order equations with a quadratic vector field,
T =y,
Y (4.2)
= 622 — a,

equation (4.1) becomes suitable for an application of the Kahan—Hirota—Kimura discretization:

x—$=§@+m, 3

y—y=c¢c(6zT — ).
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Egs. (4.3), put as a linear system for (z,y), read:

1 —€/2 z x+ey/2
—6ex 1 n Y — e
This can be immediately solved, thus yielding an explicit birational map (z,y) = f(x,y,€):
_ r+tey— a2
r=—"—7>"—
1 —3e2x (4.4)
_ y+e(62® — a) + 3ty '
v= 1—3e2x ’
This map turns out to be integrable: it possesses an invariant two-form
dx A dy
= 7 4.5
YT 32y (4.5)
and an integral of motion (conserved quantity):
2 3 2,.(,2 4.2
—4 2 -2 —
I(:p,y,e):y x° 4+ 2ax + € x(y ax) o’z (4.6)

1 —3e2x

Both these objects are O(e?)-perturbations of the corresponding objects for the continuous time
system (4.2). The statement about the invariant two-form (4.5) is not difficult to prove. The fol-
lowing argument exemplifies considerations which hold for an arbitrary Kahan discretization (1.1).
Differentiating Eqs. (4.3) with respect to x and to y, we obtain the columns of the matrix equation

1 —€/2) 0(Z,7) 1 €/2

—6ex 1 Az, y) 6ex 1 ’

whence

o(x,y) 1-3%x

O(z,y) 1-3e2x’

This is equivalent to the preservation of (4.5). The statement about the conserved quantity is most

simply verified with any computer system for symbolic manipulations.

System (4.3) is known in the literature on integrable maps, although in a somewhat different
form. Indeed, it is equivalent to the second order difference equation

det

(62 — )
1—3e2x

This equation belongs to class of integrable QRT systems [9, 10]; in order to see this, one should
re-write it as

5—23:—{—23:62(3:6(%—1—@)—@) & T-2r4+ =

€262 — a)(1 + 2x)

1—2€e2x — 3eta?2
This difference equation generates a map (z, ) — (Z,z) which is symplectic, that is, preserves the
two-form w = dx A dx, and possesses a biquadratic integral of motion

T—2r+z=

I(z,%,€) = (T — 2)? — 2222 (x + T) + Eaz + 7) — (32272 — axl).
Under the change of variables (z, ) — (x,y) given by the first equation in (4.4), these integrability
attributes turn into the two-form (4.5) and the conserved quantity (4.6) (up to an additive constant).

We note that a more usual QRT discretization of the Weierstrass second order equation (4.1)
would be

2622 — )

- _ E(6a*—a)
ToArAT=E o

(4.7)
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with a simpler conserved quantity
J(z,%,€) = (T — 2)? — 2227 (2 4+ T) + a(z + 7).
Eq. (4.7) is equivalent to
T—2r+ = 62(2x(.%—|— ) + 222 —a),
which is not obtained by the Kahan—Hirota—Kimura method.
5. SOME TWO-DIMENSIONAL INTEGRABLE SYSTEMS
5.1. The Three-dimensional Suslov System

The three-dimensional nonholonomic Suslov problem [11] is defined by the following system of
differential equations

m=m X w+ Aa, (a,w) =0, (5.1)
where w = (wy,ws,w3)T is the angular velocity, m = (m1, ma, m3)T = Iw is the angular momentum,
I is the inertia operator, a is a unit vector fixed in the body, and A is the Lagrange multiplier. In
a basis where a = (0,0,1)T and

I = 0 Iy Isg |
L Iz I3

the constraint (a,w) = 0 reduces to w3 = 0, and equations of motion (5.1) read
Loy = — (3w + Iazwa)ws,
Iy = (I1zwi + Ipzwa)wi, (5.2)

Tiswy + Iozwy = (Il - Ig)wlwg + A

The first two equations in (5.2) form a closed system for w; and wa. It possesses a conserved
quantity H = Iw} + lhw3. After the solution of this system is found (Suslov gave it in terms
of trigonometric and exponential functions), one finds the Lagrange multiplier A from the third
equation in (5.2).

To put the first two equations in (5.2) into a more convenient form, one can introduce the
coordinates x = I1sw1 + losws, y = Iaglywy — I13lowo, and arrives at

T = azy,
(5.3)
y = _‘/1:27
where aw = 1/I1I5. This system admits a conserved quantity

H =2+ ay?.

Proposition 6 ([12]). HK discretization of system (5.3),

T — 1z = ea(Ty + xy),
y—y = —2€xx,
possesses an invariant two-form and an integral of motion, given by
dr Nd 2 2
po ey @ty
z(x? + ay?) 1+ eax?

Actually, the invariant two-form was not given in [12]; rather, this paper contains an explicit solution
of the discrete time Suslov system and its qualitative analysis.
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5.2. Reduced Nahm Equations

In [13] Nahm equations associated with symmetric monopoles are considered. Assuming
rotational symmetry groups of regular polytops leads to solutions of Nahm equations in terms
of elliptic functions. Reduced equations corresponding to tetrahedrally symmetric monopoles of
charge 3, to octahedrally symmetric monopoles of charge 4, and to icosahedrally symmetric
monopoles of charge 6 are two-dimensional algebraically integrable systems with quadratic vector

fields. More concretely, the reductions of Nahm equations derived in [13] read:
(i) tetrahedral symmetry:

i =2 —9y?
y = —2$y,

with an integral of motion H = y(3x? — y?);
(ii) octahedral symmetry:

&= 22% — 12y,
= —6xy — 4y°,
with an integral of motion H = y(2z + 3y)(z — y)?%;
(iii) icosahedral symmetry:
i =22 — y2,
g = —10zy + ¢,

with an integral of motion H = y(3x — y)?(4x + y)3.
HK discretizations of systems (5.4)—(5.6) turn out to be algebraically integrable.

Proposition 7.
(i) HK discretization of system (5.4),

T —x=e(Tr—yy),
y—y=—c(@y+ay),
possesses an invariant two-form and an integral of motion, given by
dx A dy

2 .2
B IO L it
y(322 — y?) 1 —e*(2? +y?)

(ii) HK discretization of system (5.5),
T—1x=€(22x — 12yy),
Y —y = —e(3Ty + 32y + 45y),
possesses an invariant two-form and an integral of motion given by

_ dx A\ dy
y(2x + 3y)(z —y)’

w

_ y(2z + 3y)(x — y)? .
1 —10€2(22 + 4y2) + (924 + 27223y — 352xy3 + 696y*)’

H(e)
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(iii) HK discretization of system (5.6),

T—x=¢€2xx —yy),
y—y=e(=5zy — 5zy + yy),

possesses an invariant two-form and an integral of motion given by

dx N\ dy He) y(3x — y)%(4x + y)?
w = =
y(3z —y)(4x +y)’ 1+ €2 + ety + B¢

with
co = —7(52% — 9?),
cy = T(37x" + 22222 — 2297 + 2y%),
c6 = —22525 4 38402%y + 80xy® — 51423y — 192%y? — 2062%y*.

6. EULER TOP

The differential equations of motion of the Euler top read

T1 = Q1T2T3,
i:g = (2371, (6'1)
I3 = a3x1T2,

with real parameters «;. This is one of the most famous integrable systems of the classical
mechanics, with a big literature devoted to it. It can be explicitly integrated in terms of elliptic
functions, and admits two functionally independent integrals of motion. Actually, a quadratic

function H(x) = ’ylx% + 723:5 + 73.%% is an integral for Egs. (6.1) as soon as a1 + yaa2 + y2a = 0.
In particular, the following three functions are integrals of motion:
H, = agx?,) — agxg, Hy = 04356% — alzz:%, Hs = 0413:% - 042:1:%.

Clearly, only two of them are functionally independent because of ay H1 + as Ho + cgHs = 0. These
integrals appear also on the right-hand sides of the quadratic (in this case even linear) expressions
for the Wronskians of the coordinates x;:

Tox3 — woky = Hixy,
T3x1 — x3L1 = Hoxoa, (6.2)
T1T9 — x1To = Hixs.

Moreover, one easily sees that the coordinates x; satisfy the following differential equations with
the coefficients depending on the integrals of motion:

@1 = (H3 + agai)(azei — Ha),
;1;% = (Hl + agx%)(alx% — Hg),
ZL‘% = (HQ + Oélfl,‘%)(agllﬁ% — Hl).

The fact that the polynomials on the right-hand sides of these equations are of degree four implies
that the solutions are given by elliptic functions.
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The HK discretization of the Euler top [4] is:

1 — x1 = eay(Taws + x2T3),

To — Ty = €ap(T3w1 + 2371 (6.3)

Y

)
)
53 — X3 = 60&3(%1$2 + 951%2).
)

(In this form it corresponds to the stepsize 2¢ rather than e.) The map f:x+— T obtained by
solving (6.3) for z is given by:

1 —€EN1 X3 —€E]X
T = f(x,€) = A—l(% €)x, A(z,€) = —€Qox3 1 —eaoxy | - (6.4)
—€Q3Ty —€Q3T] 1

It might be instructive to have a look at the explicit formulas for this map:

;

= _ 21 + 2ea1rox3 + €211 (—azazr? + azarrs + alagxg)
b Aw,€) ’

= To + 2eqaw3r1 + 212(00373 — Az T3 + aganr?) (6.5)
> A(w,€) ’ .

= 13 + 2eazriz2 + 13(23r? + azar s — ozlozga:%)
37 Az, e) ’

where
A(z,e) = det A(z,e) =1— 62(0(20[3$% + 0130111‘% + alazxg) — 2603z TS, (6.6)

We will use the abbreviation dET for this map. As is always the case for a HK discretization, dET
is birational, with the reversibility property expressed as f~!(x,¢) = f(x, —¢).

Proposition 8. ([4, 14]) The quantities

1= 62043041:6% [ 1-— 62a1a2x§ [ 1-— 6205204333%
PR 2 PRI 3 2

P = - -
1 - Eaqja9x 1 — Eanasx 1—€e2azax
3 341 2

are conserved quantities of dET. Of course, there are only two independent integrals since
i FyF3=1.

The relation between F; and the integrals H; of the continuous time Euler top is straightforward:
F; =1+ a;H; + O(e*). As a corollary of Proposition 8, we find that, for any conserved quantity
H of the Euler top which is a linear combination of the integrals Hy, Ho, H3, the three functions
H/(1 — €ajaxa?) are conserved quantities of dET. Hereafter (i,j,k) are cyclic permutations of

(1,2,3). In particular, the functions

2 2
Ty — QT
Hy(e) = "

1 20 2
1 —e“ajagx;

(6.7)
are conserved quantities of dET. Again, only two of them are independent, since

o Hy(€) + asHy(€) + azHs(e) + e*ayasas Hy (€) Ho(e) Hs(e) = 0.

Proposition 9. ([14]) The map dET possesses an invariant volume form:

det oz _ o(x) o fu—w w= dzq N dxg A dl’g’
¢(x)

Oz ¢(x)
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where ¢(x) is any of the functions

o(x) = (1 — Eaoxd)(1 — Eajopa?) or (1 — oo rh)?.

(The ratio of any two functions ¢(z) is an integral of motion, due to Proposition 8).

The proof is based on formula (2.2) with the matrix A(z,€) given in (6.4). Its determinant is given
in (6.6).

A proper discretization of the Wronskian differential equations (6.2) is given by the following
statement.

Proposition 10. The following relations hold true for dET:
Toxs — xoTs = eHq(€)(ZT1 + x1),
T3ry — 1371 = eHo(€)(T3 + x3), (6.8)
T172 — 1179 = eH3(e) (T3 + 73),

with the functions H;(e) from (6.7).

The proof is based on relations

2(1 — Eajopa?)(z; + ez jxy,)

~ _ 2¢(ax? — og?) (s + eaxjay)
LjTp — TjTp = Ik A(]CL‘ 6) ! ) (610)
which follow easily from the explicit formulas (6.5). They should be compared with
2eqi(x LT i
gi — Ty = Eai(fjl‘k + $]§k) = o (mj + €A TRT )(xk + e I]) (611)

Az, e)

As pointed out in [2], a probable way to the discovery of the conserved quantities of dET in [4]
was through finding the HK bases for this map. In this respect, one has the following results.

Proposition 11. ([2])
(a) The set ® = (22, 23, 23, 1) is a HK basis for dET with diim K¢ (z) = 2. Therefore, any orbit
of dET lies on the intersection of two quadrics in R3.

(b) The set ®g = (23, 23, 23) is a HK basis for dET with dim K¢, (z) = 1. At each point x € R3
we have:

Ko, (x) = [c1: o : c3] = [agxh — 323 : aza? — a1h : aqwh — aga? ).
Setting c3 = —1, the following functions are integrals of motion of dET:
2 2 2 2
Qa3x5 — X 1X5 — Q3>
() = D2 TO2S oy 0T T 0t (6.12)
1Ty — QY Q1T5 — QY

(c) The set @15 = (22, 3, 1) is a further HK basis for dET with dim Kg,,(7) = 1. At each point
r € R® we have: Kg,,(z) = [dy : dy : —1], where

(1 = azanai) do(z) = a1(1 — Sazasei) : (6.13)

Oél.fg — Ctgl‘% ’ Oél.’I}% — agx%

d1 (x) =

These functions are integrals of motion of dET independent on the integrals (6.12). We have:
Ko(z) = Koy ® Ko,,.
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Proof. To prove statement (b), we solve the system
clx% + 023:% = a:%,
173 + coT3 = 73.

The solution is given, according to the Cramer’s rule, by ratios of determinants of the type

x? %2 B de(ojx? — aix?)(ml + eaixoxs)(xe + eanxsry)(rs + easrixs) (6.14)
7 7 A2(w,€) ' '

(Here we used (6.10), (6.11)). In the ratios of such determinants everything cancels out, except for
the factors ajz? — ozix?, so we end up with (6.12). The cancelation of the denominators A?(x, €)

is, of course, no wonder, but the cancelation of all the non-even factors in the numerators is
rather remarkable and miraculous and is not granted by any well-understood mechanism. Since the
components of the solution do not depend on ¢, we conclude that functions (6.12) are integrals of
motion of dET.

To prove statement (c), we solve the system

dll'% + dg.ﬁt‘% =1,
dlf% + dgfg =1.

The solution is given by Eq. (6.13), due to Eq. (6.14) and the similar formula

2
1z

~2
1z

deai(1 — Eajaga?) (v + earwors) (v + eagsrr ) (23 + eqsriaa)
N A2%(x,€) ’

which, in turn, follows from (6.9) and (6.10). This time the solution does depend on €, but consists
of manifestly even functions of e. Everything non-even luckily cancels, again. Therefore, functions
(6.13) are integrals of motion of dET.

Although each one of the HK bases ®(, ®; delivers apparently two integrals of motion (6.12),
each pair turns out to be functionally dependent, as

arer(z) + agce(z) = ag,  aidi(x) + agda(x) = 2aqasas.

However, functions ¢y, o are independent on dy, do, since the former depend on x3, while the latter
do not.

Of course, permutational symmetry yields that each of the sets of monomials ®o3 = (3, 3::2)), 1)
and ®13 = (22, 23, 1) is a HK basis, as well, with dim Kg,, (z) = dim Kg,,(x) = 1. But we do not
obtain additional linearly independent null-spaces, as any two of the four found one-dimensional
null-spaces span the full null-space Kg(z).

Summarizing, we have found a HK basis with a two-dimensional null-space, as well as two
functionally independent conserved quantities for the HK discretization of the Euler top. Both
results yield integrability of this discretization, in the sense that its orbits are confined to closed
curves in R3. Moreover, each such curve is an intersection of two quadrics, which in the general
position case is an elliptic curve.

Proposition 12. Each component x; of any solution of dET satisfies a relation of the type
P(z;,z;) =0, where P; is a biquadratic polynomial whose coefficients are integrals of motion of
dET:

(1)

[

TiT; + p(O) =0

7 )

P, B0) = ol + 0l +F) +p
with
pgg) = —4e’ajay, p§2) = (1+ €a;Hj(e)) (1 — €apHy(e)),

pl(l) = —2(1 — EQOszj(E)) (1 + 6201ka(6)), pgo) = 462Hj(6)Hk(6).
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Proof. From Egs. (6.3) and (6.8) there follows:

(Ti— @)% 50, |~ 2 ~2 9 2~9
T (eai)? + e H; (€)(z; + ;)" = 2(Tjz), + 57y).

It remains to express x? and x7 through 2? and integrals H;(e), Hg(e) given in Eq. (6.7).

It follows from Proposition 12 that solutions x;(t) as functions of the discrete time ¢ € 2¢Z are
given by elliptic functions of order 2 (the order of an elliptic function is the number of the zeroes
or poles it possesses in a period parallelogram).

We would like to point out that Propositions 10 and 12 can be interpreted as existence of
further HK bases. For instance, according to Proposition 10, each pair (z;x, — Tk, Z; + ;) is a
HK basis with a 1-dimensional null-space. Similarly, Proposition 12 says that for each i = 1,2, 3,
the set 2Pz (0 < p,q < 2) is a HK basis with a 1-dimensional null-space. Of course, due to the
dependence on the shifted variables z, these HK bases consist of complicated functions of x rather
than of monomials. A further instance of HK bases of this sort is given in the following statement.
Compared with Proposition 11, it says that for dET, for each HK basis consisting of monomials
quadratic in x, the corresponding set of monomials bilinear in x,x is a HK basis, as well. This
seems to be a quite general phenomenon, further issues of which will appear later several times.

Proposition 13.
(a) The set ¥ = (Z1x1, Taxa, T3x3, 1) is a HK basis for dET with dim Ky (x) = 2.

(b) The set g = (121, Toxa, Tyxs) is a HK basis for dET with dim Ky, (x) = 1. At each point
x € R3, the homogeneous coordinates ¢; of the null-space Ky, (x) = [¢1 : &2 : €3] are given by
¢ = (aja:i — akac?)(l — ez(aiaj:c% + ozwzm:? — ajak;r?)).
The quotients ¢;/¢; are integrals of motion of dET.

(c) The set W15 = (Z171, Tax2, 1) is a further HK basis for dET with dim Ky,,(x) = 1. At each
point x € R3, there holds: Ky, (x) = [dy : da : —1], where

- (1 — Eagarz3) 1 — (aeazr? — aza123 + ayaz?)

di(x) =

1) 123 — ar? 1 — 2(agazr? + azanal — 061042.112‘%) ’
- a1(1 — Eagazr?) 1 — (aza1r3 — azazr? + alagaz%)
dy(x) = 2 2

Q1T5 — (XY 1-— 62(a3041.73% + ozgagx% — alagx?,’)’
are integrals of dET. We have: Ky(x) = Ky, (z) ® Ky,, ().

7. ZHUKOVSKI-VOLTERRA SYSTEM
The gyroscopic Zhukovski—Volterra (ZV) system is a generalization of the Euler top. It describes

the free motion of a rigid body carrying an asymmetric rotor (gyrostat) [15]. Equations of motion
of the ZV system read
T = anz2xs + P3x2 — Pows,

To = cpx3T1 + fro3 — P321, (7.1)

T3 = 32172 + Box1 — P12,

with «;, 8; being real parameters of the system. For (1, 82, 43) = (0,0,0), the flow (7.1) reduces to
the Euler top (6.1). The ZV system is (Liouville and algebraically) integrable under the condition

al + a4+ a3 =0. (7.2)

It can be explicitly integrated in terms of elliptic functions, see [15] and also [16] for a more recent
exposition. The following quantities are integrals of motion of the ZV system:

Hy = a9a3 — asry — 2(B121 + foxa + B3x3),
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Hy = 043.’5% — Ozlx% — 2(51:01 + Boxo + ,331’3), (7.3)
Hz = aqx3 — aox? — 2(Brxy + Paxa + B33).

Clearly, only two of them are functionally independent because of ay Hy + asHs + asHs = 0. Note
that

Hg—Hl :Oégc, H3—H2:a10, Hl—H;),:agC,

with C' = 2% + 23 + 23.
As in the Euler case, the Wronskians of the coordinates x; admit quadratic expressions with
coefficients dependent on the integrals of motion:

Toxy — wad3 = Hiz1 + 21(f171 + Bowa + B3w3) + A1 C,
T371 — w381 = Hazo + 22(f171 + 2w + B373) + 20, (7.4)
T179 — w182 = H3zg + x3(f171 + B + B33) + B3C.
The HK discretization of the ZV system is:
T1 — x1 = € (Toxs + x2T3) + €03(Ta + x2) — €02(T3 + x3),
Ty — xp = €qp(T3wy + 23%1) + €61(T3 + x3) — €03(T1 + 21), (7.5)
T3 — x3 = eag(T122 + 21T2) + €f2(T1 + 1) — €61(T2 + x2).

The map f: z+— T obtained by solving (7.5) for ¥ is given by:
T = f(:E?E) = A_l({[,‘,e)(]l + EB):E7

with
1 —€Q1T3 —EQT 0 Bz —f
A(x,€) = —€EQoT3 1 —eapzy | —€B, B = B3 0 B
—€a3Ty —€a3T 1 B2 —B1 0O

We will call this map dZV. Formula (2.2) holds true for dZV, as for any HK discretization.

7.1. ZV System with Two Vanishing 3 ’s
In the case where two out of three (;’s vanish, say (2 = 3 = 0, the condition (7.2) is not
necessary for integrability of the ZV system. The functions Hy and Hj3 as given in (7.3) (with
P2 = B3 = 0) are in this case conserved quantities without any condition on «y’s, while their linear
combinations H; and C are given by

1 Qg + a3
Hy = ——(agHy + a3Hz) = agai — a3z + 201 ——1,
aq aq
1 oy + o
C = —(H3 — Hy) = a2+ 22 - ux%
o1 ]
Wronskian relations (7.4) are replaced by
Qg + Q3

. . o 2
Toxy — xodyz = Hiwy — ﬁlT r7 + 51 C,
1

T3x1 — 2381 = Howo + fro122, (7.6)

T1T9 — 149 = Hyws + B1w173.

The HK discretization of the ZV system with Gy = 3 = 0 turns out to possess two conserved
quantities (without imposing condition (7.2)) and an invariant measure.
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Proposition 14. The functions

04351/‘% — ozl:z:g — 20121 + eQﬁ%alx%

Hjy(e) =

)

_ 2 2
1 — efazaas;

2 2 202 .2
o x5 — opx] — 20171 — € Pionxs

2 )

Hale) =
3(e) 1 — ajass;

are conserved quantities of dZV with Py = B3 = 0.
Proposition 15. The map dZV with Bo = B3 = 0 possesses an invariant volume form:
x z d d d
deta—x = o) & flu=w, w= T/ AT A x?’,
o(x)

dx  ¢(z)

with ¢(z) = (1 — aza123)(1 — Earaer?).

The conserved quantities of Proposition 14 appear on the right-hand sides of the following
relations which are the discrete versions of the Wronskian relations (7.6):

Proposition 16. The following relations hold true for dZV with By = 83 = 0:
Toxs — TaTy = €c1(T1 + 1) + 2€coZ1x1 + 2€cs,
T311 — 2371 = eHo(€) (T2 + x2) + €f1(T122 + 2172),
T1xg — x1T2 = eH3(€) (T3 + x3) + €01 (T123 + 2173),
with

_agHs(€) + agHj(e) o _ Bilaz + a3) o B1(Hz(€) — Ha(e))
OélA ’ 2= alA ’ 37 OzlA ’

C1 =

A=1 + 64(a2H3(6) - ﬁ%) (agHQ(G) + ﬂ%)

Next, we describe the HK bases found in this case.

Proposition 17.
(a) The set ® = (23, 23, 22, 21, 1) is a HK basis for dZV with B3 = 33 = 0, with dim K¢(7) = 2.
Any orbit of dZV with By = 3 = 0 is thus confined to the intersection of two quadrics in R3.

(b) The set &g = (22, 23, 23, 1) is a HK basis for dZV with By = B3 = 0, with dim Kg,(z) = 1.

At each point x € R? we have: Kg,(z) = [~1:dy : d3 : dy], where
(05) (6751
dy = m(l — 7 — 620é3H2(€)), ds = et on (1 — 262 + 62a2H3(€)),
1
dy = (Ha(e) — Hs(e)).

a9 + ag

(c) The set o3 = (23, 22, 71, 1) is a HK basis for dZV with B3 = B3 = 0, with dim Kg,, (r) = 1.
At each point x € R® we have: Kg,,(z) = [c1: ca : c3 : ¢4], where

c1 = (ag + 2B2as + 62a2a3H2(e)), o = —aq (ozg + 2Bag — 62a2a3H3(e)),
c3 = —201(02 + a3), ¢4 =—(a2Hs(e) + azHs(e)).
Unlike the case of dET, we see that here a HK basis with a one dimensional null-space already

provides more than one independent integral of motion.
“Bilinear” versions of the above HK bases also exist:
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Proposition 18. The set V = (x171, x2T2, x3T3, 1 + 21, 1) is a HK basis for dZV with [y =
B3 = 0, with dim Ky (z) = 2. The sets

Vo = (2171, 272, 2373, 1) and Vo3 = (2272, 1373, 1 + T1, 1)
are HK bases with one-dimensional null-spaces.
The following statement is a starting point towards an explicit integration of the map dZV with
B2 = B3 = 0 in terms of elliptic functions.

Proposition 19. The component x1 of the solution of the difference equations (7.5) satisfies a
relation of the type

P(x1,1) = poaiai + pra1da (w1 + 1) + pa(af + 37) + psv1@1 + pa(ar + 1) + p5 = 0,
coefficients of the biquadratic polynomial P being conserved quantities of dZV with By = B3 = 0.

Proof is parallel to that of Proposition 12.

7.2. ZV System with One Vanishing 3y

In the case 83 =0 (say) and generic values of other parameters, the ZV system has only one
integral H3 and is therefore non-integrable. One of the Wronskian relations holds true in this general
situation:

1wy — x1&e = Haws + fro1w3 + forows. (7.7)

Under condition (7.2), the ZV system becomes integrable, with all the results formulated in the
general case.

Similarly, the map dZV with 83 =0 and generic values of other parameters possesses one
conserved quantity:

173 — apx? — 2(Biw1 + Bara) — €(BRan + Biaz)x?

Hy(e) =
3(€) 1 — e2aqag?

Clearly, this fact can be re-formulated as the existence of a HK basis ® = (22, 22, x%, x1,x9,1) with

dim K¢ = 1. The Wronskian relation (7.7) possesses a decent discretization:
T1xg — 179 = eHs(€)(x3 + T3) + €01 (T123 + £123) + €02(Toxs + x2X3).

However, it seems that the map dZV with §3 = 0 does not acquire an additional integral of motion
under condition (7.2). It might be conjectured that in order to assure the integrability of the dZV
map with 3 = 0, its other parameters have to satisfy some relation which is an O(e)-deformation
of (7.2).

7.3. ZV System with All B;’s Non-vanishing

Numerical experiments indicate non-integrability for the map (7.5) with non-vanishing [y’s,
even under condition (7.2). Nevertheless, some other relation between the parameters might yield
integrability. In this connection we notice that the map dZV with (aq, ag, a3) = (a, —, 0) admits
a polynomial conserved quantity

H = —ax3 — 2(Bix1 + Bowa + B3x3) + 2afazr — Praa)’.
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8. VOLTERRA CHAIN
8.1. Periodic Volterra Chain with N = 3 Particles

Equations of motion of the periodic Volterra chain with three particles (VCs, for short):

I'l = 331(1‘2 — 563),
f‘2 = fL’Q(CL‘g — J,‘l), (81)

I'g = 515'3(1‘1 — 582).

This system is Liouville and algebraically integrable, with the following two independent integrals
of motion:

Hi =x1 4+ 29 + x3, Hy = x1x913.
There hold the following Wronskian relations:
Ty — x;kj = Hixge; — 3Ho. (8.2)

Eliminating x;, z} from equation of motion for x; with the help of integrals of motion, one arrives
at

1‘2 =x; ( Hl) — 4H21‘i,
which yields a solution in terms of elliptic functions.
The HK discretization of system (8.1) (with the time step 2¢) is
33‘1 — X1 = €1\ T2 — .1‘3) + 633‘1 (1‘2 — .1‘3)

xr3 — .1‘1) + 61‘2( xr3 — .1‘1), (8'3)

2) + 6%3(.%‘1 — .1‘2).

H?

33‘3 — X3 = €xr3\Tr1 —

(z
(z
(z
The map f : z +— T obtained by solving (8.3) for z is given by:
7= f(2,6) = A7z, ),

with
1+ e(xs — x2) —€ex €T
Az, e) = €T9 1+ e(xy —x3) —€T9
—€x3 €r3 1+ e(xg —11)
Explicitly:

14 2e(zj — k) + € ((z) + ap)? — o)

. 8.4
1 — e2(a? + 23 + 2% — 2x129 — 22973 — 22371) (8-4)

%i:xi

This map will be called dVCs. From Proposition 2 there follows immediately:
Proposition 20. The map dVCs possesses an invariant volume form:

0z ¢(x) . _dxy ANdxg N dxs
det%—w = fw—u}, = gb(l‘) 5

with ¢(x) = r1x273.

Concerning integrability of dVCs, we note first of all that H; is an obvious conserved quantity. The
second one is most easily obtained from the following discretization of Wronskian relations (8.2).
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Proposition 21. For the map dV (s, the following relations hold:
fixj — xﬁj =eH; (fziﬂj + l’lfﬁj) — 66H2(6) (1 — %62H12) , (8.5)

where Hy(€) is a conserved quantity, given by

Hg(e) _ T1T2X3

. 8.6
1 — €2(2? + 23 + 2% — 22129 — 22973 — 22371) (8.6)

Proof. Define Hy(€) by Eq. (8.5). It is easily computed with explicit formulas (8.4). The result
given by (8.6) is a manifestly even function of € and therefore an integral of motion.
Proposition 22.

(a) The set ®;; = (wzj(z; + x;), T3 + x?, xixj, xi +xj, 1) is a HK basis for the map dVCs with
dim Kg¢,;(z) = 1. In other words, the pairs (x;, ;) lie on a cubic curve

P(xi, x5) = poriz;(w; + x5) + p1(af + a3) + pawixj + pa(wi + x5) + pa = 0,
whose coefficients py, are constant (expressed through integrals of motion).
(b) The set ¥; = (2277, 27 (x; + T;), 22 + T2, 2Zi, Ti + Ti, 1) is a HK basis for the map dVCs

with dim Ky, (x) = 1. In other words, the pairs (z;,T;) lie on a symmetric biquadratic curve with
constant coefficients (which can be expressed through integrals of motion).

Proof. Statement (a) follows by eliminating xj, from (8.6) via xj, = Hy — x; — x;. Statement (b)
is obtained with the help of MAPLE; it implies that z; as functions of ¢ are elliptic functions of
degree 2 (i.e., with two poles within one parallelogram of periods).

8.2. Periodic Volterra Chain with N = 4 Particles
Equations of motion of VCy are:

L .C'U4 = :L’4(.T1 — .CC3).

This system possesses three obvious integrals of motion: Hy = x1 + x9 + x3 + x4, Ho = z123, and
Hs = x9x4. One easily finds that x1, z3 satisfy the differential equation

i? = (23 — Hyzy + Hy)? — 4Hza?,

while o, x4 satisfy a similar equation with Hs «» Hj3. This immeadiately leads to solution in terms
of elliptic functions. There are two types of Wronskian relations:

T1x3 — 1103 = 2Ho (2 — 14), Toxy — X9y = 2H3(x3 — 1), (8.7)
and
ilxg — $1.’t2 = Hll’l:lig — 2H2.T2 — 2H31I1.
HK discretization (denoted by dVCy):

T1 — 21 = €x1(T2 — Ty4) + €x1 (w2 — 74),

(@
To — T = €x2(T3 — T1) + €xa(r3 — 21),
(@

) ( )
) ( )
T3 — 23 = €x3(T4 — To) + €T3(74 — T2),
Ty — T4 = €x4(T1 — T3) + €Ta(z1 — 24).

It possesses an obvious integral Hy = x1 + x2 + x3 + 4.
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Proposition 23. For the map dVCy, the following natural discretization of Fqs. (8.7) holds:
T1T3 — T1T3 = 26H2(€)($2 + Ty — T4 — 54),
§2x4 — x254 = 26H3(6)($1 + 51 — X3 — 553),

with the conserved quantities

_ xr1x3
1 — €2 (zp —x4)%

. T4
1 —e2(xy —a3)?

HQ(E) Hg(E)

Proof. This can be shown directly; the fact that Ha(e), Hs(e) are even functions of ¢, assures that
they are conserved quantities. One can also show this immediately from equations of motion: for
instance, multiplying the equations
71 B 71 T3 B T3
1+6(53/2—f4) N 1 —€($2 —$4)’ 1 —E(%g —53/4) B 1+€($2 —$4)7

shows that Hy(e) is a conserved quantity.

Proposition 24.

(a) For the iterates of map dVCy, the pairs (x1,x2) lie on a quartic curve whose coefficients are
constant (expressed through integrals of motion).

(b) The pairs (x;, ;) lie on a biquartic curve of genus 1 with constant coefficients (which can
be expressed through integrals of motion).

Proof. Statement (a) follows by eliminating 3, x4 from integrals Hy, Ha(e), H3(e). Statement (b)
is obtained with the help of MAPLE; it implies that x; as functions of ¢ are elliptic functions of
degree 4 (i.e., with four poles within one parallelogram of periods).

Note that the reduction z4 = 0 of the periodic Volterra chain with N = 4 leads to the open-end
Volterra chain with N = 3 particles.

9. DRESSING CHAIN (N = 3)
The three-dimensional dressing chain (DCjs, for short) is described by the following system of
quadratic ordinary equations [17]:
i =23 — 23+ az — ag,
B9 =1} — 24+ o1 — as, (9.1)
i3 =123 — 23+ g — ay,

with real parameters «;. The system (9.1) is (Liouville and algebraically) integrable. The following
quantities are integrals of motion:

I = x1 + x2 + 23,
Iy = (x1 + z2) (w2 + x3) (23 + T1) — @1 — QT — a3T3.
Sometimes it is more convenient to use the following integral instead of Is:
Hy = azi{’ + SL’% + 33% + 3aqx1 + 3aoxs + 3azxrsy = qu) — 3.
There hold the following Wronskian relations:
Eir; — iy = lei + 2(a; — o)z + 2(aj — ag)z; + 3oy — Ho. (9.2)

Excluding x, z;, from equations of motion for x; with the help of integrals of motion, one arrives
at

i =z} + 6agz? + dasz; + ag, (9.3)
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with
az = — (I3 + o + ay, — 20), az = (aj + o — ;)1 + I,
as = It = 2(aj + ) I} + (aj — ag)? — 411 L.

All three elliptic curves corresponding to (9.3) with ¢ = 1,2, 3, have equal Weierstrass invariants
(expressed through the parameters «; and the integrals of motion):

go = a4 + 3a§, g3 = aa4 — a% — a%, so that a% = —4a% + gaas — g3.

The coefficients in (9.3) can be thus parametrized in terms of the Weierstrass elliptic function with
the invariants g, g3 as follows: as = —p(4;), ag = ¢'(A;), so that aq = g2 — 3p?(4;). One can show
that A1 + As + A3 = 0 (modulo the period lattice), so that one can introduce B;, defined up to a

common additive shift, through A; = B; — B;;+1. The solution of the dressing chain DCgs is then
given as

zi(t) = C(t = Bit1) — ((t — B;i) — C((Bi — Bit1).
The HK discretization of system (9.1) is:

T — a1 = 6(531’3 — Toxg + a3 — 042),
To — Tg = 6(‘%11'1 — T3r3 + a1 — 043), (9'4)
T3 — X3 = 6(.%2332 — 171 + g — 041).

The map f: z+— T obtained by solving (9.4) for ¥ is given by:
T = f(x,e) = A z,¢)(z + ec),

with
1 €Ty —€X3
Az e) = | —exy 1 exs | c= (a3 — ag,a1 — az, o —ag) L.
€xr1 —e€xrsy 1
Explicitly:

_ wite(ay — 2t 4 o — o) + € (hajay + (o — @i)wj + (o — ai)wy)
Ty =

9.5
1+ 62(x1x2 + xox3 + x3771) (9:5)

This map will be called dDCs. From Proposition 1 there follows immediately:
Proposition 25. The map dDCs possesses an invariant volume form:
T T d d d
deta—x:M &S ffu=w, w= 1 A 423 A 333,
o(x)

or  ¢(z)
with ¢(x) = 1+ €(x129 + w223 + 2371).

Concerning integrability of dDCs, we note first of all that I; is an obvious conserved quantity. The
second one is most easily obtained from the following discretization of Wronskian relations (9.2).
Proposition 26. For the map dDCs, the following relations hold:
%Z-xj — xﬁj - ~ ~
— = LhapTk + (o — o) (x + ;) + (Ozj — ak)(xj + xj) + 3oLy — Ha(e), (9.6)
where Hy(€) is a conserved quantity, given by
Hs + €2G2
Ha(e)

T + (129 + xow3 + 2321)’
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where
Gy = 112:131@1‘3 + (1x1 + agxs + agxs)(x1w2 + o3 + T321)
+2I1 (o xox3 + ox3ry + a3r121)
—(ap — 043)2301 — (a3 — 041)256‘2 — (01 — a2)2ac3.

Proof. Define Ha(e) by Eq. (9.6). It is easily computed with explicit formulas (9.5). The result
given by (9.7) is a manifestly even function of € and therefore an integral of motion.

Proposition 27.
(a) The set ®;; = (a7, x?, ziw; (v + x5), 12, 2T, x?, xi, x5, 1) is a HK basts for the map dDCs

with dim Kg,,(v) = 1. In other words, the pairs x;, z; satisfy equations of degree 3,

Pyj (i, x5) = poxi + pra) + pawiwj (s + x5) + psx} + pawiwj + psa; + pews + praj + ps =0,
whose coefficients py, = p%j ) are constant (expressed through parameters oy and integrals of
motion).

(b) The set U; = (z"77)3 is a HK basis for the map dDCs with dim Ky, (z) = 1. In other

i /m,n=0
words, the pairs x;,T; lie on bicubic curves of genus 1:

3
Qi(i, &) = Y qmna]'T} =0,
m,n=0
whose coefficients Gmn :q%)n are constant (expressed through parameters oy and integrals of
motion). Moreover, q13 = q31.

Proof. Statement (a) follows by eliminating x), from (9.7) via x}, = I1 — ; — ;. Statement (b) is
obtained with the help of MAPLE. One can also show that these bicubic curves are of genus 1,
so that xz; as functions of ¢ are elliptic functions of degree 3 (i.e., with three poles within one
parallelogram of periods).

10. COUPLED EULER TOPS

In [18] a remarkable mechanical system was introduced, which can be interpreted as a chain of
coupled three-dimensional Euler tops. The differential equations governing the system are given by:
(

T = Taxs,

Toj = (351025172541,
Toj41 = Q3jT2jT2j 1 + 3541725427243, (10.1)

T9j4+2 = A3j4+2L25+1%2j+3,

ToN4+1 = QA3NT2NT2N -1,

with real parameters «;. Each triple of variables (xgj,l, x5, ajng) can be considered as a 3D Euler
top, coupled with the neighboring triple (2941, Z2;+2, 2j+3) via the variable z5;1. We will denote
system (10.1) by CETx. It has N + 1 independent conserved quantities:

2 2
Hy| = apx] — o173,
2 2 2 .
Hj = agj_sagj_105;_9 — a3j—403j1%5;_1 + Q3j—4Q3j_2T5;, 2<j<N,
2 2
Hyi1 = asnaoy — a3N—1T5n41-

Nothing is known about the possible Hamiltonian formulation of this system, and therefore about
its integrability in the Liouville-Arnold sense.
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For N =1 system (10.1) reduces to the usual Euler top (6.1). We will consider in detail the HK
discretization of the system CETy given by

T1 = 01x2T3,
T = aox3T1,
$'3 = (3712 + \4xT4T5, (10‘2)
Ty = a5T5T3,

a'05 = QgT3T4.
\

It can be interpreted as two Euler tops, described by the two sets of variables (z1,z2,23) and
(3, x4, x5), respectively, coupled via the variable z3. It has three independent integrals of motion:

_ 2 2 _ 2 2
H) = agzy — o5, H3 = agri — ass,
Hy = 043045:13% — a2a5x§ + 0420443@21,

and it can be solved in terms of elliptic functions. We will be mainly interested in its particular
case which is superintegrable.

Proposition 28. If the coefficients «; satisfy the following condition,
a1 = a5, (10.3)
then the system CETs is superintegrable: it has two additional integrals,
Hy = asroxs — apxi14, Hs = asri1x5 — 11914,

and among the functions Hy, ..., Hs there are four independent ones.

In this case, the variable z3 satisfies the following differential equation:

3 = < r3 + ij%) <Oé104233§ + %;H2 +aszHy — a4H3) - ZzZ:HE, (10.4)
so that its time evolution is described by an elliptic function of degree 2.
The HK discretization of the system CET5 reads:

T1 — x1 = ea1(Tows + T2x3),
To — x9 = €qa(T3w1 + T371),
T3 — x3 = eas(T1we + 11T2) + ey (Taxs + T475), (10.5)
T4 — x4 = €as(Tsws + T573),
T5 — x5 = €ap(T3xg + T374).

The map f : z+— = obtained by solving (10.5) for z is given by:
T=f(z,e) = A (z,e)x,
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with
1 eajrs eaxzs 0 0
easxrs 1  eagxry O 0
Az, €) = €agxo €zr, 1 eoyxs €qqxy

0 0 EQ5T5 1 €53

0 0 eagry cagrs 1
This map will be called dCET5 in the sequel.
Proposition 29. The functions
6T — asad

1 — asapr3’

2 2
2 1Ty
Hi(¢) = ——— =% Hj(e
1( ) 1 — ¢2 1 nga 3( )

are conserved quantities of the map dCET,.

Proposition 29 gives only two independent integrals of motion for the map dCETy. Numerical
experiments indicate that the third integral does not exist in general. The situation is different
under condition (10.3). Note that in this case the denominators of the integrals Hi(e) and Hs(e)
coincide.

Proposition 30. If condition (10.3) holds, then the map dCETy has in addition to Hy(€) and
Hs(e) also the following conserved quantities

04304533% — a2a51‘§ -+ 0420443@21

9

Ho(e) =
2(€) 1 — e2aq 013

A5T2X5 — 2X1T4

A5TL1X5 — 1X2T4

Hy(e) = Hs(e) =

1 — a3 1 — e2ajana3

There are four independent functions among Hi(€), ..., Hs(e).

We now present HK bases for the map dCETs.
Proposition 31. Under condition (10.3), the map dCETy has the following HK bases.
(a) The set ® = (23, 3, 3, x5, 2, 1) is a HK basis with dim K¢(x) = 3.
(b) The sets ®1 = (22, 23, 23, 1) and ®9 = (23, 23, 22, 1) are HK bases with one-dimensional

null-spaces. At each point x € R we have: Ko, (1) = [e1 : €2 : 2aian : —1] and Ko, (x) = [2ajay :
fa: f5: —1]. The functions e; and f; are conserved quantities given by

as(1 — ajasx? a1 (1 — ajasx?

_ 3 _ 3

€1 = 2 2 €2=— 2 2
x| — x5 x| — x5

and

as(1 — €2 o
f4 = ( 3)7 f5 -

ay(1— 620410421‘%)
a5y — aur? '

045:1:?l — a4m§

The set &3 = (ZL‘%, x%, x%, xi) is a HK basis with a one-dimensional null-space. At each point x € R®
we have: Koy (x) = [g1: g2 : a5 : —au]. The functions g; are conserved quantities given by

a3a5x§ — a2a5x§ + 04204433?1 a3a5m% - 04104537% + a1a4x?1
g1 = 92 = — .
Qor? — 113 ’ asr] — 123

Similar claim hold for the sets (z%, 23, 23, 22), (22, 23, 23, 22), and (23, 23, 23, 22).
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(c) The set ¥ = (z1, x2, T3, T4, 5) is a HK basis with dim Ky (z) = 2.

(d) The sets V1 = (x1, x2, x4), Vo = (x1, T2, x5) are HK bases with one-dimensional null-spaces.
At each point x € R® we have: Ky, (%) = [e1 : ca : —1], Ky, () = [dy : dg : —1]. The functions c1, cz
and di,ds are conserved quantities given by

Q2T1T4 — A5T2T5 A5T1T5 — A1 T2T4
1 = 5 P} ) Co = 5 P} )
Ole’l — ale agl’l — a1$2
while
a aq
d1 = —C9, d2 = —C1.
Qs Qs

A similar claim holds for the sets (x2, x4, x5) and (r1, x4, T5).

We see that the map dCETy under condition (10.3) possesses four functionally independent
conserved quantities. It might look paradoxical that ® U ¥ is a HK basis with a 5-dimensional
null-space, thus imposing seemingly 5 restrictions on any orbit of the map, which would yield 0-
dimensional invariant sets (instead of invariant curves in the continuous time case). The resolution
of this paradox is that the five restrictions are functionally dependent on their common set (i.e.,
along any orbit). In other words, the HK basis ® U ¥ is not regular. This is the first and the only
instance of a non-regular HK basis in this paper.

The map dCET, possesses, in its (super)-integrable regime, an invariant volume form:
Proposition 32. Under condition (10.3), the map dCET, preserves the following volume form:
ox T dxy Adxg ANdxs ANdxy Nd
qet 2% _ ) o fu—w oo dmide d)zﬁs) Ta N drs.
x

Or  ¢(x)

with ¢p(x) = (1 — a1a073)3.

In this regime, the solutions can be found in terms of elliptic functions, as the following statement
shows.

Proposition 33. Under condition (10.3), the component xs of any orbit of the map dCETs
satisfies a relation of the type

Q(x3,T3) = qow323 + quasis(zs + 3) + q2(23 + T3) + qsw3Ts + qu(ws + T3) + g5 = 0,
coefficients of the biquadratic polynomial Q) being conserved quantities of dCET5.

This statement is a proper discretization of Eq. (10.4).

11. THREE WAVE SYSTEM

The three wave interaction system of ordinary differential equations is [19]:
21 = i 2223,
29 = lanZ3Z1, (11.1)
23 = i3z 2o.

Here z = (21, 22, z3) € C3, while the parameters a; of the system are supposed to be real numbers.
If (i,j,k) stands for any cyclic permutation of (123), then we can write system (11.1) in the
abbreviated form

z; = iaiijik, (11.2)
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Writing z; = x; + iy;, i = 1,2, 3, we put system (11.2) into the form

& = (T + yjTr), 113)

i = (T2 — YjYK)-
System (11.3) is completely integrable and can be integrated in terms of elliptic functions. It has
three independent integrals of motion: quadratic ones,
H; = aylzi[* — a2,

among which there are only two independent ones because of oy Hy + asHs + agHs =0, and a
cubic one,

1
K = B (212023 + Z12223) = Re(212223).

The HK discretization of system (11.2) reads
Zi — 2 = ieai(ijik + Ejik),
or, in the real variables (z;,y;),

T — x; = €qi(Tk + Tjyk + YjTr + YiTk),
Ui — Yi = €oi(T;T + TjTk — Yk — Y Yk)-

In the matrix form, this can be put as

T T T T
-1
Alz,y,e) | | = & | | =fleye=4"(z,y¢ :
Yy Yy Yy Yy
where
1 —€Xx1Ys —€E€EQ1Y2 0 —€EN1T3 —EN]T
—E€N2Y3 1 —E€Q2Y1 —€EQQT3 0 —€EQ2X1
—E€Q3lYy —€Q3Y1 1 —€Q3Ty —€EN3T] 0
Az,y,¢) =
0 —€EQ|T3 —EQ1T2 1 €Q1Y3  €Q1Y2
—€QT3 0 —€QT] €EQ2Y3 1 €Y1
—€q3T2 —E€Q3T 0 €Q3Y2  €Q3Y 1

The birational map f : RS — RS will be called d3W hereafter.
Proposition 34. The map d3W has three independent conserved quantities, namely, any two of

. 2 _ 12
HZ'(E): O‘]’Zk| ak‘zj‘

1-— 62aj04k|2’i|2 ’
supplied with any one of
Re(212223)(1 — arai|zi[?) (1 — ]2 ]?)

Ki(e) = Az, z,€) ’

where
A(z,2,¢) = det A(w,y,¢) = 1— 262(a2043|21|2 + 03041|22|2 + 01042|23|2)

+ 64(a2a3]z1|2 + a3a1]z2|2 + a1a2]z3|2)2 — 466a%a%a§|21]2|zg\2]23\2.
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Proposition 35. The map d3W possesses an invariant volume form:

0z B (%)
et D = 6(z)

where ¢(z) = A(z, z, €).

f*w:w w:dxl/\dmg/\dazg/\dyl/\dyg/\dyg

$(2)

Next, we give the results on the HK bases for the map d3W, which yield a complete set of integrals
of motion.

Proposition 36.
(a) The sets ®; = (|zj|%, |2|%, 1), i = 1,2, 3, are HK bases for the map d3W with dim Kg,(z) = 1.
At each point z € C3 there holds: Kg,(2) = [d1 : da : —1], where the coefficients

ar(1 = Eaoyoylz]?) (1 = Eagayfz?)

di(z) = da(z) =

aglzj|? — a2k |? aglzi|? — oz )?

are integrals of motion of the map d3W. They are functionally dependent because of ajdy(z) +
2

Oéde(z) — €701 0903,
(b) The sets U; = (Re(z12223), |zi]?, 1), i =1,2,3, are HK bases for the map d3W with
dim Ky, (2) = 1. At each point z € C3 there holds: Ky,(2) = [e1 : ea : —1], where the coefficients
Az, zZ,€
er(z) = - =50 ,

P
Re(z12023) (1 — € (—ayo|zi]? + | 2] + iaj|z]?) )

dajore? (1 — a2 2 (1 — €|z ?)

ea(z) =

27
(1 — € (—ajonlzil? + apaii|z5]? + asaj|z]?) )

are independent integrals of motion of the map d3W.

12. LAGRANGE TOP

Lagrange top was the second integrable system, after Euler top, to which the HK discretization
was successfully applied [5]. We reproduce and re-derive here the results of that paper, and add
some new results.

Equations of motion of the Lagrange top are of the general Kirchhoff type:

1 =m x Voo H +p x V,H,
R (12.1)

p=pxVnH,

where m = (my, m2,m3)T and p = (p1,p2,p3)T. Any Kirchhoff type system is Hamiltonian with
the Hamilton function H = H(m,p) with respect to the Lie-Poisson bracket on e(3)*,

{mi,m;} = ejjpmu, {mi, p;} = €ijrpr, {pi,p;} =0,
and admits the Hamilton function H and the Casimir functions
C1 = pi + p3 + p3, Cy = mypy + maps + m3ps, (12.2)

as integrals of motion. For the complete integrability of a Kirchhoff type system, it should admit a
fourth independent integral of motion.

The Hamilton function of the Lagrange top (LT) is H = H;/2, where

Hy =mi +m3 + am3 + 2vps.
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Thus, equations of motion of LT read

)
my = (o — 1)mams + ypa,

mg = (1 — a)mims — yp1,
—
’ (12.3)

D1 = Qpams3 — P3ma,

D2 = P3m1 — apims,

[ P3 = p1mg — pami.
It follows immediately that the fourth integral of motion is simply Hs = ms. Traditionally, the

explicit integration of the LT in terms of elliptic functions starts with the following observation:
the component p3 of the solution satisfies the differential equation

p3 = Ps(ps3), (12.4)

with a cubic polynomial P; whose coefficients are expressed through integrals of motion:

P3(ps) = (Hy — am3 — 2yp3)(C1 — p3) — (Ca — maps)*.

We mention also the following Wronskian relation which follows easily from equations of motion:

(hip1 — map1) + (hape — maop2) + (2a — 1)(rgps — msp3) = 0. (12.5)

Applying the HK discretization scheme to Egs. (12.3), we obtain the following discrete system:

,

my —my = e(a — 1)(mams + mams) + ey(p2 + P2),
ma —ma = €(1 — a)(mims + mims) — ey(p1 + p1),
m3 —mgz =0,

p1 — p1 = ea(pams + pams) — e(p3ma + p3ma),

P2 — p2 = €(p3my + p3mi) — ea(pims + pims),

| D3 — p3 = e(p1mg + pima — pamy — pamy).

As usual, this can be solved for (m,p), thus yielding the reversible and birational map = +— = =
f(x7 6) = Ail(xa 6)(]1 + 6B)£7 where z = (m17m27m31p17p27p3>T7 and

1 e(l—a)mg e(l—a)my 0 0 0
—€e(1 — a)ms 1 —e(l—a)m; 0 0 0
Az, €) = 0 0 1 0 0 0 B,
0 €pP3 —eapa 1 —eams emgo
—€ep3 0 eapy eams 1 —emy
€p2 —€ep1 0 —€ema €My 1
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000 0 ~0
000—v00
000 0 00
000 0 00
000 0 00
000 0 00

o O O

This map will be called dLT in the sequel. Obviously, mg serves as a conserved quantity for dLT.
The remaining three conserved quantities can be found with the help of the HK bases approach.
A simple conserved quantity can be found from the following statement which serves as a natural
discretization of the Wronskian relation (12.5).

Proposition 37. The set I' = (mi1p; — mip1, mapa — map2, maps — msps) is a HK basis for the
map dLT with dim Kp(z) = 1. At each point x € RS we have: Kr(x) = [1:1: bs], where b3 is a
conserved quantity of dLT given by

(2a — 1)ms + €2(a — 1)mz(m? + m3) + e2y(mip1 + mapz)
m3A1

by = : (12.6)

where

A =1+ a(l —a)m3 — yps. (12.7)
Proof. A straightforward computation with MAPLE of the quantity
(map1 — map1) + (Map2 — map2)

by = — — =
(m3p3 - m3p3)

leads to the value (12.6). It is an even function of € and therefore a conserved quantity.

Further integrals of motion were found by Hirota and Kimura. We reproduce here their results with
new simplified proofs.

Proposition 38. ([5])
(a) The set ® = (m2 +m3, p1my + pama, Pt + p3, p3, p3, 1) is a HK basis for the map dLT with
dim Kg(z) = 3.

(b) The set ®1 = (1, ps, p3, m? +m3) is a HK basis for the map dLT with a one-dimensional
null-space. At each point x € RS we have: K¢, (z) = [co : c1 : ca : —1]. The functions co,c1,ca are
conserved quantities of the map dLT, given by

o = m% + m% + 2vp3 + 626(()4) + 640(()6) + 66668) + 686[()10) ’
A1,
_ 27(1 — a1l — a)m%) (1 + 62052) + 64624) + 66656))
1= — ALA, )
oy — €22 (1 + 62652) + 64054) + 660;6))

A1As

Here Ay is given in (12.7), and Ay =1+ eZAg) + 64Ag4) + 66A§6); coefficients A and c,(cq) are
polynomials of degree q in the phase variables. In particular:
ng) =m}+m3+ (1 - 2a + 20°)m3 — 2yps,

AP — 2 4 m2 4 (1 - 3a+ 3a2)m2 — ps.
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(c) The set @9 = (1, p3, p3, mip1 +map2) is a HK basis for the map dLT with a one-dimensional
null-space. At each point x € RS we have: Kg,(z) = [do : dy : da : —1]. The functions do,dy,ds are
conserved quantities of the map dLT, given by

o mupsmapy £ maps + Py’ + g + Py +
0 — AlAQ )
4 = _mg + €2d§3) + e4d§5) + eﬁdg) + esdgg)
A1A, ’
& — _62’}/(1 —a)mg(1+ e2c§2) + 64654) + 66056))
2 AlAQ )

(@)

where d;”" are polynomials of degree q in the phase variables. In particular,
di¥ = y(mip1 +mapz) — (3 — 2a)msps + am(m? +m3) + (1 - 3a + 3a2)m3.
(d) The set ®3 = (1, p3, p3, p; +p3) is a HK basis for the map dLT with a one-dimensional

null-space. At each point x € RS we have: Ko, (1) = [eo : e1 : ea : —1]. The functions eq,e1, e are
conserved quantities of the map dLT, given by

co = p% + p% +p§ + 626(()4) + 646(()6) + 666(08) + 686810) ’
JASPAY)
2¢> (653) + 62655) + 64657) + 66659))
€1 = — AN, )
(1+€e(1—a)*m3)(1+ 6209) + 64654) + 66656))
e=T ASPAV) ’
where e,gq) are polynomials of degree q in the phase variables. In particular,

3
e =49} + 13 +p3) — (1 — a)ma(mapy + mapz + maps).
Proof. (b) We consider a linear system of equations
(CO + C1P3 + C2P§) ° fi(mvpv 6) = (m% + m%) o fi(mvpv 6)7 (128)
for all ¢ € Z. Numerically one sees that it admits a unique solution, and one can identify the linear
relation

1
5"}/6201 = (1 - €a(l — a)ym3)co. (12.9)

The system of three equations for three unknowns co, c1, co consisting of (12.8) with ¢ = 0,1 and
(12.9) can easily be solved with MAPLE. Its solutions are even functions of €, which proves that
they are integrals of motion.

(c) This time we consider the linear system of equations

(do + dips + dap3) o f'(m,p, €) = (mip1 + maps) o f'(m,p,e€), (12.10)

for all ¢ € Z. Numerically we see that it admits a unique solution, and we can identify the linear
relation

vdo = (1 — a)msca. (12.11)

The system of three equations for the three unknowns dy, dy, ds consisting of (12.10) for ¢ = 0,1
and of (12.11) with ¢y already found in part b) can easily be solved with MAPLE. Its solutions are
even functions of € and therefore are integrals.
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(d) Completely analogous to the last two proofs: we solve the linear system of three equations
for the three unknowns eg, e1, es, consisting of the equations

(60 + e1ps + 6210?2,) © fi(m,p, 6) = (p% + p%) ° fi(m,p, 6)7
for i = 0,1, and of the linear relation
e2~y2ey = (1+ (1 — a)ng)CQ,

and verify that they are even functions of e.

We note that for a = 1 the integrals dy, di, da simplify to

_ Mmyp1 + map2 + m3p3 _ m3z+ 2y (map1 + maps) _
do = , dy=-— , do=0.
1— €eyps 1 — €eyps

It is possible to find a further simple, in fact polynomial, integral for the map dLT.

Proposition 39. ([5]) The function

2 2
F =mi+mj+2yps — €((1 — )mgmi +yp1)” — €((1 — a)mama + yp2)”,
is a conserved quantity for the map dLT.
Proof. Setting C =1—€2(1 — a)?m3, D = —2¢2vy(1 — a)ms, E = —€%*4%, one can check that Cc; +

Ddy + Fe; =0 and Ccy + Ddy + Fes = —2~. This yields for the conserved quantity F' = Ccy +
Ddy + Feg the expression given in the Proposition.

Considering the leading terms of the power expansions in €, one sees immediately that the
integrals cg, dg, eg, and mg3 are functionally independent. Using exact evaluation of gradients we
can also verify independence of other sets of integrals. It turns out that for o # 1 each one of the
quadruples {do, d1,d2, m3} and {eg, e1, e2, m3} consists of independent integrals.

A direct “bilinearization” of the HK bases of Proposition 38 provides us with an alternative
source of integrals of motion:

Proposition 40. The set
U = (mymq + mama, p1mi + p1ma + pama + pama, p1p1 + p2b2;, P3P3, P3 + P3, 1)
is a HK basis for the map dLT with dim Ky (z) = 3. Each of the following subsets of ¥,
Wy = (1, p3 + D3, p3Ps, m1my + manz),
Wy = (1, p3 + D3, P3P3, m1p1 + Mip1 + maPa + Map2),
W3 = (1, p3 + D3, P3P3, P1P1 + P2P2),
is a HK basis with a one-dimensional null-space.

Concerning solutions of dLT as functions of the (discrete) time ¢, the crucial result is given in the
following statement which should be considered as the proper discretization of Eq. (12.4).

Proposition 41. ([5]) The component ps of the solution of difference equations (12.6) satisfies a
relation of the type
Q(ps, P3) = qop3Ps + qp3p3(ps + P3) + q2(p3 + D3) + q3paPs + qa(ps + Ps) + g5 = 0,

coefficients of the biquadratic polynomial QQ being conserved quantities of dLT. Hence, ps(t) is an
elliptic function of degree 2.

Although it remains unknown whether the map dLT admits an invariant Poisson structure, we
have the following statement.

Proposition 42. The map dLT possesses an invariant volume form:
oxr (25(5) dmi N dmeo A dms N dpy A dpa A dps
w =

det % = m 4 f*w = W, ¢(x) s
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13. KIRCHHOFF CASE OF THE RIGID BODY MOTION IN AN IDEAL FLUID

The motion of a rigid body in an ideal fluid is described by Kirchhoff equations (12.1) with

H being a quadratic form in m = (my, m2,m3)T € R® and p = (p1,p2,p3)T € R3. The physical
meaning of m is the total angular momentum, whereas p represents the total linear momentum
of the system. A detailed introduction to the general context of rigid body dynamics and its
mathematical foundations can be found in [20].

The integrable case of this system found in the original paper by Kirchhoff [21] and carrying his
name is characterized by the Hamilton function H = H; /2, where

Hy = ai(mf +m3) + agm3 + b1 (p} + p3) + baps.
The differential equations of the Kirchhoff case are:
my = (a3 — a1)mams + (bg — b1)paps,
mg = (a1 — az)mims + (b1 — b3)p1ps,
mig = 0,
(13.1)

P1 = azpama — ai1p3ma,

P2 = aip3mi — azpims,

| P3 = a1(p1ma — pama).

Along with the Hamilton function H and the Casimir functions (12.2), it possesses the obvious
fourth integral, due to the rotational symmetry of the system: Hy = mgs. Traditionally, the explicit
integration of the Kirchhoff case in terms of elliptic functions starts with the following observation:
the component p3 of the solution satisfies the differential equation

p3 = Pu(ps),

with a quartic polynomial Py whose coefficients are expressed through integrals of motion:
Py(p3) = a1 (Hy — agm3 — b1 (C1 — p3) — b3p3) (C1 — p3) — a3 (Ca — maps3)*.
We mention also the following Wronskian relation which follows easily from equations of motion:
a1(rhapr — mip1) + a1 (mape — maps) + (2as — a1)(1hzps — maps) = 0. (13.2)

Applying the HK approach to (13.1), we obtain the following system of equations:

my —my = e(az — a1)(mams + mams) + €(bs — b1)(P2p3 + p2p3),
Mg —my = e(ar — az)(mims + mims) + e(b1 — b3)(p1p3 + p1P3),
m3 —m3 = 0,

p1 — p1 = €az(pams + pam3) — ea1(p3ma + p3ma),

P2 — p2 = eai(psmy + psmi) — eaz(pims + pims),

p3 — p3 = eai(pima + p1ma) — eai(pami + pamy).
As usual, these equations define a birational map = = f(x,¢), 2 = (m,p)". We will refer to this

map as dK. Like in the case of dLT, mg is a conserved quantity of dK. A further “simple” conserved
quantity can be found from the following natural discretization of the Wronskian relation (13.2).
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Proposition 43. The set I' = (m1p; — mip1, mapa — map2, maps — msps) is a HK basis for the
map dK with dim Kr(x) = 1. At each point x € R® we have: Kr(z) = [1:1: —v3], where 73 is a
conserved quantity of dK given by

Ag
- 13.3
Y3 a1A17 ( )
where
_ 2 2 2 2 2 2 2
Ap = a1 — 2a3 + € af(a1 — az)(m] +m3) + € araz(by — b3)(p} + p3), (13.4)
A =1+ €2a3(a1 - a;:,)m% + e2a1(b1 — bg)pg. (13.5)

Proof. Like in the case of dLT, we let MAPLE compute the quantity

(mip1 — mip1) + (Map2 — map2)
(m3p3 — m3D3)

Y3 =

which results in (13.3), an even function of € and therefore a conserved quantity.

Interestingly enough, this same integral may also be obtained from another HK basis:

Proposition 44. The set &5 = (m% —|—m§,p% —I—p%,pg,l) is a HK Basis for the map dK with
dim Kg,(x) = 1. The linear combination of these functions vanishing along the orbits can be put
as Ay — y3a1A1 = 0.

Proof. The statement of the Proposition deals with the solution of a linear system of equations
consisting of

(c1(mi +m3) + ca(p] + p3) + esp3) o f'(m,p.e) =1 (13.6)

for all ¢ € Z. We solve this system with ¢ = —1,0, 1 (numerically or symbolically), and observe that
the solutions satisfy as(b; — b3)c1 = ai(a1 — ag)ce. Then, we consider the system of three equations
for c1, cg, c3 consisting of the latter linear relation between c¢1, co, and of Eqs. (13.6) for i =0, 1.
This system is easily solved symbolically (by MAPLE), its unique solution can be put as in the
Proposition. Its components are manifestly even functions of €, thus conserved quantities.

Proposition 45.
a) The set ® = (m? + m3, pimi + pama, ps + p2, p2, p3, 1) is a HK basis for the map dK with
1 2 17T P2 P3
dim K¢ (x) = 3.

(b) The set ®1 = (1, p3, p3, m? +m3) is a HK basis for the map dK with a one-dimensional
null-space. At each point x € R® we have: Kg,(x) = [co : c1 : ca : —1]. The functions cg,c1,co are
conserved quantities of the map dK, given by

ar(m? +m3) — (by — b3)p3 + 62684) + 640(()6) + 66088) + ESC[()lO)

Cco = )
alAlAg
B 262a3(b1 — b3)m3 (CQ + 62654) + 64C§6) + Eﬁcgs))

“aTT A1Ay ’

(b —bs)(1+ 62652) + e4c§4) + eﬁcgﬁ) + egcgs))
Cy = )

alAlAg

where Ay is given in (13.5), and Ay =1+ 62A§2) + €4Ag4) + 66A§6) ; coefficients c]gq) and qu) are
homogeneous polynomials of degree q in the phase variables. In particular:

&) = —2a3(m} + m3) — (a3 — 2a1a3 + 3a2)m3 + a1(b1 — b3)(p} + p3) — a1 (b1 — b3)p3,

Ag) = a%(m% + m%) + (a% — 3aqa3 + 3a§)m§ —ai(b — bg)(p% + p%) + ay(by — bg)p%.
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(c) The set ®o = (1,p3,p3, mip1 + map2) is a HK basis for the map dK with a one-dimensional
null-space. At each point x € RS we have: Kg,(x) = [do : d1 : do : —1]. The functions do,dy,ds are
conserved quantities of the map dK, given by

_ Co+ 62dé4) + e4d(()6) + eﬁd[()g) + EBdém)

do

A1Ay ’
iy — mg( -1+ e2dg2) + e4dg4) + e6d§6) + egdgg))
A1A, ’
iy — a1(bs — by)e*(C2 + 62054) + 64656) + eﬁcgs))
A1Ag ’

(@)

where d;”’ are homogeneous polynomials of degree q in the phase variables. In particular,
di? = —aas(mi +m3) — (af — 3aras + 3a3)m3 + (a1 — a3)(b1 — b3)(p + p3) — 3ar (bs — by)3.
(d) The set ®3 = (1, ps, p3, p? + p3) is a HK basis for the map dK with a one-dimensional

null-space. At each point x € RS we have: Ko, (1) = [eo : e1 : ez : —1]. The functions eq,e1,es are
conserved quantities of the map dK, given by

co = C1+ 626[()4) + 646(()6) + 666(()8) + 686(()10)
A1As ’
2¢2a1(az — ay)ms (02 + 62054) + 64C§6) + 66058))
€1 = AN, >
ey = -1+ 6269) + 646é4) + eGeéG) + 686é8)
A1As ’

where e,(fq) are polynomials of degree q in the phase variables. In particular,
eéQ) = —a}(m? +m3) — (203 — 4ayaz + 3a3)m3 + 2a1(by — b3)(p? + p3) — a1 (b1 — b3)p3.

Proof. Statement (b) is proven using direct calculation. Statements (c) and (d) then follow
analogously to Proposition 38 from the existence of linear relations between ¢; and do, as well
as between c¢; and e;.

One can show that each of the sets {co,ci1,ca}, {do,d1,d2}, and {eg,e1,ea} consists of three
independent integrals of motion. Moreover, each of the sets {cop,c1,c2,m3} and {eg,e1,e2, ms}
consists of four independent integrals. As further important results, me mention that Propositions
40 (on the “bilinear” HK bases), 41 (on the invariant biquadratic curve for (ps,ps3)), and 42 (on
the invariant measure) hold literally true for the map dK.

14. CLEBSCH CASE OF THE RIGID BODY MOTION IN AN IDEAL FLUID

Another famous integrable case of the Kirchhoff equations was discovered by Clebsch [22] and
is characterized by the Hamilton function H = Hy/2, where

3

1
H, = <m7Am> + <p7 Bp> = 5 Z(akmﬁ + ka%)v
k=1

where A = diag(ay, a2, as) and B = diag(by, be, b3) satisfy the condition

by —b ba — b bs — b
1 2+ 2 3_|_ 3 1:0. (14‘1)
as al ag
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This condition is also equivalent to saying that the quantity
bj — by

0= ———
a;(a; — ay)

(14.2)

takes one and the same value for all permutations (7, j, k) of the indices (1, 2, 3).

For an embedding of this system into the modern theory of integrable systems see [23, 24]. Note
that the Kirchhoff case (a; = ag and by = by) can be considered as a particular case of the Clebsch
case, but is special in many respects (the symmetry resulting in the existence of the Noether integral
ms, solvability in elliptic functions, in contrast to the general Clebsch system being solvable in terms
of theta-functions of genus 2, etc.). Equations of motion of the Clebsch case are:

m=mx Am+p x Bp,

(14.3)
p=px Am,
or in components
my = (ag — az)mams + (b3 — ba)paps,
o = (a1 — az)msmi + (b1 — bs)psp1,
m3 = (az — ar)mimg + (ba — b1)p1p2, (14.4)

P1 = az3mapz — a2Mmaps,

D2 = a1mip3 — a3mspi,

| P3 = aamap1 — armips.

Condition (14.1) can be resolved for a; as

by — b

WZ_W?)?

by

WB_Wl’

b by

al .
w1 — w2

as as
For fixed values of w; and varying values of b;, equations of motion of the Clebsch case share the

integrals of motion: the Casimirs C1, Cq, cf. Eq. (12.2), and the Hamiltonians

2 2

ms m
Ii=pi+ —1—+ —+—.
W; — Wk Wi — Wy

There are four independent functions among Cj, I;, because of Cy = I + I + I3. Note that
Hy = b11; + bals + b3l3. One can denote all models with the same w; as a hierarchy, single flows
of which are characterized by the parameters b;. Usually, one denotes as “the first flow” of this
hierarchy the one corresponding to the choice b; = w;, so that a; = 1. Thus, the first flow is
characterized by the value # = oo of the constant (14.2).

14.1. First Flow of the Clebsch System
The first flow of the Clebsch hierarchy is generated by the Hamilton function H = H; /2, where
Hy = mi +m3 +m3 +wipi + wap3 + wsp.

The corresponding equations of motion read:
m=7px Qp,
p=pXxXm,
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where Q = diag(w1, wa,ws) is the matrix of parameters, or in components:
11 = (w3 — w2)paps,
e = (w1 — w3)p3p1,
m3 = (wg — w1)p1p2,
P1 = m3pa2 — map3,

D2 = M1p3 — m3p1,

P3 = map1 — mips.
The fourth independent quadratic integral can be chosen as
Hy = wim? 4 wom? 4+ waym3 — wowsp? — wawips — wiweps.

Note that H; = wil] + wols + w3ls, Hi = —wowsl] — wywils — wiwols.
We mention the following Wronskian relation:

(map1 — map1) + (thape — map2) + (rhaps — msps) = 0, (14.5)

which holds true for the first Clebsch flow.
The HK discretization of the first Clebsch flow (proposed in [25]) is:

)
m1 —my = e(wz — wa)(Pap3 + p2p3),

mg —mg = e(w1 — w3)(Pap1 + p3b1),
mg —mg = €(wz — w1)(P1p2 + p1D2),
P1 — p1 = €(mapa + mapa) — e(Maps + maps),

P2 — p2 = €(m1p3 + mip3) — e(msap1 + map1),

p3 — p3 = e(map1 +map1) — e(M1p2 + m1p2).
As usual, it leads to a reversible birational map T = f(z,¢), = = (m,p)T, given by f(z, €)=
A~V (z, )z with

0 0 0 ewasps ewaspa
I 0 ewsnips 0 ewsipr

1
0
0 0 1 ewiops ewiopr 0
0

A(m,p,e) = )
ep3 —€p2 1 —em3  ema
—€p3 0 €P1 €ms 1 —€my
ep2 —ep1 0 —emo emy 1

where the abbreviation w;; = w; — w; is used. This map will be referred to as dC.

A “simple” conserved quantity can be found from the following natural discretization of the
Wronskian relation (14.5).

Proposition 46. The set I' = (m1p1 — mip1, mapa — map2, Mmaps — msps) is a HK basis for the
map dC with dim Kr(z) = 1. At each point x € R® we have: Kr(z) = [e1 : e3 : e3], where

e; =14 e (w; — wj)pjz + €2 (w; — wi)ps. (14.6)
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The conserved quantities e;/e; can be put as e;/e; = (1 + 2w;J)/(1 + €2w;J), where J is a nice
and symmetric integral,

pi+ 3+ 13
1 — €2(w1p] + woph + w3p3)

J =

Remarkably, it can be obtained also from a different (monomial) HK basis, see part b) of the
following statement.

Proposition 47 ([2]).

(a) The set of functions ® = (p3, p3, p3, m3, m3, m3, mip1, mapa, msps, 1) is a HK basis for
the map dC with dim K¢ (m,p) = 4. Thus, any orbit of the map dC lies on an intersection of four
quadrics in RS,

(b) The set of functions ®¢ = (p?,p3, p3,1) is a HK basis for the map dC with dim Kg,(m,p) = 1.
At each point (m,p) € RS there holds:

Koy (m,p) = [e1: €2 es: —(p] + p5 + p3)]

= %+62w1:%+62w2:%+62w3:—1 ,
with the quantities e; given in (14.6).
(c) The sets of functions
¢ = (p%v p%a p3> m%v mg? mSv mlpl)’ (14'7)
Py = (p%v p27 p37 m%? m%7 m37 m2p2), (14'8)
Q3 = (plv p27 p37 m%? m%? m37 mgpg), (14‘9)
are HK bases for the map dC with dim K¢, (m,p) = dim K¢, (m,p) = dim K¢,(m,p) = 1. At each

point (m,p) € RS there holds:
Ko, (m,p) =on o :a3:aq:ap:ag: —1],
Ko,(m,p) = [B1:02:03:Ba:05: P6: —1],
Ko, (m,p) =[v1:92:73:74:7% 7 : —1],

where oj,B;, and v; are rational functions of (m,p), even with respect to €. They are conserved
quantities of the map dCS. For j = 1,2,3, they are of the form

2¢2(pi + p3 + p3)A
where h stands for any of the functions «j, 85,7, 3 = 1,2,3,

)

A = mip1 +maps + mapz + AW 4 AA©) 4 SAB)

and the corresponding h?9, ARD are homogeneous polynomials in phase variables of degree 2q.
For instance,

P =ci-n,0 =-n, of) =-1,
P =, P=0C -5 ﬁ;g,Q) = —1Ia,
W=-ty, =-I, A =0-
For j =4,5,6, the functions oj, 3;,v; are given by

Yy 5 Qg D Al/(wl — w;g) Al/(wl — (A)Q)
Bs Bs Bs | = | A2/ (w2 — w3) D Ag/(w2 —w1) | >
Y4 V5 V6 Az/(ws — w2) Az/(ws —wi) D
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where

4 o LA A+ A 4 )
2€2A )

P2+ p3+pi+e2DW + DO 4+ DO

B A :

D

and A,(fq), DD gre homogeneous polynomials of degree 2q in phase variables, for instance,

2
AfC ) = m% + m% + m§ + (w2 + w3 — 2w1)p% + (w3 +wy — 2w2)p§ + (w1 +wy — 2w3)p§.

The four conserved quantities J, a1, 81 and 1 are functionally independent.

Our paper [2] contains a much more detailed information about the HK bases of the map dC, for

instance, the further basis with a one-dimensional null-space: © = (p%, p%, pg, mip1, mapa, M3pPs).
However, the following finding about the “bilinear” versions of the above bases is new.

Proposition 48. FEach of the sets of functions

Vo = (p1p1, p2p2, P3p3, 1), (14.10)
Uy = (p1p1, p2p2, P3p3, Mmimi, Mamsg, m3ms, mipi + mipi), (14.11)
Uy = (p1p1, Pap2, P3P3, MM, Mamyg, M3ms3, Mapa + Map2), (14.12)
U3 = (p1p1, p2p2, P3ps3, Mimi, Mamsg, M3ms, Map3 + m3ps), (14.13)
is a HK basis for the map dC with a one-dimensional null-space.
14.2. General Flow of the Clebsch System
The HK discretization of the flow (14.3) reads
m—m=¢e¢mx Am+m x Am+p x Bp+p x Bp),
p—p=c(px Am+p x Am),
in components:
mi —my = e(ag — az)(Mmams + mams) + €(bs — ba)(P2p3 + paps),
mo — may = €(a1 — ag)(mami +mami) + €(by — b3)(pap1 + p3p1),
mg —mg = €(ag — a1)(mima + mimz) + €(ba — b1)(p1p2 + p1D2), (14.14)

1 — p1 = €az(mapa + mapa) — eas(maps + maps),

P2 — p2 = eai(mips + mip3) — eaz(mapi + m3p1),

| P3 — p3 = eaz(map1 + map1) — €ar(mip2 + mipz).

In what follows, we will use the abbreviations b;; = b; — b; and a;; = a; — aj. The linear system
(14.14) defines an explicit, birational map f : R® — RS,

m m

N :f(map7€):M_1(m7pa6) )
p p
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where

1 eazzmg eagzmo 0 €bagps  €bazpo
eazimz 1 eazymi  eb3ips 0 eb31p1
eajamy €ajam; 1 ebiapa  ebiapr 0

M(m,p,e) =

0 €agp3 —€asp 1 —€asms €asms
—eaips 0 easpr  €azms 1 —eaym
€a1ps —€asPi 0 —€aomsy  €ai1mi 1

This map will be denoted dGC in what follows.
A “simple” integral of the map dGC can be obtained by discretizing the following Wronskian
relation with constant coefficients, which holds for the general flow of the Clebsch system (14.4):

A (rupr — mapr) + Az (hops — maops) + As(haps — maps) =0,
with

A; = a;a; + a;ar, — ajay.

Proposition 49. The set I' = (m1p1 — m1p1, maps — mape, Mmaps — msps) is a HK basis for the
map dGC with dim K1 (z) = 1. At each point x € RS we have: Kr(x) = [e1 : ea : €3], where, for
(4,,k) = c.p.(1,2,3),

e = A; + EQCLi(bZ‘ — bj)Aij -+ eQaZ»(bi — bk)Aij,
with
a; 2

m;.

0, =pi +
! ¢ Hajak

(Recall that 0 is defined by Eq. (14.2); we assume here that 6 # cc.)

As in the case of the first flow, the integrals e;/e; can be expressed through one symmetric
integral: e;/e; = (A; — 0a;L)/(A; — Oa;L), where
a2a3A101 + aza1 A202 + a1a2A303
1+ 629a1a2a3(@1 + Oy + @3)

The quantities e; and the integral L can be also obtained from a different (monomial) HK basis,
given in part b) of the following Proposition.

Proposition 50.

(a) The set ® = (p3, p3, p2, m2, m3, m3, mip1, mapa, maps, 1) is a HK basis for the map dGC
with dim K¢(m,p) = 4. Thus, any orbit of the map dGC lies on an intersection of four quadrics
in RS.

(b) The set of functions ®¢ = (p3, p3, p3, m3, m3, m3, 1) is a HK basis for the map dGC with
dim K¢, (m,p) = 1. At each point (m,p) € RS there holds:

cho(m,p) = [agagel s asaieg fajages (a1/0)61 : (a2/9)62 : (a3/9)€3 . —60],
where
eg = asa3A101 + agza1 4209 + a1a2A303
is an integral of motion of the continuous time flow (14.4).

(c) The sets of functions (14.7)-(14.9) are HK bases for the map dGC with one-dimensional
null-spaces.

(d) Each of the sets of functions Vo = (p1p1, P22, D3p3, M1mi, Mama, mams, 1) and (14.11)—
: is a asis for the map with a one-dimensional null-space.
14.13) is a HK basi h dGC with di jonal null
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15. su(2) RATIONAL GAUDIN SYSTEM WITH N =2 SPINS

The Gaudin system [26] describes an interaction of N quantum spins y;, ¢ =1,..., N, with
a homogeneous constant external field p. Its classical version is given by the following quadratic
system of differential equations [27]:

N
gi= | Np+ Dy | xui,  1<i<N, (15.1)
j=1

where y; € 5u(2) ~ R3, p € su(2) ~ R3 is a constant vector, and pairwise distinct numbers \; are
parameters of the model. The flow (15.1) is Hamiltonian with respect to the Lie-Poisson bracket
of the direct sum of N copies of su(2), admits 2N independent conserved quantities in involution:
the IV Casimir functions

Ck = <yk7 yk>7
and the following N Hamiltonians:

N
Yi, Y5
Hk=<p,yk>+§< ]>,
: 1>\k—)\j
]:
jk

where (-,-) denotes the scalar product in su(2) ~ R3. Note that the Hamilton function of the flow
(15.1) is

N LN N
H= Z)\k Hy =3 Z (yir y5) + Z)\i<P7yi>'
k=1 ij=1 i=1
i#]

In [27, 28] it has been proved that a contraction of N simple poles to one pole of order N
provides the integrable flow of the so called one-body rational su(2) tower, whose simplest instance
with N = 2 describes the dynamics of the three-dimensional Lagrange top in the rest frame.

We consider here the HK discretization of this flow (15.1) with N = 2. We set y; = (1, 72, 23)7,

Yo = (21, 22, 23) T, and choose the constant gravity vector p = (0,0,1)". We thus obtain the following
system of differential equations:

)
1 = w223 — T322 + A1T2,
T9 = X321 — T123 — \121,
T3 = T122 — T21,

(15.2)
21 = 29%3 — 23%T2 + A2z,

2o = 2311 — 2123 — 221,

| 23 = 2102 — 2271,

with A1, A2 being real parameters. The system (15.2) has the following four independent integrals
of motion:

Cy = 3+ 22 + 22, Cy =22 + 22 4 22,
T121 + X222 + T323 T121 + X222 + X323
Hi =x3+ , Hy = 23+
AL — A2 A2 — A

Note that the quantity Hy + Ho = x3 + 23 is a linear integral of motion. We mention also the
following Wronskian relation with constant coefficients:

(:L’3 + Zg)(.i’lzl — X121 + Toz0 — 56222) + ()\1 4+ Ao+ 23+ Zg)(i’ng — xgé’g) =0. (15.3)
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The HK discretization of (15.2) reads:

.
T1— T = 6(%223 + 2923 — T329 — .1‘352) + 6)\1(552 + 332),

To — Xy = €(Tzz1 + X321 — T123 — T123) — M (T1 + 21),
53 — T3 =€ §122 + $1ZQ — 5221 — .1‘221

( ) (15.4)
21— 2= 6(52$3 + X9T3 — 2319 — 23T2) + 6)\2(52 + 22),

)
Zo — 29 = €(Z3x1 + 2371 — Z103 — 2173) — €Xa(Z1 + 21),
Zs — 23 = €(Z1x9 + 219 — 22T — 2271).

The map f: z+— T obtained by solving (15.4) for z is given by:

= f(z,e) = A" (z,€)(1 + €B)z,

where x = (11,22, 23, 21, 22, 23) T, and

1 —€Z3 €29 0 €T3 —€EX2

—€Z3 1 —€Z1 —€X3 0 €T,

—€29 €21 1 exyg —exy O

Az, €) = —€eB,

0 €z3 —€zo 1 —exs €xo

—€z3 0 €z1 e€x3 1 —ex;
€zZ9 —€21 0 —€T2 €I 1

0 &0 0 0O
-1 00 0 00
0 00 0 00O
0 00 0 X0
0 00-=X 00
0 00 0 00O

This map will be called dG in the sequel. The quantity x3 + 23 is obviously preserved by the

map dG. Other conserved quantities may now be found using the HK bases approach. A “simple”

integral follows, as in the previous sections, by discretizing the Wronskian relation (15.3).

Proposition 51. The set of functions I' = (Z121 — 2121, Taza — TaZ2, T323 — x323) 15 a HK basis

for the map dG with the one-dimensional null-space Kr(x,z) = [x3 + 23 : x5 + 23 : I], with

_ M+ A+ a3+ 23+ 62)\1(1’% + x%) + 62)\2(2% + Z%) + 62(/\1 + )\2)(1'12:1 + 33222)
1-— 62()\1:63 + Aozg + /\1)\2)

I(z,z)

A full set of integrals is found in the following Proposition. The roles of the variables x; and z;
are not quite symmetric there, and interchanging them is of course admissible but does not lead to
new integrals of motion.

Proposition 52.

(a) The set ® = (23 + a3, 22 + 22, 23, 1121 + 7229, 23, 1) is a HK basis for the map dG with

dim K¢ (x) = 3.
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(b) The set ®1 = (1, z3, 23, 23 + 23) is a HK basis for the map dG with a one-dimensional null-
space. At each point (z,z) € RS we have: Ko, (w,2) = [co : ¢1 : e2 : —1]. The functions co, c1,co are
conserved quantities of the map dG, given by

o = 22 + 23 — 2w323 — 23 +620(()4) +e€ c(())+e c((] ) e c(()lo)’
A1
2(z3 + 23) (1 + 62c§ ) + 64055) + 666§7) + 68059)>
1 = A AQ )
<1+62 (2)+e cg)-i—e cé)—ke cgo))
e=T A1As ’

where
A1 =1-— 62()\11‘3 + Aozg + )\1/\2), Ny =1+ €2A;2) + 64A(24) + EGAg6).
Here AW and Cg) are polynomials of degree q in the phase variables. In particular:

céQ) = —(m% + x% + x%) — (z% + z% + z%) — 2(z121 + 2222 + w323) — 2(Naws + A123) — (/\% + )\g),

and Ag) = cg2) + AMx3 + Agzg + A1 Ao

(c) The set @3 = (1, 23,22, v121 + T222) is a HK basis for the map dG with a one-dimensional
null-space. At each point (z,2) € RS we have: Ko, (x,2) = [dy : dy : da : —1]. The functions do,dy, ds
are conserved quantities of the map dG, given by

X121 + To22 + X323 + ()\2 — /\1)23 + 62d[()4) + 64d86) + Eﬁdgg) + esdém)

d p—
0 AlAQ )
dlzAl—A2—:33—23+e2d§3)+e4d§5)+eﬁd§7)+egd§9)
A1y ’
gy — — 1+ecg)+ecg)+ec()+ec;8)
2 AAQ )

where d(q) are polynomials of degree q in the phase variables.

(d) The set ®3 = (1, 23, 23, 22 + 22) is a HK basis for the map dG with a one-dimensional null-
space. At each point (z,2) € RS we have: Ko, (x,2) = [eg : €1 : ea : —1]. The functions eg, e, ez are
conserved quantities of the map dG, given by

_z1+22+23+6 6(4) et (6)+6 e()—i-ese(()m)
€0 = A1A2 )
2¢2 <e§2) + e2e§4) + 64€§6) + 66658))
€1 = AlAQ )
o — 1+ 62622) + 64(2&4) + 66626) + 686§8)
2 = AlAQ )

where e,gq) are polynomials of degree q in the phase variables.

It can be shown that each of the sets {co, c1, ca, x3 + 23}, {do, d1,d2, x3 + 23} and {eq, e1, €2, x3 + 23}
contains four independent integrals.

Analogously to the situation for the map dLT, it is possible to obtain a polynomial integral and
an invariant volume form for the map dG.
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Proposition 53. The function
2

1 1 €
G = 5(131 + Z1)2 + 5(1’2 + 22)2 + AMz3 + Agzg — 5(()\1.731 + /\221)2 —+ ()\13;2 + )\222)2),
s a conserved quantity for the map dG.
Proposition 54. The map dG possesses an invariant volume form:
det 8(%,%’) _ gb(%,%) N f*w:w, W — dx1 ANdxo Adxg A dz /\dZQ/\ng’
Nw,z)  ¢(z,2) ¢(z, 2)
where ¢(x, z)) = Aq(x, 2).

Explicit integration of the map dG could be based on the following claim.
Proposition 55. The component xs of the solution of the dG map satisfies a relation of the type

Q(r3,73) = qor373 + qre3Ts(rs + T3) + 223 + 73) + q30373 + qa(23 + T3) + g5 = 0,

coefficients of the biquadratic polynomial @QQ being conserved quantities of dG. Thus, x3(t) is an
elliptic function of degree 2. An analogous statement holds for the component z3.

16. CONCLUSIONS

The initial motivation for this study was the hope that HK discretization would preserve the
integrability for all algebraically integrable systems. This was formulated as a conjecture in [2].
The list of integrable discretizations given in the present overview contains more than a dozen
issues and is rather impressive. It includes systems integrable in terms of elliptic functions as well
as those integrable in terms of theta-functions of genus g = 2 (Clebsch system). This list might
look like a convincing argument in favor of the integrability conjecture. However, at present we
have also found examples which indicate that this conjecture might be wrong (e.g., the Zhukovski—
Volterra system with all G # 0, or integrable chains, Volterra and dressing ones, with a big number
of particles, say N > 5). We do not have rigorous proofs of the non-integrability in these cases,
but the numerical evidence is rather strong. Since HK discretizations are (probably) not always
integrable, the big number of integrable cases becomes still more intriguing: it is hard to imagine
that all their common features come as a pure coincidence. We are after a theory which would
clarify the problem of integrability of HK discretizations, but at present such a theory seems to
remain a rather remote goal. Still, even without a general framework, HK discretizations represent
a new fascinating chapter in the theory of integrable systems: we are now in a possession of a big
and potentially growing stock of birational maps, integrable in terms of Abelian functions, highly
non-trivial from the point of view of algebraic geometry and very different in nature from anything
known before. The immediate goal of this review will be achieved if HK discretizations will attract
attention of experts in the theory of integrable systems and in algebraic geometry.
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Abstract—This paper is a further contribution to the study of exact solutions to KP, KdV,
sine-Gordon, 1D Toda and nonlinear Schrodinger equations. We will be uniquely concerned
with algebro-geometric solutions, doubly periodic in one variable. According to (so-called) Its-
Matveev’s formulae, the Jacobians of the corresponding spectral curves must contain an elliptic
curve X, satisfying suitable geometric properties. It turns out that the latter curves are in fact
contained in a particular algebraic surface S L, projecting onto a rational surface S. Moreover,
all spectral curves project onto a rational curve inside S. We are thus led to study all rational
curves of S, having suitable numerical equivalence classes. At last we obtain d- 1-dimensional
of spectral curves, of arbitrary high genus, giving rise to KdV solutions doubly periodic with
respect to the d-th KdV flow (d > 1). Analogous results are presented, without proof, for the
1D Toda, NL Schrodinger an sine-Gordon equation.
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1. INTRODUCTION

1.1. A huge variety of nonlinear integrable processes and phenomena in physics and mathematics
can be described by a few nonlinear partial derivative equations (e.g., Korteweg—de Vries and
Kadomtsev—Petviashvili, 1D and 2D Toda, sine-Gordon, nonlinear Schrédinger equations). For
almost 40 years a full range of methods coming from distinct areas were developed in order to
deal and present exact solutions of the latter equations (e.g., [1-37] and references therein). Zero-
curvature equations, Lax pair’s presentation and inverse scattering methods revolutionized the
whole domain ([21, 37]). Rational and trigonometric exact solutions ([1, 6, 13]) were followed by
quasi-periodic ones, also called finite-gap, given in terms of the theta function of an arbitrary
hyperelliptic curve, via the Its—-Matveev formula or its variants ([7, 14]). A few years later
.M. Krichever made a major contribution in [17], extending the latter results to finite-gap
solutions of the KP equation associated to an arbitrary compact Riemann surface. M. Sato’s infinite
dimensional approach, developed in the beginning of the 1980s ([15, 25, 26]), further generalized

“E-mail: Armando.Treibich@math.univ-1lillel.fr

290



NONLINEAR EVOLUTION EQUATIONS 291

Krichever’s dictionary as well as the classical theta and Baker—Akhiezer function. From then on,
all previously studied nonlinear evolution equations were reconsidered, and considerable effort was
made in order to find doubly periodic solutions to each one of them. The starting point to this
new trend was Krichevers’s seminal article [18]. The first doubly periodic solutions to the KdV
equation and a remarkable connection with the elliptic Calogero-Moser integrable system had
already been found (e.g., [1] and [8], as well as [6] for the rational/trigonometric case), but [18]
generalizes to an equivalence between the elliptic C-M integrable system and the KP solutions,
doubly periodic in . More precisely, given n > 1 and the lattice L C C, the corresponding elliptic
Calogero—Moser integrable system is solved. Its (2n-dimensional) phase space is cut out by the
Jacobian Varieties of an n-dimensional family of genus n marked compact Riemann surfaces, each
one of which (is effectively constructed and) gives rise to KP solutions L-periodic in z € C. The
analogous problems for the KdV, 1D Toda, NL Schrédinger, sine-Gordon equations and related
problems ([22-24]) amount to finding hyperelliptic curves equipped with a projection onto X,
satisfying specific geometrical properties, as briefly explained hereafter.

Let indeed 7 : (I',p) — (X, ¢) be an arbitrary ramified cover, where 7(p) = ¢ and (X, q) is the
elliptic curve (C/L,0). Up to a translation, there exist canonical copies of I" and X inside JacT,
the Jacobian variety of I'. Consider the flag {0} C Vrl,p o C qu’ » of hyperosculating spaces to I'

at p, and T, X the tangent line to (the copy of ) X, inside JacT.
The d-th case of the KP equation: %uyy + 5% (ut + i(Guum — umx))

We will call 7: (I',p) — (X, q) a d-osculating cover if ToX C Vlii’p\Vlij’z_,l. Such covers, studied

and constructed for any d > 1, give rise to KP solutions L-periodic with respect to the d-th KP
flow (cf. [35] for d = 1 and [33] for any other d).

The d-th case of the KdV equation: u; + %(6uu$ — Upgx)-

Recall that p € I' is a Weierstrass point of the hyperelliptic curve I, if and only if there exists
a degree-2 projection I' — P!, ramified at p. Or in other words, if and only if there exists an
involution, say - : I' — I, fixing p and such that the quotient curve I'/7r is isomorphic to P!.
Let w: (I',p) — (X, q) be a d-osculating cover such that I' is hyperelliptic and p € T' a Weierstrass

point. Then, all KdV solutions classically associated to (I',p) are L-periodic with respect to the
d-th KdV flow.

The nonlinear Schrodinger:  ipy + pzz F 8|p/*p =0
2
and the 1D Toda case: g?gpn = exp(pn — Pn-1) — €xp(Pnt1 — ©n)-

Let m: (T, p™) — (X, q) be a 1-osculating cover (i.e., also called a tangential cover in [32]) such
that T is hyperelliptic and p™ € I' is not a Weierstrass point. Then, all nonlinear Schrédinger and
1D Toda solutions classically associated to (T, p*, 70(p™)), are L-periodic in z and in ¢, respectively.

The sine-Gordon case: Uz — Uy = Sinu.

Let T" be a hyperelliptic curve, equipped with a projection 7 : I' — X and two Weierstrass points,
say p,p’ € I', such that the tangent line T, X is contained in the plane Vﬁp + VF1 e generated by

the tangents to I' at p and p’ (inside JacT'). Then, up to choosing suitable local coordinates of T’
at p and p’, the sine-Gordon solutions classically associated to (I, p,p’) are L-periodic in x.

The KP case being rather well understood, we will focus on the three other cases, and in
particular, on ramified projections 7 : I' — X, of a hyperelliptic curve onto the fixed elliptic one,
marked at, either one or two Weierstrass points KdV and sine-Gordon cases), or two points
exchanged by the hyperelliptic involution. Studying the tangent and osculating spaces at the marked
points (in JacT') is an interesting geometric problem which, I believe, does not need any further
motivation. It was first considered, however, through its links with L-periodic solutions of the
Korteweg—de Vries equation (e.g., [1, 8, 14, 18, 27, 35] for d =1 and [2, 10, 11, 29] for d = 2),
as well as the Toda, sine-Gordon and nonlinear Schrédinger equations (e.g., [5, 28, 30]). Studying
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their general properties (such as the relations between the genus and the degree of the cover), and
constructing examples in any genus, will be the main issues of this article.

After fixing a lattice L C C defining the marked elliptic curve (X, ¢) := (C/L,0), we will develop
in Section 3 a well suited algebraic-surface approach, for studying the structure of all ramified covers
of X we are interested in, and their canonical factorization through a particular algebraic surface.
Natural numerical invariants will then be defined, in terms of which we will characterize the latter
covers and, ultimately, construct arbitrarily high genus examples to each case.

1.2. We sketch hereafter the structure and main results of our article.

1. We start Section 2 defining the Abel rational embedding of a curve I, of positive genus
g, into its generalized Jacobian, Jacl', and construct the flag of hyperosculating spaces
{0} S Vip... SV, = HY(I,Or), at the image of any smooth point p € I'. From then on,
we restrict to Jacobians of hyperelliptic curves such that JacI' contains the elliptic curve
(X,q) = (C/L,0), or equivalently, to any hyperelliptic cover = : (I',p) — (X, q). Dualizing
such a cover m, we obtain a homomorphism ¢, : X — Jacl', with image an elliptic curve
isogeneous to X. Let d be the smallest positive integer, called the osculating order of =, such
that the tangent line defined by (X)) is contained in Vg, C H'(I',Or). Whenever p € I

is a Weierstrass point, m is called a hyperelliptic d-osculating cover, and gives rise to KdV
solutions, L-periodic with respect to the d-th KdV flow. Such covers are characterized by the
existence of a particular projection s : I' — P! (2.6). Given any hyperelliptic cover m, marked
at, either two points exchanged by the hyperelliptic involution, or two Weierstrass points,
we also find analogous characterizations for 7 to solve, the NL Schrédinger and 1D Toda or
the sine-Gordon case (2.9, 2.10).

2. The characterizations 2.6 pave the way to the algebraic surface approach developed in
the remaining sections. The main characters are played by three projective surfaces and
corresponding morphisms, canonically associated to X:

. s : S — X: a particular ruled surface;
.e: St — S: the blow-up of S, at the 8 fixed points of its involution;

.p: St — S: a projection onto an anticanonical rational surface.

3. We construct in Section 3 the projective surfaces S and S, equipped with natural involutions
7 and 71, as well as S, the quotient of ST by 7. We then prove that any hyperelliptic
d-osculating cover w: (T',p) — (X,q) factors through S+, and projects onto a rational

irreducible curve in S (3.7 and 3.8). An analogous characterization is in order, for 7 to
solve the NL Schrédinger and 1D Toda or the sine-Gordon case (3.9).

4. In Section 4 we fix a complex elliptic curve (X, q) = (C/L,0), and give the original motivation
for studying hyperelliptic d-osculating covers of X. We start recalling the definition of the
Baker—Akhiezer function ¥ p, associated to the data (I', p, A\, D), where I' is a smooth complex
projective curve of positive genus g, A a local parameter at p € I' and D a non-special effective
divisor of T". In case (T', p) is a hyperelliptic curve marked at a Weierstrass point, we give the
Its-Matveev (I-M) exact formula for the KdV solution associated to ¥p, as a function of
infinitely many variables {t2;_1, j € N*}. We end up Section 4 proving that any hyperelliptic
d-osculating cover of C/L, gives rise to KdV solutions L-periodic in toq_1.

5. In Section 5 we take up again the algebraic surface set up developed in Section 3, recalling
that any hyperelliptic d-osculating cover 7 : (I',p) — (X, q) factors through an equivariant
morphism ¢+ : T — LJ‘(F) C S+, before projecting onto the rational irreducible curve [:=
¢(¢+(T')) C S. The ramification index of m at p and the degree of ¢+ : ' — (') C S+,
say p and m, are natural numerical invariants attached to w. We also define its type,
v = () € N%, by intersecting ¢;-(T') with four suitably chosen exceptional divisors (5.2).

We assume henceforth that m = 1 and calculate the linear equivalence class of 't C S+.
Basic congruences and inequalities for the latter invariants follow (5.4 and 5.5). For example,
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the genus of T satisfies (29 +1)? < (2d — 1) (8n +2d — 1). Any hyperelliptic cover solving the

other three cases also factors through S+ and projects onto a rational irreducible curve in S.
Similar congruences and inequalities for their invariants follow as well (5.6, 5.7 and 5.8)

6. At last, in Section 6 we focus on M Hx(n,d,1,1,v), the set of of degree-n hyperelliptic
d-osculating covers, of type =, not ramified at the marked point and birational to their
natural images in S+ (i.e., such that p =m = 1). For any given (n,d) € N* x N*, we find
explicit types v € N* satisfying v = (2d — 1)(2n — 2) + 3, for which we give an effective
construction (leading ultimately to explicit equations) of the corresponding covers. We thus
obtain (d — 1)-dimensional families of arbitrarily high genus marked curves, solving the d-th

KdV case. A completely analogous constructive approach can be worked out for the other
three cases.

2. JACOBIANS OF CURVES AND HYPERELLIPTIC d-OSCULATING COVERS

2.1. Let P! denote the projective line over C and (X, q) the elliptic curve (C/L,0), where L
is a fixed lattice of C. By a curve we will mean hereafter a complete integral curve over C, say
I, of positive arithmetic genus g > 0. If " is smooth, its Jacobian variety is a complete connected
commutative algebraic group of dimension g. For a singular irreducible curve of arithmetic genus
g instead, the analogous picture decouples into canonically related pieces, as briefly explained
hereafter. We have, on the one hand, the moduli space of degree-0 invertible sheaves over I, still
denoted by Jacl' and called the generalized Jacobian of JacD'. It is a connected commutative

algebraic group, canonically identified to H 1(F,Oi‘i), with tangent space at its origin equal to
HY(T, Or). In particular, it is g-dimensional, although not a complete variety any more.

The latter is related to the Jacobian variety of the smooth model of I'. More generally, let
j:T — T be any partial desingularization and consider the natural injection Op — j*(Olii), with
quotient N; , a finite support sheaf of abelian groups. From the corresponding exact cohomology
sequence we can then extract

0— H(I',N;) — H'(T,0f) & H'(T',0f) — 0
or

0 — H°(T,N;) — JacT 7 JacT — 0.

Hence, the homomorphism j* : JacT' — Jac f, L+ j*(L), is surjective, with kernel the affine
algebraic group HY(T, N;).

On the other hand, we have the moduli space W (T'), of torsionless, zero Euler characteristic,
coherent sheaves over I', also called compactified Jacobian of ', on which JacI' acts by tensor
product. Taking direct images by any partial desingularization j : [' = T, defines an equivariant
embedding j, : W(T') — W(T), such that YE € W(T"),VL € JacT, we have the projection formula
jx(F @ j*(L)) = j«(F) ® L. Hence, a JacT-invariant stratification of W(I), encoding the web of
different partial desingularizations between I' and its smooth model. Let me stress that, up to
choosing the marked points, any singular irreducible hyperelliptic curves gives rise to KdV, 1D Toda
and NL Schrédinger solutions, parameterized by the compactified Jacobian W (T") (cf. [26]).

For any curve I, let I'Y and JacI' denote, respectively, the open subset of smooth points of
I' and its generalized Jacobian. Recall that for any smooth point p € I'?, the Abel morphism,
Ay : T — JacT', p' — Orp(p' — p), is an embedding and A,(I'°) generates the whole jacobian. For
any marked curve (I', p) as above, and any positive integer j, let us consider the exact sequence of

Or-modules 0 — Or — Or(jp) — Ojp(jp) — 0, as well as the corresponding long exact cohomology
sequence:

0 — H(I,0r) — H°(T,0r(jp)) — H°(T,0;(jp)) > H'(T,Or) — ...,

where 0 : H*(T',0;,(jp)) — H'(T',Or) is the cobord morphism and H'(I',Or) is canonically
identified with the tangent space to JacI" at 0.
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According to the Weierstrass gap Theorem, for any d =1,...,¢g := genus(I'), there exists
0 < j < 2g such that 5(H0 (F, ij(jp))> is a d-dimensional subpace, denoted hereafter by Vj .

For a generic point p of I' we have Vy, = (5<H0 (T, Odp(dp))> (i.e. 1 j =d).

In any case, the above filtration {0} C Vi,... CV,, = H'(I',Or) is the, so-called, flag of
hyperosculating spaces to Ap(I') at 0. For example, Vi, is equal to 5<H0 (F, Op(p))), the tangent
to Ap(I') at 0.

Proposition 2.2. ([33]1.6.) Let (I', p, \) be a hyperelliptic curve, equipped with a local parameter

X\ at a smooth Weierstrass point p € 'V, and consider, for any odd integer j = 2d —1 > 1, the exact
sequence of Or-modules:

0 — Or — Or(jp) — Ojp(jr) — 0,

as well as its long exact cohomology sequence

0 — HO(T,0r) — H°(T, Or(jp)) — H°(T,0,,(jp)) > H'T,0p) — ...,
& being the cobord morphism.
For any, m > 1, we also let [\™™] denote the class of \™™ in H° (F,Omp(mp)). Then Vg, is
generated by {6([)\21_1]), I=1,... ,d}. In other words, the d-th osculating subspace to A,(I") at O

s equal to 5<H0(F,ij(jp))>, for j =2d—1.

Definition 2.3. A finite marked morphism = : (I',p) — (X, q), such that I" is a hyperelliptic
curve and p € I' a smooth Weierstrass point, will be called a hyperelliptic cover. Let [—1] : (X, q) —
(X, q) denote the canonical symmetry, fizing the origin q € X, as well as the three other half-periods
{wj,j =1,2,3}, and v : (I',p) — (L', p) the hyperelliptic involution. Let us recall that the quotient
curve T'/1r is isomorphic to P' and [—1] o 7w = 7 o .

Definition 2.5. Let 7 : (I',p) — (X, q) be a finite marked morphism and let 1 : X — JacT
denote the group homomorphism ¢’ — A, (ﬂ'*(q’ — q)) We will say that w has osculating order d,
or equivalently, that it is a d-osculating cover, if T,X C HY(T,Or), the tangent to 1.(X) at 0 is
contained in Vg, \Vy_1,. If m also happens to be a hyperelliptic cover, we will simply say that it is
a hyperelliptic d-osculating cover.

The osculating order of 7 is a geometrical invariant, bounded by the arithmetic genus of I', which
we may want to know. The following hyperelliptic d-osculating criterion, analog to Krichever’s
tangential one (cf. [18, p.289]), will be instrumental for its calculation, as well as for further
development in Section 5.

Theorem 2.6.

Let m: (I',p) — (X, q) be an arbitrary hyperelliptic cover of arithmetic genus g. Then its osculating
order d € {1,...,g} is characterized by the existence of a projection r : I' — P such that:

(1) the poles of k lie along 7~1(q);
(2) k + 7 (271) has a pole of order 2d — 1 at p, and no other pole along 7~ (q).

Furthermore, if 0 : ' — I' denotes the hyperelliptic involution of I, there exists a unique projection
k: T — P satisfying properties (1) & (2) above, as well as:

(3) (k) = —K.
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Proof. According to 2.2, Vk € {l,...,g9} the k-th osculating subspace Vi, is generated by
{(5([/\*(21*1)]),l = 1,...,k}. On the other hand, the tangent to ¢(X) C JacT' at 0 is equal to

m* (H1 (X, OX)) and generated by 5([7T*(z*1)]). In other words, the osculating order d is the smallest
positive integer such that d([7*(27!)]) is a linear combination Zld:1 alé([)\_(%_l)]), with aq # 0.
Or equivalently, thanks to the Mittag—Leffler Theorem, if and only if there exists a projection
k: T — Pl with polar parts equal to 7*(2~!) — Zle aiA~=1_ The latter conditions on x are
equivalent to 2.6. (1) and (2). Moreover, up to replacing x by 1 (x — 7f(k)), we can assume £ is 7p-
anti-invariant. Now, the difference of two such functions should be 7r-anti-invariant, while having

a unique pole at p, of order strictly smaller than 2d — 1 < 2¢g — 1. But the latter functions are all
Tp-invariant, implying that the projection  (satisfying conditions 2.6 (1)—(3)) is unique. O

Definition 2.7. The pair of marked projections (w, k), satisfying 2.6 (1)—(3), will be called a
hyperelliptic d-osculating pair, and x the hyperelliptic d-osculating function associated to w. In the
latter case, w gives rise to solutions of the KdV hierarchy, L periodic in the d-th KdV flow, as will
be proved in Section 4.

The following Proposition calculates the tangent at any point of the curve A,(I') C JacT', and

leads to a useful characterization of the hyperelliptic covers solving the other cases. Its proof follows
along the same lines as 2.2’s proof.

Proposition 2.8. Let (I',r,\) be a hyperelliptic curve equipped with a local parameter at
an arbitrary smooth point r € I'. Then Vrl,r C HY(T',Or), the tangent line to A,(T) at Ay(r), is

generated by §([A\71]).

Corollary 2.9. Let 7:(T,p) — (X,q) be an arbitrary hyperelliptic cover, p* € T' a non-
Weierstrass point, p~ := m(p*), and let T,X C H'(I',Or) denote the tangent line defined by the
elliptic curve 1(X) C JacT. Then, the data (m, p*,p~) solves the NL Schrédinger and 1D Toda

case (i.e., ToX = VFIIDJr = Vrlp_), if and only if there exists a projection k : I' — P! such that:

(1) the poles of k lie in 7= (q) U {p*,p~}.

(2) K+ 7*(271) has simple poles at {p*,p~}, and no other pole along 7—(q).

Corollary 2.10. Let 7 : (I',p) — (X, q) be an arbitrary hyperelliptic cover equipped with two
Weierstrass points po,p1, and let T,X C HY(T',Or) denote the tangent line defined by the elliptic
curve tx(X) C Jacl'. Then, the data (m, p,,p1) solves the sine-Gordon case (i.e., TobX C Vrl,po +
Vﬁpl), if and only if there exists a projection k : I' — P such that:

(1) the poles of k lie in 7 (q) U {po, p1}-

(2) k + 7 (271) has simple poles at {p1,p2}, and no other pole along m*(q).
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3. THE ALGEBRAIC SURFACE SET UP

1. We will construct hereafter a ruled surface mg:S — X, as well as a blowing-up e:
S+ — S, having a natural involution 7+ : S+ — St such that any hyperelliptic osculating cover
7 : (I,p) — (X, q) factors through 7., via an equivariant morphism +* : T' — I't := ,*(T") ¢ S+
(ie., tt o =710 1), We will also prove that I= (1), its image in the quotient surface
S =gt /71, is an irreducible rational curve. Generally speaking, our main strategy, fully developed
in Section 5, will consist in translating numerical invariants of 7 : (I',p) — (X q) in terms of the
numerical equivalence class of the corresponding rational irreducible curve T C S and its geometric
properties.

The whole relationship is sketched in the diagram below.

rtcst2>7c3

N,
\\4

qge X
Definition 3.3.

1. Besides the origin w, := q € X, there are three other half-periods, say {wi,ws, w3} C X, fized
by the canonical symmetry [—1] : (X, q) — (X, q).

2. Consider the open affine subsets U, := X \ {q} and Uy := X \ {w1} and fix an odd mero-
morphic function ¢: X — P!, with divisor of poles equal to (¢) = q+ wi — wy —w3. Let
s : S — X denote the ruled surface obtained by identifying P' x U, with P! x Uy over
X\ {q,w1} as follows:

Vg # q,w1, (T,,q) e P! x U, is glued with (T + ——,q) e P! x U;.

1
¢(d’)
In other words, we glue the fibers of P* x Uy and P* x Uy, over any ¢’ # q,w1, by means of

a translation. In particular the constant sections ¢' € U; — (00,q') € PL x U;, for i € {0,1},
get glued together, defining a particular one of zero self-intersection, denoted by C, C S.

3. The meromorphic differentials dT, and dT7 get also glued together, implying that Kg, the
canonical divisor of S is represented by -2C,. Any section of mg : S — X, other than C,,

is given by two non-constant morphisms f; : Uy — P! (i =1,2), such that f,= f1 — %
outside {q,w1}. A straightforward calculation shows that any such a section intersects C,,

while having self-intersection number greater or equal to 2. It follows from the general Theory
of Ruled Surfaces (cf. [12, V. 2]) that C, must be the unique section with zero self-intersection.

4. The only irreducible curve linearly equivalent to a multiple of C, is C, itself (cf.[35, 3.2(1)]).

5. The involutions P! x Uy — P! x U;, (T;,q') — (=T, [-1](¢")) (i =0,1), get glued under
the above identification and define the involution T :S — S, such that mg o1 = [—1]omg,

already mentioned in 3.1. In particular, T has two fixzed points over each half-period w;, one
in Cy, denoted by s;, and the other one denoted by r; (i =0,...,3).

6. Let e: S+ — S denote hereafter the blow-up of S at {s;,r;,i =0,...,3}, the eight fived
points of T, and 7+ : St — St its lift to an involution firing the corresponding exceptional
divisors {sf- =e(s),r i=eH(ry),i=0,.. .,3}. Taking the quotient of S+ with respect

to 71, we obtain a degree-2 projection ¢ : St — S onto a smooth rational surface §, ramified
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along the exceptional curves {s%,r%,i =0,...,3}. Let C’j and 6’0 denote, respectively, the

strict transform in S+ of C, C S (respectively: the corresponding projections in S). For

any 1 =0,...,3, let also s; and 7; denote the projections in S of siL and ri-

-, respectively.

The canonical divisor of S, say K, satisfies ©o* (IN() = e*(—2C,) and is linearly equivalent to
—2C, - 3% 5.
The lemma and propositions hereafter, proved in [33, see 2.3, 2.4 and 2.5, will be instrumental
in constructing the equivariant factorization ¢+ : I' — S+ (3.1).
Lemma 3.6. There exists a unique, T-anti-invariant, rational morphism ks : S — P, with
poles over C,+ ng(q), such that over a suitable neighborhood U of q € X, the divisor of poles
of ks+m5(27Y) is reduced and equal to C, N g (U).

Proposition 3.7. For any hyperelliptic cover w: (I',p) — (X, q), the following conditions are
equivalent:

1. there is a projection k : T' — P!, satisfying properties 2.6 (1), (2) and (3);

2. there is a morphism ¢ : I' — S such that T =mgo v, tom =710t and *(C,) = (2d — 1)p.
In the latter case, w is a hyperelliptic d-osculating morphism (2.5) and solves the d-th KdV case.

Proposition 3.8. For any hyperelliptic d-osculating pair (7, k), the above morphism ¢ : T — S
lifts to a unique equivariant morphism vt : T — S+ (i.e., 7+ o1t =1t o). In particular, (7, k) is
the pullback of (gL, ke1) = (mg0e,ksoe), and T lifts to a T+-invariant curve, T+ := (') C S+,

which projects onto the rational irreducible curve r:= go(lﬂ-) cS.
rtcst—»—=Trcs
7 %
L

I —— (') C S st

\ﬂ\ﬂ\&g

X

Proof. The blow-up e : S+ — S, as well as ¢:I' — S, can be pushed down to the corresponding
quotients, making up the following diagram:

I 7
BN e |
QJ/l\ / if,

I'/m S S
g
S/t

Moreover, since € : S — S/7 is a birational morphism and I'/m is a smooth curve (in fact

isomorphic to P1), we can lift +/ : T'/7+ — S/7 to S, obtaining a morphism 7 : T’ — S, fitting in the
diagram:

S

AN
SN
r S/t

N
N /2/
S

REGULAR AND CHAOTIC DYNAMICS Vol. 16 Nos. 3-4 2011



298 TREIBICH

Recall now that St is the fibre product of €: 5 — S/7 and S — S/ (cf. [35, 4.1]). Hence, ¢+ and
7 lift to a unique equivariant morphism ¢* : T' — S=+, fitting in

S
AN
// N
I —t> gt S/T

%S//

Furthermore, since 7: I' — S factors through I' — I'/7p = P!, its image I := (D) =74D) C

S is a rational irreducible curve as claimed. O

Analogously to the KdV case, any data (m,p*,p~) or (m, p1, p2), solving the NL Schrodinger and
1D Toda or the sine-Gordon case, factors through an equivariant morphism ¢~ : I' — S+, and its
image I't := +*(I") projects onto a rational irreducible curve in S.

Proposition 3.9. Let 7 : (I',p) — (X, q) be an arbitrary hyperelliptic cover equipped with two
points p’' # p” € T such that the (divisor) sum p' + p" is Tp-invariant. Then, the following conditions
are equivalent:

1. there is a projection k : I' — P!, satisfying properties 2.9 (1), (2) and (3) or 2.10 (1)—(3);
2. there is a morphism ¢ : ' — S such that m =7wgo ¢, Lo =710t and *(C,) =p' +p".

//

In the latter case, (w,p',p") solves, either the NL Schrédinger and 1D Toda case, if o (p') = p”, or
the sine-Gordon case, if p' and p” are Weierstrass points.

Proposition 3.10. For any data (7, p’,p", k) as in 3.9, the morphism v : T' — S lifts to a unique
equivariant morphism v : T — S+ (ie., 7+ o1t =1t o 1), In particular, (7, k) is the pullback of
(mgi,ker) = (Tso0e,ks0e), and I lifts to a T+-invariant curve, I't := 1+(T') C S+, which projects

onto the rational irreducible curve T := QD(FJ‘) cS.

4. COMPLEX HYPERELLIPTIC CURVES AND ELLIPTIC KDV SOLITONS

4.1. Let I be a smooth complex projective curve of positive genus g, equipped with a local
coordinate at p € I, say A, as well as a non-special degree-g effective divisor D with support disjoint
from p. Then the so-called Baker—Akhiezer function associated to the spectral data (I',p, A, D)
and denoted by tp, is the unique meromorphic function on C* x (I'\{p}) such that for any

f= (tl,tg,...) e C™>:

1. the divisor of poles of 1p(Z,), on T'\{p}, is bounded by D:;

2. in a neighbourhood of p, 1 p(#, \) has an essential singularity of type:
e . o0 .
dp(EA) = exp (Z ti/\_’) (1+ Y PN ) .
0<i 0<i
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For any ¢ > 1, differentiating v p, either with respect to ¢;, or ¢ times with respect to = :=t1, we

obtain a meromorphic function with divisor of poles D + ip and same type of essential singularity

at p as ¥p. We can therefore construct a differential polynomial of degree 7 in 8%7 with functions

of T as coeflicients, say B(a%), such that %wp - Pi(a%)dfp has the same properties as 1¥p. The

uniqueness of the latter BA function implies that ¢p (£, \) satisfies the (so-called KP) hierarchy of
partial derivatives equations (%@Z)D = .PZ‘(%)I/JD, 1€ N,

4.2. Let us suppose in the sequel that (I',p) is a hyperelliptic curve, marked at a Weierstrass
point, and A an odd local parameter at p € I'. Or in other words, that there exists a degree-2

projection f : I' — P!, with a double pole at p, and f(\) = % + O()\2). Tt is classically known then

that the BA function wp(f, A), corresponding to any non-special degree-g effective divisor D of T,
does not depend, up to an exponential, on the even variables {to;, j € N*}.

For example, choosing A such that f(\) = %, we will have ¥p = exp (Z] t2jfj)wD‘{t oy’
2=

It then follows that v solves the KdV hierarchy and u := —2%59 the Korteweg—de Vries

D ‘ {t2;=0}
equation:

Uty = Z(GU Uy + Uggy) (= t1).

A more concrete formula, (due to A. Its and V. Matveev, cf. [14]), is in order:

0? >
(I — M) u(ty, ts, ts,...) = QW(logﬁp(Z — gjtgj_lUj )) +c,

where
i) Or : C9 — C denotes the Riemann theta-function of I';
ii) Z € CY projects onto A,(D) and ¢ € C;

i) Vi > 1, (2))!- U, = A;(fj’l)(k)hzo, the (2j — 1)-th derivative of A,()) at A = 0.
Remark 4.3.

1. The vectors {Uy,1 < k < j} generate Vj,, the j-th hyperosculating space to Ay(I') at Ap(p)
(see 2.1).

2. The above construction of KdV solutions can be generalized to any singular marked hyperel-
liptic curve (T, p), as recalled in [26]. The corresponding solutions are then parameterized by
W(T), the compactified jacobian of T'. Roughly speaking, any L € W(T"), in the complement
of the theta divisor, corresponds to a non-special degree-g effective divisor, with support at
the smooth points of I". Working in the frame of Sato’s Grassmannian (cf. [25, 26]),one can
still define an analogous BA function, as well as a KdV solution. Hence, the highest the
arithmetic genus, the biggest the family of KdV solutions. We are thus naturally led to allow
singular marked hyperelliptic curves.

3. According to the (I-M) formula, the KdV solution u = —2(%51]3 is a tog_1-elliptic KAV soliton
(i.e., doubly periodic in t94_1), if and only if Uy generates an elliptic curve X C JacT. Or in
other words, if (I', p) — (X, q) is a smooth hyperelliptic d-osculating cover.

4. We will actually prove that any KdV solution associated to a hyperelliptic d-osculating cover,
is doubly periodic in t94_1, without assuming the above (I-M) formula, or that I" is a smooth
curve (see 4.5). The original idea goes back to [18, pp. 288-289].
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Notations 4.4. Choose a lattice L C C, equipped with a Z-basis (2w, 2ws), such that the
elliptic curve (X, ¢) is isomorphic to the complex torus (C/L,0), and let ((z) : C — P!, denote the
¢-Weierstrass meromorphic function. Recall (cf. [18, p. 283]) that ¢ is holomorphic outside L and
characterized by the following properties:

((z) =271+ O(2), in a neighborhood of 0 € C,

Vze C\ L ,
C(Z + 2w]) = C(z)+n]> J = 1727

for some n1,n2 € C, satisfying Legendre’s relation: 1y 2wy — 12 2w1 = 2w/ —1.

Proposition 4.5. Let 7 : (I',p) — (X, q) be a genus-g, hyperelliptic d-osculating cover, K the
unique hyperelliptic d-osculating function associated to w, and choose A\, an odd local parameter at
p, such that k+7*(271) = A== Then, for any non-special degree-g effective divisor D, with
support disjoint from p, the KdV solution u = —28%§ID associated to (I',p, A\, D) (see 4.2), is L-
periodic in tog_q.

Proof. Denote again by v p(t, \) the BA function associated to D. Recall (see 2.4) that x has poles
only over 7~ 1(q), and
k471 (C(2) =k + (27 +0(2) =AY Lo

has a pole of order 2d — 1 at p. We then prove, coupling the properties of ¢ and «, that for j = 1,2,
the function

6516 = cap (205 (sl (7)) = 70

is well defined and holomorphic all over I' \ {p}, thanks to Legendre’s relations, and has an essential
singularity at p of the following type:

¢;(p') = exp <2wj)\_(2d_1) + O(?T(p/))> = exp (ij)\_(2d_1)) (1 + O()\)).
The main final argument run as follows. The uniqueness of the BA function v p(f, \) implies that

o (T+H2w;er4-1,A) = ¢;(A) - ¥p (L, A),

where €531 =(0,...0,1,0...) € C* is the vector having a 1 at the (2d — 1)-th place and 0
everywhere else. At last, comparing their developments around p we obtain the following equality:

0 o . o .
%ﬁf)(tﬂLQ%@d—l) = %ff)(f} , J=12.

In other words, the KdV solution u = —Z%QD associated to the data (I',p, A\, D), is L-periodic
in tgd_l. O

5. THE HYPERELLIPTIC d-OSCULATING COVERS AS DIVISORS OF A SURFACE

5.1. Let us consider again the algebraic surface set up constructed in Section 3, with the
equivariant factorization of any hyperelliptic d-osculating cover through S+, and its projection

onto a rational irreducible curve I' C S. The corresponding diagram of morphisms, given hereafter,
will also be useful for the NL Schrodinger and 1D Toda and sine-Gordon cases.

rtcstt—=7c3
/ \
pel - S

\
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Definition 5.2. For anyi =0, ...,3, the intersection number between the divisors 1 (") and riL
will be denoted by 7y;, and the corresponding vector v = (v;) € N* called the type of w. Furthermore,
AV and 4@ will denote, respectively, the sums

3
7(1) = Z% and V(Z) = Z’yf
=0 :

Remark 5.3. The next step concerns studying the above rational irreducible curves I' C .S. We
will characterize their linear equivalence classes, and dress the basic relations between them and the
numerical invariants of the corresponding hyperelliptic d-osculating covers. These results, already
known for d =1 ([35]) and d =2 ([10]), can be proven within the same framework for any other
d> 2.

Lemma 5.4. Let 7 : (I',p) — (X, q) be a degree-n hyperelliptic d-osculating cover, v : T' — T+
its unique equivariant factorization through S+ and 1 := e ov. We let again v denote the type of
7, p its ramification index at p and m the degree of 1+ : T — 1+(T'). Then

1. 14(T) is equal to m..(T") and linearly equivalent to nCy+ (2d — 1)S,;

2. 1.(I") is unibranch, and transverse to the fiber S, := 7&(q) at s, = t(p);
3. p is odd, bounded by 2d — 1 and equal to the multiplicity of 1.(T') at so;
4. the degree m divides n, 2d — 1 and p, as well as ~v;, Vi =0,...,3;

5. Y% + 1 =71 =72 =73 = n(mod.2);

6. () is linearly equivalent to e*(nCo+(2d — 1)S,) — p sy - Z?:O YTy

Proof. (1) Checking that ¢,(I") is numerically equivalent to nC, + (2d — 1).S, amounts to proving
that the intersections numbers ¢, (I") - S, and ¢, (I") - C,, are equal to n and 2d — 1. The latter numbers
are equal, respectively, to the degree of 7 : I' — X and the degree of .*(C,) = (2d — 1)p, hence the
result. Finally, since ¢,(I") and C, only intersect at s, € S,, we also obtain their linear equivalence.

(2) and (3) Let s : I' — P! be the hyperelliptic d-osculating function associated to 7, uniquely
characterized by properties 2.6 (1)—(3), and U C X a symmetric neighborhood of g := 7(p). Recall
that k + m*(271) is 7p-anti-invariant and well defined over 7=1(U), and has a (unique) pole of order
2d — 1 at p. Studying its trace with respect to m we can deduce that p must be odd and bounded
by 2d — 1.

On the other hand, let (u4(T), SO)S and (u(T), CO)S denote the intersection multiplicities at
S, between 1, (T") and the curves S, and C,. They are respectively equal, via the projection formula
for ¢, to p and 2d — 1. At last, since ¢.(T") is unibranch at s, and (t.(I),S,), =p<2d—1=
(1x(T),C,), , we immediately deduce that p is the multiplicity of .(T') at s, (and S, is transverse
to e (T") at s,).

(4) By definition of m, we clearly have w (I') = m..(I"), while {p,~;,i=0,...,3} are the
multiplicities of 1, (T") at different points of S. Hence, m divides n and 2d — 1, as well as all integers
{p,7i,i=0,...,3}.

(5) For any i=0,...,3, the strict transform of the fiber S;:= wgl(wi), by the blow-up

€L 1

e: St — S, is a r-invariant curve, equal to SZ-l =e*(S5;) —s; — rf, but also to ¢*(S;), where

S; = ©(S;+). Hence, the intersection number ;- (I") - S+ is equal to the even integer

HI) - S =0 (1) -6 (8) = (e (1)) - Sy = 2T - 5,
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implying that n = ¢;-(T) - €*(S;) is congruent mod.2 to
(D) - S+ i H D) - (s + b)) =05 (D) - (i + ) (mod.2).
We also know, by definition, that ~; := t;-(T) - v, while 1 (T") - s2 = p, the multiplicity of ¢.(T')

at so, and () - s = 0 if i # 0, because s; ¢ ¢(T'). Hence, n is congruent mod.2, to p+ v, =
1+ v, (mod.2), as well as to ~;, if i # 0.

(6) The Picard group Pic(S+) is the direct sum of e*(Pic(S)) and the rank-8 lattice generated by
the exceptional curves {SZJ‘, f,z' =0,...,3}. In particular, knowing that ¢,(T") is linearly equivalent
to nCy, + (2d — 1)S,, and having already calculated ¢+ (T) - s;- and ¢ () - 7+, for any i = 0,. .., 3,

we can finally check that ;- (T') is linearly equivalent to e* (nC, + (2d — 1)S,) — p sy — Zg yiry. O

We are now ready to deduce the basic inequalities relating the numerical invariants, associated
so far to any such cover 7 (i.e., {n, d, g, p,m,’y}). The arithmetic genus of the irreducible curve

I :=p(I't) C S, say §, can be deduced from 5.4 (6) via the projection formula for ¢ : S+ — 5. We
start proving the inequality 2g 4+ 1 < 41, before deducing the main one (5.5 (4)) from § > 0.

Theorem 5.5. Consider any hyperelliptic d-osculating cover w: (I',p) — (X, q), of degree n,
type v, arithmetic genus g and ramification index p at p, and let m denote the degree of its canonical

equivariant factorization = : T — LJ‘(P) C S+. Then the numerical invariants {n,d,g,p,m,v}
satisfy the following inequalities:

1. 29 +1<~W;
2. p=1 tmplies m=1;
3. v <2(2d — 1)(n —m) + 4m? — p?;

4. (29+1)2<8(2d —1)(n —m) + 13m? — 4p* <8(2d — 1)n + (2d — 1)2.

Hence, if m is not ramified at p, we must have m = 1, as well as:
5. (29 +1)2<8(2d—1)(n—1)+9.

Proof. (1) For any i=0,...,3, the fiber of mg. :=7Tgoe: S+ — X over the half-period w;,
decomposes as sf‘ + TZ-J‘ =+ S’f, where SZ-J- is a 7t-invariant divisor and sf- is disjoint with Li‘(F),
if i # 0, while 1" (s3-) = pp, by 5.4 (2). Hence, the divisor R; := +="(r;") of T is linearly equivalent
to R; =m Y(w;) — (n — ;) p (and also 2R; = 27;p). Recalling at last, that Z?Zl wj = 3w,, and
taking inverse image by m, we finally obtain that Z?:o R; =~ p. In other words, there exists a
well defined meromorphic function, (i.e., a morphism), from I' to P!, with a pole of (odd!) degree
fy(l) at the Weierstrass point p. The latter can only happen (by the Riemann—Roch Theorem) if
29 +1 < v, as asserted.
(2) According to 5.4 (4), m divides p. Hence, p = 1 implies m = 1.

(3) The curve ¢+(I") is 7*-invariant and linearly equivalent (5.4 (4)7(6)) to:

1
il
I) ~ — (e (nCo + (24 = 1)S,) i),
)~ (e (o psi Z r

Recall also that * (IN( ), the inverse image by ¢ of the canonical divisor of S , s linearly equivalent
to ¢*(K) ~ e*(—2C)). Applying the projection formula for ¢ : S+ — S, to the divisor t+(T), we
calculate g(I'), the arithmetic genus of ' := ¢ (WH(T) c S:

~ 1

0 < g(T) = 7 ((2d = D)(2n —2m) +4m? — p? —1?),
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implying
72 < (2d —1)(2n — 2m) + 4m? — p?,
as claimed.

(4) and (5) We start remarking that, for any j =1,2,3, (7, — 7;) is a non-zero multiple of m.
Hence, ZKj(%- — ;)% = 3m?, and replacing in 5.5 (1) we get:

(29+1) < (Y)? = 49®) = (3 = 95)* < 49y®) = 3m®.
1<j
Taking into account 5.5 (3), we obtain the inequality 5.5 (4), as well as 5.5 (5), which corresponds
to the particular case p =m = 1. O

Lemma 5.6. Let 7 : (I',p) — (X, q) be an arbitrary degree-n hyperelliptic cover, equipped with
two points p' #p" € T such that the (divisor) sum p' +p" is Tp-invariant. Assume the data
(m, p',p") solves the NL Schridinger and 1D Toda or the sine-Gordon case, i.e., T,X = Vrlp, + Vplp//
(2.9 and 2.10.) We let again ¢ : T' — S denote the corresponding morphism (3.10), T the image of
its lift 1= : T — St and v = (7;) € N* its type, obtained by intersecting T+ with the curves {ri-}.
Then

1. «(T") is birational to T' and numerically equivalent to nC, + 2S,;

2. (") intersects C, at {c(p),c(p")}, with multiplicity 1 at each point, if w(p') # =(p”), and
with multiplicity 2 if 7(p") = = (p");

3. if w(p') = w(p"), then 7o = v1 = v2 = v3 = n(mod.2), 7(p') = w;, is a half-period and 1;-(T)
is linearly equivalent to e* (nCO + 25’0) — 25%0 ‘Z?:o Yi rf ;

4. if w(p') # w(p") ¢ {w;}, then 7o =71 = v2 = v3 = n(mod.2) and 1;-(T) is linearly equivalent
to e* (nC’o + 25’0) — Ef:o Vi rf-;

5. if m(p') # w(p") are two half-periods of (X,q), say {wk,w;}, for some k # j, then v, +1 =
v+l=y=y= n(mod.2) where {j,k,i,1} = {0,1,2,3} and 1;-(T) is linearly equivalent to

(nC’ +Sk—i—S) sk —sjL Zf’zofyirf.

Analogously to what we proved for the d-th KdV case (5.5), we obtain the following relations
between the degree and arithmetic genus of the other cases.

Theorem 5.7 (NL Schrédinger and 1D Toda case). Let 7 : (I',p) — (X, q) be an arbitrary
degree-n hyperelliptic cover of arithmetic genus g, equipped with two points p™ # p~ € I' exchanged
by the hyperelliptic involution 0. Assume (7, p*,p~) solves the NL Schrodinger and 1D Toda case
and let v € N* denote its type (5.6). Then, v; = n(mod.2), for any i, and

1. 29 +2<~W;
2. w(pt) # n(p~) implies v < 4n, as well as (g + 1)% < 4n;
3. w(p™)

4. w(pt) =n(p~) and n = 1(mod.2) imply 42 < 4n —8 and (g+ 1) < 4n — 8.

7(p~) and n = 0(mod.2) imply v < 4n —4 and (g+ 1)> < 4n — 4;

Theorem 5.8 (sine-Gordon case). Let 7 : (I',p) — (X, q) be an arbitrary degree-n hyperellip-
tic cover of arithmetic genus g, equipped with two Weierstrass points p1,p2 € I'. Assume (7, p1,p2)
solves the sine-Gordon case and let v € N* denote its type (5.6). Then
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2. w(p1) # m(pa) implies v < 4n, as well as g* < 4n;
3. w(p1) = m(p2) and n = 0(mod.2) imply v < 4n — 4 and ¢*> < 4n — 4;
4. w(pt) =7n(p~) and n = 1(mod.2) imply v < 4n — 8 and g% < 4n — 8.

6. ON HYPERELLIPTIC d-OSCULATING COVERS OF ARBITRARY HIGH GENUS

6.1. Let Cf denote the strict transform of C, in St, C, := ¢(CL) its projection in S and
consider an arbitrary degree-n hyperelliptic d-osculating cover of type ~, say «: (I',p) — (X, q),
with ramification index p at p. We will let ¢ : ' — S+ denote its unique equivariant factorization
through 7g. : S+ — X (5.1), I't := () its image in S+ and [ the corresponding projection into
S. Recall (5.4 and 5.5) that the above numerical invariants must satisfy the following restrictions

1. pis an odd integer bounded by 2d — 1;
2. Y%+ 1=7 =72 =93 = n(mod.2).

Furthermore, whenever m := deg(t+ : ' — I't) is equal to 1 (i.e., I' is birational to T'V), m
can be canonically recovered from I' := ¢(T'), and they all satisfy the following properties:

3. T is an irreducible rational curve of non-negative arithmetic genus equal to g := %((2(1 —
D@2n—2)+4 —p?>—~v?) >0;

4. T is linearly equivalent to e*(nC, + (2d — 1)S,) — pso™ — Z?:O yirits

5. T intersects 3, := ©(s,1) at a unique point, where it is unibranch and has multiplicity p;

6. T intersects C, (at most) at p, := C,N3, (i.e., rnc,cc,n So), with multiplicity %(2(1 —
1 — p). In particular, if p = 2d — 1, I and 50 are disjoint curves.

Definition 6.2. For any (n,d, p,) € N7 satisfying the above restrictions, we let A(n,d, p,~y) de-
note the unique element of Pic(S) such that o*(A(n,d, p,~)) is linearly equivalent to e* (nC, + (2d-
1)50) — psot — Z?:O virit, and M Hx (n,d, p,1,7) denote the moduli space of degree-n hyperelliptic
d-osculating covers of type v, ramification index p at their marked point, and birational to their
canonical images in S—.

Remark 6.3. We will restrict to the simpler case where p =1, T'is isomorphic to I'" and r
is isomorphic to P!. In other words, we will focus on degree-n hyperelliptic d-osculating covers
with p=m =1, and of type v satisfying 7(?) = (2d — 1)(2n — 2) + 3. We will actually choose
v = (2d — 1)pu + 2¢, where p is an arbitrary pu € N* satisfying p, + 1 = p1 = po = pz(mod.2) and
ecZ'isequal toe = (d—1,d —1,d — 1,0). Given such triplet (n,d,~) we give a straightforward
construction of M Hy (n,d,1,1,v) as a (d — 1)-dimensional family of curves, embedded in S+ (6.9).
Moreover, it can also be proved that any m € M Hx(n,d,1,1,7) has a unique birational model in

P! x X, as a linear combination of d specific polynomials with elliptic coefficients. The same can
be done for 2¢ = (d+1,d —1,d —1,d — 1) if d is odd, or for 2¢ = (d — 2,d,d,d) if d is even; or
when permuting and/or changing the signs of their coefficients.

We will need the following existence and irreducibility criteria.

Proposition 6.4. ([33, see 3.4]). Any curve I' C S intersecting C, at a unique smooth point
p € I is irreducible.

Proposition 6.5. Let T~ C St be a curve with no irreducible component in {Til,i =0,...,3},
and intersecting Cj- (at most) at a unique smooth point p~ € T+, Then Tt is an irreducible curve.
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Proof. The properties satisfied by T' assure us that it is the strict transform of its direct image
bye: S+ — 8, T := e*(FL), and that the latter does not contain C,. We can also check, that I' is
smooth at p := e(pt) and I' N C, = {p}. It follows, by 6.4, that (T, as well as its strict transform)
I'* is an irreducible curve. O

Proposition 6.6. ([35, see 6.2]). Any o = (a;) € N* such that o? =2n+1 is odd gives
rise to an exceptional curve of the first kind T, CS. More precisely, let k € {0,1,2,3} denote
the index satisfying oy + 1 = oj(mod.2), for any j #k, and Sy := ﬂgl(sk), then Ty has self-
intersection -1 and ¢*(Ty) C S is the unique 7+

e*(nCy 4 Sk) — sp — S0y auri-.

i

-tnvariant irreducible curve linearly equivalent to

Proof. Let A denote the unique numerical equivalence class of S satisfying ©*(A) = e*(nC, +
Sk) — sp — Z?:o a;ri-. It has self-intersection A - A = —1, and A - K = —1 as well. It follows that
he(S, Og(A)) = x(Og(A)) =1, hence there exists an effective divisor Te |A|. Such a divisor is
known to be unique and irreducible ([35] 6.2.). O

Corollary 6.7. ([35]). Let o € N* be such that a, + 1= aj(mod.2), T, the corresponding

exceptional curve (see 6.6), and I'% := go*(fa) its inverse image in S+, marked at its Weierstrass
point po =L Nst. Then, (TL,pa) gives rise to KdV solutions, L-periodic in x =1 (the first
KdV flow).

The latter corollary will be generalized as follows: given any n,d € N*, we will construct types
v =(2d — 1)+ 2e € N*, such that v, + 1 = 1 = 75 = y3(mod.2) and v?) = (2n — 2)(2d — 1) + 3,
for which the linear system |A(n,d,1,7)| (see 6.2) has dimension d —1 and a generic element

isomorphic to P!. Hence, they will give rise to (d — 1)-dimensional families of marked curves solving
the d-th KdV case.

Theorem 6.8. Let us fix d > 2, k €{0,1,2,3}, and pn € N* such that ji, + 1 = pj(mod.2) (for
j =1,2,3). Pick any vector 2¢ = (2¢;) € 2Z*, satisfying (Vi =0,...,3), either

2ei] = (2d = 2)(1 = i),

12¢;] =d — (—=1)%* if d is odd,
|2ei] =d — 20 if d s even,
aslong asy := (2d — 1)+ 2¢ € N*, and let n satisfy v?) = (2d —1)(2n —2) + 3. Then | p*(A(n,d, 1,7))]

contains a (d — 1)-dimensional subspace such that its generic element, say T't, satisfies the following
properties:

1. T+ is a 7t-invariant smooth irreducible curve of genus ¢ : = %(—1 + 7(1));
2. Tt can only intersect C- at pt := C- N sy

3. o(I'Y) c S is isomorphic to PL.

Corollary 6.9. Given (n,d,y) € N* x N* x N* as above, the moduli space MHx(n,d,1,1,7)
(6.2) has dimension d — 1, and a smooth generic element of genus g : = %(—14— 'y(l)).
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Proof of Theorem 6.8. We will only work out the case v := (2d — 1)u + 2¢, with ¢ = (0, d—1, d —
1, d — 1). For any other choice of ¢, the corresponding proof runs along the same lines and will be
skipped. In our case, the arithmetic genus g and the degree n satisfy:

29+1=2d—1)p +6(d—1) and 2n=(2d — D)p®+4(d — 1) (1 +pa+pus)+6d — 7.

Consider 77 : = pu+ (1,1,1,1), g/ : = p+(0,2,1,1), " = pu+(0,0,1,1), and let Z -, 2", 2"+
S+ denote the unique 71-invariant curves linearly equivalent to:

1) Z ~ e* (M Cy+ S,) — s& — S, figrit, where 2m +1=1?);

sk
O
2) Z't ~ e*(m/Co+ S)) — st — Soulrd, where 2m/ + 1 = '@
3) 2" ~ e*(m"Co+ Sy) — s — S T, where 2m” +1=p "),
Moreover, if p, # 0 we choose pp = 1+ (—1,1,1,1) and 2m + 1 = H(z)’ and let Z+ ¢ S+ denote
i

the unique 71-invariant curve Z+ ~ e*(mCy + S,) — 52 — >_; B, i

However, if j, =0 we will simply put Z+ : = =7 + 2rk, so that in both cases, the divisors
Dy = Z vzt 2s¢ and Di- := Z'* + 2"+ + 251 will be linearly equivalent. Let us also define,
,u(l) L= :U’” =pu+ (ana 17 1)7

p2y s = p+(0,1,0,1),
M(g) t=p+ (Oa 17 17 0)7
and let Z(J]-C)(k =1,2,3) be the 7-invariant curve of S+, linearly equivalent to e*(mayCo + Sk) —
> ,u(k)irij-, where 2my +1 =3, M%k)i'
At last, consider Z1+ ~ e*(mC, + S,) — s4 — >, uiri-, where 2m +1 = 3", 12 (6.2). The (d — 1)-

dimensional subspace of |cp* (A(n,d, 1, 'y))‘ we are looking for, will be made of all above curves. We
first remark the following facts:

a) we can check, via the adjunction formula, that any 7'-invariant element of |p*(A(n,d,1,7))|
has arithmetic genus g : = %(—1 + 7(1)), and is the pull-back by ¢ : S+ — S, of a divisor of zero

arithmetic genus of S;

b) the following d — 1 divisors
{ CL+Z L 25E )+ D+ (d—2—j)D1l,j:o,...,d—2},

as well as

Gt =7+ (d-1)DZ,
are Tt-invariant, belong to |p*(A(n,d,1,7))| and have pt := C}- N's} as their unique common
point;

c) the curve Fj- is smooth at p, while any other F J-J- has multiplicity 1 < 2j + 1 < 2d at py. In

particular, they Span a (d — 2)-subspace of |p*(A(n,d,1,7))|, having a generic element smooth and
transverse to s at po ;

d) the curve G+ has multiplicity 2d at pOL, and no common irreducible component with any
FjL(Vj =0,...,d —2), implying that (G*, Fjl7 j=0,...,d—2)C }cp*(A) (d — 1)-subspace
they span, is fixed component-free;
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e) any irreducible curve I'te <GL, F ]-L, j=0,...,d—2) projects onto a smooth irreducible curve

1

(isomorphic to P!). In particular I't must be smooth outside U?:OTi .

f) the curves G+ and FOJ- have no common point on any rl-J- (1=0,...,3), implying that I'*, the
generic element of ( G, FjL, j=0,...,d—2), is smooth at any point of U}_,7i- and satisfies the
announced properties, i.e.,

(1) T'* is 71-invariant, smooth and satisfies the irreducibility criterion 6.5;

(2) pt is the unique base point of the linear system and I't N Ci- = {pt};

o

(3) its image ¢(I'Y) C S is irreducible, linearly equivalent to A(n, d, 1,7) and of arithmetic genus
1((2d — 1)(2n — 2) + 3 — 4) = 0; hence, isomorphic to P*. O

Proof of Corollary 6.9. The degree-2 projection ¢ : I't — (I't) is ramified at p and o(I't) is iso-
morphic to P'. Moreover, I'* is a smooth irreducible curve linearly equivalent to |¢*(A(n,d,1,7))|,

of arithmetic genus g := %(’y(l) —1).

In other words, the natural projection (I't, pr) C (S*, py) st (X,q) is a smooth degree-n
hyperelliptic d-osculating cover of type ~, and genus g, such that (2n —2)(2d — 1) +3 = v and

29 +1=~0). O
Remark 6.10.
1. The irreducible components of the d generators ( G, FjL, j=0,...,d—2) are well known

curves, for which one can provide explicit equations in P! x X. Hence, any element of
MHx(n,d,1,1,7) is birational to the zero set of a linear combination of d specific degree-n
polynomials with coefficients in K(X), the field of meromorphic functions on X.

2. Effective solutions to the NL Schrodinger and 1D Toda and sine-Gordon cases can also been
found through an analogous method. Roughly speaking, we construct infinitely many 1-
dimensional families of solutions (for both cases), having arbitrary degree n, and arbitrary
genus g. As we shall see, the results differ on whether the pair of marked points have same
projection in X or not (and depend on the parity of n as well). The main results are given
below (detailed proofs will be given elsewhere).

Proposition 6.11 (NL Schrédinger and 1D Toda restrictions). Let 7 : (I',p) — (X, q)
be an arbitrary hyperelliptic cover, equipped with two non- Weierstrass points p™,p~ € I, such that
(m,pt,p~) solves the NL Schrodinger and 1D Toda case. Then, the arithmetic genus of T' and the
degree of m, say g and n, satisfy:

1. (g+1)2<4n—4, if =w@pH)=n(p~) and n =0 (mod2);

2. (g+1)2<4n -8, if =w(pt)=n(p) and n=1 (mod 2);

3. (9+1)2<4n, if w(pt)£7(p).

Proposition 6.12 (sine-Gordon restrictions). Let 7 : (I',p) — (X, q) be an arbitrary hy-

perelliptic cover, equipped with two Weierstrass points po,p1 € I', such that (mw,po,p1) solves the
sine-Gordon case. Then, the arithmetic genus of I' and the degree of w, say g and n, satisfy:

1. > <4n—4, if 7(p,)=m(p1) and n=0 (mod 2);

2. g?

N

dn—38, if 7w(po) =7(p1) and n=1 (mod 2);

2<4an -3, if  w(po) # w(p1).

N

3. ¢
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Along with the latter restrictions we have the following effective results.

Theorem 6.13 (odd degree NL Schrédinger and 1D Toda case). For any o € N* and
a € X there exists a hyperelliptic cover m : (I',p) — (X, q), equipped with two non- Weierstrass points
pT,p~ €T such that:

1. w(pT) =a, p™ =1(p~) and (7,p*,p~) solves the NL Schridinger case;

2. T has arithmetic genus g := o1 + 1;

3. deg(m) =a® +aM 41 if ad {w}, hence w(pT)#n(p);

4. deg(m) =a® +aM +3  if ae{w}, hence w(pt)=n(p).

Theorem 6.14 (even degree NL Schrodinger and 1D Toda case). For any o € N*\ {0}
and a € X such that, either oY) = 0(mod 2) and a ¢ {w;}, or a(V) = 1(mod 2) and a € {w;}, there
exists a hyperelliptic cover m : (T, p) — (X, q), equipped with two non- Weierstrass points p*,p~ € T
such that:

1. w(p

2. T has arithmetic genus g := o) — 1;

3. deg(m) = @ if a ¢ {w;}, and deg(m) = o + 1 otherwise.

For a better presentation of our sine-Gordon’s results, we must also take in account the
projections of (po,p1), the pair of Weierstrass points (see 2.10). They either project onto the
same point, which can be chosen equal to 7w(p,) = 7(p1) = wy, or their projections differ by a non-
zero half-period, say m(p,) = w, and 7(p1) = wi. In all four cases we find 1-dimensional families
of solutions. Additional properties, such as the existence of a fixed point free involution or a real
structure can also be found. For example, if (X, ¢) has a real structure, we can extract from the first

three sine-Gordon cases a real 1-dimensional family having a real structure fixing the Weierstrass
points.

) =a, p" =1 (p”) and (m,p",p~) solves the NL Schridinger case;

Theorem 6.15 (even degree sine-Gordon with distinct projections). Pick any o € N*
satisfying as + a3 = 1(mod 2). Then, there exists a 1-dimensional family of hyperelliptic covers
m: (T,p) — (X, q), equipped with a pair of distinct Weierstrass points {po,p1} € I', such that:

1. m(pj) =wj, for j =0,1 and  (m,po,p1) solves the sine-Gordon case;

2. T has arithmetic genus g:=aoM +1  and deg(r) = a® + ay + oy + 1.

Theorem 6.16 (odd degree sine-Gordon with distinct projections). Pick any o € N*
satisfying a, + a1 = 0(mod 2). Then, there exists a 1-dimensional family of hyperelliptic covers
m: (I',p) — (X, q), equipped with a pair of distinct Weierstrass points {po,p1} € I', such that:

1. m(pj) = wj, for j =0,1 and (m,po,p1) solves the sine-Gordon case;

2. T has arithmetic genus g:=aV) +1 and deg(r) = a® + ay + az + 1.

Theorem 6.17 (even degree sine-Gordon with same projection). Fiz j, € {1,2,3} and
pick any a € N* satisfying aj, + 1= a;(mod 2) for any i # j,. Then, there exists a 1-dimensional
family of hyperelliptic covers : (I',p) — (X, q), equipped with a pair of distinct Weierstrass points
{po,p1} € T, such that:

1. m(po) =7(p1) =wo and (m,po,p1) solves the sine-Gordon case;

2. T has arithmetic genus g =o'V and deg(m) =a® + 1.

Theorem 6.18 (odd degree sine-Gordon with same projection). For any o € N* there
exists a 1-dimensional family of hyperelliptic covers 7 : (I',p) — (X, q), equipped with a pair of
distinct Weierstrass points {p,,p1} € I', such that:

1. m(po) =m(p1) =wo, and (m,po,p1) solves the sine-Gordon case;

2. T has arithmetic genus g:= oY +2  and  deg(m) = a? + oM 4 3.
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1. INTRODUCTION

The Lotka—Volterra model is a basic model of predator-prey interactions. The model was
developed independently by Alfred Lotka (1925), and Vito Volterra (1926). It forms the basis for
many models used today in the analysis of population dynamics. In three dimensions it describes
the dynamics of a biological system where three species interact.

The most general form of Lotka—Volterra equations is

n
i’z‘zfixi"‘zaijxixjv 1=1,2,...,n. (1.1)
j=1

We consider Lotka—Volterra equations without linear terms (g; = 0), and where the matrix of
interaction coefficients A = (a;j) is skew-symmetric. This is a natural assumption related to the
principle that crowding inhibits growth. The special case of Kac—van Moerbeke system (KM-system)
was used to describe population evolution in a hierarchical system of competing individuals. The
KM-system has close connection with the Toda lattice. The Lotka—Volterra equations were studied
by many authors in its various aspects, e.g. complete integrability [1] Poisson and bi-Hamiltonian
formulation ([2-5]), stability of solutions and Darboux polynomials ([6, 7]).

In this paper we examine such Lotka—Volterra equations in three dimensions satisfying the
Kowalevski—Painlevé property. The basic tools for the required classification are, the use of Painlevé
analysis, the examination of the eigenvalues of the Kowalevski matrix and other standard Lax pair
and Poisson techniques. The Kowalevski exponents are useful in establishing integrability or non-
integrability of Hamiltonian systems; see [8-14]. The first step is to impose certain conditions on
the exponents, i.e., we require that all the Kowalevski exponents be integers for every solution of
the indicial equation. This gives a finite list of values of the parameters satisfying such conditions.
This step requires some elementary number theoretic techniques as is usual with such type of
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“E-mail: damianou@ucy.ac.cy
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classification. In the three-dimensional case the general expressions for the Kowalevski exponents
are rational and therefore the number theoretic analysis is manageable.

The second step is to check that the leading behavior of the Laurent series solutions agrees
with the weights of the corresponding homogeneous vector field defining the dynamical system.
In our case the weights are all equal to one and therefore we must exclude the possibility that
some of the Laurent series have leading terms with poles of order greater than one. This is a
step usually omitted by some authors due to its complexity, but in this paper we analyze this in
detail. To accomplish this step we use the old-fashioned Painlevé Analysis, i.e., Laurent series. The
application of Painlevé analysis and especially of the ARS algorithm (see [1, 12, 15-18]) is useful
in calculating the Laurent solution of a system and check if there are (n — 1) free parameters.

In performing Painlevé analysis we use the fact that the sum of the variables is always a first

integral. Surprisingly the Painlevé analysis does not reveal any additional cases besides the ones
already found by using the Kowalevski exponents. In this classification of Lotka—Volterra systems
we discover, as expected, some well known integrable systems like the open and periodic Kac—
van Moerbeke systems.
To make sure that our conditions are not only necessary but also sufficient we verify that the
systems obtained indeed satisfy the Kowalevski—Painlevé property by checking the number of free
parameters. It is shown in this paper that all the solutions to the indicial equations extend to full
convergent Laurent solutions depending on two free parameters; moreover it is shown that there
are no other Laurent solutions (except for Taylor solutions) so the description is complete.

We also have to point out that our classification is up to isomorphism. In other words, if one
system is obtained from another by an invertible linear change of variables, we do not consider
them as different. Modulo this identification we obtain only six classes of solutions.

The Lotka—Volterra system can be expressed in hamiltonian form as follows: Define a quadratic
Poisson bracket by the formula

{xi,wj} = A T;Tj, i,j: 1,2,...,n. (1.2)

Then the system can be written in the form &; = {x;, H}, where H =" | ;. The Louville
integrability in the three-dimensional case can be easily established. In addition to the Hamiltonian
function H, there exists a second integral, in fact a Casimir F'. The formula for this Casimir is given
afterwards.

In this paper we restrict our attention to the three dimensional case. For n = 3 the system is
defined by the matrix

0 a b
A= —-q 0 ¢ )
-b —c0

where a, b, ¢ are constants. We use the notation (a, b, c) to denote this system. It turns out that
the Lotka—Volterra systems which possess the Kowalevski—Painlevé property fall either into two
infinite families or four exceptional cases:

Theorem 1. The Lotka—Volterra equations in three dimensions satisfy the Kowalevski—Painlevé
property if and only if (a,b,c) is in the class of

(l2) (1,0,1)

(ls) (1,-1,1)

(la)  (1,-1,2)

(le) (1,-2,3)

() (L,1,A) XeZ\o.
(lo) (L,14pp) peR

We use the notation /; to indicate that the system has an invariant of degree j.
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In Section 2 we give the basic definitions of weight-homogeneous vector fields and the Kowalevski
matrix. The definition of Kowalevski exponents and relevant results follow the recent book [9].
See also the review article of Goriely [11] where one can find many more properties of these
exponents. In Section 3 we give some related properties of the Kowalevski exponents. In Section 4 we
define the three dimensional Lotka—Volterra systems and find necessary conditions for ensuring the
Kowalevski—Painlevé property by analyzing the corresponding Kowalevski exponents. In Section 5
we show that our classification is complete. Finally, in Section 6 we exclude any cases that may
exist due to higher order poles.

2. BASIC DEFINITIONS
We begin by defining what is a weight homogeneous polynomial. We follow the notation from [9].

Definition 1. A polynomial f € C [x1,xa,...,2y] is called a weight-homogeneous polynomial of
weight k with respect to a vector v = (v1,v2,...,vp) if

f my, ..t = R f (2, 20, ..., xp).
The vector v is called the weight vector. The v; are all positive integers without a common divisor.
The weight k is denoted by w(f).

Definition 2. A polynomial vector field on C",

jtl - f1($1,$2,.. . 7xn)

(2.1)

in = fn(x17x27 e 7xn)

is called a weight-homogeneous vector field of weight k (with respect to a weight vector v), if
w(fi) =vi+k=w(x;)+k fori=1,2,...,n. A weight-homogeneous vector field of weight 1 is
called weight-homogeneous vector field. Furthermore, when all the weights are equal to 1, this is
simply called a homogeneous vector field.

Example 1. We consider the periodic 5-particle Kac—van Moerbeke lattice that is given by the
quadratic vector field

& = xi(vi1 — Tig1), i=1,...,5, (2.2)
with x; = z;45. This system has three independent constants of motion,
Fi =21 +x0+ 234+ 24 + 75,
Fy = 123 4+ 22wy + 2375 + 1421 + THX2, (2'3)
F3 = X1T2X3X4T5.

Taking v = (1,1,1,1,1), (2.2) becomes a homogeneous vector field and the weights of the
integrals of motion are w(Fy)=1, w(Fy) =2 and w(F3) = 5.

Definition 3. Consider a homogeneous vector field of the form (2.1). Then a Laurent solution
o (2.1) of the form

1
zi(t) = o Sk i=12,..m,
k=0

with 0 #£ 0, is called a homogeneous Laurent solution. The homogeneous vector field (2.1) is said
to satisfy the Kowalevski—Painlevé property if to each non trivial solution to the indicial equations
there corresponds a homogeneous Laurent series solution depending on n — 1 free parameters.

In our case since the n = 3 we impose the requirement that the Laurent solutions should involve
two free parameters.
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2.1. Kowalevski Exponents

The following proposition is important for two reasons. First, it gives an induction formula for
finding the Laurent solution of a weight-homogeneous vector field and second it defines the
Kowalevski exponents which is an important tool for our classification.

Proposition 1. Suppose that we have a weight-homogeneous vector field on C" given by

:’Ui:fi(xl,...,a:n), 2':1,2,...,71,
and suppose that
1 [e.e]
k), k .
xi@):ﬁizxg itk i=1,2,....n (2.4)
k=0

(0)

is a weight-homogeneous Laurent solution for this vector field. Then the leading coefficients, x;’,

satisfy the non linear algebraic equations

vlzcgo) + fi (svgo), . ,x%o)) =0,

: (2.5)
vn:cgo) + fn(acgo), . ,$7(10)) =0,
while the subsequent terms xgk) satisfy
(kIdn —K (x(o))> z®) = R, (2.6)
:L'gk) ng)
where z(F) = : and R*) = : . R®) is a polynomial, which depends on the variables
A ®
xgl), e ,wg) with 0 < I < k only. The elements of the n X n matriz K are given by
Afi
,Ci,j = 6733] + vidij, (27)

where § is the Kronecker delta.

Remark 1. The number, v;, is not necessarily the pole order of x; because some of the a:EO) that
can be calculated solving (2.5) may be equal to zero.

Definition 4.

The system (2.5) is called the indicial equation and its solution set is called the indicial locus and
it is denoted by Z. The n X n matriz IC, defined by (2.7), is called the Kowalevski matrix and its
eigenvalues are called Kowalevski exponents (a terminology due to Yoshida).

A necessary condition for a vector field to satisfy the Kowalevski—Painlevé property is that n — 1
eigenvalues of K should be integers for every solution of the indicial equation. It turns out that the
last eigenvalue is always —1. The eigenvector that corresponds to —1 is also known. We have the
following Proposition which can be found in [9].

Proposition 2.

For any m which belongs to the indicial locus T, except for the trivial element, the Kowalevski matriz
K(m) of a weight homogeneous vector field always has —1 as an eigenvalue. The corresponding

eigenspace contains (vimq,. .., Unmn)T as an eigenvector.
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3. PROPERTIES OF KOWALEVSKI EXPONENTS

In this section we state some properties of Kowalevski exponents clarifying the connection with
the degrees of the first integrals. We also give a necessary condition for a system to posses the
Kowalevski—Painlevé property. The following results can be found in [11, 13, 14, 19, 20].

Theorem 2. If the weight-homogeneous system & = f(x) has k independent algebraic first integrals
Ii,..., I of weighted degrees dy,...,d; and Kowalevski exponents pa, ..., pn, then there exists a
k x (n—1) matrizc N with integer entries, such that

n
ZMjpj:diy i:1,...,]{7.
j=2

From this theorem we have the two following corollaries:

Corollary 1.
If the Kowalevski exponents are Z-independent, then there is no rational first integrals.

Corollary 2. If the Kowalevski exponents are N-independent, then there is no polynomial first
integrals.

We also have the following theorem, see [11, 19, 21].

Theorem 3. Suppose that the system (1.1) possesses a homogeneous first integral F,, of degree m.
Then there exists a set of non-negative integers ks, ..., k, such that

n
ijpj:m ko +ks+ -+ k, <m.
j=2

The next theorem which can be found in [9] gives us a necessary condition for a system to satisfy
the Kowalevski-Painlevé property. This criterion can be checked easily simply by computing the
Kowalevski exponents.

Theorem 4.
Let p1 = —1. A necessary condition for a system of the form (2.1) to satisfy the Kowalevski—Painlevé

property is that all the Kowalevski exponents pa, ..., pn should be integers for every solution of the
ndicial equation.

4. LOTKA-VOLTERRA SYSTEMS
4.1. Hamiltonian Formulation

Consider a Lotka—Volterra system of the form

n
&y = Zajka:jxk, for 7=1,2,...,n, (4.1)
k=1
where the matrix A = (a;;) is constant and skew symmetric.
There is a symplectic realization of the system which goes back to Volterra. In other words

a projection from R?" — R" from a symplectic space to a Poisson space. Volterra defined the
variables

qi(t) = /Ot ui(s)ds

and
() = In(g;) lf: ,
Dbi = In(q; 9 ] Aikqk,
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for i =1,2,...,n. Now the number of variables is doubled and Volterra’s transformation is given
explicitly by

r;=ePiTa k=1%k%k for §=12 ..., n.

The Hamiltonian in these coordinates becomes
n n n 1 Pn
H = E T § Gi = E ePits  k=1%ikdk_
i=1 i=1 i=1

The equations (4.1) can be written in Hamiltonian form

gi = % = {qiaH}a

i=1,2,...,n, and the bracket {-,-} is the standard symplectic bracket on R?":
1,if i=7
0,if i#£j

all other brackets are zero. The corresponding Poisson bracket in x coordinates is quadratic

{qi,pj}:5ij: i,j:1,2,...,n;

{zi, 2} = azjzizy, 1,5 =1,2,...,n.

This argument shows that the bracket (1.2) is Poisson.

Equations (4.1) in z coordinates are obtained by using this Poisson bracket and the Hamiltonian,
H=x+z2+  + 2y

4.2. The Three-dimensional Case

In this paper we restrict our attention to the three dimensional case. For n = 3 the system is
defined by the matrix

0 a b
A=1-a 0 ¢c| s (4.2)
—b —c0

where a, b, c are real constants.
Using equations (2.7) we obtain the Kowalevski matrix

axgo) + bx:go) +1 axgo) bxgo)
—amgo) —axgo) + cmgo) +1 cxgo) ) (4-3)
—b:L‘:())O) —cxéo) —b:vgo) — cxéo) +1

where z(0) = (xgo)’ mgo)) x§0)> is an element of the indicial locus, i.e., a solution of the simultaneous

equation (2.5), which in this case is written as

mgo) + ax§0)$é0) + bxgo)xgo) =0,

xéo) - a:rgo):z:go) + Cl‘go)a?go) =0, (4.4)
méo) — bx&o)xgo) — cwéo)xgo) = 0.
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The system is equivalent to

(1 + aa:(o) + bx(0)> =0
(1 aa:l ) 4+ cx§0)> =0,
(10 0

<o> 1 bl —ca?) =

One solution is

acgo) = a:g)) = xé )= 0.

This a trivial solution and the eigenvalues are all equal to 1.

If CE ;é 0 for i =1,2,3. Then the system has a solution only if b = a + ¢. In this case the
elgenvalues are — 1 0,1. We will comment on this case at the end and for now we assume b # a + c.

If asg ) = 0, x2 7& 0, 1:3 75 0 then we easily find that m( ) = 1 (0) —1 and the eigenvalues of
the Kovalevskl matrix are
a—b+c
—

~1,1,

We have two other similar cases corresponding to :z:go) =0 and xgo) = 0 which are summarized
in Table 1. In the Table we list the corresponding Kowalevski exponents for each element of the

indicial locus.

Table 1. Kowalevski exponents of 3x3 Lotka—Volterra equations

Vector z(® Kowalevski Vector z(9 Kowalevski
exponents exponents

11 —b+
(0,0,0) 1,1,1 (07277) -1,1,%
(%aOF%) '171?%1% (%7'%70) _1’1,0,7717%:

A necessary condition for the system to have the Kowalevski—Painlevé property is that all the
Kowalevski exponents must be integers for every solution of the indicial equation. So we have to
solve the simultaneous Diophantine equations

= ks, (4.5)

where k1, ko, ks € Z. The case b = a + ¢ for which k1 = ks = k3 = 0 is investigated below. Solving
(4.5) we find that

" K1k c= g;a b= %{Z—/ﬂkza (46)
3= T3 :
kiky — ki — k2" ) , — ko p— kitko—kiks .
k1 k1
kiks b= Zla c= 7k1+k2_klk3a
ko = ——————, 3 (4.7)
kiks — k1 — k3 a= _7b c= k’l-‘rkz—klkng
)
1
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k koks—ka—k
k Faks b=—poa="0g0 (4.8)
| =— .
koks — ko — ks’ | . _ _kap o — katha—koksy
ko 77 ko

We assume first, that the Kowalevski exponents are not zero. We examine the solution

fon — k1ko b_k1+k2_k1k2a C—ﬁa
5T ks — k1 — ko ko T ke
We determine the values of k1 and ko so that the fraction,
ki1ko
ky= —m— 2 —— 4.
57 kaky — k1 — kg (4.9)

is an integer. We first consider the case kiko — k1 — ko # 0.

Case I. Assume positive values for both k1 and ko.

Since
k1k _ k1+k
Y s e el 7Y oy
it is enough to to solve the Diophantine equation
T+y
LYy —r—y

for x, y positive integers and z € Z.

Lemma 1. Let z,y € ZT with x <y. Then
_rry
Ty —x —Y

if and only if (x,y) is one of the following: (1,\), A € Z*, (2,3), (2,4), (2,6), (3,3), (3,6), (4,4).

Proof. Since

€z

rYy—r—ysc+y
we have
zy < 2(x +y) < 4y.

Since y # 0 we get x < 4. Therefore x = 1,2, 3,4. We examine each case separately.

o [fz =1

1
Ty +y:—1—y€Z.
xY—T—yY —1
Therefore (1,\), A € Z™ is always a solution.
e Suppose x = 2. Then
tt+y 24y 14 4
xy—x—y y—2 y— 2
should be an integer. Therefore y — 2 = +1, 42, 4. We obtain the solutions (2, 3), (2,4) and
(2,6).
e Suppose x = 3. Then
x+y  y+3

ry—xr—y 2uy—3
should be an integer. Therefore
2 —3<y+3
and we obtain y < 6. We obtain the solutions (3,3) and (3, 6).
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e Suppose x = 4. Then
r+y

yt+4

xy—x—y_4y—4

should be an integer. Therefore

3y —4 <

y+4

and we obtain y < 4. We obtain the solution (4,4).

Of course, since the fraction
Tty

Yy — T —Y

is symmetric with respect to x and y, we easily obtain all solutions in positive integers.

We summarize:

ky =1

ky =2
For 1<k <ko !

ki =3

ky =4

—= ky=\€eZT
— ko € {3,4,6}
= ko € {3,6}

= ko = 4.

319

(4.10)

Note that the case k1 = 3, k2 = 3 implies k3 = 3 and we obtain the periodic KM-system (1, —1,1).

Case II.

Suppose one of them, say ki, is positive while the other, ko, is negative. Let ks = —x, x > 0. Then

k‘g —/ﬁw k‘l.%'

$—]€1

It is enough to to solve the Diophantine equation

T —y
xy+y—x
for x, y positive integers and z € Z.
Lemma 2. Let x,y € Z+. Then
T -y
xy+y—x

- —klx—k‘1+x:k1w—|—k1—x: +k‘1x+k1—x

=z

if and only if (z,y) is of the form (A, 1) or (\,\) with A € Z™.

Proof. If y =1 then
_rtTy
TYy+y—x

=z el

Therefore a pair of the form (A, 1) is always a solution.

Assume y > 1. We note that
xy B
Y +1yY—=x

r—y

Ty +y—x

and therefore zy 4+ y — « < zy implies y < x. If x = y then our fraction is clearly an integer. On

the other hand, if y < x, then the fraction
r—Yy
xy+y—x
since

¢Z

(y—Dz+yzaoc+y>z—y.
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If k1 = 1 then k3 = — X and k3 = A. Similarly, if k&; = X then ko = —)\ and k3 = 1. The two cases
are isomorphic and correspond to Case 5 in Table 3.

Case III.
If we take negative values for both k1 and ko, then
Ty T+y
hy= —— =1,
ry+r+y y+r+ty

where k1 = —z and ko = —y with x,y > 0. We have that xy > 0 and zy + z + y > 0 so that the
Kowalevski exponent is an integer if
ryt+rt+y<x+y
which implies zy < 0, a contradiction. Therefore, in this case k3 cannot be an integer.
This completes the analysis of the case k1ko — k1 — ko # 0.
Now suppose k1ky — k1 — ko = 0.
In this case we have ki + ko = k1ks and obviously (since we assume non-zero Kowalevski

exponents) we must have k; = ko = 2. We easily obtain a = ¢ and b = 0. This system is equivalent
to the open KM-system (also known as the Volterra lattice). This is Case 1 in Table 3.

This concludes our analysis. The results are summarized in Table 2. In Table 3 we also include
the case of a zero exponent i.e. b = a + c. Note that the case b = a + ¢ which is equivalent to
(1,1 4+ p,p) for p € R was also considered in [1] from a different point of view.

4.3. Equivalence

In order to have a more compact classification, we define an equivalence between two Lotka—
Volterra systems. To begin with, common factors can be removed. In other words, suppose that
matrix A = (a;5) in (4.1) has a common factor a. Precisely, if

Q5 = Cija, where Cz'j eR, +,7=12,...,n,

then the Lotka—Volterra system (4.1) can be simplified to

n
dizzcijuin, i:1,2...,n,
=1
using the transformation
u; =ar;, 1=12...,n.
More generally, we consider two systems to be isomorphic if there exists an invertible linear
transformation mapping one to the other. Special cases of isomorphic systems are those that are

obtained from a given system by applying a permutation of the coordinates. Let o € S,,, and define
a transformation

Xir— Ty, 1=12,...,n.
The transformed system is then considered equivalent to the original system. We illustrate with
an example for n = 3.

Example 2. We prove that the system

1"1 = ariry — %371{53 i‘l = 31‘1%2 — X113

. O

To = —ax1To + Q?Gngl‘g U; = axr; T = —3:171.%2 + 2.@21‘3
. a 2a 3

r3 = gl‘lxg — ?5621‘3 ry3 = T1T3 — 2$2:E3
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is isomorphic to the system

i‘l = ar1ry — 2am1x3 .fl = T1T92 — 2.%11‘3

. - 5.

To = —ax1x2 + 3axers U; = ax; To = —x1T2 + 3x2x3
T3 = 2ax1x3 — 362913 T3 = 2x123 — 3T0T3

Applying 0 = (1 3 2) we have that

X1 =d,0) =43 = x123 — 222735 = XoX1 —2X3X)

Xo=dpo) =21 = 3mze—mz3 = 3X2X3— XoX)

X3 = d,3) = d2 = —37172 + 22273 = —3X2 X3 + 2X3X],
which is the second vector field.

Example 3. Note that the system

T = —xaw3
To = Tol3
T3 = T1T3 — ToT3 — :r:?,)
is equivalent to the open KM-system (1,0, 1) under the transformation
(71,22, 23) — (T2 + 23,71, 72)
but it is not a Lotka—Volterra system.

In Table 2 we display the different values of (a, b, c) of the solutions (4.6), (4.7) and (4.8) of the
simultaneous equations (4.5) which ensure integer Kowalevski exponents for the Lotka—Volterra
system in three dimensions. We also list the elements of the symmetric group S5 which realize the
isomorphism. Note that A € Z\ 0. The final six non-isomorphic systems are displayed in Table 3.

Example 4. The periodic KM system ([22]) in three dimensions is the system
3
jﬁi == Zaijxixj, 1= 1,2,3,
i=1
where A is the 3 x 3 skew-symmetric matrix
0 -1 1
A= 1 0 -1
-1 1 0

This system is a special case of the system (4.1) where (a,b,c¢) = (—1,1,—1). This is Case 2 in
Table 3. The Kowalevski exponents of this system are —1,1,3. The system can be written in the
Lax-pair form L = [L, B], where

0 T 1 0 0 T1T2
L= 1 0 a2 |» B = zoxs O 0
zz3 1 0 0 ziz3 O

We have the constants of motion

Hk:trace(Lk>, k=12, ..
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Table 2. Systems with integer Kowalevski exponents

Vector (a, b, ) Kowalevski exponents o
(e, % %) ~1,1,1
(a,a, A\a) —1,1, A o= (13)
(a, Aa, —a) -1,1,-X o=(23)
(a,—%,%) -1,1,2
(a,—a,2a) -1,1,4 o=(13)
(a,—2a,a) oc=(132)
(a,—a,a) -1,1,3
(a,—%,2) o=(132)
(a,—22, %) -1,1,2 o=(13)
(a,—32,2) -1,1,3 c=(123)
(a,—%,32) —1,1,6 o=(23)
(a, —2a,3a)
(a, —3a,2a) o= (12)
(a,0,a)
(a,—a,0) -1,1,2 o=(132)
(0,b,—b) o=(123)

The functions
Hy = x1 + 22 + 23
H3 =1+ 12913

are independent constants of motion in involution with respect to the Poisson bracket

0 —ziz0 2173
™= r1T2 0 —T2x3
—I1x3 T2X3 0

We note that the positive Kowalevski exponents, 1 and 3, correspond to the degrees of the constants
of motion.

We have to point out that all Lotka—Volterra systems in three dimensions are integrable in the
sense of Liouville since there exist two constants of motion which are independent and in involution.
The function

H=2x+x0+z3
is the Hamiltonian for these systems using the quadratic Poisson bracket
0 arixe brizs
™= | —axrixy 0 CToT3

—bxrixs —cxoxs O
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Table 3. Free parameters of Lotka—Volterra systems

Vector Kowalevski Free parameters Degree of
exponents invariant
(a,0,a) ~1,1,2 R 2
(a,—a,a) -1,1,3 xg1)7 xég) 3
(a,-%,2) ~1,1,2 a2 4
—1,1,4
-1,1,2
(a,—2a,3a) -1,1,3 wgl), :E:(f) 6
-1,1,6
~1,1,1
(a,9,2) ~1,1,\ 2, 2 A
~1,1,-\
(a,a+ ¢, c) -1,1,0 x(ll), xgo) 0

The equations of motion can be written in Hamiltonian form
(/'UZ':{.%'Z‘,H}, i:1,2,3.

The second constant of motion, independent of H always exists. It is straightforward to check
that the function

b

— C,..— a
F =2z 23

is always a Casimir. Therefore the system is Liouville integrable for any value of a, b, c. This is not
the case if n > 4.

5. FREE PARAMETERS

We would like to classify the Lotka—Volterra equations in three dimensions which satisfy the
Kowalevski—Painlevé property. In order to use Proposition 1 we have to assume Laurent solutions
of the form

1 (0.)
zi(t) = Engk)tk, i=1,2,3 (5.1)
k=0

where v; are the components of the weight vector v that makes the vector field
ii:fi(xhx%xfi)a i:1>2737

to be weight homogeneous. In our case the weight vector is v = (1,1, 1).

To make sure that our classification is complete we must check that each system obtained satisfies
the Kowalevski—Painlevé property. This means that the Laurent series of the solutions x1, xo and x3
must have n — 1 = 2 free parameters. Using the results in [9], the free parameters appear in a finite
number of steps of calculation. The first thing to do is to substitute (5.1) into equations (4.1). After

that we equate the coefficients of t*. We have already equated the coefficients of t~V~! by solving
(0)

the indicial equation to find z; /. Then we call Step m (m € N) when we equate the coefficients of
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t=vi=1m to find xl(m). According to [9] all the free parameters appear in the first k, Steps, where
ky, is the largest (positive) Kowalevski exponent of the system. The calculations are straightforward
and we omit the details.

All the systems that we have obtained turn out to satisfy the Kowalevski—Painlevé property.
We summarize the results in Table 3 where we display the 2 free parameters in each case. We note
that the six Cases of Theorem 1 are non-isomorphic by examining the degree of the Casimir.

6. HIGHER ORDER POLES

In our classification, using the Kowalevski exponents, we assume that the order of the poles
agrees with the components of the weight vector, in our case all equal to 1. We have to exclude the
possibility of missing some cases due to solutions with higher order poles. We show that no such
new cases appear.

Suppose that the Laurent solution of the system is

1 & k )
x1(t) = o Z:I:g )tk, with xgo) # 0,
k=0
1 o= (k . 0
xo(t) = v Z:cg )tk, with l‘g ) #0, (6.1)
k=0

1 oo
x3(t) = s ngk)tk, with acéo) # 0.
k=0

If v1, 10,3 < 1, then these systems have been already investigated using Proposition 1. On the
other hand, keeping in mind that H = x1 + x5 + x3 is always a constant of motion, we end-up with
the following four cases to consider:

vi=vp=v>1land v3 <v,or
vy=v3=v>1and 1, <v,or
vro=v3=v>1and vy <v, or

v =wv=v3=v>1.

Recall that equations (4.1) in three dimensions are:

1= arixe + brixs, (62)
Lo = —aT1T2 + CT2T3, (6.3)
I3 = —bx1x3 — cxox3. (6.4)

We examine each of the four cases:

(1) ’1/1 =1y =r > 1and v3 < v|Since v1 = v, = v and using the fact that H = x1 + xo + x3

is a constant of motion we have that

xgo) = —xgo) =a#0.

We also note that v + v3 < 2v and :Ego)x(go) # 0. Equating the coefficients of t? of the LHS
and RHS of (6.2) or (6.3), we are led to a xgo)xg)) = 0. Therefore a = 0.
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As we know that v3 + 1 < v + v3, the coefficient of t*3 of the RHS of (6.4) must be equal
to zero. So

xéo) (—bxgo) - cx§0)> =0,

but xz(,,o) # 0 and xé ) = —xl 7é 0; therefore b = c.
If b =0, then from (6.2) and (6.3) we have that
T1 = &9 = 0 = z1, x2 are constant functions,

that is a contradiction because 11 =9 = v > 1.

If b and ¢ are non-zero, then the equations (6.2) and (6.3) become

.fl = ba}11'3, (6.5)
.’ig = bZCQCL‘g. (66)
Using equation (6.2) we obtain
v+1l=v+uvs

therefore 3 = 1, since xgo)a:3 # 0 and J: w(o) #0.
It follows from (6.5) and (6.6) that
) Ty :
—— = — =brg = x1 = KT2, kK is a constant.
x1 Z2

However, we know that

Equation (6.4) becomes

&3 = —b(—x2)x3 — broxrs = 0 = x3 = ¢, c is a constant.

This is a contradiction since 3 = 1 and x3 7é 0.

’1/1:V3:1/>1and1/2<y‘

It leads to a contradiction, as in case (7).

’V2:y3:1/>1and1/1<y‘

It leads to a contradiction, as in case (7).

’1/1:V2:I/3:V>1

In this case, for i =1, 2, 3,

x;i(t) = w l( )tk
k=0

we have that the degrees of the leading term of the LHS of the equations (6.2), (6.3) and
(6.4) are equal to v + 1, but the degrees of the leading term RHS of these equations are
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equal to 2v and so the coefficients of ﬁ of the RHS of these equations must be zero for

k=23,.
The coefficients of twr,c, k=1,2,...,v, are given by the sums
v—k
p=Y aMuly), fori=1,2,3, (6.7)
A=0
where
ugx}z _ xéufk Ny RN
U;Ag _ amgu BN vk >\)7
u&z N RN i)
Note that
ul) =™, i k+x=j+m. (6.8)

In addition
Sik =0, fori=1,23and k=2,3,...,v

For k = n sum (6.7) becomes
S, = ()(0)—O:>u.):

since ac 7& 0.

For £k = v — 1 we have that

Sip1 = 50)“() 1+$§1) (1) =0
(68) = Pull_, + 20 = o040 ~0
= u (0) _1 = 0 because :c( ) #0.

(214

Let m € {1,2,...,v — 1} and assume that u(k) =0 for k > m.

For k£ = m we have that

Sim= 3" 2 = 200 ¢ Z P
A=0
+ Z a:()‘)uz(om+ = xz(.o)uz(»%.

Since S;, = 0 for m > 1 and, since :L' 7é 0, then u( ) — .

Now we equate the coefficients of W on both sides of the equations (6.2)—(6.4) to obtain

Therefore, v + ugf)l) =0.
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Therefore we have that

azy™ 4 b = —y,
—azl" 4 el = -y, (6.9)
—bxgjfl) — cxgjfl) = —u.

These simultaneous equations have solutions only if
b=a+c

If a =0, Then b = ¢ (obviously b = ¢ # 0). Then the system is isomorphic to the following
(0,1,1) system:

T = r173
i’Q = I2x3
i’3 = —X1Tx3 — T2T3

Equating the coefficients of 2 (v > 1) in the first and second equations we have that
:L’go):ngo) = xéo)xéo) =0.
This is impossible because xl(o) #0, fori=1,2,3.

The same happens if bc = 0. So in the following calculations we assume that abc # 0.

We will show that there exists no such solution with v > 2. Since b = a + ¢ and the function
H = x1 + x2 + 3 is a constant of motion, the Lotka—Volterra equations in three dimensions
can be written in the form

T, = akxi — ax% + cxyx3,
To = —&1 — T3, (6.10)
T3 = —ckxs + cx% — arirs,

where k is the constant value of the function H. It is straightforward to see that if k # 0,
then the solution is

kCy et kaeckt

r1 = Ir3 =
Cleakt + aefckt _ C’Q’ Cleakt + aefckt _ 02’

_ kCy
C1eakt + ae—ckt — CQ.

xQZk—x1—$3: (6.11)

Obviously Cs # 0. The pole t, satisfies
Cre®™ 4 ae™ s — Oy = 0= Cy = C1e™* 4 ae™ M £ 0

Hence using De I’ Hopital Rule we are led to the fact that

: Cy
tlgltq (8= t)aa(t) = aChetx — gee=cktx’

Since the pole order is greater than 1, we have that

tlir? (t — ts)xa(t) = oo.

Therefore
Cy = Cef(a+c)kt — ce bkt
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The solution (6.11) possesses only one arbitrary constant k, but we need 2.
Now if k£ = 0 the solutions of (6.10) are

1
r3(t) =0, z1(t) = PG
or
Ci—c 1
xl( ) a(01t+02)’ 133( ) Clt+02

Both solutions lead to a contradiction since the pole order of x; and x3 is assumed to be
greater than 1.

Therefore the case vy = vy = v3 = v > 1 does not give us any new cases. The conclusion is
that the case b = a + ¢ gives a system satisfying the Kowalevski—Painlevé property only when
VG =V =V3 = 1.
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1. INTRODUCTION

The classical Toda lattice is a system of particles of unit mass, connected by exponential springs.
It is a fundamental example of a finite-dimensional integrable Hamiltonian system. It has various
connections with other parts of mathematics and physics [1]. Its equations of motion are derived
from the Hamiltonian

1 n ) n—1
H = 3 lej + ZleXp(qj — gj+1), (1.1)
J= J=

where g; is the position of the j-th particle and p; is its momentum. This type of Hamiltonian
was considered first by Morikazu Toda [2]. The equation (1.1) is known as the classical finite non-
periodic Toda lattice to distinguish the system from various other versions. The periodic version of
(1.1) is given by

1 -
H=3 D opF+ D exp(a; —gir1)s Gns1 = a1, (1.2)
j=1 j=1
whose equations of motion are given by
. OH
Pj )
om 1<j<n

pj = —=— =exp(gj—1 — qj) — exp(q; — qj+1)7
aq]'

The integrability of the periodic Toda lattice was established by Hénon [3] and Flaschka [4] using the
method of Lax pairs. The equations of motion were solved by quadratures by Kac and van Moerbeke
[5] and latter integrated by Krichever [6] in terms of theta functions by using algebro-geometric
methods. There now exists an extensive literature on the problem. Properties of eigenvectors of
Lax pairs over their associated spectral curve were studied in classical papers by Adler and van
Moerbeke [7-9] and Mumford and van Moerbeke [10]. In 1976, Bogoyavlensky [11] introduced a
generalization of the classical periodic Toda lattice to arbitrary affine Lie algebras. Adler and van
Moerbeke [12], after some changes of variables, have shown that the Hamiltonian vector field Xy
associated to the general form of the Hamiltonian H corresponding to an affine Lie algebra g of
rank [, takes the simple form

T =x-y,
1.3
{y—Ax, (13)

where z,y € C*1 2 -y = (20y0, ..., 21) and A is the Cartan matrix of g.

A main tool in the study of the integrable systems is the use of formal Laurent solutions of
the differential equations that describe the vector fields. Thus, S. Kowalevski discovered her top
by searching families of Laurent solutions depending on a maximal number of free parameters.
This technique was further developed by Adler and Moerbeke who applied it to discover several
other cases of interest. At the same time, they introduced the notion of algebraic integrability.
We recall that an Abelian variety is a complex torus C"/A, where A is a lattice in C", that is
algebraic, which means that it admits an embedding in some projective space PV. An integrable
system (C", {-,-},F), where F = (F},..., Fs), will be called algebraic completely integrable (a.c.i.)
if for generic ¢ = (c1,...,¢s) in C* the invariant manifold

S
Ae=[{m e C": F(m) = ¢},
i=1
thought of as a (non-compact) affine variety in C", can be completed into a complex algebraic torus
T as follows Ae = T2\ D, where D, is a divisor (one or several hypersurfaces) in Ty. Moreover,
the Hamiltonian vector fields X', are translation invariant when restricted to these tori. It turns
out that many (most) of integrable systems that were known classically, turn out to be a.c.i., when

REGULAR AND CHAOTIC DYNAMICS Vol. 16 Nos. 3-4 2011



332 DEHAINSALA

complexified. This means that the powerful tools of the theory of Abelian varieties can be used to
solve and study these systems.

Adler, van Moerbeke and Vanhaecke in [12] have shown that every a.c.i. system admits Laurent
solutions depending on a maximal number of free parameters; which justifies the criterion used by
Kowalevski to find her top. In this line, they have developped a method (algorithm) [12], based
on the formal Laurent solutions, to prove the algebraic integrability of an integrable system. This
algorithm is based on the Complex Liouville Theorem (see Theorem 1 below). They used it to show
that a number of well-known systems are a.c.i., like the geodesic flow on SO(4), the Henon-Heiles
system and the famous Kowalevski top. We will use also later this algorithm to show that the Toda
lattice which we consider in this paper, is an a.c.i. system. Finally, the Laurent solutions are used
to further explore the geometry of the invariant manifolds.

A charaterization of periodic Toda lattices is given in [12]. Indeed, Adler and van Moerbeke have
shown that if the vector field X in (1.3) is a vector field of an a.c.i. system, then A is the Cartan
matrix of a (twisted) affine Lie algebra. Conversely, if A is a such matrix, Xy is a vector field of
a Liouville integrable system. It is conjectured that all these integrable systems are a.c.i. Indeed,
these systems satisfy the Linearising Criterion [12, Theorem 6.41]. The fact that the system (1.3) is
a.c.i. was shown for particular cases of Lie algebras, but not in general. Thus, we can find the proof

of the algebraic integrability of all al(l), for [ > 1, in [10]. For the periodic Toda lattice with two
degrees of freedom, there exist six cases where the system (1.3) could be a.c.i. for which the Cartan

matrix correspond to the (possibly twisted) affine Lie algebras agl), Déz), cél), af), ggl) and 0512). As

said above, the agl) Toda lattice is a.c.i.; see [12] for an alternative proof.

This paper deals with the study of the algebraic integrability and the geometry of the

Toda lattice associated to the twisted affine Lie algebra 0:(;)2). We briefly describe the D§2) Toda
lattice. The differential equations of this lattice are given on the five dimensional hyperplane

H = {(z0, 21, 22,90, y1,%2) € C®| yo+y1 +y2 = 0} of C° by

T =x-y,
1.4
{y:Am, (14)

where 2 = (zo,71,22) ",y = (y0,%1,%2) ', and A is the Cartan matrix of the twisted affine Lie

algebra Déz) given by

2 -1 0
A=1-2 2 -2/, (1.5)
0 —1 2

and three independent constants of motion are given by
F = yg +y§ —4xg — 221 — 49,
Fy = (y§ — 4a0)(y3 — 4a2) — 21(2y0y2 — 4x0 — 71 — 4aa), (1.6)
F3 = XoT1T2.

For ¢ = (¢1,c2,c3) € C3, let F. be the complex affine variety defined by the intersection of the
constants of motion

3
Fe = ﬂ{m €eH | Fl(m) = Ci},
i=1
and
Q:={c=(c1,c0,¢3) €EC? | c3#0, ¢t —4cy #0 and
6912¢3 + 288ccocs + 4¢3 — cies — 64cez # 0}

REGULAR AND CHAOTIC DYNAMICS Vol. 16 Nos. 3-4 2011



ALGEBRAIC INTEGRABILITY AND GEOMETRY OF THE 0%2) TODA LATTICE 333

The main result of this paper (see Section 4) is the following.

Theorem. Let (H,{-, },F) denote the integrable system that describes the Dgf) Toda lattice,
where F = (F1, Fy, F3) is given by (1.6).

1. (H,{-,-},F) is an algebraic completely integrable system;

2. For ¢ = (c1, ¢, c3) € €, the invariant surface F. is isomorphic to T2\ D,, where

(a) T2 is the Jacobian of the hyperelliptic curve (of genus two) TE:O), defined by

ate? — (cre + 8cs)a’e — 4e® + coe® + 4cycze + 16¢5 = 0;

(b) D is a divisor on T2, and consists of three irreducible components D&“), PV and P
w(0)

. 1) .
¢, while D,(: ) is a curve

where DEO) and D((:2) are both smooth curves, isomorphic to
of genus three, with two singular points, defined by

3203% + (16a* — 8cra? + ¢ — 4cy)f — 32¢c3a = 0.

(¢c) The curves D((;O) and DEQ) intersect each other transversally in two points, and each of

them intersects the curve DS) at one singular point of the latter.

In this paper, we also establish a link between the Dgz)—Toda lattice and the Mumford system

[13]. By using a method due to Vanhaecke [14], we construct an explicit morphism between these
two systems. Thus, we obtain a new Poisson structure (see Section 6) for the Mumford system and

then derive a new Lax equation with spectral parameter for the Oi(f) Toda lattice. These results
lead to an explicit linearization of the Toda lattice considered.

This paper is organized as follows. In Section 2 we verify that the 05(32) Toda lattice is Liouville
integrable. In Section 3 we do the Painlevé analysis of the system. This analysis shows that our
integrable system admits three principal balances i.e. three families of Laurent solutions depending
on the maximal number of free parameters, to wit four in our case. Thus, by confining each family
of Laurent solutions to the invariant manifolds we calculate the Painlevé divisors associated to
these principal balances and, for ¢ € €2, we give an explicit embedding of the invariant manifold F.
in the projective space P!,

: F PL5
ve c - (1.8)

(0, 21,22, Y0, Y1,¥2) — (L1211 215),

where the functions z; behave like % at worst when any of the principal balances is substituted in
them.

In the Section 4, which is the main part of the paper, we prove the above theorem. Section 5 deals
with other elements of the geometry of the system. We determine the positions of the half-periods
on the Abelian surface and the tangency locus of the holomorphic vector fields on this surface.
Finally in Section 6 we study the connection of our system with the Mumford system and give a
morphism between the two. Moreover, we give a new 2 by 2 Lax pair for the system. We finish by
giving an explicit linearization of the Toda lattice.
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2. LIOUVILLE INTEGRABILITY OF THE Dgz) TODA LATTICE

The equations of motion 0:(32) periodic Toda lattice take the following form

To = ToYo, Yo = 2x9 — 11,
T = r1Y1, yl = —2x0 + 221 — 2.@2, (2.1)
To = X2Yo2, Yo = 229 — T1.

on the five dimension hyperplane H. These differential equations come from (1.3), where A is the
Cartan matrix of the twisted affine Lie algebra b:gZ) given in (1.5). We denote by V; the vector field
defined by the above differential equations (2.1). The field V; is the Hamiltonian vector field, with

Hamiltonian function
Fy = y% + y% —4xg — 2w — 4x9,

with respect to the Poisson structure {-,-} defined by the following skew-symmetric matrix

0 0 0 =z9 —x9 O
0 0 0 —x1 221 —11
M= % 0 0 0 0 —T2 T2 (2‘2)
—Tyg X1 0 0 0 0
To —2x1 x92 O 0 0
0 2 —22 0 0 O

This Poisson structure is given on C%; the function yo + y1 + 42 is a Casimir, so that the hyperplane
H is a Poisson subvariety. The rank of the Poisson structure {-,-} is 0 on the three-dimensional
subspace {xg = x1 = w2 = 0}; the rank is 2 on the three four-dimensional subspaces: {z¢g = z1 = 0},
{zo =22 =0} and {x; = 22 = 0}. Thus, for all points of H except the four subspaces above the
rank is 4. The vector field V; admits also the two constants of motion, to wit

Fy = (y5 — 4w0)(y3 — 4xa) — 21 (2yoy2 — 4w — 21 — 4a),

2.3
F3 = TogT1x9. ( )

It is easy to check that Fj is a Casimir for {-,-}, and that the function F, generates a second
Hamiltonian vector field Vs, which commutes with V), given by the differential equations

xy = zoy2(Yoy2 — 1) — 4xoT2y)o,

zy = x1(yo + v2) (21 — yoya) + 4x1 (2290 + Toy2),

xy = 22yo(yoy2 — x1) — dwoz2ys,

Yo = 2(x172 + zoy3) — 8xowa + 1(T1 — Yoy2),

yi = 2x1(yoy2 — xo — w2) — 2(woys + Tayp) — 2(2F — 8xowa),

Yo = 2(z170 + T2Y5) — 8T072 + 1(T1 — Yoy2),

(2.4)

having the same constants of motion. Let us write F = (Fy, F, F3) : H — C3 for the momentum
map. It is clear that I is involutive. Moreover, [ is independent on a dense open subset of H, hence
(H,{-,},F) is Liouville integrable.

We finish this section by determining the set of regular values of the map F. To do this, let II
be the set of critical values of the momentum map F

IT:={c € C®|Im e F !(c) with dFy(m) A dFp(m) A dF3(m) = 0}.
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Let us determine II. The jacobian matrix of F is given by

4 ) —4 2yo 212
JIF = 4(4IE2 + 21 — y%) * 4(4$0 —+ x1 — yO) 2:1/0( 41’2) — 2:131y2 * y
12 Tox2 oI 0 0
where x := 2(2x0 + 21 + 222 — yoy2) and ¥ 1= 2y2(y3 — 4x9) — 221yo. Let S be the set of points in

‘H where the determinants of all 3 x 3 minors of the matrix Jg cancel. By direct computation, we
find that S is the union of following subvarieties

1
Sl = {JCQ =T = O},SZ = {170 =9 = O}aSS = {331 = T2 = 0}734 = {xl = 07$0 =x2+ Z(y?} _yg)}’
Sy = {xo = 2,90 = Y2}, S6 := {yo = y2 = 0, dxoz2 = z1(x0 + 72)},

S7:= {4xayo = —4xoy2 = (y2 — yo) (Yoy2 — 21)}-

We see that the images under F of Sp, 55,53 and S4 are contained in the subset c3 = 0; by
substituting xe = xg and yo =y in F; =¢; (i =1,2,3), one obtains the equality C% —4co = 0.
Also, we verify that a substitution of

4oz
Yo=y2=0, 1=
Ty + T2
and
—Y ) (2 — o) )
ro = ——(y2 — %0)(Woy2 — 1), T2 = —(y2 — vo)(Yoy2 — 1),
4y2 4y0

respectively in the equalities F; = ¢; leads, after a direct computation, to
6912¢3 + 288¢)cacs + 4cs — ches — 64cicz = 0.
Thus,
M= {c=(c,co,c3) €C3|c3=0 orci —4ca=0 or
6912¢3 + 288cycocs + 4cs — cies — 64cicz = 0}.

Conversely, it can be shown that each point of {2 is a critical value of the momentum map F. Hence,
the set of regular values of the momentum map [F is the Zariski open subset 2 given by

Q:= {02(01302703)€C3|037é0, c§—4027é0 and (25)
6912¢3 + 288cicocs + 4cs — cies — 64cic3 # 0}, ‘

For ¢ € 2, we denote by F¢ the fiber over c,

3
Fe:=F1(c) = ﬂ{m € H: Fi(m) =¢}.

i=1
In conclusion, we have shown

Proposition 1. For c € Q, the fiber F. over c of the momentum F is a smooth affine variety of
dimension 2 and the rank of the Poisson structure de Poisson (2.2) is maximal, equal to 4 at each
point of Fe ; moreover the vector fields V1 and Vo are independent at each point of the fiber Fe.
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3. PAINLEVE ANALYSIS OF THE 0{’ TODA LATTICE

On CS there are two involutions 7 and 7 which preserve the constants of motion Fj, F» and
F3, hence leave the fibers of the momentum map F invariant. These involutions restrict to the
hyperplane ‘H and are given by

7(zo, 1, 2, Yo, Y1,Y2) = (T2, T1,T0, Y2, Y1, Y0),

(3.1)
7(x0, 21, T2, Y0, Y1,Y2) = (To,T1, T2, —Y0, —Y1, —Y2)-

The involution 7 preserves the vectors fields V; et Vo while the involution 7 changes their sign. Both
involutions will have strong implications on the geometry of our integrable system. Notice that if
we assign the weight 2 to the variables xg,z1 and z9 and the weight 1 to the variables yg,y1 and
yo then the constants of motion Fi, F5 and Fj are all weight homogeneous, with weights 2, 4 and 8
respectively. If we give time weight —1 then the vector field V; also becomes weight homogeneous.
Such a vector field is called weight homogeneous vector field. It is shown in [12] that for a such
vector field it is easy to find the Laurent solutions and to do the Painlevé analysis of the system.

3.1. Laurent Solutions

The system of differential equations (2.1) has Laurent solutions of the form

1 — 1
ty:§§:ﬂmﬁ, EE:y (3.2)
k=0

k=0

i.e. the variables © = (x9, x1,x2) have at most a double pole and the variables y = (yo, y1, y2) have
at most a simple pole. In fact, it is shown that all Laurent solutions have this form. By substituting
(3.2) in the differential equations (2.1), at the 0-th step, the coefficients of ¢t =2 for z(t) and ¢~ for
y(t) lead to a non-linear system, to wit

(3.3)

and at the k-th step (k> 1), the coefficients lead to system of linear equations in z(¥) =

(ac[()k), xgk),x( )) and y*) = (y(()k),y§k),y§k)). The solution of the system (3.3) consists of six points

0,0,1,0,2,—2),
0,1,0,1,-2,1),

(
(
©) _(0) _(0) (0) (0)  (0) (1,0,0,-2,2,0),
'iE,x 7‘/1/‘, b b -
(0 1 290?/192) (043422)
(
(

1,0,1,-2,4,-2),
3,4,0, — ,@.

We show that the points mg := (0,0,1,0,2,—2) leads to a Laurent solution depending on four free
parameters, whose the five leading terms (going with steps 1, 2, 2, 4 respectively, are denoted by
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a, ¢, d, e) are given by

1
zo(t;mo) = ¢+ act + Se(2c + a®)t? + O(t%),
z1(t;mo) = et? + O(t3),
1 1
xa(t;mo) = 2 +d+ E(6d2 —e)t2 + O(t?),
1
yo(t;mo) = a + 2ct + act® + 5(202 +a’c—e)t? + O(th),
2 1
y1(t;mp) = P 2(c + d)t — act® + E(lle —10¢% — 6d* — 5a%c)t® + O(th),
2 2
w@nw)z—;+2ﬁ—i;e—fﬁ3+0@ﬂ.
The point mg := (1,0,0,—2,2,0) = w(my), so that the Laurent solution z(¢;ms) is obtained from
the above formulas for z(¢t;mg) by applying the involution 7. The point m, := (0,1,0,1,—-2,1),

which is a fixed point of the involution 7, leads to the following Laurent solution (with four leading
terms)

xo(t;my) :ﬂt+0(t2),
wi(tym) = 5+ - %(5+5)t+ o(t%),
To(t;my) = 6t + O(t?),
) = = 1 2 3 (3.5)
yo(t;my) = - +a—t+ 4(5B+5)t +O0(¢),

2 3
y1(t;my) = 7 + 29t — 5(5 +8)t2 +O(t?),
ya(t;my) = 7@ -t + 1(55+5)t +O(t”),

where the four free parameters are denoted by «, (3,7, d. The involution 7 acts, according to (3.1),
on these parameters in the following way

T (taa767775) = (_ta —Q, _ﬁa'}/a _5)

Notice that, the above Laurent solutions are weight homogeneous hence by using majoration
method, one shows that they are actually convergent. The other points, solutions of the system
(3.3), lead to Laurent solutions that depend on only three parameters; they are not used in what
follows. Consequently, we have

Lemma 1. The system of differential equations (2.1) possesses three Laurent solutions depending
on4 (= dimH — 1) free parameters, with leading terms given by (3.4), = applied to (3.4) and (3.5).

3.2. Painlevé Divisors

We now search the formal Painlevé divisors i.e. the algebraic curves defined by the three different
principal balances z(t) = (xo(t),...,y2(t)), confined to a fixed affine invariant surface F¢, ¢ € Q.
We have

Proposition 2. Forc € (Q, the Painlevé divisors Y anar® of the balances x(t; mg) and x(t; ma)
respectively, restricted to the surface Fe, are smooth affine curves. Their equations are given by

ate? — (cre + 803)@26 — 4€® + co€® + dejcze + 16C§ = 0. (3.6)

They can be completed into Riemann surfaces of genus 2, which are double covers of P, ramified
at six points.
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Proof. By substituting (3.4) in the equations F;(zo(t),...,y2(t)) = ¢ (i = 1,2,3) where the F; are
the constants of motion and (c1, 2, c3) € C3, we find three algebraic equations in terms of the four
free parameters a, ¢, d, e defining an affine curve in C*, to wit

c1=a®>—4c—12d, ¢y = —12a%d + 48¢d + 4de, ¢35 = ce.

For ¢ € 2, the parameters c, e are different from zero since c3 # 0. The first and the last equations
are linear in ¢ and d; one expresses these latters in terms of regular values of the constants of

motion, giving
Cc3 1 9 463
. d=— - . 3.7
‘T 12 <a e cl) (37)

Then the second equation is reduced, for c1, c2, c3, to the following equation of an affine curve FEO)
in C?, to wit
FEO) cate? — (cie + 803)@26 — 4¢3 + c9e? + dejese + 160% =0. (3.8)

We claim that this affine curve is smooth. Indeed, let us pose

f(a,e) := a'e? — (cre + 8cz)a’e — 4e3 + coe® + 4eicze + 1662,
we easily have

0

a—f(a, e) = 2ae(2ea’® — cre — 8c3),
a

of 4 2 2

a—(a, e) =2a"e — 2(cre + 4ez)a” — 12e* + 2c9e + 4eqcs.
e

A point (a,e) is a singular point of the affine curve FSP) if

fla,e) = g‘é(a,e) = g‘é(a, e) =0.

Since e # 0, this leads to

5 8cz+cre
a” = ——.

=0
a , or 56

5 8c3+ e

Ifa , after substitution in the equations

f(a,e) =0 and %(a,e):(),

we respectively obtain

1 1
162(C% —4cg+16e) =0, and — 56(6% —4cg + 24e) = 0.

But e # 0, so that ¢} — 4cy = —16e = —24e. This implies that e = 0; contradiction!

If @ = 0, this leads to the following system
—12¢% + 2c9e + 4cie3 =0
{ — 4€> + c9€® + 4dejese + 160§ =0.
By computing the resultant of the two polynomials forming this system, we obtain
—64c3(6912¢3 + 288¢icacs + 45 — cic3 — 64cics).
o

is a smooth affine curve if ¢ € Q. In
(0)

C

This expression is different from zero for ¢ € €; so that I’

(0)

order to compactify I'¢’, for ¢ € Q, into a compact Riemann surface, denoted by I, ’ , we need to
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add three points at infinity to it, denoted by oo, co where ¢ = £1. A local parameter ¢ at each of
these points is given as follows

00 : a=cq¢ 1t e = 4e36® 4 2(e1 + en)ess? + 0(¢°), (3.9)
1
00 : a=c¢1, e= 1(§*4 — 1672 + ¢ — 32¢362 — 16¢1e36t + O(6Y)), (3.10)

where 7 is a fixed square root of ¢? — 4cy, which is non-zero for ¢ € Q.

By rewriting (3.8) as follows
4 4
<a2—63> <a2—03—01> = 4e — co,
e e
(0)

we see that I'¢”’ is a double cover of a rational affine curve defined by
Eciu(u—cp) —4de+co=0.

The covering map is given by

A parametrization of & is given by

2
e = {(u,e): (—t,W),tEC}.

Thus, if ¢(a,e) = (u,e), we have

3+ Clt2 + cot — 16¢3 1 9
=44 /- , = —(t t . 3.11
! \/ 2 + c1t + o ‘ 4( tatte) (8.11)

The cover 9 : F.(SO) — &¢ has three branch points : the points (u, e) on the curve &, for which a =0

i.e. where u is a root of the polynomial P(t) = t3 + ¢1#2 + cat — 16¢3. This leads to three ramification

points on F((jo). This map is also ramified at infinity. Indeed, writing ¢ in terms of a local parameter ¢,

we find from (3.11) that
—4
(a,e) = (gl + 8c36” + O(7), %(1 — st + C2§4)> ;

where ¢ = —1/¢?. This shows that the map is ramified at this point. Let t+ = $(c1 & y/cf — 4c2) be
the two roots of t2 + 1t + c2. By letting ¢t = ¢4 + ¢? be a local parametrization around t.., we have

1/ [16c3 1
6= < n—i—O(gQ)) , e=¢? <477—|—O(§2)> where n=1/c? — 4c;

(0)

thus we find a point (a,e) on I's’ which is a ramification point. Also, if we write ¢t = t_ + ¢2, we

have
1/ [~16 1
a=- ( nc3 + 0(g2)> . e=—¢ <4v7 + 0(8)) ;

(0)

¢ is a double

which leads to an another ramification point, showing that the Riemann surface T’

. =(0 . . . . .
cover of a rational curve Si ) closure of the curve EC(O) with six ramification points, so that its genus

is 2 by the Riemann-Hurwitz formula. These six points are Weierstrass points of the Riemann

surface fﬁo). Upon computing the Painlevé divisor which corresponds to the principal balance
x(t;me), we find the same equation (3.8), since the involution 7 preserves the constants of motion.
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Proposition 3. For c € (), the Painlevé divisor Fgl) which corresponds to the principal balance

x(t;my) is a smooth hyperelliptic curve of genus 3. It may be completed into a Riemann surface
fﬂl) by adding four points at infinity.
Proof. By substituting the principal balance x(t;m1) in the equations F; = ¢;, i = 1,...,3, where

c = (c1,c2,c3) € Q, the resulting expressions are independent of ¢. This leads to three algebraic
equations in terms of the four free parameters «, 3,7, 6, to wit

c1 =20 -6y, cz=a’+6a2y+8a(B—10)+9?% c3=p0. (3.12)

It is clear that, for ¢ € Q, the parameters § and ¢ are non-zero since c3 # 0. If we eliminate the two
parameters v,0 in (3.12), we obtain an algebraic relation between o and 3, which is the equation

of an affine curve in C?, defined by

T8 : 3208% + (160 — 8cra? + ¢ — 4eo)B — 32e300 = 0. (3.13)
Let us set
gla, B) := 32a5? + (16a* — 8c1a? + ¢ — 4¢2) 8 — 32c30n. (3.14)
We have
0
8—Z(a, B) = 326% + (640> — 16¢10) 5 — 32c3, (3.15)
0
%(a, B) = 6403 + 16a* — 8c1a? + & — 4ey. (3.16)
Let us suppose that
_ 9 _ 9 _
o) = 52(0.9) = 55(0.0) =0,

)

i.e. (o, () is a singular point of the curve Fgl . As a et 3 are non-zero, (3.16) implies

G=— 160* — 8c1a? + C% —4dcy
64a '

A substitution of § in terms of « in the equations
(3.14) — «(3.15) =0 and (3.14) + «(3.15) =0,

leads respectively to
1
Hi(a)Hy(a) =0 and EaHg(a) =0,

where

Hi(a) = 16a* — 8c1a® 4 & — 4y,

Hy(a) = 480t — 8c1a? — & + 4,

Hs(a) = 6408 — 48ci1a® + 4(3¢F — 4ez)a® — ¢ + 4eje + 256¢3.
The resultant of polynomials H; et Hs give the square of 2280?3 and the resultant of Hy et Hj3 the
square of

220(6912¢3 4 288cicacs + 4cs — cAck — 64cics),

thus for ¢ € ), the affine curve Fgl) is smooth, hence it can be compactified into a Riemann surface,

denoted by ff), by adding four points at infinity coq,..., 004 which are given in terms of a local
parameter ¢ by
1

_ L e 3
a= 326 (c] —4co)s + O(s?), (3.17)

S O ﬁ:§,
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3 1
009 : a=c¢h B = 2¢363 + cre36° + (8030% + 20203> T+ 0(Y), (3.18)
1
003 : a=cq¢t 8= 3—2(—16§_3 +8c167 4 (4eg — 2 — 64c163 + O(cY), (3.19)
1
004 f=c¢1 a= —3—2(0% —dey)s + O(?). (3.20)

By the change of variable ¢ = 64a3 + 16a* — 8c1a? + 3 — 4cy, the curve Fgl) is birational to the
hyperelliptic curve

M €2 = (16a* — 8c1a? + 2 — dey)? + 4096¢302,
so that FE}) is a genus three curve.

The invariant manifold F. can be embedded explicitly in a projective space i.e. we can construct

an embedding ¢ : Fe — PV. The idea of the construction is based on the following fact. If the bgz)

Toda lattice is an irreducible a.c.i. system, then as we have seen above a divisor D can be added
to a Zariski open subset of the H, having the effect of compactifying all fibers F, where c € Q.
The divisor that is added to F. will be denoted by D, and the resulting torus by T2. The vector
fields V1 and Vs extend to linear (hence holomorphic) vector fields on this partial compactification

of H, hence we may consider the integral curves of V;, starting from any component Dg). This
gives a Laurent solution depending on four parameters, hence it must coincide with one of the
Laurent solution z(¢;m;). Let f be a polynomial function on H. Since V; is transversal to the
divisor D, the pole order of the Laurent series f(¢;m;), obtained by substituting the series x(t;m;)
in the function f, equals the order of fi; along the divisor Dg), where f2 is by definition f,,
viewed as a meromorphic function on T2. Since the third power of an ample divisor on an Abelian
variety is very ample, we look for all polynomials which have a simple pole at most when any of
the three principal balances are substituted in them. Precisely, we look for a maximal independent
set of functions which are independent when restricted to F¢. By direct computation, one finds the
sixteen weight homogeneous polynomials of weight at most 8.

zp =1, z7 = T1%Z0,

21 = Yo, 28 = T172,

z2 = Yo + Y2, 29 = Yoy224 + 1 (Yo — y2)22,

23 = T1 = Yoy2, z10 = 2120(Yo — ¥2), (3.21)
zy = 4(wo — 72) — (Yo — Y2)22, 211 = 2172(Y2 — Yo),

25 = w1y0 + Y2 (420 — ¥5), 212 = 12023,

26 = 1192 + Yo (4m2 — Y3), 213 = T12223,

z14 = 1170((Y2 — Yo)23 — 4%0Y2),
z15 = 2122((Yo — Y2)23 — 42210)-
The involution 7 acts, according to (3.1), on the independent polynomials z; as follows
7T(207 Zlyeeey 215) = (207 29 T Z1,%2, 23, —R4, 26,25, 28, 27, —Z9, 211, 10, 13, 12, 215, 214)- (322)

We consider the regular map,

c . F. P15
4 - (3.23)

(x07w17x27y07y17y2) = (1 LR 215)7
For ¢ € Q, the map ¢ is an embedding of F¢ in the projective space P'. We will see that this
embedding extends to F((:Z), 1=1,2,3.
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4. ALGEBRAIC INTEGRABILITY OF THE Dgf) TODA LATTICE

In order to show that the DéQ) Toda lattice is algebraic completely integrable (a.c.i.), we show
that, for c € ), the fiber

3
Fe=F'(c)=({m e H: Fi(m) = c;}
i=1
is an affine part of Abelian surface, on which the vector fields V; and Vs, restrict to linear vector
fields. To do this, we must check that F. satisfies the conditions of the following theorem.

Theorem 1 (Complex Liouville Theorem [12]). Let A C C? be non singular affine variety of
dimension r with r holomorphic fields Vy,...,V, and let p: A— CN C PN an embedding. We
define A := p(A)\p(A) and denote by D the union of all irreducible components of A of dimension
r — 1. Suppose the following

(1) Vi, V] =0 for 1 <i,j <r;

(2) At every point m € A the vector fields V1, ...,V are independent;

(3) The vector field o, V1 extends to a vector field Vi holomorphic on a neighborhood of D in PV ;
(4) The integral curves of V1 that start at points m € D go immediately into p(A).

Then o(A) is a Abelian variety T" of dimension r and the fields @.Vi,...,pV, extend to

holomorphic on ¢(A). Moreover p(A) = p(A)UA, i.e. D= A.

For our case, we take for A the surface F¢, ¢ € ). According to Theorem 1, F. is smooth and
the conditions (1) and (2) of the theorem are satisfied. To conclude that the fiber F. sastifies the

conditions (3) and (4), we use the embedding ¢ given in (3.23). This embedding induces three maps

of each curve Fg) to P15, Indeed, by substituting the three principal balances in this embedding and

letting ¢ — 0 we find an embedding of each of the three curves I S’), Fg) and Ff) in P, denoted

respectively by gpgo), gogl) and <p£2). Explicitely, we have

cpgo):(a,e)»—>(0:0:—2:2a:0:2a2—8610:0:0:2a(a2—4c—|—12d):
0:—2¢:0:2ae:0:2a%), (4.1)
gogl):(a,ﬂ)'—>(O:1:2:0:—404:042—1—37:0424—37:5:5:4(a3+3a'y+ﬂ—5):Qaﬁ:

—2a6 : B(a® +37) : 6(a® +37) : —28(a® + 3ay 4+ 206) : 26(a> + 3oy — 26)(), )
4.2

0P (a,e) > (0:—2:-2:2a:0:0:2a2 —8c:0:0: —2a(a® — 4c + 12d) :
—2e:0:2ae:0:2a%:0). (4.3)
We recall that in (4.1) and (4.3) ¢ = c3/e, d = (ae — 4c3 — c1e) /12e while in (4.2) v = (202 — ¢1)/6,

0 = c3/3. We see that cpgo), cpf;l) and gogz) are indeed embeddings of the affine curve since a and e
(resp. a and [3) appear linearly in (4.1) and (4.3) (resp. (4.2)). It is clear by seeing the three leadings
coordinates of each embedding that the image curves are disjoint. However, they are not complete.

We denote by Dgi) = gpg) (Fg)) the projective closures of the images of these embeddings. These

give us three divisors on the (possibly singular) surface ¢¢(Fc). Let D := UZZZOD((:Z). In order to
study the singularities of D, we use a local parameter ¢ around each of the points at infinity in
the corresponding map and we let ¢ — 0. Thus, by substituting (3.9) and (3.10) in (4.1), we find
the following leading terms, where € = +1.

1
go((:o)(ooe)w(O:O:g:l:0:§(cl+e77)§:0:0:0:677:0:0:0:0:0:403§),

SO&O)(OO)N(O:---:O:—§2:0:§:021—01<2)v
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Letting ¢ — 0, we find the following image points in P'5:
P.:=(0:0:0:1:0:0:0:0:0:en:0:---:0),
S:=0:---:0:0:1).

We see at once that these three points are different, so that <p‘(:0) is injective, and since the linear

. o . 0) . . . .
terms in ¢ are non-vanishing we conclude that the image curve Dg ) is non-singular and isomorphic

to FS;O). Applying the involution 7 which acts on the functions z; according to (3.22), we find

1
@&2)(006)N(O:—gzgzlz():():§(cl+en)g:0:0:—677:0:0:0:0:403§:0),

ngZ)(OO)N(OZ"':*§2201§1021*61§210),
leading to the following three different points in P°:
P :=(0:0:0:1:0:0:0:0:0:—en:0:---:0),
S":=0:---:0:1:0).

One verifies also that Dg) is a non-singular curve and isomorphic to I‘g). We have P. = P’ _, which

leads to two intersection points of D((:O) and Dg). Comparing the term in ¢ of npgo)(ooe) with the

term in ¢ of (pg)(oo_e), we conclude that the image curves ’Dﬁo) and D((:Q) intersect tranversally at

these two points P.. Finally, by substituting (3.17) to (3.20) in (4.2), we have the following leading
terms:

e (001) ~(0:-+-:=2¢:85:0:0:0:¢15:0: 8cy),
M (002) ~ (01101 —=2:0:6:0: 1 —c16%),

M (00g) ~ (01t =¢2:0: —c:0:1—¢16%: 0),
gogl)(OO4)~(0:--‘:—2§:O:—8§:O:0:01§:0:8:0).

We find the two image points in P13, to wit

lim 90,(31)(001) = lim 90,(31)(002) =0:---:0:0:1) =9,
¢—0 ¢—0 (4'4)
liH(l) <p((:1)(003) = liH(l) <pgl)(004) =0:---:0:1:0)=9".
s— s—

We see that the curve Dgl) is singular at the points S’ and S”. Computing an extra term in the
series, it follows easily that these points are ordinary double points, i.e., the two branches of Dgl)
meet transversally at the points, as indicated in Figure 1. Comparing the terms in ¢ and ¢? of

gp&o) (p), for p close to co with the terms in ¢ and ¢? of (p((;l)(p), for p close to ooz it follows that DE,O)

and Dgl) are tangent at S’, and the tangency is double. Similary, we show that DS’) and D((:2) are
tangent at S”, and the tangency is double.

Summarizing, the Painlevé divisor D, consists of three curves Dgo), Dgl) and Dgz) of genus 2,
3 and 2 respectively. The curves DS:O) and D((:?) are non-singular, intersect transversally in the two
points P.. The curve Dgl) is singular, admits two double points S’ and S”, its intersections with
D((;O) and D((;Q) respectively. The precise correspondence between the seven points at infinity co, ooy,
00—, 00; (i=1,...,4) and the four points Py, P_, S" and S” under the three embeddings go,gi) is
given in Table 1.

We now need to show that the vector field (¢¢)«V1 extends to a holomorphic vector field on a
neighborhood of D, in P'® (condition (3) of Theorem 1). We will be able to show that (o)W1
extends to a holomorphic vector field on all P*®, which implies in particular holomorphicity in a
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Fig. 1. Curves completing the DéQ)—Toda invariant surfaces into Abelian surfaces, where D; := Dgi) .

neighborhood of D.. The construction of the extension is based on the following theorem, which
says that, in appropriate projective coordinates, any holomorphic vector field on an Abelian variety
is a quadratic vector field, hence it is globally defined and holomorphic.

Theorem 2 ([12]). Let £ be an ample line on an irreducible Abelian variety T" and let V be a
holomorphic vector field on T". Denoting by ¢ : T — PN the Kodaira embedding that corresponds

Dl

D,

to L there exists a quadratic vector field V on PN such that o,V = V.

Thus, in view of Hartog’s theorem we must show that the vector field (¢.)«V1 can be written as
quadratic vector fields in two charts Zy # 0 and Z7 # 0. In the chart Zy # 0 we just use the z;
as coordinates. It is easily to check that the quadratic equations of (¢.)«V; can be written in this

chart in the following form

1
2 = _Z(Cl + 623 — 24 — 221(—421 + 322)),

1
2‘;2 = —5(61 +623 — Z%) +421(21 - 22)7

. 1
zZ3 = 5(2223 — Z5 — Zﬁ),

Table 1. Correspondence between singular points

002

003

004

DLV

S/

S/

S/l

S//
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Za = —z1(c1 + 24) — 226,

Z5 = —4(z7 — 23) + 3(262 + 3z3(c1 + z4) — 2(22 — 21)(326 — 25)),

S6 = A(zr — 2) + i@@ + 3g(c1 + 21) — 221(325 — 7)),

27 = 27(21 — ZQ),
Z8 = —2128,

. 1
29 = 12219 — 821(27 — 28) — 23(25 + 26) + 21(29 — 2¢2) + 5(24(25 + 3z6) — c12223),

. 1
210 = = (za27 + z10(—22 + 221)),

2
21 = _5(34»28 + z11(—22 + 221)),
. 1
212 = —5(—23210 + 27(25 + 26)),
. 1
213 = —5(—23211 + 23(25 + 26)),

. 1
214 = 63(423 — 24 + Cl) + §(Z14(321 — 2Z2) + 25210 + 42%),

. 1
215 = 63(42’3 + 24+ Cl) + 5(215(22 — 32’1) + 26211 + 425)

This establishes the fact that ()« extends to a holomorphic vector field in the chart Zy # 0.
In the same way, one finds, after some computation, the quadratic differential equations [15] in
the chart Z; # 0. According to Hartog’s theorem, this shows that the field (p¢)«)1 extends to a

holomorphic vector field on P'®, which we denote by V;. Thus, we have verified that ¢ satisfies
condition (3) in the Theorem 1.

The final thing to be shown is that the integral curves of the holomorphic vector field V that
start at any point m € A, go immediately into ¢ (Fc) i.e.

{@e(m) | 0 <[t] < e} C pe(Fe),

where @, is the flow of V1 on P'°. This leads to show that z;(m), 1 < j < 15, are finite. There are
three types of points m € A, that need to consider.

(1) the points in the images gogi) (Fg)), fori, 1=1,2,3;

(2) the points in K& = DI\ o), fori, i=1,2,3;

(3) the points in Ag \ U3, D).

For points of (1): let Py be any point in gpg) (Fg)) and p € T be such that wgi) (po) = Pp. Since the
embedding functions z; are polynomials in the phase variables xg, . . ., y2 and that the Laurent series

x;(t; Fg)) are convergent, we may pick € > 0 such that z;(¢; I‘g)) is finite for j = 1,...,15 and for ¢
such that 0 < |t| < ¢; hence ®;(P) does not belong to the hyperplane (zg = 0) i.e. ®4(P) C @e(Fe).

The points for (2) are the points P., S’ and S”. Let Qo be any of these points and gy € fff) such
that gpgl)(qo) = @Qo. If 2z, # 0 is a chart around the point (Qy, we must show that

1
lim yo(t;q) = lim —(#;q) # 0.
q—qo q—qo0 Zq

Indeed, if it is the case, all z;(t; qo) are finite for |¢| small and non-zero because z; = y;/yo where

yj = 2j/2q for j =1,...,15. Let us consider the two intersection points P. of D((«,O) and Dgz). We
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read from (3.9) and (4.1) that the leading coefficient of zg(t;Fgo)) has a pole for ¢ =0, that is

maximal with the leading coefficient of zg(¢; Fgo) ), and thus the function z3 defines a chart about
these two points. By substituting (3.4) in the function z3, we have

2 1
z3(t; F,(so)) = ?a +4c+ 2a(c—d)t + §(2a2c + e+ 4e(c — 3d))t% + O(t3).

The first few terms of the inverse of this series are given by
1 t

23(t; an)  2a

by substituting (3.7) in the second term of (4.5) and by rewriting the coefficients in terms of local
(0)

Cc

- a%tQ +O(t%), (4.5)

parameter ¢ around oo, € 'y, by using (3.9), one finds :

1 1
lim — (t;¢) = —=t* + O(t*) # 0.
lim ~(t¢) = -8 +0() #

which shows that the flow of V1, that starts from the two points P., goes immediately into affine.

For the point S’, one considers the series 1/z15(¢; Fg)); the choice of 215 is based on the fact
that 215 # 0 defines a chart in a neighborhood of ooy, as can be read off from (4.4). The calculation
needs six others terms in the principal balance (3.5). By rewriting the coefficients of the series

1/z15(t; Fgl)) in terms of a local parameter ¢ around S’ by using (3.17), the result is that

1 1) 1 7 8
lim — & TW) = —47 4 0@t8).
oo, z15(’ c') = ggt TOE)

Also, by considering the principal balance (3.4) with six others terms and by using (3.9), we find

Loy 17 8
lim —(;T¢7) = —t' + O(t°),
p—0o01 2’15( N ) 288 ( )
and so the series are not identically zero and it follows that the integral curves of V; starting at S’
go immediately into ¢¢(F¢). For the points S”, the only non-zero entry corresponds to the function
214; so the function z14 defines a chart around S”. We show that the flow of V1, that start from the
point S”, goes into affine immediately by checking that the following limits are different from zero.

(4. 7© S R NS 8
lim —(t;T¢’) = lim —(;T¢’) = —t' + O(t°).
oo z14< L) P25 Z14( L) 288" )

Thus, the integral curves of the holomorphic vector field V; starting from all points of D. go

immediately into the affine pc(Fe).

Finally, we turn to the points (3). We must show that there are no such points. Since F. is

irreducible and ¢ is regular the divisor D, is connected. Thus, if D, contains irreducible components
that are different from D((;O), Dgl) and Dg) then at least one of the former ones must intersect one
of the latter ones; moreover this must happen at the points (2). Therefore, we must verify that no
other divisor passes through each of these points. To do this, we compute the degree of D. at the
four points P., S’ and S” and we show that it coincides with the sum of the multiplicities of each
divisor passing through these points.

For the two points P., we consider the function 1/z3, which is a defining function for the divisor

D. around P.. Thereby we know that the vector field V; is tranversal to D((:O) and D.(f) at these
points. By rewriting the coefficients of the second term of (4.5) we have, in terms of a local parameter

(0), that

C

¢ in a neighborhood of the points co. € T

1 1
= (26t —1?) 4+ O3, st?),
(T 4

it follows that the multiplicity of D, at each of the two points P, is 2, which coincides with the
sum of the order of 1/z3 on each of the two intersecting branches.
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For the points S’, we use the series 1/z15(t; F.(gl)). We need the seven leading terms of this series.
We rewrite the free parameters in terms of a local parameter ¢ around co; (3.9). The resulting series

in t and ¢ should start at degree 3 since the point S’ has multiplicity 2 and 1 on the divisor D‘(go)

and Dgl) respectively and the function z15 has a simple pole over each of these divisors. Indeed, we
have

1 —_—

2 3
= =0,
215(t; FE”) Acj

For the point S”, we have in terms of a local parameter ¢ in a neighborhood of coy4 € fil) that

1 1

— ;= o o),

z14(t;Te”)
which shows that there are no others divisors passing through S”. Notice that, since the vector
field V1 is only tangent to one of the branches of Dgl) which cross at the points S" and S”, we have
taken the series expansion along the non-tangent branch.

The conditions of the Complex Liouville Theorem being satisfied, it follows that, for ¢ € Q2 the

projective variety @e(Fe) = @e(Fe) U D, is an Abelian surface and that the restriction of the vector

fields V1 and Vs to these Abelian surfaces is linear. Since ¢, (Fc) contains a smooth curve of genus 2,
it is the Jacobian of this curve. We have therefore proved the following theorem.

Theorem 3. Let (H,{:,-},F) denote the integrable system that describes the Dg2)—T0da lattice,
where F = (F1, Fa, F3) and {-,-} are given respectively by (2.3) and (2.2), with commuting vector
fields (2.1) and (2.4). The weights of the space variables are given by w(xg, 1, T2, Yo, Y1,Y2) =
(2,2,2,1,1,1).

1. (H,{,-},F) is a weight homogeneous algebraic completely integrable system;

2. For c = (c1,c2,¢c3) € 8, the invariant surface F is isomorphic to T2\D, where

(a) T2 is the Jacobian of the hyperelliptic curve (of genus two) f((:o), defined by

a‘e? — (cre + 863)a26 — 4¢3 + c9e® + derese + 166% =0;

(b) De is a divisor on ']I‘z, and consists of three irreducible components DE.O), Dgl) and D£2)

where Déo) and Dg) are both smooth curves, isomorphic to fﬁo), while Dgl) 18 a curve

of genus three, with two singular points, defined by

3208° + (16044 —8c10? + ¢} — 4¢2) 3 — 32c30 = 0.

3. For ¢ = (c1,c9,c3) € Q, the curves D((:O) and D((;Q) intersect each other transversally in two

(1)

points, and each of them intersects the curve D¢’ at one singular point of the latter.

5. GEOMETRY OF THE 0{’ TODA LATTICE

Several elements of the geometry of our integrable system have been established in Theorem 3.
In this section, we give other of them.
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5.1. Half-periods on T?

Proposition 4. For c € Q, the Abelian surface T2 admits ten half-periods at infinity : the

Weierstrass points on DEO) and Dg) (in particular the four singular points of the divisor D)

and siz half-periods on the affine part F.

Proof. Recall that the involution 7 flips the sign of the vector fields V; and Vs, so that it is the
(—1)-involution on the Abelian surface T2. The half-periods on T2 are given by the fixed points of
this involution. It acts on the parameters a,bett of the principal balance z(t;mg) and z(t;m2) as
follows

7(t,a,e) = (—t,—a,e),

therefore the half-periods of T2 that lie on D&O) and D((:Q) are given by the 10 points corresponding
to a = 0 and a = oo, six points on on each curve with two common points : the points Py et P_
(See Figure 1). The involution 7 fixing 16 points on T2, there remain 6 others. By substituting
Yo = y1 = y2 = 0 in the equations
Fi:Civ (22172>3)a
where the F; are the constants of motion, we obtain the system
ToT1T2 = C3,
— 4(1’0 + ZL'Q) —2x1 = ¢y, (5.1)
16z¢x2 + x1 (40 + 1 + 422) = C2.
If we solve the second equation in terms of x; and by substituting in the others equations, this
leads to
2
Tg—T2) = —————
(o = 22) 6 (5.2)
xor2(4xo + 422 + 1) + 3 = 0.

A
Let us pose A2 = ¢2 — 4cy; in this case, we have z9 = 70 & E Then the system (5.2) leads to the

two equations
xo(4xo £ A)(8xog £ A+ 1) + 8¢z =0. (5.3)
In both cases, the discriminant of the left member is equal to
69120% + 288cicocs + 4cs — ek — 64cics,

so that there are no double roots for ¢ € €. For ¢ € €, if there exists a common root xq for both
equations (5.3), the corresponding values of x5 would be different since c% — 4c¢9 # 0. Hence, we
have verified by direct computation that for ¢ € €2, the (—1)-involution admits precisely six fixed
points (half-periods) on the affine part F. of Abelian surface T2.

5.2. The Holomorphic Differentials on D, and Tangency Locus of V;

In order to determine the tangency locus of the vector field V; on the divisor D, we compute
the holomorphic differentials w; and ws on the three irreducible components of D, that come from
the differentials dt; and dty on the Abelian surface Tg. We know that all irreducible components
have multiplicity 1. Let D’ be one of these components. Let us choose the functions 3y and y among
the functions zg, ..., 215 defined in (3.21) such that yo has a simple pole on D" and such that 1/yq
and y/yo define a holomorphic chart around a generic point of D’. We write the Laurent series of
the functions 3y and y with respect to the component D’ as follows

(0) (0)
w(t:D) =Lty o), YD) = L= 4y 0.
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Because of the above condition on g, we have that y((]o) # 0. We have (see [16])
dt;
1 1 1
4(5%) v (%] e [t]

d(2) vili] ve i) dt

which we solve for d¢; and dts, and which we restrict to D/, to find

wa Valy/yoljpr =Va [1/y0l 0

0
w1 Vily/wlp 1w d (y(o)/ o )>

where § is the determinant of the matrix in (5.4), restricted to D',

s L y Va [1/yopr
0
(56) |y y ™ = Oy Vi [y /o]

i

which is non-zero by the above assumptions on y(® and y. It follows that the holomorphic
differentials wy = digpr and wy = diypr are given by

1 d <y(0)>
wi=—gd| = |,
oye” \wo

1 1 (0)
Yolipr Yo
The zeros of wy and ws provide the points of tangency of the vector fields V; and Vs respectively.

Notice that since the degree on the canonical bundle on a divisor of genus g is 2g — 2, the tangency
locus of V (resp. Vs) consists of 2g — 2 points, including multiplicities.

(5.5)

Having explained the method, which is an idea due to Luc Haine (see [16]), we now turn to the
holomorphic differentials on the divisor D¢. In the above notations, we choose yg := 22 and y := 24

so that, restricted to D((:l), we have
0
y(() ) = 27 3/0 - Y
y(O) = —4a, y(l) =0,
and using (2.4) and (3.5),

1 2+3
V, [] __a+3y Vs [24} :4a(ﬁ+ci)_
[De! (2

z92 2 ’

It follows that

5 a? + 3y
1 _
5= 2, =200+
0 da(B+ 2) &

B

The holomorphic differentials d¢; and dts, restricted to Dgl), are therefore given by
Bda B(4a? + 1)
w1 2a(5% + ¢3)’ vz 4a(B? + c3) “ (56)
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For the computation of the holomorphic differentials on the divisors D&O) and D.(:Z), let us consider

the functions yg = 29 and y = z3; these functions restricted to Dgo) and D((:Q), lead to

y(()O) = _27 y(()l) = a,

y(o) = 2a, y(l) = 4c,

and using (2.4) and (3.4) we have
4

1 24
Vo [] __¢ 07 Vs [23] -4 2(e — 2a’c — 12cd).
22 | |p© 2 22 | |p© 2

We find that
. 0 a? — 4c
6 - - 4 2
41, a 2
2a° + 8¢ 3—1—2(6—2(1 ¢ —12cd)

= e —c(a® — 4c+12d).

Thus, the holomorphic differentials wy and w9 on D&O) are given by

2da a’+ 3¢
w1 = —, W2 = — 2

da.

Proposition 5. The vector field V1 is

(i) doubly tangent to one of branches of D((}) passing through the point S’ (resp. S”) and
transversal to the other branch;

(i) transversal to Dgo) and Dg) at their intersection points P,

(#ii) doubly tangent to P (resp. D((;2)) at the point S" (resp. S”).

Proof. (i) In a neighborhood of the point S’ we have, in terms of a local parameter ¢, that
w1 = (=62 + 0(s?))ds, as follows by substituting (3.18) in the differential wy (5.6), which shows
that w; has double zero at the point S’. Also, by rewriting w; in terms of a local parameter ¢

around the point co; by using (3.17), we have that w; = (—1/(2¢3))ds is non-zero. It follows that

the vector field V; is only doubly tangent to one of the branches of D((}) which cross at the point

S’ and tranversal to the other branch. This is done similary at the point S” by using the involution
7w which preserves V.

(ii) and (iii): If we write wy, restricted to Dgo), in terms of a local parameter ¢ in a neighborhood

of the two points oo, by using (3.7) and (3.9), then we find
wi = ——dg,

where € = +1 and 7 is a fixed square root of c% — 4¢o. This shows that wi does not vanish, so that

the vector field V; is tranversal to DEO) at these two points P,. Using the involution 7, it follows

that V; is also transversal to D.E?) at these points. Finally, in a neighborhood of the point oo, by

using (3.10), we have
wi = —4¢3dg,
whence the vector field V; is doubly tangent to D((;O) at S’; by the involution 7, it is also doubly
(2) "
tangent to D¢ at S”.
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6. MORPHISM TO MUMFORD SYSTEM, LAX EQUATION AND LINEARIZATION

In this section, we show the link between the D:(,)Q)—Toda lattice and the Mumford system [13] by
using a method developed by Vanhaecke [17]. We give an explicit morphism of integrable systems
between this systems. We finish the section by given a new Lax equation and a explicit linearization
of our integrable system.

The (—1)-involution sur T2 leads to a singular quotient T2/(—1) which is called the Kummer
surface of T2. In order to use Vanhaecke’s method, it is necessary to find an equation of this
surface. Since one of the components of D, is isomorphic to a smooth curve, say I, of genus two,

the sections of the line bundle [21)((30)} embeds the Kummer surface of T2 in the projective space P3.

To construct this map ¥, we consider the meromorphic functions on Jac(I'¢) which have at worst

a double pole along D, isomorphic to I'¢. In others terms, we look for a basis of polynomials on
H which have a double pole in ¢ when the principal balance (3.4) is substituted into them and no
poles when the other principal balances are substituted. It is easily shown that the space of such
polynomials is spanned by

o :=1, 0y == (y§ — 1 — dao)z2, (6.1)
91 = T2, 93 = $1l‘% .

Let us consider the Kodaira map corresponding of these functions

e+ Jac(Te) — 3
(20y- -5 y2) = (0o : 61 : 0 : 03).

This latter maps the surface Jac(I'¢) to its Kummer surface, which is a singular quartic in P3. The
map ¢ induces on I'¢ the map @D.(:O) : (a,e) — (0:1: (a’e —4c3)/e : e) by taking the coefficients of
t=2 in the Laurent series 6;(t;mg) obtained by substituting the principal balance x(t;mq) in the
funtions 6;, i = 0,...,3. Let co be the Weierstrass point (3.10) on I'¢, we have

¢((;0)(oo) = 212(1)(0 4t 4P+ 00 11— P+ O(ch)
=(0:0:0:1),

so the basis (6o, 01,02, 63) is suitably selected (see [17, Theorem 9]). An equation for this quartic
surfaqe can be computed by eliminating the variables g, z1, 22, 40,42 from (6.1) and from the
equations

ToT1T2 = C3,

Yo 4 y3 — 4dxg — 21 — dao = 1, (6.2)

(5 — 4x0)(y3 — 4x2) — w1 (2y0y2 — dao — 1 — daz) = ¢,
where the first members are the constants of motion Fj, Fy and F3. From (6.1) we have

6391 N 93

Tg, xr1 = 67%, o = 91. (63)

Trog —

Consequently from the second equation of (6.1), after from the second equation de (6.2) one draws
respectively

1
620,

1

(010203 + 03 + 4c367) et ﬁ:m
1

g2 = (03 + 107 — 0102 + 63). (6.4)

Let us rewrite the last equation of (6.2) as follows
221Yoy2 = ((yg — 4x0)(y§ — 4x9) — 02) + x1(4dzo + 21 + 422).
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Upon taking the square of each member, and upon subtituting (6.3), (6.4) into it, we obtain the
equation of the Kummer surface of Jac(T¢); it can put in the form

(401 + c1)* — 4(402 + ¢2))03 + 2f3(61,609)03 + f1(01,02) = 0, (6.5)
where f3 (respectively f4) is a polynomial of degree three (respectively four) in 6; and 69, given by
f3(61,02) = (4601 + 1) (02(c1601 — O2) — 01 (c201 + 4cs)) + 8csba,

f1(01,02) = (267 + 05 — dezfy — c160102)°.

6.1. Morphism to Mumford System and Lax Equation

Let us consider the coefficient of 63 in the equation (6.5) in terms of initial variables z; et y;, to
wit
A = (4o + c2)? — 4(4ao(y2 — 4o — T1y0) + 3).
Let u(\) be a monic polynomial in A whose discriminant is A, we have
u(N) = A2 + (4oo + c)) A + 4o (2 — 4ao — 21) + 2
= N+ (4o + v5 — 4w — 2x1)A + (21 — yoya)® — 4wo(y3 — 21).
Let s1 ant sy be the roots of the polynomial u(\), we have
$1 + 89 = —4x9 — c1, S189 = 4x2(y(2] —4dxg —x1) + c2. (6.6)
which imply,with respect to the vector field V; (2.1) that
$1 + $9 = —4aoys, 5981 + 8189 = 4x2(y2(y(2) —4xp) — x1Y0)- (6.7)

Let v(A) be the polynomial defined (up to a multiplicative constant) as being the derivative of the
polynomial u(A) with respect to the vector field V;, we have

v(A) = i[4zayo\ + 422 (y2(y5 — 420) — 2130)],
one verifies, by a direct computation, that the expression f(\) — v%(\) is divisible by u(\) where
FO) = (AW 4 102 + e\ — 1663) (N2 + 1) + ¢2).

Notice that the affine curve y? = f()\) is (birational to) the affine curve I'¢, by adding the three
Weierstrass points at infinity (see (3.11)).

We now define a morphism ¢ : H — C” from the D:(,)Q)-Toda lattice to the genus 2 odd Mumford

system, where C7 is the phase space of the Mumford system. The homomorphism ¢ is explicitly
given by the map

w(A) = A% + ur\ + ug,
(20, 71,2, Y0, Y2) = § v(A) = v1A + vo, (6.8)
w(\) = A%+ weA2 + wi A + wo,
where
up = yg + y% —4xy — 271, v1 = 4ixoys,

uy = (z1 — yoya)? — 4xo(ys — 1), vo = 4iza(y2(yg — 4m0) — T190),

w2:y8+y%—4$0—8x2—2x1 = u; — 82,
wi = (21 — yoy2)? + 8(dwo + 21 + 222 — Y3 ) w2 — dao(y5 — 1),

wo = —161’2(.7303}1 - .TQ(yg - 4:6())).
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The polynomial w(\) is the polynomial of degree 2 defined by w(\) = (f(A) —v2(\))/u(N). Of
course this map is regular; moreover it is birational to its image. Next it is easy to check that

¢* (Hp) = ¢* (upwo + v3) = —16F, F3,

¢*(H1) = ¢* (wywo + wowy + 2v1v9) = —16F F + F3,

qb*(Hg) = ¢*(qu2 + wiwy + wo + U%) = 2F1F, — 16F3,

¢*(Hs) = ¢*(ug + w1 + urwa) = 2F, + F7,

¢*(Hy) = ¢"(u1 +w2) = 211,

where Hy, ..., H, are the constants of motion of the Mumford system. We obtain a new Poisson
structure on C” for the Mumford system, given by skew-symmetric matrix X := M — M " where

00 {ur,v1} {wr,vo} {ur,wa} {ur,wi} {ur,wo}
00 {uo,v1} {uo,vo} {uo, w2} {uo, w1} {uo,wo}
00 0 0 {’Ul,wg} {vl,wl} {Ul,wo}
M .= 00 0 0 {vo,wg} {’Uo,wl} {?)o,wo}
00 0 0 0 {wa, w1} {wa,wp}
00 0 0 0 0 {wl,wo}
00 0 0 0 0 0
The Poisson brackets of this matrix are given by
7 .
{u,v1} = é((ul + wy)? — 4(u% —up + wi)), {ur,wo} = i(u1 — wa)vy,
7
{ur, vo} = —gel(ua — wa)(uf — w3 + dug + 4wi) +8(vf +wo)],  {uo, v1} = {u1, v},
{ur,wa} = —2ivy, {uo,v0} = *,
{ur, w1} =i(ur — wa)vy — 2ivo, {uo, w2} = —2ivo,
{UD, wl} = —i(ul + wz)vo - QiUOvl,

{u(), wo} = é[(ul — w2)2(v1 (u1 + w2) + 2110) + 4(UQ — wl)(vl(wg — ul) + 21)0))

+ 8v (v% + wg)} ,

{v1, w2} = =((Bur — wa)? — 4(u +ug — wr)),

8
7
{vi, w1} = _E[(ul — wz)(Su% + w% + dugwy + 4wy — 12up) + 8(2}% — wp)],
7
{v1,wo} = E(ul — wy) [(u1 4+ wa)(uf — wi — 4(ug — w1)) + 87 ],
7
{vo, w2} = _EKul — wg)(u% — w% + 4wy — 12up) + 8(1}% — wp)],
{anwl} = %,

{vo,wo} = 12—6((111 —w9)?(u1 + wo) (ug — wy) — 2wo(ut + w3) — 4(uy — ws)(ug — wy)?

+ 8U%(UO — wl) + 4u1w0w2),
{wa, w1} =i(ur —wa)vr,

{wa, wo} = i(u; — wa)vo,
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(w1, wo} = —% (1 — w2)?(or (ur + w2) + 20) — (o — wn)(vn (ur — ws) + 2vp)

- 8'01 (wO - v%)]v

where
{ug,vo} = _%6[(1” —w2)(((u1 + w2)(u1(uy — wa) — 2up) + 4ujwy)
+ 8(uo(uo — wi) + w1 (wo + 7)),
{vo, w1} = _TZG[(UI — wo) (w2 (u? — w3) — 2ug(3wy — uy) + dwiws)
+ 8(wav? — wouy — ug(ug + w1))].
One easily verifies that the functions Hg, ..., H4 are in involution for this Poisson structure

and that the functions Hy and Hs = 4H3 — HZ generate the two commutating vector fields of the

odd Mumford system on C7. Since the Poisson brackets are weight homogeneous, it is clear that
this new structure is not a linear combinaison of the three linear Poisson structures known [14] ;
moreover this Poisson structure is not compatible with them.

Theorem 4. A Lax representation of the vector field Vi = Xp, is given by

d [o) uh) ) V=T v uN) 0 1
dt \ w(n) —u(\) 2 wA) —v(\) ] \b(\) 0

where b(\) = X\ — 8xg is the polynomial part of the rational function w(\)/u(N).

6.2. Linearization and Integration

We now proceed to the linearization of the integrable system, by using the method developed
by Vanhaecke. Since in a one hand we have f(z)—v*(z) = u(z)w(z), and in an other hand the
variables s; and s2 are roots of the polynomial u(z), we have from (6.6)

f(sk) =v(sk),
= dizoyasy, + 4iza(ya(yg — 4x0) — T1%0), k=12
= —i($1 + $2)sk + (8281 + $182).
So that
f(s1) = —i(s1 — s2)$1, et f(s2) = i(s1 — s2)82.

It follows that, in terms of the variables s; and so the differential equations (2.1) of the vector V;
can be written in the form

dsy n dso _0
VI Vf(s2) (6.9)
81d81 82d$2 ’

— idt,
NIRRT

where f(z) = (23 + c12% + cox — 16¢3) (2% + c12 + ¢2). The form (6.9) is equivalent to

0

2
d Qk_)
a(z/o “) -1 |
k=1""k
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-
where W = <\/‘%, j}%) is a basis for holomorphic differentials on I'¢, Q1 := (sl, \/f(51)>,

Qo = (32, f(SQ)) two points of I'c and Q1+ Q2 = (31, f(sl)) + (32, f(32)> viewed as a

divisor on the genus 2 hyperelliptic curve I'c. Thus, by integrating (6.9), we see that the flow of

V1 is linear on the Jacobian of this curve T'c. By using [13, Theorem 5.3], one shows that the
symmetric functions s; and s9, and hence the original phase variables can be written in terms of
theta functions.
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Abstract—We investigate geometric properties of the (Sato—Segal-Wilson) Grassmannian and
its submanifolds, with special attention to the orbits of the KP flows. We use a coherent-
states model, by which Spera and Wurzbacher gave equations for the image of a product of
Grassmannians using the Powers—Stgrmer purification procedure. We extend to this product
Sato’s idea of turning equations that define the projective embedding of a homogeneous space
into a hierarchy of partial differential equations. We recover the BKP equations from the classical
Segre embedding by specializing the equations to finite-dimensional submanifolds.

We revisit the calculation of Calabi’s diastasis function given by Spera and Valli again in the
context of C*-algebras, using the 7-function to give an expression of the diastasis on the infinite-
dimensional Grassmannian; this expression can be applied to the image of the Krichever map
to give a proof of Weil’s reciprocity based on the fact that the distance of two points on the
Grassmannian is symmetric. Another application is the fact that each (isometric) automorphism
of the Grassmannian is induced by a projective transformation in the Pliicker embedding.
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Keywords: Calabi’s diastasis function, Canonical Anticommutation Relations, Universal Grass-
mann Manifold, Weil reciprocity, 7-function

INTRODUCTION

The connection between infinite-dimensional Grassmannians and KdV- or, more generally, KP-
type equations is by now classical (see, e.g., [1, 2] and references therein). Sato’s interpretation of
the KP hierarchy as the Pliicker equations for the Grassmannian motivated the discovery of new
links between finite-dimensional representation theory and quantized, C*-algebra, versions [3, 4].

This note focuses on applications of integrability to the geometric and metric properties of the
infinite-dimensional Grassmann manifold. Sato’s formal setting is the simplest to describe, and it
will be used; but the functional-theoretic setting, particularly the one introduced by Spera et al.
[4-7] in which a C*-algebra acts on the Grassmannian, allows us to obtain new results.

We review the construction [4] of the Determinant and Pfaffian bundles over the Grassmannian,
and the “boson-fermion” correspondence, comparing the approach in [7] and the “Sato approach”
[1]. Through this correspondence, the defining equations of the embedded manifolds have been
related to various integrable hierarchies. In the framework of [1], the (representation-theoretic)
description of an orbit translates into PDEs via the 7-function expression of the Pliicker coordinates,
which turn out to be derivatives of the 7-function. But there is a different approach (“baby-KP”),
that uses the embedding algebraically to characterize polynomial tau functions of the KP hierarchy.
We derive the BKP hierarchy (see e.g. [8]) in each approach, from the Pfaffian line bundle, via the
Segre map introduced in [4].
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“E-mail: mauro. spera@univr.it
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One metric property that the Spera—Valli theory introduced is the local invariant defined for a
Kéhler manifold by Calabi [9], who called it “diastasis” because of its relation with the geodesic
distance. Calabi’s study of the diastasis was motivated by the problem of complex-isometric
embeddings: specifically, he generalized a result of L. Bieberbach (1932) who produced a model of
nonsingular, complete surface in a separable Hilbert space, isomorphic to the hyperbolic disc, and
proved that the whole group of Mobius isometries can be induced by affine isometries of the ambient
Hilbert space. More recently, algebraic invariants of subvarieties of projective space were used to
express their (Fubini-Study) curvature [10, 11]. On the other hand, work on geometric quantization
[12] reintroduced the diastasis in the context of a “coherent-states map”, which embeds a Kéhler
manifold in the projectivized space of sections of a given holomorphic bundle. This is ideally suited
to Sato’s Pliicker embedding. Starting with the expression of the diastasis in unitary coordinates,
Spera and Valli show the rigidity of the embedding [7, Th. 4.1], also observed by Calabi, which
we reinterpret algebro-geometrically, for the Grassmannian and Segre manifolds; it seems to us
surprising that isomorphisms of these manifolds which were produced by differential algebra are
in fact restrictions of projective maps. Our methods thus differ from the loop-group-theoretic ones
used by Dorfmeister et al. (cf. [13], e.g.) to study (iso)metric and homogeneous properties of the
Segal-Wilson Grassmannian.

We review the construction of Sato’s Grassmannian, as well as the coherent-states approach,
Determinant and Pfaffian bundles, and boson-fermion correspondence in both settings, in Section 1.
Section 2 contains the results on the diastasis, and Section 3 the applications.

1. DETERMINANTS
1.1. Sato’s Universal Grassmann Manifold (UGM)

The geometry and representation theory of Sato’s infinite-dimensional Grassmannian (UGM)
was importantly related to PDEs (Partial Differential Equations) by Sato’s result [2]. We recall
that setting vis-a-vis the finite-dimensional theory so as to extend it below.

First we define the UGM. The Grassmannian can be studied in two categories: formal, or
analytic. Both approaches are used below; the former is appropriate in the model of projective
geometry, Pliicker and Segre embeddings; the latter is needed to use results that hold for C*
algebras. The type used will be clear from the context. The field of coefficients will be the complex
numbers C, unless specified to be the reals R.

Let V be a C-vector space, dimV =m +n = N; we recall the Pliicker embedding of the
Grassmann manifold Gr(m, V') of m-dimensional subspaces of V', also abbreviated Gr(m, N),

Gr(m,V) = {m—frames in V}/GL(m) — P(A"V),

7O D 7O A A gD,
If we fix a basis eg,...,eny_1 of V, and write 7 = mo,i€0 + ... +TN—1:6N—1, then 7O A A
W(m_l) = Z g lyy1€lo /N oo NeEp, with o 1 Zdet(ﬂgi,j)m:o’m,m_l.

0<b<...<lyp—1<N

Fact I. A point in the ambient P(A™V) lies in the embedded Gr(m, V') < its projective coordinates
Tto..ly_1 (0 <l < N) satisfy the Pliicker relations (PR):

Z(_1)i7rk0"'k"m*QZiWZQ...@.A.Zm = 0 (PR)
i=0
Therefore,
Gr(m, V) = (Gr(m, V)\{0})/GL(1)
where:

Gr(m,V) = {(my)yca,,, satisfying the Pliicker relations} is a line bundle over Gr(m,V), Y is a
Young diagram consisting of rows of length (¢,—1 — (m —1),...,¢1 — 1,£p), so it is contained in
the rectangle A,y
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Fact ILI. Let m < m/,n <n/,N' =m/ +n/
(i) If (Wg/)yCAm/N/ satlsﬁes (PR), so does its restriction to Y’s within A,,nx

(ii) If (7y)yca,,y satisfies (PR), so does (7y)yca, ,, Where my = 0 unless Y C Ay, yielding
the commutative diagram:

Gr(m!, N') P55 PIOJC G (m, N)
| identity | identity

embed

Gr(m/,N') “& Gr(m, N)
Define: Gr = (@\{0}) /GL(1) where Gr = {(TY)y all Young diagrams satisfy all Pliicker relations}:
Gr "% Gr(m, N)

T dense | identity
fin embed

Gr Gr(m, N)
where Gr " = = {(¢) € Gr: & =0 for almost all Y} = Unn.v Gr(m, N).
Time deformations can be defined by:

Ty (t) = Z Xy y (t)myr where xy/y (t) := det(pg_;(1))
all Y

po(t) =1, pu(t) := > s (! ).
v1+2v2+3v3+...=n
Write xy/g as Xy, xy (t) = det(ps,—;(t)) are the Schur functions.

To connect with the KP hierarchy, let wy,(z,t) := (—1)”%

and S :=1+w(z,t)0"" + ... a formal pseudodifferential operator.

where x 4+t = (z + t1, 12, ...)

Note. The Pliicker coordinate

)= xv(t)my =7(r,1)

all Y

is a ‘generating function’ for Pliicker coordinates,

91010
Ot1’ 20ty 30t37

By reducing to Gr(m, N) and checking, we see that every my (t) satisfies the Pliicker relations,

Ty (t) = xy (0)mp(t) O =

so we have a dynamical system on Gr, which satisfies the KP hierarchy: if
L=2505""

then E)tnS = BnS— SO" <— [8tn — Bn, atk — Bk] =0« (‘3tn[, = [(ﬁn)+,£], where B, = (S@”S_l)+.

Lastly, introducing Hirota’s bilinear operator:

_(9 _9 /
O, F-F = (8% (%n) F(t)F(t)

Conclusion [2]:

Although any f(t) € C[[t1,t2,...]] admits a formal expression of the form f(t) = >, cyxy (),
where the coefficients are

Lo = (t1,t2,...), t' = (11, t5,...),

cy = Xxv (9¢) () |i=o0,
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it represents the 7- function for some 7 € Gr <= its coefficients satisfy the differential Pliicker
relations (dPR),

Z(_I)ZXkO...km,léi <2t> Xyl <_2t> T-7=0 (dPR)

i=0
which is the KP hierarchy in Hirota bilinear form.

Now we recall the Borel-Weil theorem which classifies the irreducible representations of a (real)
compact Lie group (whose complexification we call G for short, though in [14] the notation is
Gc) in the finite-dimensional setting: we refer to [14, Ch. 2, Ch. 11] for details as well as the
infinite-dimensional extension of the theory.

Viewing the (complex) Grassmannian as a homogeneous space, with the [14] notations for the
unitary groups, U(k) (complex-entry matrices which equal the inverse of their complex-conjugate
transpose) and

Gr(k,n) 2 GL,(C)/U (k) x U(n — k),

the theorem says that the representation spaces in question are the spaces of holomorphic sections
of Ly, the line bundle associated to A, the opposite of a dominant weight.

The consequence that most matters to us pertains to the embedding of Gr(k,n) in projective
space given by the dual Det* of the determinant line bundle: The space of sections of Det* on
Gr(k,V) is naturally isomorphic to AF(V*), where V is an n-dimensional space containing the
elements of the Grassmannian.

In this finite-dimensional setting, the Pliicker relations give quadrics whose intersection defines
the image of the Grassmannian in the embedding by Det*.

The tau function 7 defined above as my(t) is the section of the dual of the (tautological)
determinant bundle of Sato’s infinite-dimensional Grassmann manifold [1], [15]. Over the “big
cell”, it is possible to normalize the coordinates on the Grassmannian and view 7 as a function (of
the Pliicker coordinates) — this is our tacit assumption throughout the paper — and express it via
Schur functions.

1.2. Canonical Anticommutation Relations (CAR)-algebra Model

The Sato Grassmannian Gr will be thought of as embedded into the Hilbert-space (or restricted)
Grassmannian of Segal-Wilson (analytic approach). We briefly recall the main points of the
C*-algebraic approach to Hilbert space Grassmannians and Determinant line bundles developed
in [3, 4, 16]. As general references on the C*-algebra theory employed here one may consult,
e.g. [17, 18].

We list some basic definitions and properties for the reader’s convenience. A C*-algebra A is a
Banach algebra equipped with an isometric antilinear involution (or %-operation) z — z* such that
(ry)* = y*z* and ||z*x||=||x||®> (the latter property characterizes C*-algebras within involutive
Banach algebras). Specifically, a C*-algebra can always be realized as a norm-closed involutive
subalgebra of B(H) (bounded linear operators of a Hilbert space H). A state w on A is a positive
linear functional over A of norm one (namely w(z*z) > 0 Vo € A and || w [|:= supj,=; w(z) = 1).
A cornerstone of the theory is the Gelfand-Naimark—Segal(GNS)-construction, which associates to
any state w a representation p,, of A by bounded linear operators on a Hilbert space H,,, such that
w(z) = (pu(r)éw, w), With &, € H,, being a (unit norm) cyclic vector (namely, p,(A)&, is dense in
H,). As a simple yet fundamental example consider C°((2), the C*-algebra of continuous functions
on a compact space ), acting naturally, via multiplication, on L?(£, i), where u is any positive
normalized Borel measure on ) (a state on C°(2)). Applying C°(Q2) to the function 1 one gets a
dense set in L?(€2, ) (Riesz-Fisher): thus we have a GNS-triple (p,, H, = L*(2, ), &, = 1).

We are now going to apply the above to Grassmannians.

For definitess, one can think of the standard Fourier decomposition of the Hilbert space
H =L?(S',df) = H, @ H_. We first recall the definition of CAR-algebra and gauge-invariant
quasi-free states upon it.
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Given a complex, separable Hilbert space K (called the one-particle space), the CAR (Canonical
Anticommutation Relations) algebra A(K) is the universal unital C*-algebra generated by creation
operators a*(f) (depending linearly on f € K) and their adjoints a(f), annihilation operators
(depending antilinearly on f € K), fulfilling the following relations:

a*(fa(g) +alg)a™(f) = (f,9) -1 a(f)alg) + alg)a(f) =0

with f, g € K, (,) denoting the scalar product in K, depending linearly on the first factor, and
1 being the identity element of A(K) (slightly different conventions are often used in the general
references given above). The unitary group U (K), which is the natural symmetry group of K, acts
on A(K) through C*-automorphisms oy defined by ay(a(f)) :=a(Uf) for U € U(K) and f € K.

Next, we briefly review the definition of gauge-invariant quasi-free state of the CAR algebra. For
the C*-algebra A(K), consider the state wp associated to a hermitian projection operator F on K
(that is, £ = E* = E? where A* denotes the adjoint of a (bounded) operator A) via its n-point
functions

wp(a*(f1)...a*(fa)algr) . .. algm)) = num det({f;, Eg;))

for f;, g; € K. In fact, these are determined by the 2-point functions, the non-trivial ones reading:

wr(a*(f)alg)) = (f, Eg)

for f, g € K. These states are called gauge-invariant since they are invariant under the U(1)-
action given by the multiplication by unit-norm complex numbers on K and quasi-free since they
relate to free fermionic quantum fields. The GNS construction now associates to every state wg a
representation pp of A(K) by bounded operators on a complex Hilbert space (Hg, (, )#,) and a
cyclic unit vector g (unique up to a phase) such that

wr(A) = (pe(A)EE, EE)Hy

for all A in A(K). Since the state wg is pure, the GNS-theory tells us in addition that pg is an
irreducible representation of A(K'). The cases E' = 0 and E = I, respectively, yield representations
called Fock and anti-Fock, respectively.

The GNS vector {g is characterized (up to a phase) by the property:
pu(a*(f))és = 0¥ € EK, ppla(g))és = 0¥g € (I - B)K.

Let K’ denote the dual of K; we have (f', ¢') ;s = (g, f) i (f — [’ denotes the natural antilinear
duality operator). We introduce (in a special case) what is known as the Powers—Stgrmer purification
map: the state wg on A(K) = A(K @ 0) is the restriction of the state wpgp on A(K @ K'), where
F=1-F, and F’ is the corresponding adjoint operator on K’. The space (F @ F')(K @ K')
is the isotropic subspace in K & K’ corresponding to FK (with respect to the complex bilinear
form induced by the scalar product in K & K’, given by evaluation). This will have a natural
counterpart in terms of Grassmannians. Recall the crucial Fock-anti-Fock (FaF) correspondence,
i.e. the canonical complex linear C*-algebra isomorphism x : A(K) — A(K’) induced by the map
a(f) — a*(f’). One has wg o x = wp and y induces a map (denoted by the same symbol) which
intertwines the representations (pg, Hg,{g) and (pp/, Hpr, {pr) of A(K) and A(K'), respectively.
In particular, y intertwines the corresponding Fock and anti-Fock representations.

A special case of a theorem of Powers and Stgrmer states that two quasi-free representations of
A(K), (pE,HE,¢r) and (pr, HF,&F), say (corresponding to hermitian projections E and F'), are
unitarily equivalent if and only if E — F' is a Hilbert—Schmidt operator).

We consider the following “restricted” Grassmannians (see [14, §6.2] for the original definition)
Gr = Gr(H,H;), GR:=Gr(Hc,Hy ® H-)

(the second one coming from an obvious purification); as shown in [3], [4], points W in Gr (say,
for definiteness), identified first with orthogonal projections Eys onto the respective subspaces,
correspond to gauge-invariant quasi-free states wg,, =ww of the CAR-algebra A(H) yielding
(irreducible) GNS-representations (of A(H)), pw, unitarily equivalent to the (anti)-Fock one (pg., ).
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By virtue of the theorem of Powers and Stgrmer recalled above, one has ultimately the following
simple characterization ([3]):

Gr=Gr(H,H;) ={W < H| Ew — E; is Hilbert-Schmidt}

Thus, points in Gr are concretely realized as rays (w), &y being the (unique up to phase) GNS
cyclic vector realizing the state wy (-) = (pw (-)éw, Ew) in the (anti)-Fock GNS-representation space
H, i.e. as points in P(H4); these rays yield, in turn, the fibres of the Determinant line bundle Det
(pull-back of the tautological bundle O(—1) — P(H)); this is the standard Pliicker embedding

Pl: Gr — P(H,).

The whole setting is Uyes(H )-equivariant. Recall that the restricted unitary group U,es(H) consists
of the unitaries in H commuting with the polarization operator F; — E_ up to a Hilbert—Schmidt
operator, and that one has the homogeneous Kéahler manifold description

Gr = Gr(H, Hy) = Uyes(H)/ U(HL)x U(H_)

By virtue of [3] and [15], we connect two theories:

Fact. The determinant bundle Det coincides with the natural determinant bundle over Sato’s
UGM, in the analytic context [15] (which will be reviewed in subsection 3.2).

For comparison, we present the objects more specifically. Let us fix the GNS-representation
(p+,Hy,&4+). We drop the suffix + for ease of notation. Any other GNS-representation correspond-
ing to Y € Gr(K, K) is unitarily equivalent to it and can thus be realized on H. The GNS state
becomes a vector state and gives rise to a complex line in H, which will be denoted by Dety where
Y =UK;, U € Upes(K,Ky). In view of U,¢s(K, K4 )-equivariance, one has:

Dety = De'EUKJr = UDetK+

where U denotes the (linear) unitary operator that corresponds to U up to a phase on H. There is
a natural central extension of Uy.s(K, Ky) by U(1) denoted by U/, (K, K ). By equivariance, this
gives rise to a holomorphic hermitian line bundle Det — Gr(K, K ):

i) Det — Gr(K, K;) is a holomorphic hermitian line bundle and U
on the total space; specifically we have Detyy, = C - ﬁ§+, where U in U
Ures (K ) K +) .

ii) H* is canonically realized inside I'o(Gr (K, K ), Det™).

iii) The bundle Det is isomorphic to the Determinant bundle of [14].

An explicit description is

Det = {(V,£) € Gr(K) x H | a*(y)é =0 VYyeY anda(y)é=0 Yyt eVi}

(operators are meant to act on the fixed representation space). Informally, £ can be viewed as an
infinite wedge product £ = y; A y2 A ... manufactured from an (admissible, in a suitable technical
sense) orthonormal basis of Y. In quantum-field theoretic terms Dety corresponds to the Dirac
vacuum filled with the antiparticles relative to Y (Dirac sea). The upshot is the following [4,
Corollary 8.2]: The Hilbert-Space Grassmannian Gr(H, H ) is diffeomorphic, via the Pliicker map
and the GNS construction, to the (projective) Uy.s(H, H)-orbit of the GNS-vector £, associated
to the reference quasi-free state wy in H4, the latter group acting via the projectively unitarily
implemented automorphism group « associated to U.
The Pliicker equations for the embedding were given in [3] in the concise form

a*(w)éw =0 Yw e W
where a*(w) = a(w)* is the creation operator pertaining to w (this is, in turn, a manifestation of

the Pauli Exclusion Principle in quantum physics).

Let S denote the set of subsets S of the integers for which both S\ N and N\ S are finite (cf.
[15] or [14, §7.1]). Let S" denote the set of all S’ =Z\ S with S in S. Then [3], [4], one finds the

following geometric expression for the Pliicker coordinates

ms(W) = (W, Hy) g2 (s) = (W, Hs)

(K, K4 ) acts equivariantly
(K, K4 ) lies over U in
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where Hy = Hy, and Hg is manufactured in the following way (it is useful to keep the infinite
wedge product description in mind): one takes the standard orthonormal basis in H = L?(S', df),
and replaces the standard orthonormal basis in H by the basis vectors labelled by S. In fact, what
should be taken are scalar products between GNS-vectors.

1.3. The Pfaffian Line Bundle

Let (H,g=1(,)) be a real Hilbert space and Hc = H @ C its complexification, endowed
with the C-linear extension B = ¢ of the metric and the canonical hermitian structure (u,v) =
B(u,v), where h @ A = h ® A denotes the canonical conjugation of Hc. The Clifford algebra is
the real (universal) Banach algebra with unit 1 generated by operators v(u), v € H fulfilling the
anticommutation relation (u,v € H)

Y(w)y(v) +v(v)v(uw) = g(u,v) - 1.
(the present convention adheres to quantum-field theorists’ usage). The complex Clifford algebra
C(Hc, B) is then by definition
C(Hc, B) = C(H,g) ©r C

and turns out to be a unital C*-algebra isomorphic to A(W), where W is any B-isotropic subspace
of He such that W = W+, Any such W gives rise to a complex structure J on H, that is J € J(H),
where

J(H)={J:H — H|Jis a g isometric and J? = —1}

(the Siegel manifold, or isotropic Grassmannian). Indeed J yields W = Eig(JC, +i), the eigenspace
of eigenvalue +i of the complexification JC of J, and conversely the operator

JC =i (Bw — Ey.)
preserves H and yields a J = Jw:
J=1i-(Ew — Ey1)|m, (1.1)
denoting the orthoprojector onto a subspace Y C H¢ by Fy. In analogy to the unitary group case,
O in O(Hc, B), the orthogonal group associated with B, acts on C(Hc, B) by a C*-automorphism

group ao, extending aop(y(v)) = v(Ov). The same holds, of course, for A(W). These particular
automorphisms are called Bogolubov automorphisms (or transformations, see, e.g., [17-21]).

Remark. If H is a complex Hilbert space, regarded as vector space over the reals, the relationship
between A(H) and C(H) is displayed by the formula

_1 «
V() =2"2(a(f) +a(f))
The assignment f — ~(f) is called Majorana field in quantum field theory.

The automorphism-group implementation problem can be posed for the orthogonal group in the
Clifford algebra context as well.

Consider the anti-Fock state w; on A(W) and its corresponding GNS-representation (pr, Hr, &1).
Each U in U(W) obviously preserves the projector I, so by Powers—Stgrmer it is implemented, but
in fact we have a larger symmetry group O(Hc, B) coming from the Clifford point of view. Since
these automorphisms ap (for O in O(Hc, B)) of A(W) are not induced from operators on W in
general, we need the Shale-Stinespring theorem to decide when O is implemented, which we can
formulate in the following guise:

For O in O(Hg, B) there exists O € U(H;) such that p; o ap(a) = O o pr(a) o O~ for all a € A(W)
if and only if O € O,cs(Hc, B) := O(Hc, B) N Ures(He, Hy ).

Now, in close analogy to the previous case, the O,.s(Hc, B)-orbit of the projector onto W in H¢
yields by definition the (restricted) isotropic Grassmannian, or restricted Siegel manifold Jres(H ).
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Equivalently, it is easy to see that Jy.s(H) describes all isometric complex structures on H differing
from Jy by a Hilbert—Schmidt operator. In conclusion,

Tres(H) = O,es(He, B)JUW) = {J € J(H) | J — Jw is Hilbert-Schmidt}.

It follows that there is an O,s(Hc, B)-equivariant embedding
i Jres(H) — Gr(Hc, W)

sending J in Jyes(H) toY = Eig(JC, i) and having as its diffeomorphic image {Y € Gr(Hc, W) | Y is
B-isotropic and Y+ = ?}. Also, Jres(H) parametrizes all anti-Fock states w := wy o oo yielding
GNS representations of the CAR algebra A(W) unitarily equivalent to the reference one py. Working
in the reference GNS space Hy, the complex lines generated by their GNS vectors will realize the
fibres of the Pfaffian line bundle, defined below. We also recall how a Bogolubov automorphism
ao associated to O in O,.s(Hc, B) acts on A(W): an element u of Hc considered as ~y(u) in

C(Hc, B) =2 A(W) is mapped, up to a factor, to a*(EwOu) + a(EyOu) (cf. [20]).

The FaF correspondence has a geometrical counterpart which will be also relevant in our
discussion of the Segre embedding. Let us take a complex polarized Hilbert space H = H, & H_,

which we regard as a real one. Let us set H_ := H_ and, correspondingly, denote its projector
by F_.

Upon complexification, any subspace Wi € Gr(H, Hy) goes to an isotropic subspace Y =
Wy & Wit € Jres(H) C Gr(Hg, W), where W = H, & H_: this is a geometric version of Powers—
Stgrmer purification. The above map is equivariant with respect to the natural embedding
Ures(H, Hy) < Oyes(He, B). Let us notice that, for Y € J.es(H), A(Y) and A(Y) are canonically
isomorphic by the FaF correspondence, since Y can be identified C-linearly, via B, with the dual Y.
Let Hp, respectively Hz denote the GNS-spaces carrying the GNS representations of A(H),
respectively A(H), induced by wg, , respectively wg . We have the following (notation of [14]
and [3]):

I

i) The following isomorphisms hold: Hg, = ¢*(S), Hz = (*(S'), and Hp o = (2(S)&r2(S')
HE+ ®HF, .

ii) The FaF correspondence reads as follows, in terms of the natural orthonormal bases in Hg,
and Hz (with a slight abuse of notation)

X HS = Hié‘ = Fs/.
iii) The correspondence also gives rise to a Kéhler isometry
Gr(H,H,) =~ Gr(H,H_)

(which allows identification of the two manifolds).
iv) The embedding Gr(H, Hy) — Gr(Hc, W) reads, in terms of Pliicker coordinates:

w5 (Y) = (Wi @ Wit Hs @ Hi,) = (Wi, Hs) (Wi, Hr) = ms(W1)mr(Wh).
In particular,
(5,5 (Wi @ Wit) = ms(Wh)?.

We briefly recall the infinite-dimensional version of the spin representation. Let S be the GNS
representation space H’IL‘M(/W) of the CAR algebra A(W) and O (Hc, B) the central U(1)-extension
of Oyes(He, B) implementing the Bogolubov transformations ap as unitary endomorphisms of S.
This linear action of O, (Hc, B) on S is called the Spin®-representation of Ores(Hc, B).

Tes
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We recall that in contrast with the finite-dimensional case, one cannot render it two-valued only.
We shall realize this representation in a Borel-Weil fashion by resorting to the Pfaffian line bundle.
The latter is given as

Pt = {(Y,€) € Tres(H) x H ™) | (a* (yw) + a(miD))E =0 Yy = yw + yyye € Y},

where yy and yy, . are the projections onto W and Wtrespectively; if we denote by p; the GNS-
representation of A(W) associated to the anti-Fock state wr,,, the operators act in the anti-Fock
representation pr := pr,,. More precisely, we have the following result (Theorem 9.2 of [4]):

i) Pf — Jres(H) is a holomorphic hermitian line bundle.

ii) Oy (Hc, B) acts equivariantly on Pf.

iii) S* = (H?(W))* is canonically realized inside the holomorphic-section module of Pf*, i.e. we
have a Borel-Weil description of the infinite-dimensional spinor module.

iv) Using the embedding i : Jyes(H) < Gr(Hc, W) given above we have i*Det = Pf®2,

The crucial point of the proof is that, at the level of GNS vectors, one has:

Pty ® Py = C{[W@OW = (CfEW C Hg(HC)

w

which is the line Dety. The whole construction enjoys O,..s(Hc, B)-equivariance.

Let Pf denote the projective embedding of J..s(H) into P(S) by means of the vector space
of sections S&* of the line bundle Pf*. Then the restricted isotropic Grassmannian J.s(H) is
diffeomorphic, via the map Pf, to the (projective) Oyes(Hc, B)-orbit in P(S) of the anti-Fock
state vector &1, . Furthermore, for a product of Grassmannians, the upshot is [4, Theorem 10.1]:

i) Upon restriction to the “small” Grassmannian Gr(H) = Gr(H, Hy), Pf|g ) = Det.

ii) There exists a natural Segre embedding Seg: Gr(H) x Gr(H) — Gr(Hc) = Gr(Hc, W)
defined by: Seg((Wy,Ws)) = Wi @ (W) (projective embeddings understood). The embedding
is realized via the bundle Detg, ) Det*Gr( ) (“box” product).

The reader of [14, Proposition (12.3.1)] may note that the second factor of the box product is
missing for the map sq from their diagram.

In subsection 3.1, we will write the analog of the (PR) for this product. The classical
interpretation of the KP hierarchy as Pliicker equations for the 7-function [2] uses a vertex operator
exp(zA) (more generally, exp(zA + yA? + tA3), e.g.)

p\r g Y, €Xp Y ) €.8.),

01 0 ...

A:=100 1 0 ...|, an 0o X 0o matrix;

evolutions are defined on Gr(2, 00) by multiplication exp(xzA) - F', using a frame F = (951 f;)oox2,
where f1, f2 is a fundamental solution of the equation f”(x) + a(z,y,t)f'(x) + b(z,y,t) f(z) =0 (a
boson-fermion correspondence, cf. subsection 1.4); the (PR) for this frame are the KP equation in
Hirota’s bilinear form [22].

Instead, we will use directly the geometry of the finite-dimensional space of soliton 7-functions.
Again, we review this technique for the KP case, where the equations define a Grassmannian.

The subspaces of the Sato Grassmannian in question have Baker functions

n .
w(n)_ 9 emz+yz2+tz3

AT 9

and the Pliicker equations hold for the coefficients ¢;, . ;, of

T(.%',y, t) = E Ciluikwilmik(x?uat)a
1< <ia <. < <n

)

Z=A\
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where w;, . ;, =Wronskian(¢;,, ..., ¢;, ) for any basis ¢;,, ..., ¢;, of the Grassmannian subspace.
The statement is: 7 satisfies

_37—3 + 37—9?96 + 37—7—9?! + ATy — ATTut — AT Tazwe + TTogze = 0
if and only if the coefficients satisfy the Pliicker relations:

k+1

7 _
§ (_1) Cay...ap,_1b;Cby..bi_1b;1..bg 1 — 0,
i=1

for all subsets A = {a1,...,ax_1} and B = {b1,...,bgt1} of {1,2,...,n}, for any possible choice of
k. Using this formulation one can check the strikingly simple:

Remark. Every function 7 that satisfies 7., = 7, and 7,,; = 7y is a solution of the bilinear KP
equation.

1.4. Boson-fermion Correspondence

A correspondence between bosons and fermions is an important tool in physics and represen-
tation theory; we do not delve on its significance, but rather, identify it in our setting so as to
transliterate objects and formulas used below.

In the conventional Sato formalism (cf. e.g. [1]), the correspondence can be used to take the
Grassmannian of subspaces of analytic functions on the disc to formal pseudodifferential operators;
in two-dimensional quantum-field theory, as explained in [14, introduction to Ch. 9 and §10.7], it
is a correspondence between an exterior algebra and a sum of symmetric algebras.

Let v, ¥¥, n € 2Z 4+ 1, be elements of a Lie algebra that acts on a Hilbert space, and satisfy

no
the relations

[¢m7'¢}n}+ = W;%#/JZH = Oa [Wmﬂinh = 5m,na
where [X,Y]; = XY + Y X. The vacua (m|, [m), m € 2Z + 1 are defined by the conditions

(m|tp, =0 for n < m, (m|ypy =0 for n > m,

Yplm) =0  for n>m, Prm) =0 for n <m.
They are related by
Ymlm = 2) =[m), (m = 2|y = (m].

The Fock spaces H,,, H, are constructed from |m) and (m/| respectively by the action of an equal
number of 1, and ;. The pairing between H,, and H;, is defined by normalizing

(m|m) = 1.
Let us set

hook =Y $atiop,

ne2Z+1
21
T =exp(—) 7 J2nh—2x),
k=1

where Jy, are commutative variables. Notice that (m|T = (m| for any m. The boson-fermion
correspondence gives the isomorphism of bosonic and fermionic Fock spaces, H5,, | ~ C[Ja, Jy, .. ],

(2m — 1]a — (2m — 1]|aT’|2m — 1). (b = f)rep

The above boson-fermion correspondence may be understood geometrically in the setting of
subsection 1.2 as follows [3, 5, 7]: in view of the above algebraic construction of Det, one has
[15] a natural holomorphic section 7y of the dual Det* of the Determinant line bundle, naturally
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associated to W, hence to the CAR-algebra state wyy, with cyclic vector £y € Ho. It can by given
explicitly by

TW((W/,’U)) = <U7£W>a v € Detyyr.
The assignment
Hy 3 &w — mw € I'p2(Det” — Gr) (b — f)geo

is precisely the boson-fermion correspondence, in the language of [3], [4]. Note here that we are in
the analytic, not formal, category, and what is meant as L?-holomorphic sections over an infinite-
dimensional space, denoted by I';2 above, are actually hyperplane sections in [4] (we also note that
the relevant measure-theoretic framework is developed in [23]); their use is legitimate thanks to
the fact that the sums converge over “admissible bases” [14, Prop. 7.5.2], [15, Section 10]; in |9,
Lemma 1], the holomorphicity of the embedding is checked locally. In physics, Ty is an example of
coherent state [24]. We shall give a more concrete description of 7 in the following sections; here we
only observe that in representation-theoretic terms 7y can be identified with the Sato 7-function:

T(,9) = (2] Vg Q) = ey (g)xv (t)
Y

where 2 is an admissible basis corresponding to the diagram (), g = e tiz' acts on Gr (the action

is reviewed in some technical detail in subsection 3.2), H(t) = > (1/i)(0/0t;) and the (projective)
Pliicker coordinates cy (g) (Y a Young (or Maya) diagram) [1]) are given by

ey (9) = xv (0y)7(t, 9)le=0

({xy} denoting the corresponding Schur functions), cf. subsection 1.1. This notation shows the
analogy between the formulas (b—f).ep and (b—f)ge0; we do not review more extensive definitions
of the notation because we do not make specific use of this formula.

2. DIASTASIS
2.1. Determinant Formula

The Calabi diastasis function D on a Kahler manifold is manufactured through the choice of a
local Kéhler potential f; in local complex coordinates,

D(Z,U)) :f(z7z)+f(w7w)_f(z7w)_f(wvz)

(where a sesquiholomorphic local extension of the Kéhler potential is understood), and is
coordinate-independent, yielding a metric invariant. In [7], the Calabi diastasis function of Gr
(or GR) was calculated, as the pull-back under the Pliicker embedding of the natural projective-
space diastasis (induced by the Fubini-Study metric by the polarizing line bundle Det*). The
formula reads as follows, where a point of the embedded Grassmannian is identified by its Pliicker
coordinates (subsection 1.1) and denoted by [7], and we modify a notation by ’ to denote a second
object in the same set:

2 /12
D], ') = log Z=x 12y ey
|2y vyl
written compactly as
[ [l

D([r], [T/D = log (7, 7)|2

In particular we get the canonical Fubini—-Study Kéhler potential:

D([r =1}, [7)) =log ) _ |ev|* = log || 7||* .
Y
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For the Kéahler form of Gr one has the standard formula

w= %aélog 7|2 .

From Calabi’s global-rigidity theorem [9, Th. 7] we deduce that any isometric automorphism of
the Grassmannian is projectively induced.

We already mentioned the fact that 7 is a holomorphic section of Det* (“coherent state”, in
physical terms [24]). It can also be represented by projectively induced coherent-state functions via

>y &y Cy
T = Pt [y] —
[ey] [cy] ZY ’cy‘Q

(', 7)
712

T [T~

(here the symbol [¢] denotes the projectivization of the vector £). Also notice that the boson-
fermion correspondence yields the following equality between “boson” and “fermion” transition
probabilities ([3, 7])

|<£W17§W2>|2 = |<TW17TW2>‘2 = eXp(_D(W17W2))'

In fact, one has performed geometric quantization on Gr (and GR).

Remark. The formal expression of the Baker function can be interpreted in terms of the general
remark that

/ 7’
T=—.7
T

as holomorphic sections of the same line bundle: the Baker function arises as a suitable quotient of
7’s and is an ordinary function. This will be used below.

2.2. Diastasis and Weil Reciprocity

We make use of a formula, derived in [6, Prop. 4.1] using basic potential theory, that connects
the diastasis Dp(Q) for two points P, Q on a (compact) Riemann surface with the Green’s function:

Gp(Q) = log|f(Q)I* — Dp(Q), (D)

where f(Q) is a local meromorphic function having a simple zero at P. Since the Green’s function
is symmetric, one can use this fact to give a proof of Weil’s reciprocity. Stated in the setting of [25,
I1.3], the reciprocity says:

Theorem 1. Let f, g be meromorphic functions on the compact Riemann surface S, with disjont
divisors of zeros and poles; then,

H fordr(a)(py = H g P (p).

pPesS presS

Proof. The products can be calculated using Gp(Q) = log|f(Q)|> — Dp(Q), Go(P) = log |g(P)|? —
Dg(P) by (D). Since Dp(Q) = Dg(P) as follows from the definition, and Gp(Q) = Gg(P), we
deduce |f(Q)|> = |g(P)|?, i.e. f and g differ by an a priori variable phase factor; to obtain the
reciprocity formula, observe that in relating the diastasis and the Green’s function [6, Prop. 4.1]
the local “Bochner coordinate” f(Q) at P (g(P) at @, resp.) is appropriately normalized and so
the phase factor is equal to 1 by holomorphicity.
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2.3. Automorphisms of Projective Subvarieties

In subsection 3.2 we will give an application of the following result of Calabi’s [9, Th. 2]:

Let M be a Kéahler manifold, and assume that (...) M can be isometrically and complex
analytically embedded in a unitary space CV of dimension N (N < 00), so that it does not lie in
any proper complex analytic linear subspace of CV. Then (...) the embedding is determined up to
within the group of motions in CV.

The question of comparing the group of automorphisms induced on an algebraic subvariety X
from automorphisms of the ambient space, with the ‘intrinsic’ group AutX of the variety itself
is significant. By viewing the embedding as a polarization, this area investigates “linearizable
group actions”; in the complex-analytic category cf., e.g., [26] and [27]. We restrict the question
to projective subvarieties, and automorphisms induced by linear transformations of the projective
space where the variety is embedded.

To recall basic examples, the plane cubic, which intrinsically is an elliptic curve once an origin
is chosen, has more automorphisms than those induced by linear projectivities (for example,
collineations that fix the curve will have to permute the inflexion points, hence are a finite group,
whereas the automorphism group of the curve includes all translations on the curve), whereas for
any smooth plane quartic X, AutX is linearly induced because the embedding is canonical.

A lesser-known example (although deduced from first principles) which has to do with moduli
spaces was given by Newstead [28]: The moduli space of (fixed) odd-determinant, rank-2 vector
bundles over a hyperelliptic curve of genus two can be identified with Klein’s quadratic complex,
QQ C P°. Newstead’s result is that any automorphism of the moduli space is induced by a projective
transformation. The first step of the proof consists in the observation, the one relevant to us in terms
of Fubini-Study diastatic rigidity, that every automorphism of a non-singular quadratic complex
in P° is a projective equivalence. This again (as for the example of curves we gave) follows from
the fact that @) has a ‘canonical’ line-bundle, with Chern class equal to that of the restriction H of
the hyperplane bundle, since H!(Q) = 0, and from dimH°(Q, H) = 6.

For current work on the case of hypersurfaces, cf. [29].

3. APPLICATIONS
3.1. Baby-KP, Giant-KP

Victor G. Kac in a seminar talk (U.C. Berkeley, 1992) called the defining equations of the
finite-dimensional Grassmannian under the Pliicker embedding “baby KP”.

A key point of the Sato theory was that the KP hierarchy describes the G Lso-orbit of the highest
weight vector in a fundamental representation; here G L, is used to denote the suitable subgroup
of the general linear group in infinite dimension that acts on admissible frames [15], but the present
section can be read formally, or locally, and we give the action explicitly in coordinates below.

When V is a finite-dimensional vector space and F' := ©,>q AV, the operators v(u) = v A u and
v (ur AL A ug) = Zle(—l)iflv*(ui)w Ao Au;—1 ANujpl A ... Auyg give a representation of the
Clifford algebra C(V @ V*) on F'. Choosing a basis {e1,...,ep} of V, |j) :=€ej Aej_1 A...ANepis a
highest-weight vector for the action of G := GL(n); the orbit Gr; of |j) under G gives a C*-bundle:
Gr; — Gr(k,n); the operator S =3 e; ® e commutes with G and,

Baby-KP: An element 7 € A’V, 7 # 0 is in the orbit G|j) if and only if S(7 ® 7) = 0.

However, the original way of setting up ‘Giant-KP’, namely a hierarchy of PDEs following from
the Hirota bilinear equation for the 7 function (cf. subsection 1.1) is based of the boson-fermion
correspondence. We recall that process briefly, but in a rather different approach [30], also yielding
PDEs of the KP hierarchy. It is the latter that we extend to Pfaffian bundles in this paper. In what
follows we use the setting and notation of [15].

The finite-dimensional geometry is recovered by defining Hirota’s equations on the subgrass-
mannian Grog = Upz *H, /2FH .
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There are two key ideas [30]. One is the identification A ® A with L := C[t]] ® C[t?], where
A2 UVi, Vii={27F 271 2F} to write the infinite-dimensional analog of the Pliicker
relations one defines the action of the group GLT C GL,.s given on C[t;] by differentiation in
t; and multiplication by 2¢; (2 is the twist that gives the central extension of the group that acts
on the infinite-dimensional frames).

Now the Heisenberg algebra (with basis {p;, ¢;,2}, ¢ > 1 and relations [p;, ¢;] = 2) acts on Lpigp,
the submodule generated by Q ® 2 where Q € CJt;], each of the two factors of the tensor product, is
the highest-weight vector and on Ly, = Lﬁigh, with inner product on C[t;] under the isomorphism
resulting in:

10
S ) Qs

(we resort to the indices i and j to signify the two sets of variables, but the functions are intended
to depend on the whole sequence of variables, as in the 7(¢) of previous sections; no specific ¢ or j is
fixed in these formulas). Lastly, with the change of variables z; = ¢} +t7, y; = t} — t?, the Pliicker
relations for v ® v € Lpigh, v ®@v = 7(t})7(t2) = 7(x; + vi)7(z; — y;) (where 7 is a polynomial)

become:
1 0 10
Pl - — i i i — Yi)|x=0,y=0 = U,
(o) @ (Gar ) e+ wr(a = slscny—o =0

Hirota’s bilinear expression of the KP hierarchy.

For example: the Pliicker relation for Gr(2,4) C Grg, namely miom3q — w3724 + T14723 = 0,
becomes

) =r

e_2_1®ep1—€e20Re_11—€21@e_10+e1®e_o_1—e_11®e20+e_10®€e_21 € Ligw,

then using the isomorphism (via Schur functions), y{ — 12y1y3 + 12y3 € Ljoy, namely

((;yly —4 (82) ((;Zg) +3 <aayz>2> (@ +y)7(x — y)ly=0 =0,

the KP equation in Hirota form.
Our contribution is to apply this algebraic setting to the Segre embedding identified by Spera
and Wurzbacher [4, Th. 10.1]:

Theorem 2. Under the Segre embedding Seg : Gr x Gr — Gr(H, W) defined (projectively) by:
1
Seg((WbWQ)) = Wl ® W2 )

the T function, which is the normalized section of the embedding line bundle Det’érDetEr, satisfies
the Segre hierarchy, T(x; + v;)7(2i — ¥i) € Lnigh-

The PDEs are obtained by replacing the (PR) by the Segre equations [31, (2.9) ¢)], namely the Segre
quadrics and, separately, the (PR) of Gr(n/2,n) and Gr(m/2,m) in the two sets of bi-homogeneous
coordinates in P™ x P™; the boson-fermion counterpart of the algebraic equations is applied to
any polynomial 7-functions associated to Wi, Wo € Grg, with z™/2H, c Wy € 2~™2H ., »™/?H, C
Wy C Z_m/ ’H +-

We now also derive the equations in general Hirota form using the boson-fermion correspondence.

From subsections 1.2, 1.3 and 1.4 we have, in terms of 7 (as sections of the appropriate line
bundles)

2
Tér = TGR |Gr -

We already observed that 7gp is actually Sato’s 7 related to the KP-hierarchy, after specializing
to finite dimensional subspaces, and we write simply 7gr = 7 p. The BKP-hierarchy, see e.g. [8]),
can be defined by the property

2
TBKP = TKP |zo=24=..=0
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(formula (6.7) in [8]). One has, accordingly,
TGr = TBKP;

using the Pfaffian line bundle construction. Thus one gets, in Sato’s setting, a Segre hierarchy:

TS := Tar @ TGr = TGR |GrxGr -

The BKP-hierarchy issues from the spin representation of the orthogonal affine Lie subalgebra
By of As = gl(0) ([8]), so our derivation gives the geometric counterpart of the representation-
theoretic approach.

3.2. Dualities

There are different types of dualities on Sato’s Grassmannian. The geometric version of the
finite-dimensional duality, in which the dual of a vector space V is the space of linear maps on
V, V*:= Hom¢(V,C), can be viewed as acting on Gr via the identification given by Sato’s non-
degenerate bilinear map,

- f Y bwdC.

For a quick review of the symbols, letting H = H_ & H, be the Hilbert space decomposition as in
[15], Hy = {(352, aiz?) s.t. Y- |ai|? < o0,a; € C}, H- = {(ZZ_:I_OO a;z%) s.t. > |ai|? < 00, a; € C},
we consider the Grassmannian Gr of closed subspaces W of H whose projection 7y: W — H/H_ =
H_ | is Fredholm of index 0, and whose projection 7_: W — H_ is Hilbert—Schmidt.

The fiber of the dual determinant bundle over W is:
Det*|yy = APeoker(my: W — H/H_) ® (A*Pker(my: W — H/H_))®~!. The bundle Det* is
equipped with a canonical section o = det(my) (for analytic justifications of the statements
we refer to proofs in [14, Ch. 7]). If W + H_ = H, then o(W) =1 € AP0 ® (A*P0)®~! =C.
If W+ H_#H, then o(W)=0. The fiber Det*|yy = A*P(coker(my)) ® (APker(m,))®~1 =
A®P(H/(H_ +W))® (A*P(H_nW))®~ 1

Consider the subgroup GLyes(H) of GL(H) = GL(H_- @& H, ) whose elements have off-diagonal
blocks of Hilbert-Schmidt class. Its identity component GL,es(H)? acts on Gr. This action lifts
projectively to the dual determinant bundle Det* on Gr. This provides us with a central extension
G of GLyes(H)?. Thus an element g € G which covers an h € G Lyes(H) is an ordered pair (h, ),
where « is an (holomorphic) isomorphism «: h*Det* — Det*. We denote the composite map « o h*
by ¢g*: Det* — Det*. Since the only global holomorphic functions on Gr are the constant functions,
G is an extension of GL.es(H)Y by C*.

Given W € Gr we choose 0 # § € Det*|y, and define 7y (g) = (((¢71)*0)/8)(W) [15]. This is
well-defined as a function of g only up to a constant. For W € Uy g, where we denote by Uy, for

any finite-dimensional subspace M of H, the following subset of Gr: {W|W N (M + z~"H_) = 0},
we may normalize so that Ty (g) = ((g7)*o /o) (W), g € G.

Denote by I'y y the subgroup of G'Lyes(H)" consisting of holomorphic nonvanishing functions
on N which take the value 1 at 0, N a neighborhood of the unit disc Dg around 0, N D Dy =
{z } 2| <1}. Ty N acts on H by multiplication. I'y :=Jy '+ n is contained in a parabolic
subgroup P C GLyes(H)?, such that Gr = GLes(H)?/P. The central extension G of GLyes(H)?
splits over P. We choose such a splitting and henceforth use the notation I'y x to describe the
subgroup of G: 'y C P C G. 'y can conveniently be coordinatized: all g € I'y can be written as

g =-exp(}2, tiz"), t; € C.

Define o =1 —(2/¢) €'y, [¢| >1,{ € CUo0 by gc =1 — (2/().

Given a W € Gr, we introduce the Baker—Akhiezer wave function ¢y : Gy — W defined on the
subset Gy = {g € Glg~'W + H_ = H}, by requiring that ¢ "¢y (¢) = 1 ® (dz)"/? mod H_. The
image of ¥y is W. By definition, the expression g~ 1vy (9) ® (dz)_l/ 2 extends to a holomorphic

REGULAR AND CHAOTIC DYNAMICS Vol. 16 Nos. 3-4 2011



ISOMETRIC EMBEDDINGS OF INFINITE-DIMENSIONAL GRASSMANNIANS 371

function ¢y (g) on the disc around co, Dy 1= {z e P! ! |z| > 1}, whose boundary value on the unit
circle St is in L2(S!). Tt is easy to see that ¢y (I's N Gyw) generates W as a Hilbert space.

To recall the formula describing 1y in terms of 7, we think of ﬁw(g) as a complex valued
function of g and z, analytic in z: 1/~JW(g, z), g € Gw, |z| > 1. Then we have

Yw (g, 2)|z=¢c = Tw(gac)/mw(9),
where g- =1 — (2/¢) € 'y, and also g € I'y N Gw [15, (5.14)]. Here, ¢¢ is in I'y provided |¢] > 1.
For a g € Ty y we may think of 1y (g) ® (dz)~'/? as holomorphic function on N N Dy, with L?
boundary value on the unit circle S*.

The boson-fermion correspondence (cf. subsection 1.4) in this notation associates to an element
of the Grassmannian (big cell) via its Baker function, the pseudodifferential operator £ such that
L1p = zp, and the duality given by taking orthogonal spaces becomes: £ = > uy(x)0F — L* =
S (—=1)*0%ug () with the abbreviation d = 9/0t;.

Our result, translating the projective rigidity proved by diastasis, is that the duality is induced
on the Pliicker embedding by a projective transformation. Note first that our Pliicker and Segre
embeddings are holomorphic, hence preserve the diastasis that we induced from the Fubini-Study
metric (using holomorphic bundles to pull it back). Next, we use the following result (Wigner’s
theorem, see e.g. [32, Th. 51], and Appendix D, ibid. for a proof): any transformation ¢ preserving
(in absolute value) transition amplitudes, i.e. [(¢(x), #(y))| = |(z,y)| when z,y are any two unit
vectors in the space, is induced by a unitary or anti-unitary transformation Ty of the space, unique
up to a phase.

Lemma. The Plicker (Segre) embedding is an isometry. Consequently any (isometric) automor-
phism of the Grassmannian is induced by a linear transformation of the vector space underlying the
target projective space, i.e. it is projectively induced.

Proof. To show that the Pliicker embedding is an isometry (the proof is the same for the Segre

embedding), we have to compare the metric on the Grassmannian with that on the target projective
space. We recalled above that on the Grassmannian the metric is given by the pairing

(s o) = f N

If we abbreviate the notation by ¢y = ey where e® = g=exp(d> 2, t;z') and Y is analytic
and normalized, then the expression for the metric in the target linear space, given in terms of the
diastasis, is:

[[v]* - [Jw]]? i
D(v,w) = —2lOgW - —210g |<¢W7¢W’>‘

and the map is an isometry (up to a scalar which does not affect projective coordinates or
the statement about linearity). Therefore, upon passing to the corresponding coherent states
(W — 1), we can resort to Wigner’s theorem above, achieving the conclusion (cf. [7])

There is a third involution of great importance in integrable-equation theory (the “bispectral
involution”), namely the interchange of the spectral parameter z and the evolution parameter
t1 = x. While it can be defined on the formal Grassmannian, on the Hilbert-space Grassmannian

the definition has to be restricted to the “adelic” [33] part Gr®!. We remark that, since its effect on
the Baker—Akhiezer function ¥y defined above is simply to interchance the ¢; and the z variables,
it is a holomorphic map, as well as an isometry, again using the expression for the diastasis. By
Calabi’s result, we can only say that this involution is induced from a projective transformation of
the linear span of the adelic Grassmannian under the Pliicker embedding; however, one can always
extend this projective transformation to the whole projective space, so the result holds for this
involution as well. In conclusion, we have the following;:

Theorem 3. An automorphism of the Grassmannian as well as the Segre variety given by the
Pfaffian embedding, in particular the dualities induced by Hirota’s bilinear form and by the bispectral
imwvolution, are induced by projective transformations of the projective space into which they are
Pliicker-, resp. Segre-, embedded.
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Abstract—The paper revises the explicit integration of the classical Steklov—Lyapunov systems
via separation of variables, which had been first made by F. Kotter in 1900, but was not
well understood until recently. We give a geometric interpretation of the separating variables
and then, applying the Weierstrass hyperelliptic root functions, obtain explicit theta-function
solution to the problem. We also analyze the structure of poles of the solution on the Jacobian
on the corresponding hyperelliptic curve. This enables us to obtain a solution for an alternative
set of phase variables of the systems that has a specific compact form.

In conclusion we discuss the problem of integration of the Rubanovsky gyroscopic generaliza-
tions of the above systems.
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1. INTRODUCTION

The motion of a rigid body in the ideal incompressible fluid is described by the classical Kirchhoff
equations
. 0H OH OH
K=Kx— X —, pP=pX ——
where K, p € R3 are the vectors of the total angular momentum and the momentum, respectively,
and H = H(K,p) is the Hamiltonian, which is quadratic in K,p. Note that this system always
possesses two trivial integrals (Casimir functions of the coalgebra e*(3)) (K, p),(p,p) and the
Hamiltonian itself is also a first integral.
Steklov [1] noticed that the classical Kirchhoff equations are integrable under certain conditions
i.e., when the Hamiltonian has the form
3
1
Hi=3Y (ba k2 + 20030, Kapa + 1700 (bg = 0,)82), (@, 8,9) = (1,2,3),  (L.1)
a=1
b1,ba,b3 and v being arbitrary parameters. Under the Steklov condition, the equations possess
fourth additional integral

3
1 2 2 2 2
Hy = B g (Ka — 2vbo Kopa + v (bg — by) pa> . (1.2)

a=1
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SEPARATION OF VARIABLES AND EXPLICIT THETA-FUNCTION SOLUTION 375

Later Lyapunov [2] discovered an integrable case of the Kirchhoff equations whose Hamiltonian
was a linear combination of the additional integral (1.2) and the two trivial integrals. Thus, the
Steklov and Lyapunov integrable systems actually define different trajectories on the same invariant
manifolds, two-dimensional tori. This fact was first noticed in [3].

In the sequel, without loss of generality, we assume v =1 (this can always be made by an
appropriate rescaling p — p/v).

The Kirchhoff equations with the Hamiltonians (1.1), (1.2) were first solved explicitly by
Kétter [4], who used the change of variables (K,p) — (z,p):

224 :Ka_(bﬁ+b7)paa a = 172)3a (Oé,ﬂ,’}’) = (17233)7 (13)
which transforms the Steklov-Lyapunov systems to the form
2=2xBz—Bpx Bz, p=pxDBz, B = diag (b1, ba, b3) (1.4)

and, respectively,
2=px DBz, p=px(z— Bp). (1.5)

In [4], Kotter implicitly showed that the above systems admit the following Lax representation
with 3 x 3 skew-symmetric matrices and a spectral parameter

L(s) = [L(s), A(s) ], L(s), A(s) € so(3), seC,

L(8)ap = 5&&‘1(@(2’7 + Sp’y)) )

where €, is the Levi-Civita tensor. Equations (1.4) and (1.5) are generated by the operators

A(8)ap = g“jV V(5 =ba)(s = bg)byzy, 1esp. A(S)ap = £apyy/(5 = ba)(s —bg)pye (1)

(1.6)

The radicals in (1.6)—(1.7) are single-valued functions on the elliptic curve &, the 4-sheeted
unramified covering of the plane curve & = {w? = (s — b1)(s — ba)(s — b3)}. For this reason, the
Lax representation has an elliptic spectral parameter.

Writing out the characteristic equation for L(s), we arrive at the following family of quadratic
integrals

3
F(s) = Z(s —by)(2y + 8py)? = J18° + Jos® + 2sHy — 2H (1.8)
y=1
where
1 1
Hl = §<Z,B2>, H2:§<Z7Z> _<Bz7p>7 J2:2<Z7p>_<Bp7p>7 Jl = <p7p> (19)

It is seen that under the Kotter substitution (1.3) the functions Ji, Jo transform into invariants
of the coalgebra e*(3), whereas the integrals Hi(z,p), Ha(z,p) (up to a linear combination of the
invariants) become the Hamiltonians (1.1), (1.2).

An analog of the elliptic Lax pair (1.6) was later rediscovered in [5] and was used to obtain
theta-function solution of the systems by using the method of Baker—Akhieser functions (see [6]).
However, the resulting formulas appeared to be quite tedious, and it was not clear how to compare
or identify them with the theta-function solution of Kotter.

Note that the latter was obtained in the classical manner, i.e., by a separation of variables and
reduction of the equations of motion to quadratures, which have the form of the Abel-Jacobi map
associated to a genus 2 hyperelliptic curve. The phase variables of the Kirchhoff equations have
been expressed in terms of the separating variables in a quite symmetric but complicated way. Until
recently, various attempts to check these expressions, as well as the reduction to quadratures made
by Kotter, even using packages of modern computer algebra, were not successful. This even led to
an opinion among some specialists that the results of [4] are not reliable, hence useless.

One of the first steps in verification of Kotters’ calculations was made in [7], where the
Steklov—Lyapunov systems on e*(3), as well as their higher-dimensional generalizations, have been
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376 FEDOROV, BASAK

considered as Poisson reductions of certain Hamiltonian systems in a bigger phase space. The latter
systems were shown to possess 2 X 2 matrix Lax representations in a generalized Gaudin form with
a rational spectral parameter. This fact easily allowed separating variables to be found, which
coincided with those suggested by Kotter, and, as a byproduct, to prove their commutativity with
respect to the Lie—Poisson bracket on e*(3). A similar approach to the separation of variables was
made in [8].

The main aim of the present paper is to reconstruct the rest of the results of Kétter’s paper [4]1).
We shall use the original notation of [4], when possible.

2. SEPARATION OF VARIABLES BY F. KOTTER.
The explicit solution of the Steklov—Lyapunov systems in the generic case was given by Kotter
in the brief communication [4], where he presented the following scheme.

Let us fix the constants of motion in (1.9), then the invariant polynomial (1.8) can be written
as

3
F(s) = Z(s —by)(2y + 8py)? = co(s —c1)(s — 2)(s — e3), co, €1, C2, €3 = const. (2.1)
y=1
Assume that all b, are distinct and that no one of ¢, coincides with b1, bo, b3. Then the real level
variety of the four first integrals of the problem (given by the coefficients at s3, 52, s, s”) is a union
of two-dimensional tori in R® = (z,p). We restrict ourselves to this generic situation, excluding the

other cases, which correspond to periodic or asymptotic motions of the body.
Let now A1, Ao be the roots of the equation

3
=Y W =0, (i.4.k) =(1,23). (2:2)
i=1 v

Then for fixed cg, c1, c2, c3 the variables z,p can be expressed in terms of A1, Ao in such a way that
for any s € C the following relation holds (see formula (7) in [4])

Z; 23: (8 _Ca) \/—(/\1—Ca A2—ca) < \/<1>(/\1 P(A2) ®(A2)Y(A1) )

(ca—cg)(ca—cy) A1—b)D2—ca)  (a—b;))(A\1—ca)

2+ spi = /o2 ; (2.3)
On =) 3 Ve lOe)
where
PA) = (A =b1)(A=b2)(A=b3), ¥(A)=(A—c1)(A—ca)(A—c3), (2.4)
o= 2Pz V(= bi) (2 — b))
T exel T b)) —by) (2:5)

(1,7,k) =(1,2,3), (a,8,7)=(1,2,3).

Setting in the above expression s — oo and s = 0, one obtains the corresponding formulas for p;, z;.

As was mentioned in [4], for any a =1,2,3, the branches of \/—(\1 —cs)(A2 — cq) in the
numerator and the denominator of (2.3) must be the same.
Next, the evolution of A1, A is described by the quadratures

A\ dXo

VRO | VRDw)

A1 dA n Ao d Ao
VRO V/R()

UNote that apart from the solutions of the Kirchhoff equations, Kotter also provided (although in an extremely
brief form) the theta-solutions describing the motion of the group E(3), that is, the components of the rotation
matrix of the body and the trajectory of its center in space. We were unable to reconstruct these solutions.

— 6, dt

(2.6)

— Sy dt,
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R(A) = —2(My(A)

with certain constants d1,d2 depending on the choice of the Hamiltonian only. In other words, in
the variables A1, Ao the systems separate.

Note that the paper [4] does not describe explicitly how to find d1,d2. They were calculated in
[7-9].

The above quadratures rewritten in the integral form

/Al d\ A2\
- 4+ — = uy,
v VRO e 2RO

2.7
/Al Ad\ N AL N dA y 27)
— —V— = u2,
o 2VROY e 20RO
up = 01t + w10, u2 = dat + ugo, (2.8)

contain two holomorphic differentials on the genus 2 hyperelliptic curve p? = —®(A\)y()\) and
represent the Abel-Jacobi map from the symmetric product I' x I' to the Jacobian variety of T'.

Inverting the map (2.7) and substituting symmetric functions of Aj, Ae, p1, 2 into (2.3), one
finally finds z, p as functions of uy,us and, therefore, of time ¢ (see Theorem 2 below).

Everyone who had read paper [4] might be surprised by how Kotter managed to invent the
intricate substitution (z,p) — (A1, A2, o, c1,¢2,c3) and to represent the result in the symmetric
form (2.3). Unfortunately, the author of the paper gave no explanations of his computations.
Nevertheless, it is clear that behind the striking formulas there must be a certain geometric idea,
which we try to reconstruct in the next section.

The real case. Assume, without loss of generality, that by < by < bs and that z;,p; are all
real and correspond to generic constants of motion ¢, in (2.1). Then one has

Proposition 1.

1) The constants c1,ca,c3 are either all real or 2 of them are complex conjugated. If any cq is
real, then it belongs to the segment [by, bs).

2) The separating variables A1, Ao are also real and, if \1 < Aa, they vary in subsets of [b1,ba]
and [ba, bs] respectively.

Proof. 1) The polynomial F(s) in (2.1) has real coefficients, hence its roots are either real or
complex conjugated. Next, setting in (2.1) s = ¢, (real), we obtain

3

Z(Ca = by)(2y + capy)® = 0.

y=1
Since z;,p; are real and generic, then (z, + cc,épv)2 are all non-negative. Moreover, since z, + copy
are not integrals of the motion, at certain time their squares are all positive. Hence, the above sum
can be zero iff by < ¢, < b3. This holds for any real c,.

2) In view of (2.5), #1, 72,73 are all real and z? + x3 + 22 = 1. This is possible only when

the coordinates A1, Ay are real (and not complex conjugated), and A\ € [b1, ba], A2 € [be, bs]. More

precisely, in view of the quadratures (2.7), the coordinates can vary only in subsets of these segments,
for which R(A1) > 0, R(A2) > 0. O

Notice that if z;, p; are not generic as was assumed above, it is possible that z + c,p = 0 and item
(1) of the Proposition does not hold. This corresponds to the case of particular periodic solutions,
which we do not treat here.

Remark 1. There is a natural conjecture that the fibers of the momentum map M : RS =
(2,p) — R* = (J1, J2, h1, h2) are singular if and only if the corresponding curve pu? = —®(A)(A)
is singular. This happens when either one of the roots ¢, (or more) coincides with b; or two roots
Ca, g collide inside the segment [by, b3].

Then Proposition 1 provides sufficient tools to construct the bifurcation diagram of the
momentum map M, which was first presented in [10] by using different techniques.
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Alternative variables. For our purposes we shall also use another set of phase variables which
depend linearly on z,p. Namely, putting in the family (1.8) successively s = by, s = by, s = b3 we
obtain three independent quadratic integrals defining rank 3 quadrics in PS:

(b1 — b2)(22 + bip2)? + (b1 — b3) (23 + bips)? = F(b1),
(b2 — b1)(21 + bap1)? + (b2 — b3) (23 + bap3)? = F(b2), (2.9)
(bs — b1)(21 + b3p1)® + (bg — ba) (22 + bgp2)* = F(bs).

Then it is natural to introduce new variables

v = /(b — b3) (b1 — b2) (22 + b1pa) ,
vy = /(b — b3)(bs — b1) (23 + bips) ,
v3 = /(b3 — b1) (b1 — b2) (21 + bapi) (2.10)
vg = /(b2 — b3)(bs — b1) (23 + baps) ,
vs = /(b3 — b1) (b1 — ba) (21 + bsp1)
ve = /(b — b3) (b1 — b2) (22 + b3p2) ,
which imply
pp=—B"Y% - 7Y 2T (2.11)
VEV/by — b3 V8V/bs — by VEVby — by
= bsvz — bavs oy b3v1 — bivg g bovg — b1y ’ (2.12)
VEVby —bs V8/bs — by VEVby — by

S = (b1 — ba)(by — b3)(bs — by).
Then the integrals (2.9) and (p,p) = J; take the following compact form
U% - Uz = ¢(b1) / (b2 — b3),
U3 —vi =(b2) / (bs — bn), (2.13)
vi —vg = 1(b3) / (b1 — ba),

(v3—v5)® | (1 —we)® | (v2—wa)® _
by — b3 b3 — by b —by J1(b1 — ba) (b2 — b3) (b3 — b1).

The Steklov—Lyapunov systems written in terms of vy, ..., vg, as well as the integrals (2.13), are
quite similar to those describing the reduction of the integrable geodesic flow on the group SO(4)
with the diagonal metric II to the algebra so(4), which was considered in detail in [11, 12]. In fact,
as was shown by several authors (see e.g., [5]), there is a linear isomorphism connecting the above

systems?. In Section 5 we shall use this property and the results of [12] to obtain theta function
expressions for the sums and differences of v;, which have an especially simple form.

3. A GEOMETRIC BACKGROUND OF KOTTER’S SOLUTION

Let (z1 : 22 : x3) be homogeneous coordinates in P? defined up to multiplication by the same
non-zero factor. Consider a line [ in P? = (z1 : o3 : 3) defined by equation

Y171 + Y22 + y3wz = 0.

Following Pliicker (see e.g., [13]), the coefficients yi,y2,y3 can be regarded as homogeneous

coordinates of a point in the dual projective space (]P’2)*. Now let 11,l> be two lines in P? with

the Pliicker coordinates (y § ),yél), yé )), (yg ),yé ),yéz)).

D On the other hand, one of the Steklov—Lyapunov systems on e* (3) can also be regarded as a limit of the system
on so(4).
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SEPARATION OF VARIABLES AND EXPLICIT THETA-FUNCTION SOLUTION 379

Then, for any constants A, u € C not vanishing simultaneously, the linear combination )\y((ll) +

Myg?) also gives Pliicker coordinates of a line [, , € P2, Hence, we arrive at an important geometric
object, a pencil of lines in P2, i.e., the one-parameter family I Au- 1t is remarkable that all the lines

of a pencil intersect at the same point P € P2. The point P is called the focus of the pencil.

Theorem 1. ([13]) Let Iy, be a pencil of lines in P? defined by Plicker coordinates Ay&l) +
MZ/&Q), (A : ) € P. Then the homogeneous coordinates of the focus are
1) (2 1) (2 1) (2 1) (2 1) (2 1) (2
P = (yé )?J:g)_y:(s )yg):yi )y:g)_y:(s )yg ) :yg )yé)—yé )ZA )> ‘
Next, consider the family of confocal quadrics in P?

Q(s):{ AT B :0} (3.1)

S—b1 S—bg S—bg

and a fixed point P = (X7 : X5 : X3). Then one defines the spheroconical coordinates A1, A9 of this
point (with respect to Q(s)) as the roots of the equation

X? X2 X?
i, A9 3

=0.
A—b; )\—b2+)\—b3

Now, going back to the Steklov—Lyapunov systems, we make the following observation.
Proposition 2. Let P be the focus of the pencil of lines in P? with the Plicker coordinates
z+4sp=(z1+ sp1: 22+ Spa : 23+ sp3), s eP.

Then the separating variables A1, Ao defined by formula (2.2) are spheroconical coordinates of P
with respect to the family of quadrics (3.1).

Proof. According to Theorem 1, the homogeneous coordinates of the focus P are

(22p3 — 23p2 © 23p1 — 21P3 & Z1P2 — 22P1) , (3.2)
hence, the spheroconical coordinates of P with respect to the family (3.1) are precisely the roots
of equation (2.2), i.e., A1, 2. d

Let a solution z(t),p(t) correspond to constants of motion cj,ca,c3. Then there is also the
following property: for o = 1,2, 3, the line ¢,(¢) with the Pliicker coordinates z(t) + c4p(t) remains
tangent to the quadric Q. = Q(cy). Indeed, setting in the right-hand side of (1.8) s = ¢, we obtain

3
D (ca = bi)(zi + capi)? = 0,
i=1
which represents the condition of tangency of the line £, and the quadric Q.

As a result, the following configuration holds: the three (moving) lines £1,42, {3 in P? intersect
at the same (moving) point P and are tangent to the fized quadrics Q1,Q2, Qs respectively. An
example of such a configuration is shown in Fig. 1.

This geometric property is reminiscent of the famous Chasles theorem in the Jacobi problem on

geodesics on an ellipsoid @ in R3: the tangent line to a geodesic remains also tangent to a fixed
quadric confocal to Q.

It also follows from the above that a solution z(t), p(t) defines a trajectory of the focus P on
P2 or on 52 = {a:% + m% + xg = 1}, and it is natural to suppose that the Steklov—Lyapunov systems
define certain dynamical systems on the sphere. Indeed, some of these systems were studied in [§]

and were shown to be related to a generalization of the classical Neumann system with an additional
quartic potential.

In the sequel our main goal will be to recover the variables z and p as functions of the
spheroconical coordinates of the focus P, that is, to reconstruct the Kotter formula (2.3).
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Fig. 1. A configuration of tangent lines in R? = %L ”—g for the case b1 < ¢1 < b2 < c2 < ¢3 < bz, when the

3’ T

quadrics Q. are two ellipses and a hyperbola.

Obviously, the solution is not unique: due to the presence of square roots in (2.5), each pair
(A1, X2), A, # b1, ba, by gives 4 points on P2, and for each point P that does not lie on any of the
quadrics Q(cq), there are 23 = 8 different possible configurations of tangent lines /1, £, /3 (Fig. 1
shows just one of them). Thus, under the above generality conditions, a pair (A1, \2) gives 32
different tangent configurations.

Reconstruction of z,p in terms of the separating variables. Let (P?)* = (G; : Gy : G3)
be the dual of P2 = (x1 : 29 : 23) (G; being the Pliicker coordinates of lines in P?). It is convenient
to regard G; also as Cartesian coordinates in (C?)* = (G1, G2, G3). The pencil o(P) of lines in P?
with the focus (3.2) is represented by a line in (P2)* or by plane

7 = {(22p3 — 23p2)G1 + (23p1 — 21p3)Ga + (21p2 — 29p1)G3 = 0} C (C?)*.

Consider the line ¢(P) = {z + sp|s € R} C (C3)*. Obviously, {z + sp} C 7. Now let us use the
condition for the three lines £1, ¢, {3 defined by the points z + c1p, z + cap, z + c3p in (P?)* to be
tangent to the quadrics Q(c1), Q(c2), Q(cs) respectively. Let Vi, = (Vo1, Vg, Vas) C 7, a =1,2,3
be some vectors in (C3)* representing these points, so that £, = {Va121 + Vazwa + Vazxs = 0}. Then
we have

z+cap—mwmVi=0, z+cp—uVa=0, z+c3p—u3sVs=20 (3.3)

for some indefinite factors ps. This system is equivalent to a homogeneous system of 9 scalar
equations for 9 variables z,, pa, tta, @ = 1,2,3. Thus the latter can be found up to multiplication
by a common factor. Namely, we obtain

P (c1 = c2)(e2 ﬁ c3)(e3 —c1) (@21V1+e225Va +323V3), (3.4)
z= R ﬁ c3)(ca — 1) (cac3 X1 V1 + 10339 Vo + c1¢0X3V3) (3.5)
Xy = VooVag — VaoVag, 2o = VaoVig — VagVie, X3 = VigVag — VigVas, (3.6)
that is,
3
Frers . > (cas +c5¢y)ZaVa, (3.7)

(c1 —e2)(c2 —e3)(es — 1)

1t # 0 being an arbitrary factor.
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Now we express the components of V in terms of A\;, As. Up to an arbitrary nonzero factor,
they can be found from the system of equations

3
Voix1 + Vasxs + Vagfl‘g = 0, Z(Ca — bZ>Vo?z = 0, o= 1, 2, 3, (3.8)
i=1
which represent the conditions for the lines ¢, to pass through the focus P = (z1 : 22 : 23) and to

touch the quadric Q(c,). In the sequel we apply the normalization x% + x% + x% =1, which gives
rise to the expressions (2.5).

For P ¢ Q(cq), this system possesses two different solutions, and for P € Q(c,) a single one (the
line touches Q(c,) at the point P). In the latter case we can just put

Vm' = T; / (Ca — bl) . (39)

Next, it is obvious that under reflection (x1 : x9 : x3) — (—x1 : x2 : x3), a solution (Vu1 : Vao -
Vas) transforms to (—Vy1 : Voo 1 Vis) (similarly, for the two other reflections). Let us seek solutions
of equations (3.8) in the form of symmetric functions of the complex coordinates A1, A2 such that

1) for A\j = cq Or A2 = ¢4 (i.e., when P € Q(c,)) there is a unique solution proportional to (3.9);

2) if Ay or Ag circles around the point A = ¢, on the complex plane A, the two solutions transform
into each other;

3) for \y = b; or \y = b; (i.e., when x; = 0), V,; does not vanish.

Using the Jacobi identities

0, k<n-1
ii“k 1, k 1 (3.10)
? — R =n — 3.10
— [ (ai —aj) n
> a;, k=n,
i=1

one can check that the following expressions satisfy equations (3.8) and the above three conditions:
V. (\/‘1’(/\1)()\2 —c) | V/2(M)(M —Ca)> _ V= b)) (A2 — by)

ai = T + yo T = .
A1 —b; A2 — b; v/ (bi = b;) (b — by

Then, using again the identities (3.10), we calculate the scalar products

(Ve Va) = O = a0 (/0 a0 =) = fu — )i =) ) (312

and, in particular, (Va, Vo) = (A1 — X2)? for a = 1,2, 3.
Next, substituting (3.11) into (3.6) and applying the symbolic multiplication rule vab\/ac =
av/be, we find the above factors X, in the form

o= (= 2a)z1 (1= = ) = e5) = /= —ep) N2 — )., (3.13)
(047 /677) = (L 2a 3) .
Further, putting (3.11), (3.13) into (3.7), we obtain

:U’()‘l_>\2)$1 .. ; CyS CaC.
CEDCEr CEr AP S\ e

2(A1)¥(A2) A —c A—c D(A2)pp (A1) No—c A —c
[ (i [ )+ S ([ o)
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3
= (A — Az)xlxiz(s_Ca)\/—m-c@(xrca)< VEOP0)  /B02)u(n) ) (3.14)

—~ (ca—cg)lca—cy) | (Mi—bi)(Aa—ca)  (A2—bi)(Ad1—ca)

which, up to multiplication by a common factor, coincides with the numerator in Kotter’s
formula (2.3).

To determine the factor p in (3.7) and in (3.14), we apply the condition (p, p) = ¢o which follows
from (2.1). Then, from (3.4) we get

o |aaXiVi+ X5V + 3 X3 V)2

12 (e1—c2)(c2 — c3)%(cs — c1)?

(3.15)

Using the expressions (3.12), (3.13), we obtain

2 3
=) [AX2(Va, Va) + 2050, 252, (V3, V)]

3

Z caYaVa

a=1

—

= n 2 3 [0n—2a) (Y0 e )~ en)lha )

M“Q

1

Q
Il

+ 2cpey <\/—(/\1 —cy)( A2 —cp) — \/—()\1 —cg)( A2 — Cﬂ)
< (=0 = e = e) =y = )0 - o))
< (y=0a =)~ = = — ) |

Simplifying the above expression and again using symbolic multiplication of square roots, one can
verify that it is a full square of a scalar expression:

3 2

Z ca2aVa

a=1

3

2
= 27 (A — Ag)’* <Z(Cﬂ — )V =M1 —ca) (o — Ca)) -

a=1

Hence, from (3.15) we find

3

—(AM1 — ca)(A2 — cq
i Y = L)

= (ca—cp)(ca — )

Combining the latter with (3.14), we finally arrive at (2.3).

Thus, we derived the remarkable Kétter formula by making use of the geometric interpretation
of the variables A, A2. We also note that the expressions (2.3) are symmetric in Ay, Ag.

Remark 2. As noticed above, an unordered generic pair (A1, A2) gives 32 different configurations
of tangent lines to the quadrics Q(c1), Q(c2), Q(cs3). Since the common factor p in (3.7) is defined
up to sign flip, we conclude that, according to the formula (2.3), to each generic pair (A1, A2) there
correspond 64 different points (z,p) on the invariant manifold (a union of 2-dimensional tori)

defined by the constants cg, c1,co, c3. This ambiguity corresponds to different signs of the square
roots in the Kotter formula.

In the next section we shall use the expressions (2.3) and the quadratures (2.7) to find explicit
theta-functional solutions for the Steklov—Lyapunov systems.
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4. EXPLICIT THETA-FUNCTION SOLUTION OF THE STEKLOV-LYAPUNOV
SYSTEMS

We first recall some basic formulas describing inversion of the quadratures (2.6), mostly following
the description given in [6, 14, 15]. Consider an even order hyperelliptic Riemann surface of genus
g represented in the standard form

T={p*=0\=E1)-- (A= Ey2)} €C(\np).

It can be regarded as a 2-fold covering of the complex plane {A} ramified at E1, ..., Eogyo. In the
sequel we shall think of I' as of its compactification obtained by adding two infinite points co_, co,
at which the coordinate A\ equals infinity.

Choose a canonical basis of cycles ay,...,a4,b1,...,b, on the I' such that their intersections are
al-oaj:biOBj:O, aiObj:@j, i,j:1,...,g,

71 © 2 denotes the intersection index of the cycles 71, vs.

In the sequel we choose the basis of cycles on I' as indicated on Fig. 2. The parts of the cycles
on the lower A-sheet are shown by dashed lines.

Next, let w1,...,0, be the conjugated basis of normalized holomorphic differentials on I' such
that

% (I)i:271'j(5ij, 7=v—-1
a
The g x g matrix of b-periods B;; = fh]- w; is symmetric and has a negative definite real part.

Consider the period lattice A° = {27979 + BZ9} of rank 2g in C9 = (z1,...,2,). The complex
torus Jac(I') = C9/AY is called the Jacobi variety (Jacobian) of the curve T.

Now consider a generic divisor of points Pi = (A1, pt1),..., Py = (Ag, fig) on it, and the Abel-
Jacobi mapping with a basepoint Py

Py P,
/ w—l—'--+/ o=z, (4.1)
Py Py

W= (wl,...,wg)T, z= (zl,...,zg)T e Y.
Under the mapping, functions on S9T', i.e., symmetric functions of the coordinates of the points
Py, ..., P, are 2g-fold periodic functions of the complex variables z1,. .., 2z, with the above period
lattice A°.

Explicit expressions of such functions can be obtained by means of theta-functions on the
universal covering CY = (z1,. .., 24) of the complex torus. Recall that customary Riemann’s theta-
function 6(z|B) associated with the Riemann matrix B is defined by the series®

0(z|B) = ) exp((BM, M) + (M, 2)), (4.2)
MeZ9

3 The expression for 0(z) we use here is different from that chosen in several of books on theta-functions by
multiplication of z by a constant factor.
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g g
(M,z) =Y Mz, (BM,M)= > ByMM;.
i=1 ij=1
Equation 6(z|B) = 0 defines a codimension one subvariety © € Jac(T") (for g > 2 with singularities)
called theta-divisor.
We shall also use theta-functions with characteristics a« = (aq,...,a4), 8= (b1,...,0q), a;j, 55 €
R, which are obtained from #(z|B) by shifting the argument z and multiplying by an exponent®:

0 m (2) =0 [0‘1 o 0‘9} (2) = exp{(Ba,a)/2 + (z + 21353, a)} 0(z + 2798 + Ba).

B Bi By
Then for a pair of characteristics one has the following useful relations
o[ ) = Ba!,d/)/2 2198 + 2138, ')} 0] 2198 + Ba/ 4.3
51 z) = exp{(Bd/,a')/2 + (2 + 2myp + 2myF', ') } 5 (z+2my08" + Bd'). (4.3)

All these functions possess the following property of quasi-periodicity:

(0}

ﬁ]u), (4.4)
€= <a?K> - <6aM>a

0 [g} (z + 2myK + BM) = exp(2me) exp{—(BM, M) /2 — (M, z)}@[

An important particular case is represented by theta-functions with half-integer characteristics

A/ 4 1
A = .o = T and nij =mi+n; (modZ*9/7%), AN AN il € -79)79
A" 1" 2
;
such that
E;
2myn! + B = / @ (mod A), (4.5)

Eagyo

2mgA" + BA" = K (mod A),

K € CY9 being the vector of the Riemann constants, and E; briefly denotes the branch point (E;,0)
on I

The half-integer characteristic {%} is odd (even) if 0 [g] (z) is odd (respectively, even).

For the case g =2 and for the chosen canonical basis of cycles aq,as,bq,bs on I' the above
characteristics A, n; are

1/21/2 1/2 0 1/2 0
A= y T = y T =
0 1/2 0 0 1/2 0
(4.6)
0 1/2 0 1/2 0 0
n3 = y M= , M5 =
1/2 0 1/21/2 1/21/2
and, by convention, 7g is the zero theta-characteristic. Note also the property
M4m0 =m+m=A modZ»/7%. (4.7)

The six functions O[A + n;](2), i = 1,...,6 are odd, that is, §[A + 7;](0) = 0, whereas the other
10 functions 0[A + 1;;](2), i, j # 6 are even. In the case g = 2 no one of even theta-functions vanishes
at zero.

Y Here and below we omit B in the theta-functional notation.
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The root functions. To obtain theta-functions solutions to many problems linearized on
Jacobians of hyperelliptic curves, one can apply some remarkable relations between roots of certain
functions on symmetric products of such curves and quotients of theta-functions with half-integer
characteristics, which are historically referred to as root functions. For the case of odd order
hyperelliptic curves such functions were obtained by Weierstrass and Rosenheim [16, 17], see
also [6, 14].

For our purposes it is sufficient to quote only several root functions for the particular case g = 2
and the even-order hyperelliptic curve

P={u>=RMN}, RO\ =A\-E) (A Ep).
Let us introduce the polynomial U (A, s) = (s — A1)(s — A2).

Proposition 3. Under the Abel-Jacobi mapping (4.1) with g =2 and the basepoint Py = Eg the
following relations hold

0%[A + i) (2)

UNE) =M —E)(\—E) = KA = /2) 0D (2 + 0/2) (4.8)
q:/_w:2 . w, K; = const, 1=1,...,0,
1 R(A1) R(A2)
M=o \(Bi = M)(Ej — M) (Bs = M) (B — X2)(Bj — Aa)(Bs — Xo)
_ ... OA +mi +m; +n0s)(2) 0[A](= — a/2) O[A](= + ¢/2) (4.9)
Ve O[A +m:](2) O[A + n;](2) O[A + ns](2) 7 '

A — Ao = A (Es — A1) (B — M) (Ej — M) (Es

A +n(z) '
mijs,méjs =const, i,j,s=1,...,6, 1#j#s#i,
where, as above, ng is the zero theta-characteristic and coy,00_ are the infinite points of the
compactified curve I'. The constant factors ki, Kijs, /fgjs depend on the moduli of I' only.

\/U()\,Ei)\/U()\,Ej) R(\1) R(X2)
(Bi — M)(E; —A2)

Note that various expressions of symmetric functions of the A, p-coordinates on an ev