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Abstract

This paper deals with the a priori erro. a.alysis for a convection-dominated
diffusion 2D problem, when applying . '«. HD\" method on a family of anisotropic
triangulations. It is known that ‘- this -ase, boundary or interior layers may
appear. Therefore, it is important to . ~solve these layers in order to recover, if
possible, the expected order i «, nroximation. In this work, we extend the use
of HDG method on anisot. "ic mer aes. To this end, some assumptions need to
be asked to the stabilizs ,ion paraweter, as well as to the family of triangulations.
In this context, when t.. liscr :te local spaces are polynomials of degree k > 0,
this approach is a! . to recover an order of convergence k + % in L2 for all the
variables. Nume=ical exan.ples confirm our theoretical results.
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1. Introduction

The first studies of convection diffusion problems applyine disce *inuous
Galerkin (DG) methods, on a shape-regular family of triangul: ¢ion-, ar. referred
to [1, 2], in the early 2000. Since then, many other DG meth~ds 1. = been used
for this kind of problem. For example, in [3, 4, 5, 6, 7, 8] t] e autho. ;s consider the
local discontinuous Galerkin (LDG) methods, while the ~wuli.. ¢ discontinuous
Galerkin method (see [9] for an overview) is used in [1), 17,. T 1e interior penalty
discontinuous Galerkin (IP-DG) methods are app.. >4 in (.2, 13], the method
of Bauman and Oden is considered in [14], t’ » mixed aybrid DG method is
employed in [15] and the HDG methods are . ed 1w |16, 17, 18, 19, 20, 21].
HDG methods are a brand new class of . scuemes, that have been used
lately. We refer [22] for a description of the tech...que, when applies to a linear
second order elliptic equation. One of tL > "aain advantages of HDG methods,
as indicated in [22], is the fact that 2. jusc has to solve a linear system on
the skeleton of the mesh, and th: . *~~avc- the rest of (global) unknowns via an
element-by-element calculation.

On the other hand, the “.ct v. 2t the exact solution of this kind of problems
may generate layers (cf. [20, 24]), v ikes difficult to obtain a good approximation
of it close to the layers T'hi could affect the rate of convergence of the method,
and it is in general ‘mp. ved .fter the layers are resolved. This improvement
can be done by cc 1. Yering meshes whose elements are concentrated along the
layers. To do tF"~ we would need to know in advance if there are layers, and
if so, where * ey .re. Since we do not usually know the exact solution, one
alternative .s the de . 2lopment of a suitable a posteriori error estimate which let
us to peri. "w an ¢ laptive procedure to the mesh in order to capture the layer.
In [25' une avthocs propose a reliable and efficient a posteriori error estimate for
a con. ~ction-c ominated diffusion reaction problem, and include some numerical
tr sts thet validate the good behaviour and robustness of the estimator.

Concr ming anisotropic meshes, we can refer to [26], where the authors

_7~eent an LDG a priori error analysis of a 2D convection-dominated diffu-




sion problem using Shishkin quadrilateral meshes, when the ex ~t s .lution
has exponential boundary layers. Our aim is to develop HDG . -~ethoc: for
a convection-dominated diffusion 2D problem, when consider’ g « <equence of
simplicial meshes which may contain anisotropic elements. * "5 known that
anisotropic meshes should be best suited for this kind of roblem.

However, in this situation, the regularity property of t. » mesb s is no longer
valid. Instead of this, we require that the meshes s «tisfv "he mazimum angle
condition (cf. [27]). This would be the first HDG anasysis in shis direction, and
from certain point of view, it generalizes the 2D a priori . vor analysis for a larger
family of triangulations, when HDG method is ay., 'ied To this end, we follow
ideas given in [12] and [19]. We remark at least t. ~ differences of our analysis
with respect to [19]. First, the numerical v.-tor flux we introduced is given
in the sense of LDG scheme. Secondly, aes, .. [19], we only need to consider
the standard local L2 —orthogonal pr ‘ectic. operators and their approximation
properties on anisotropic triangles. As rves.lt, we deduce that ||u — up||7, the
L?—norm of error u — uy, in the tr.. ngulacion 7, satisfies

1

| e W"hHLQ Q) = (Q(hk+0.5)7
ol “

once the layers have ber a reso. ~ . Here, u is the exact solution, uy its HDG-
approximation, and ¢ s a - aita' ie function that depends on 7', and whose norm
can be bounded by ~!. Hei. e represents the diffusion coefficient, h is intended
to be the mesh size cow. dered to obtain uy, that is, h := max{hx : K € T},
with hg being the diameter of K. Additional symbols and notations will be
properly introdu d in Section 3.

The rr st o' the paper is organized as follows. In Section 2, we introduce
the model p. hl'.n, deduce the HDG formulation and discuss on its unique
solva’ ility. 'L "e details of the anisotropic a priori error analysis are given in

a

Section t.ext, in Section 4, several numerical examples are shown, whose
13sults a. > in agreement with our convergence analysis, even in cases where the
ma.. " .n angle is close to . Finally, we end this work, giving some conclusions

ar 4 nnal remarks.




2. Convection—diffusion problem

Here, we consider the model problem

elq+Vu = 0 inQ,

o

qg+uv in,
V-o = f inQ,
u = g ondf),

where € is a polygonal domain in R?, f € L?(Q), g € & /2(99), the convection
velocity field v € [W1°°(Q)]?, and has nei’bher .o . curves nor stationary
points. In addition, we require that V-» > 0 » Q. This implies (see [12],
Appendix A, for a proof) that there exists a ». ~ooth function 3 so that v(x) -

Vi(x) > byg YV €, for some consta. t br ~ u.

Remark 2.1. When v € [Po(Q)]?, we cu set (x) := bo itz -

Now, in order to define the HD{ wmethod, we let 7 be a triangulation of
Q, made of triangular eler __ - satisfying a maximum angle condition with
constant f < . This me: s that ¢ 1 the angles of the triangles in 7 are less or
equal than 3 > 0 (see ' ypothes.. M.1 in Section 3). We remind that for any
K €T, hx denotes the i met r of K and h := maxge7 hx. We also introduce
OT :={0K : K € "} and let £ be the set of all sides F of all elements K € T,
counted once. Given K < T, we denote by m the unit normal vector, exterior
to OK. Conc cnin |, the approximation spaces, we first introduce the space of

piecewise p lynow. ~ls of degree at most k € NU {0}
P ) i={weL*Q) : wlx € P(K) YKeT}.

Then, we lool for the approximation of u and q in the discrete spaces Wy, :=

P_)) ana Vj, = [Pi(T))?, respectively. We also consider the space

My, = Py(€) = {w e L*€) : wlp € P(F) VFe€&},




for another scalar unknown that lives on the skeleton of 7, we  kn wn as

numerical trace, and the afine space

Mp(g) ={p€Mp: (1,Q)r = (9, Qr V(€ P(F) YFe (10},

for imposing Dirichlet boundary condition on the discrete .ormul tion in a weak
sense. Concerning the inner products consider here, all ¢ then are piecewise

defined. For instance,

(w,v)r = Z/wv Y, ve T3,
KeT 'K

(, phor = / pp Vp,, =L*0T).
KeT /0K
The definition of (-, -)7 for vector functions is g.. ~n in analogous way. By ||-||7
and || - ||o7 we denote the norms induce.’ b- the corresponding inner products

defined above.
The HDG formulation reads as: ®ind (< n, qp, un,up) € Vi X Vi X Wy, x My,

such that
(e tagn,m)r — (un, V1,7 4+ n,ap)er = 0 Vrev,,
(@nP)T — an,p, -~ (unv,p)7 = 0 VpeW,
(0. Vo) (6 -nw)or = (fiw)yr YweW,, (2)
(Un, oo = (g,moa Yp € My,
(@ -n,uomon = 0 Ve M,,
where we set & . - g, + upv + T(up, — Up)n on IT. Here we assume that

T € Py(E) 18 a aon-negative parameter on &.
We daduce * m the second equation in (2) that o}, = gp, + Py, (up, v) € Vi,

with 2y, beil 3 the L?—projection operator onto Vj,.

Femar’- 2.2. We notice that when v € [Py(Q)]?, we have that up v € [Py(T))?,
p. wided 1y, € Py(T). This allows us to set the numerical fluz & := o), + 7(up, —

w, ™ on 0T, in the same spirit of LDG method.




Then, we derive an equivalent HDG formulation, which reads: Fi 1 (e ,, up, up) €

Vi, x Wy, x My, such that

(e tagn,m) 7 — (up, V)1 +(r -n,u o7 0,
—=(qn, Vw)1 = (upv, Vu)7 + ((gn + upv) -n+ 7(up — ) w)or = (f,w)7,
Cihs o = (g, mog,

((gn +upv) - m+7(up = up). ;. mo0 = 0,

for any (r,w, p) € Vi, x Wp, x M.
The existence and uniqueness of the solutic of t' e HDG scheme (3) is

established next. To this end, it is important the "Jlentity

o, Vuyr = (Goemwn) = (50 aww) vwemm. @

Theorem 2.1. If 7+ fv-n > 0 on 07 chen the HDG formulation (3) has

one, and only one solution.

Proof. Since the discrete scheme is . ~ear and square, it is enough to prove that

the associated homogeneous linear system

wlran,r = (un, Vor)r+ (r-nan)er = 0,(5)

—(gn, Vw)7 = (un? . Vv )7 + ((gn + upv) - n+ 7(up, — ), w)or = 0,(6)
(Un, oo = 0,(7)

((gn +upv) -+ 7(up — Up), momon = 0,(8)

for any (r,7, ) « Vi, X Wy X M}, has only the trivial solution.

First, row (7) -ve deduce that up = 0 on 9. Taking r := qp,, w := u, and
wi=1u "~ (5), ““) and (8), respectively, and taking into account (4), we deduce
after uitable lgebraic manipulations

1 1 R R
( AQh’"h)T‘*‘(Q(V'U)Uh,Uh) +<<T+2U'n>(uh—uh),uh—uh> =0.
T

oT
No.. ~“.ce 7+ %'v -n > 0 on 07, we deduce that up, = uy on JT and g, = 0

in /. When V-v > 0 a.e. Q, we have up, = 0 in 7, and then 4, = 0 on 0T .




Otherwise, (5) implies that Vup, = 01in T, so up € Py(T). Since uy, =u on T,
we conclude that uj, € Py(Q). As uy, = 4y, = 0 on 99, we derive t. * uy - 0 in
Q. Thus, we end the proof.

O

3. An anisotropic a priori error analysis

We adapt the technique described in [19] to ow cas .. F rst, we recall and
introduce some notations and requirements on the ~mil, _. triangulation.

For each K € T, Bk denotes the maxim m interi r angle of K, hyx :=
max |F| and hpin,x = min |F|. Given onc “ide . of K € T, F denotes
FcoK FedK
the height relative to F. We introduce t! y..ucipal directions of K, denoted
by s; and s2 (with ||s1]| = [|s2]| = 1) as the irections of the sides E; and
FE5 of K, sharing the vertex of the ma.ir.um angle of K. In addition, we

consider the standard multi-index nweon o = (a1,q) € Zg x Zg, with

length |a| := a1 + a2, and defi-

9% = 921922 Va = (o, 00) € Z§ x L,

Y = BY R Ve R xR 9)
Kk =M e hle V= (7,72) ERxR.

Here, given s a unit - ector, ¢, tenotes the corresponding derivative operator
with respect to the d.. ~ct'on ¢ while hy g and hg g denote the lengths of Ey
and Fs, respective! -

From now on, we as. ‘me that T := {7,,} is a sequence of meshes that

satisfies:

M.1 the r azimum .ngle condition, i.e. thereis 0 < 3 < = such that Sx < f,
VK o7 V7 eT.

We rc zall her. that we are not assuming the shape-regularity hypothesis, so our
family ("~ aes may contain arbitrary anisotropic elements satisfying the max-
i num an, le condition. Hereafter, we remark that C, with or without subscript
or ..''~ , will denote a positive constant, that is independent of €, the mesh size,

ar 4 tue maximum angle of any triangle of 7.




In what follows we consider that the parameter 7 satisfies t’ = fo.owing

properties, for any 7 € T
H.1 3Cy > 0 such that max 7|p =: 77 < Cy, VK € T.
FedK

» ) 1 R €
H.2 3C; > Osuch that 7 = anzg}c(u}f (7’ + 2'U~n> > Gy mﬂim, 1},
VK eT.

1
H.3 3C5 > 0 such that i%f <T + 21;-n> > Cy mpx\’ n| VFedK,VK €
T.

From now on, by a < b we mean that a < ¢ " for some positive constant
C that is independent of the mesh size and §.

We also need to consider the following bi."en Sobolev spaces
V(T) = [HYT)> , W(T):= FXT) , M(E) = L*&).

Next, we introduce the bilinear form .> : (77(T) x W(T) x M(&)) x (V(T) x
W(T) x M(£)) — R given by

’

B((q,u,)\),(r,w,u)) = s T)T - (U‘?V 'T)T + <T ’ nv}‘)(’?T - (q + U’U,V’UJ)T

g+ uv) n+7—N,w— pwoar, (10)

for any (q,u, ), (7,w,p) « /(T) x W(T) x M(E). We notice that problem
(3) can be writte. as: »"d (gn, un, Up) € Vi, X Wy, x Mjy(g) such that

B((qhv Up, il,\h: (7', “J, N)) = (f? ’LU)’T + <g ) N)(m V('f'7 w, N) S Vh XWh XMh(O) .
(11)
In what .. "o /s, v : restrict ourselves, for simplicity, to the case g = 0 on 9.

Now, “aking (v, w, 1) := (qn,un,un) € Vi, x Wy, x My(0), we deduce
1 1/2 2 1 1/2
<T -+ 5'0 . n) (uh — ﬂh) (Q(V : ’U)) Up,

oT
Un. -+ .ately, if v is divergence-free, we do not have any control of the L2 —norm

2

+ = (f7uh)T'

™" Pan i+

T

of up, by the standard energy argument. This motivates us to proceed as in [12]




(see also [19]). Then, we introduce the norm ||| - ||| : V(T) x W(T, x 7 () —

A 1/2 7 1/2 2
(hmiiK) ( n 2 n) (w=s)

0K

Rg , given by

(e, w, w2 = 1l )1+ llwllF+ S
KeT

for any (r,w,pn) € V(T) x W(T) x M(E). Next, we con ider th. function

)

, hr \
"
T = X ?Q?(hmw )

where 9 is the function introduced at the beginning of Ser.ion 2, and x is a
(suitable) positive constant at our disposal. Then, we c. ~ establish the following

result
Lemma 3.1. Let ¢ := @7 given above, w+
X 21+ b5 [Vl Ty | 7 roeie [[0][ 1) > 0.

Assuming that 7 + %'v n >0V " € Y, VK € T, there exists C > 0,

independent of € and the mesh size, bu. depending on by, 1 and v, such that
B((Tawmu)’(rwwwuso)) > Cll[(r,w, ')|H2 V(r,w,p) € Vi x Wiy x Mp(0),

where (Ty, We, fty) = (PT. pw, @, ).

Proof. Given (r,w, ) € Vi x v.” x Mp(0), we have, after integrating by parts

and doing algebraic n. nir alati ns
- — 1
B((r,w,p); (Tp.1 o 110)) = (€7 m,07)7 + (w, eV VY- m)r £ S(V-v)w, pw)r
1, . — 1
+ol T ety + (74 soen) el - ), w - g

aT
(12)

. h

Sincev-v"»">b >0, V-v >0,and ¢ > Xmax( K ) > x in Q, we
KeT hmin,K

deduc .

b .
B((r, ». ). re,we, fy)) > X(G_lnr)T + (w, e YV - r)r + Eo(w, e_‘”w)T

1
+x ( max LS TH+-vn|(w—p,w—p
KeT hmin,K 2 T




Now, applying arithmetic-geometric Cauchy-Schwarz inequality, = » hr ve, for

any 6 > 0,

2 |(w,e”" V- r) 7| 2‘(e*¢/2 w,e V2V )T

< STHe VRV e e VAV ) H0 (6 VP w, eV R w)
< 5_1||V1/;||im(9) e rr)r 4+ (e w w)r
< STHIVYILe @ lle™ e p 101 <o) (717 )7 + 6 (e w,w)T,

since 1 < € !||v||0(q). This lets us to derive, fic » (12} chat

ot ) _
Bl ) (oo e)) = (x = S IVl ¥l ooy ) (Hrorr

5= o) ) ),
14

Choosing ¢ := bp/2 > 0 in (14), anc v "ing ‘nto account the hypothesis on x,

we obtain

B((T7w7/’b)7(r§07wtp7u§0)) > (6717’77")7' + —(e”

N hx n 1 ( )
a max T —v-n w — w —
S \KeT hmin,K 2 > # T

> Ol w, wlI?, (15)
with C' > 0 depending on %y, e~ ¥, V¢ and v . (|
We notice nat ne test function (r,w, ) := (7, W, ft,) in Lemma 16 does

not belong .o the ‘iscrete space V, x Wy x Mp(0). In order to derive our a
priori err v es 1ma’e, we introduce the standard L?—projection operators Iy,
Iy ar © Py on o Vi, Wy, and My, respectively.

A other t« ol we need for the a priori error analysis, is the averaged Taylor
or _.ator . of degree k > 0, introduced and analyzed in [28]. Indeed, given
1 € H* K), we define Quu € Py(K) as

mwwﬂﬁﬂnmmw,

10



with
(y —z)~
al

Tru(y, z) = Z 0%u(y)

la| <k

The approximation properties of Qi are described next.

Lemma 3.2. For any K € T and any w € H*TY(K) there emsts C > 0,
independent of the maximum angle Bg, such that for « -y side F of K with

corresponding direction vector s

lw = Qrwll2iy < C D TEE” LlLa) (16)
|a|=k+1

|F10sQrwllrzy < Cllwlr= -, (17)

F[[|0s(w — Quu)llzey < C S "0 w] L2 (18)
I—k+1

with b being defined as in (9).

Proof. These inequalities are obtain «. ‘ron. [28], by rescaling arguments to a
reference element. We omit furtt ~~ deta.'s. O

Next, we establish a geometric rei. “ion valid on any triangle.

Lemma 3.3. For any trio .gle K ‘here holds

[F2) 2 s Bx) hminge VF € 0K

Proof. Let K be a t-.angic, ar 4 F,, Fy and F, its sides such that |F,| < |Fy| <
|Fe|. It is enough 0 p. “ve the property for the height of K relative to its largest

side. Then, we a. >
\FH||Fe| = 2|K]| = |Fu||Fy| sin(Bxk),

with Sk ac ting the maximum angle of K. The proof follows using the fact
that
2|Fy| > |Fy| + |Fa| > |Fel.

" Ve omit ‘urther details. O
7~ ~ .dition, we also need an anisotropic version of the trace inequality, which

ce 1 be proven by standard rescaling arguments. We remark that in Lemma 2.3

11




in [29], it has been established an anisotropic trace inequality on ‘etr: nedra,

applying this kind of argument.

Lemma 3.4. For any triangle K € T, there exists C > 0, 7 «dep nu. ~t of the
mesh size and the maximum angle of K, such that for anu side ™ of K, there
holds
\
w2y < CFH7Y? (|w||L2(K) + > |B[]0s ,WHL”’«’)) , Ywe H'Y(K),
EcOK

where for any side E of K, sg represents its unit “vecti . vector.
The next result is a consequence of estimates fo. ~verag :d Taylor operator.

Lemma 3.5. Assume thatw € H'wTY(K) = = ) k] on an element K € T.
Then there exists C > 0, independent of the m. *h size and the mazximum angle

Bk, such that

Mww — w2y < C N B ]]0%0]| 22 () -

Ll /

o =L+
Also, if r € [H"TY(K))?, forl. € [0,k, ~n an element K € T. Then there exists

C > 0, independent of the r csi  “ze and the mazximum angle Bk, such that

IMyr —rlgen,2 = C Y R l0rllzaaope
|a|=lr+1

with &% and h$. beir g inw. v _ed in (9).

Proof. First, we consi. - the averaged Taylor approximation of w, Qrw €

Py (K). Then. after noting that Iy (Qrw) = Qrw in K, we have
My w—wl' 27y = [ Hw (w—Qrw)||r2(x) + [|Qrw—w||r2(x) < 2||Qrw—wl|2(k) -

The conclusic ~ fc 1ows after applying (16). The second approximation property

is prc 7ed in « ralogous way. O

L .uma o.0. Let K € T and ¢ € CH(K)NWH HL*(K). Then, for any (r,w) €
| 2%(K))? < Po(K) and ¢ € R, there exists C > 0, such that

hk
] Bl lwer1.00 5y 1Pl L2 (5002

e = D@+ Orlpegor = CqiEs

12




h1/2 hK
[y = 1) (¢ + Orllpegry: < E (

© Sn(6r)

hg
II — I 2 < ;41,00 I 2 :
My = D+ Ouilzgy < Cars lollwsenmao 1 Va0

1/2
hmin,K> l1llw 1'°°(A/||T||[L2(K)]2 VI € 0K,

/2 he N1/2
[T — 1) (6 + Qullpayy < % (K'

I = .
CSin(ﬁK) ) gl vy [Jwllizy ¥V F € 0K

Proof. Since (Ily — IN((¢ + ¢)r)|xk = (IIy — I)(¢n M, anc applying Lemma

hmin. =

3.5, we have

Iy = D¢+ Orllzeap < C Y RSO () e
|al=k+1
< C Z 20D 10°P || oo (1) 10°P || (12 (K30)
la|=t+1 Py

with the constant C' from Lemma 3.5. A} ~ ying the inverse inequality
||(9ﬁ1"||[L2(V\]2 < i'l/;('jHr”[LZ(K)]Q,

and taking into account that r is of degree less or equal than k, we obtain

|(ly = D6+ Orllize), < C ese(Br) llwrrremy Y Y. b Plrlzaaope
|a|=k+1 B<a,|B|<k
< C ese(Br) hicl|Bllwrsros i) Il 2 (g2

with C' > 0 indepr. ‘ent of the mesh size and the maximum angle of K. This
concludes the proof of the first inequality.
To establi a th second inequality, we take into account Lemma 3.4. Then,

we obtain

[(Ty = I)(¢+ QOrllz2myp = [Ty — I)(or)|lL2m)2

<Ok <||(HV =D li2yz + D, 1E]0s, (v — I)(¢T)||[L2(K)]2> .
e (20)

Introwucing now the averaged Taylor k-degree polynomial Qg (¢r) of ¢r on K

13



and applying Lemma 3.2, we have

|E[10s(ITyv — I)(¢r) |2 (ryz = |E[|10s(Lv — Qk + Qi — I) (7). <roye

< |EN|0s [Qr(v = I)(¢r)] l[iL2(xy2 + | Ell|0s s (Qr — D@0, 252

< C | My = I)(or) |l iz2(xy2 + Z AT
|a|=k+1
(21)

Now, by the same argument used in equation (19) and . om the first inequality

of this Lemma, we deduce from (21)

[El|0s 5 (v = I)(07) (L2 (x0y)2 < C cse ) hc[|@llwrrree (o 17l L2 a2 »

and then, after replacing back in (20) a. 1 t «king into account Lemma 3.3, we

conclude that

1Ty — 1) (6 + Orllizz(myz < C “con, b g hiclldllwrsroe oy 7l 2 e

with C' > 0 independent of t+'.c _~esh size and the maximum angle S.
Third and fourth inequ “lities a1 » proved analogously. O

In what follows, we set |¢||- = £g¥‘|gﬁ|‘wk+l,w([(), and Dj 1= %12%2680(51{)-

Lemma 3.7. Ther exists ' - > 0, independent of €, but dependent ofB, so that
for any h < hg, *ere . ~lds the following inf-sup condition: There exists C > 0,
independent of -, 1. < maximum angle of all K € T and the mesh size, such that

for any (q,u, A, = Vi, x Wi, x Mj(0)

B((g,u ), (rw,w) _ C

s .p = [11(q,u, N]]| (22)
(rew W)€V, Wy My (0) [ (7, w, W] D llelln
Hw,p)FE,0,0)

Prooj. First, velet (q,u,A) € Vi, x Wi, x My(0), and introduce dq, = (I —
I"'v)g, « V(T), 0uy, == (I —Iw)u, € W(T) and 6A, == (I—Par)r, € M(E).

"y hen, we have
B \q, u, )‘)7 (6qtpa 6ug&a 5)‘tp)) = (671 q, 6qu)’7’ - (’U,, V- 6q§0)7- + <6q<,0 n, >‘>6T

14




—(q + uv,Vouy,)T + {((g + ue) -m + 7(u—N), duy)ar
—((g +w)-n+71(u—A) ¥ por

= (671 q, 5q¢)7- + <5q¢ SO u>aT + <7‘(u — /\), 5u¢>ar.

Now, our aim is to bound each one of the three term al .ve. \pplying Cauchy-

Schwarz inequality and first approximation propery, ‘n Lowama 3.6, we have

(e7'q,8q,)k < H(UQQH[L?(K)]2 ||€71/25‘150|!;2(K;J =~ CSC(ﬂK)hKHGA/QqH[QL?(K)]Q-

On the other hand, since 73 < 7 + %v -~ on 0K, and taking into account

second approximation property in Lem -~ 17 we derive

0y -n, X —wor < |1 %) Poa, - nllr2am) I(TR)2N = Wl 2 ox)

e\ /2 1 1/2
< <T”> ||e_1/26qu(f'52(aK) <7' + 2'v~n) A — u)
K 2
12 ¢ 1/ hK 1/2 1 1L/2(6K)
5 CSC(BK) hK <7-I”{) ||6_1/A _VH[LQ(K)]Q (hmin’K> (T + 2’(}’[’1,) ()\ — u)

( hi )1/2 <T + ;v-n>l/2()\ — )

hmin,K

L2(9K)

< ese(Bi) (W + €7 ) e 2|2 (2 -

L2(9K)

N

In addition, consi «ern. - H.3, it is not difficult to check

(T(u—2A), & Sar = <<T + ;vn) (u—2A), 5%>3K - <;(v-n)(u— A, 5%>8K

; 1/2 1/2
< ( + 21}-n> (u—M) + "v-n (u—2X\) l|6upl|L2 oK)
N L2(8K) L2(0K)
hyc 1/2 1 1/2
Soanl (G2 (re o) @en| Il
hmin K 2
’ L2(9K)

15



Then, we have

B((q.u,\), (6g,: 8up,00,)) S D ese(Br) heelle " 2allfyz e
KeT

he 2 1 L1/2
(hmin,K> <T v n} (O~

he 2 1 1/2
( ) <T+2’U-*l) (11— X)

hmin,K

\ |€71/2‘J||[L2(K)]2
L2(9K)

+ > ese(Bk) (hi + ehg)'/?
KeT

+ Z cse(Pk) h}(ﬂ

KeT

||UHL2(K)
L2(0K)

S DR I Il

Thanks to Lemma 3.1, we deduce there exists C>u. ~dependent of the mesh

size and € such that

/0

B((qaua A)ﬂ(aqgm(sugmé)\go)) < CA’DP "'1 “\\q:uv)‘)7(q<p7ug07)‘§0))'

Then, we conclude that there exists hg . U .. “hat for any h < hg there holds
1
B((q,u, M), (8qy, 0uyp, 0Ay), ~ z £((g,u, A), (@pr up, Ayp))
from which is inferred that (applyu._ agamn Lemma 3.1)
. . 1 C 2
B((qv u, )\)7 (qutpv HWugay AI)‘AP), > 5 B((qa u, /\)7 (qtpv U, )‘90)) > 5 |H(qa u, /\)m .

Now, applying triangle * iequalit,, Lemma 3.6, we also show that for any h < hy,

there holds

N vae, Twue, Pud)lll S Dgllelln (g, w, M,

which let us t , cor -lude the desired result. O
Now, wr let (g,  be the exact solution, and (qy,, up, Up) € Vi, x Wj, x M, (0)
the solut’ m ¢ (11 . It is not difficult to check that (11) is consistent with the

exact < _.ution, . nich means
2 ju), (rw, N) = (fw)r Y(r,w,A) € Vi, x Wy, x Mp(0).
"W \Wis yiel' s to the orthogonality relation
T ((g—gn,u—up,u—1ap), (r,w,\)) =0 VY(r,w,\) € Vi x W x Mp(0). (23)

16



We introduce now
ef :=qn —llyq , dq :=q —llygq,
ep = up, — wu , du:=u — yu,

e}j::ﬂh—PMu 5 6aZZU—PNw.

Thanks to (23) and definition of projections, we ded «ce t+ following identity

Lemma 3.8. For any (r,w, ) € Vi, x Wi, X My(v) the. nolds

B((6Z7ezveg)v(rvwvﬂ)) = (6_1 dq,7)r + (0w m,” — wor
+((r + v-m)de o o — (T0U, w — por -
(24)
Finally, we can prove the main resul. of chis paper. We recall that 9% and

h$ have been introduced in (9).

Theorem 3.1. For h < hgy (ine. ~duce. in Lemma 8.7), there exists C > 0,

independent of mesh size and parameter €, such that

1 " e 1o
o @ = oy @l < OD; 30| 3 RVl
elin KeT lal=lqg+1

e Y hEI IV e+ Y B 10%ullraey + Y RETOI 07 ul| 2 )

|a|=l,+1 Jor| =l
18

lal=lq
1B]=1
Proof. First, -.e bc and each term on the right hand side in (24). We have, for

each K €T

‘lig )k < e t? 0q| (2 (x)2 H€_1/27’||[L2(K)]2~

17



(6g-m, w—plox ((TR)%8q - m, ()2 (w =)o -

e\ /2 y / 1 1/2
< (7’”) ||67 / 6q||[L2(6K)}2 \"' + 211 . 'I’L> (’LU _ ’u)
K Il L2(0K)
1 \ /1
(T 4+ v-n)du, w—wsrx = T4+ -vn)|du,w— . + 1 -(v-n)du,w—pu
2 /aK \2 oK
1 1/2 I
< ‘ <T—|— 21}-n> (= | [[0u|| L2 oK) 5
Il 2(8K)

ot w—soe = ((r+ Joen) Saw ) - 0 w6, o
, K

Next, we take into account the approxim ti.n results (Lemmas 3.5 and 3.4)

N

1 1/2 I
<7‘+ 2’U~’I’L> \ '7/1,)‘ ||5u||L2(3K).
L2(9K)

17 28qll2 e S € VP ese(Bry . b 110%allwe iz

g+
1/2
le=1/25q| < eV hi )" RoH0-58 || gath
qllirzery S € (BK) — > g I qlliz2xy2 >
min, aimtq
|B|=1
hic 1/2 o
lullzany 5 cotry (25 ) S B 0 e
i ll=ly
Bl=1
hx i 7 a+0.53
loullL2x, S cse(Br) <h ) K) Z R P N0 P ul| 2 iy
i, ll=ty,
|8]=1

where lq. ., € [0,k], and C a positive constant that does not depend on the

maximum aw_'e . Then, for any (r,w, p) € Vi, x W, x M (0), we deduce

18



Bl(ef e ef)s (ryw, ) 5D ese(B) | 30 GO 1 Mallipa ey
KeT lal=lq
|8|=1

+e 2N R 0%l e + Y AP0 e | e, w, wl]-
la|=lg+1 \‘cgl:_zqi

Since (e}, e¥, el) € Vi, x Wy, x My, (0), we apply Lemm.. .7, a'.d then for h small

enough we have

1 @ Fa+. 58
W|||(€Z?€Za€2)|\| SDp Y | AT 0" ey
@lin KeT |lal=._

|ﬁ|:1 (25)

+€—1/2 Z ~(;< Haaqn[Lz(K)"’ + :( E(;{+0.5[3Haa+5u”L2(K)
o =lq+1 al=
|- =

As @ = eVu, we derive

1 m 7 0.5
——Illelei el < 0z > e > R 0° TPVl | L2y
KeT

llel|n

lal=lq

|Bl=1

+e/? Z hSe 10Vl | (L2 xye + Z ﬁ?(+0'56||6°‘+5u||L2(K)

la|=lg+1 Ja|=ly
! 181=1
By approxime .ion ,roperties of the projection, we also deduce

1 R - .
TG RACTL T D EED DR 3 e

KeT |a|=lq+1
P o 7 a+0.5 o
+ Y R0l + D RSEII100 Pl e
la|=lu+1 \‘alz_zu
Fin "' applying triangle inequality, we derive the result and conclude the proof.
O
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Remark 3.1. When, in addition, € < hpming VK €T, and the ~qul rity of

~

u and q are such that 1, = k and lq = max{0,k — 1} respectively, . » obi. ™
1

hk+0 ) .
|l |n

(g = gn,u = un,u — @n)l|| = O(

Otherwise, the above expression would behave as O(h™), nathr = |k —1/2,k +

1/2], and makes sense for k > 0.

Remark 3.2. The current analysis requires the max mu- . an le condition, which
allows us to bound Dz uniformly in our main a pi.>vi e .0 (¢f Theorem 3.1).

Otherwise, this constant DB could blow up as th = maxim m angle is closer to .

Remark 3.3. In order to obtain an error estin. *e of o — oy, we take into

account the local inequality

o —anllizzz < €722 (g — @M 2z + |[ollne e 1w — unlln2 o)

+ > hgo )|l YKET.
la|=lp+1

Remark 3.4. Our main result, give. in Theorem 3.1, is valid also when we

consider the numerical flux < ... Juced in [19]

~

On = 4qp - i + T(up — up)  on 0T .

In this case, we need . «ssum 2 that the parameter T is defined such that T —

%v'n >0 on dT. ‘his showd be taken into account to define the corresponding

norms, the analoaous pro, 2rties H.1-H. 3 for T, etc.

4. Numer’zal ro lts

In the . ' owir g examples the stabilization parameter 7 in each edge e is

taken as 7¢ = 7 + 75, where 7§ 1= supge. |v(x) - | and 75 := min(e/he, 1).
We cc wpute “he errors eq = [[e72(q — aqn)ll[r2)2, €u = llu — unllr2(0),
€y = H( — O'hH[LQ(Q)P,
1/2
he 2 1 1/2 PR
o0 = Z T+-v-n (up, — up) .
oo I\ min, & 2 L2(9K)

20




On the other hand, the estimate provided in Theorem 3.1 deper ‘s o ||¢||,

which depends on the triangulation 7 and verifies

hk > — " hk
Y max < n < e k4loo(Q) + X INOX kf )
KeT <hmin,K ”SDH ” ”W @) N hmin,K

Since y and ||e_wHWk+1,oo(Q) are independent of the mesl. the g antity My :=

h .
max K is a suitable indicator of the behavior of |||, Based on this ob-
KeT hmin,K

servation, for each variable, we compute the experimental o der of convergence

(e.0.c.) as

en/Mz\ /,
ery/Mr, , -

where e7; and e, are the errors associated to v. = corresponding variable con-

e.o.c. = log ( ool /hy),

sidering two consecutive meshsizes h7, a. 1 7,, respectively.

4.1. Unstructured meshes

In this section we show the resu..~ obtained using anisotropic unstructured
meshes. We use BAMG ([3""" o generate an initial anisotropic mesh. Since
the goal of this work is to how the performance of the HDG method, in all the
example the exact solut'on is k. /n. Hence, BAMG creates the mesh based on
a metric tensor that .. 0! es t'.e Hessian of the solution. Then, we uniformly
refine this initial v~ 'sh by dividing the triangles by the midpoints of the edges.
This procedure keeps the anisotropy of the mesh, preserves angles and My is

the same for e ery nesh.

4.1.1. Bor nda: ¢ layers

Example 1. We consider the domain Q =]0,1[? and velocity v = (1,1)".

1 —ef '@E=1))(] — ¢ 'y—1)
The « xact so. 'tion is taken to be u(x,y) = J;y( (le 1;& ¢ = ) —
— e*ﬁ — 676

sin(Rz7, ™ sin(3ymw/2) + 2. It has boundary layers at {z = 1} and {y = 1} for

s mall vair ‘es of e. Here, we have added sinusoidal terms so that, away from the
bow - y layers, the solution does not behave as a quadratic function when €

is small. This will allows us to study the convergence rates for £ > 1. In this
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first example we set € = 1073, In Figure 1 we show the initial mesh 'nd .zoom
of it at the top-right corner. Figure 2 displays the approximate so. ‘tion ., for
k =1 and k = 2 considering a uniform mesh (left) and the .nis tropic mesh
(right) showed in Figure 1. We clearly observe that the unifo.. ~ aesh does not
resolve the boundary layer, but if that suitable anisotrop’'c mest is considered,

the approximation does not exhibit oscillations near the 1. vers. I-. this case, all

hk

1/2
the meshes satisfy max ( > = 7.14 and me ¢Br 179.5394°. Table 1
e —

KeT min, K
shows the history of convergence of the method whicn agres s with Remark 3.1

1/
hk .
is L wunded. In some cases
min, K ,

(k =0, 1 and 2) the order of convergence of v .~ higi, ~ "nan expected. We point

since the solution is smooth and max
KeT

- s close to m, the constant

out that since the maximum angle of theso =~
DE in Theorem 3.1 is big. Even though, errors " Table 1 are small.

On the other hand, we numerically stv iy vhe spectral condition number
k of the global matrix associated .. 7. “We recall that, for pure diffusion
problems; [31] reported numerical exper.nents indicating that  is proportional
to (k + 1)h=2. For the case of con\ ~tion-dominated diffusion problems, [15]
proved that x behaves as h=” = isotropic meshes. In Table 2 we display the

experimental order (e.o.) ¢ *ch that < is proportional to h(e°) . We observe that

it is close to -2, which # srees w1 the results presented in [15, 31].

Example 2. We ¢ msider t..c same squared domain as previous example and

the exact solution

_ oy _(
u(z,y) =22 (y(1—y) +e Ve +e v ),

with € = 173 We take v = (1,0)". This solution has two boundary layer on the
horizontal ax. 7 he initial mesh is displayed in Figure 3 (left) and wuy consid-
ering ¢ =1 a. 14 N = 7824 is shown on the right. The history of convergence of

the meuv. ~7 _rovides similar conclusions as in previous example, hence we omit

1/2
) =17.87

{1e corre, honding table. Here, all the meshes satisfy ?a%g (
€

s = 179.6203°.
ana KeﬁgﬁK

hmin,K
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== 1E = =
0.9 0.999
0.8 0.998 @
0.7 0.997 - A
0.6 0.996 7< 7

—
05 0.995
0.4 0.994 Y
0.3 0.993
0.2 0.992 /
0.1 0.991 / ‘ \
/
% 02 0.4 0.6 08 1 "o 0.992 4994 0.99 0.998 1

Figure 1: Example 1: Initial mesh with N = 823 ('~ft) a. ' » .oom-in on the upper-right

corner (right).

4.1.2. Interior layer

Example 3. Let us consider the sai ¢ lom. ‘n as before and the exact solution

1
u(m,y, __1_ —(2ty-0.8)

L lbeT se

with € = 1073, It has an “uter. v layer along the segment described by z +
y = 0.8. We take v = (2, M. In Figure 4 (left) we display the initial mesh
generated with BAMG Its -orresponding approximated solution up, (k = 1) is
depicted on the righ*. 1. osc’.lation are observed near the interior layer since

the initial mesh is 1.~ enough in that region. In this case, all the meshes satisfy

1/.
max < K \ = 18.27 and max S = 179.7651°. Once again, in accordance
KeT \ Pmin, K KeT

with Remark * 1, .he order of convergence for eq and ej seems to be at least
hEH0-5 M ceover, to- k = 0, 1 and 2 the order of convergence for e, is higher

than expec ~ ..

4.1.83. on r nstant convection
] xamp. * 4. We consider the same exact solution as in Example 3 but consid-
er.. ~ » - on-constant convective field v = (u,u)?. We do not displays the results

sir ce Jhey provide similar conclusion to the ones obtained in Example 3.
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27778
22774

Figure 2: Approximate solution uj, of Exampie 1 considering k = 1 (top row) and k = 2
(bottom row) when € = 1073. L .i cu. mn: uniform mesh with N = 882 elements. Top-left:

anisotropic mesh N = 823 eler -nts.

4.2. Shishkin meshe-

Example 5. We cho. e the same problem as in Example 1, but considering
a Shishkin mes'. \Migure 5) constructed as follows (we refer to Section 2.4.2 in
[32]). We set . = min{0.5, (k + 1)elog(M)}, for a given an integer M. Then,
the intervs.s [0 1 — u] and [1 — a,1] (on both axes) are uniformly divided in
M subinte. . Finally, each rectangle on this grid is divided in two triangles
with ! ypoter 1se parallel to the vector v = (1,1)!. Because of this construction,
max bH, = 90" and then DB = 1. Moreover, M7 decreases with k£ and h as we
cun ded ce from Table 4. Moreover, € is always greater than Ay, x for all K

in, *he tr'angulation 7. Hence, Remark 3.1 predicts an order of convergence of

woothrelk—1/2k+1/2).
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k|l N eq e.0.c €y e.ocl eq €.0.c es 208

0] 823 ||2.81e-01 ——|[2.72e-01 ——|[3.85e-01 ——|1.92e4+00 -—
3292 ||1.87e-01 0.59|1.38e-01 0.98|1.95e-01 0.98|1.2 se4( 7 " 46
13168 |[1.25e-01 0.58(7.07e-02 0.96{1.00e-01 0.96|1.02¢ 90 0.45
52672 ||8.62¢-02 0.54]3.71e-02 0.93]5.24e-02 0.9 ,| 7.50¢ 711 0.44
210688(/6.06e-02 0.51]2.02e-02 0.88]2.85e-02 0.88, = 59 J1 0.42

1| 823 ||3.30e-02  —|2.44e-02 ——|3.45e-0I — |2.26e-01 ——
3292 ||1.05e-02 1.66|5.86e-03 2.06(8.28e-.” 2.07 ,.45e-02 1.42
13168 |[4.03e-03 1.38|1.39e-03 2.08|1.¢7e-03 2.09| 3.10e-02 1.45
52672 ||1.61e-03 1.32]3.22e-04 2.10]4..°2-04 ..12| 1.12e-02 1.47
210688||6.61e-04 1.29|7.25e-05 2.17 2.20C vo 2.21] 4.08e-03 1.46

2] 823 ||4.85e-03 ——[1.90e-03 ——‘2.6& 03 ——|2.66e-02 ——
3292 {9.84e-04 2.30|2.21e-04 3_()‘5.166-04 3.09| 5.82¢-03 2.19
13168 |[1.61e-04 2.61|2.60e-0c . "9]..74e-05 3.08| 1.28e-03 2.19
52672 ||3.05e-05 2.40(3.C .. °% 3.70]4.37e-06 3.10| 2.63e-04 2.28
210688|/6.20e-06 2.30|3.55e-07 °.10|4.98e-07 3.13| 5.21e-05 2.34

3| 823 |[1.37e-03 — -|1.5+ -04 ——|2.28e-04 ——|4.42¢-03 ——
3292 {|2.18e-04 2.0u '.13¢ 05 3.79|2.05e-05 3.48| 8.59e-04 2.36
13168 {|2.18e-0", 3.72|9.29¢-07 3.61|1.91e-06 3.43| 1.26e-04 2.77
52672 {|2.03¢ 06 . *2!,.39e-08 3.47|1.87e-07 3.35| 1.51e-05 3.06
210688 (1.7 Je-7 3.97|7.09¢-09 3.56|1.51e-08 3.63| 1.64e-06 3.20

Table 1: History of convergence of Example 1.

In Ta’ e 5 we 'splay the history of convergence of the method considering
e = 10=* Fu." of all, when k& = 0, we observe no convergence for g, which
agree with R mark 3.1 because it does not guarantee convergence for this case.
Ex  thougu the error eq decreases when N increases, My decreases faster for
.7 > 2045 which explains the negative value for the e.o.c. The experimental

conve, gence rate for e, and eg seems to behave as expected, i.e., O(h") with

25




k=1 k=2 k=3
N K e.o. K e.o. K e.o.
823 [|7.18e+04 — |[1.17e+05 — |/2.00e+0F h
3292 ||4.45e+05 —2.63||7.21e4+05 —2.62{1.16e+06 - ' 53
13168 ||1.70e+06 —1.94|/2.74e4+06 —1.93|/4.42 +06 — 93
52672 ||6.64e+06 —1.97|[1.07e4+-07 —1.96||1.72¢- "7 - ..96
210688(/2.62e+07 —1.98||4.23e+07 —1.98| 3.81 +uv7 —1.98

Table 2: Condition number (k) of the global mc ~ix 0. .uxample 1.

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2

0.1

0 0.2

0.6

0.8

Figure 5: Example 2: Initial mesh with N = 489 (left).
N =7 24,k=1 and ¢ = 1072 (right).

r > 0.5. Jn the other hand, when k£ > 0, all the variables converge with order

lix

26

Approximate solution wup with

" - range predicted by Remark 3.1. Except that, the convergence rate for e,




Figure 4: Example 3: Initial me-’ ~ith N = 1020 (left) and corresponding approximated

solution up, (k =1).

is a bit higher than ex, ~.ed v aen k = 1.

We consider nc < =107-. As we see in Table 6, M7 is higher than the one
corresponding to nrevious case but also decreases with N and k. According to
Table 7, the e peri- 1ental rate of convergence of all the variables agrees with the
range predi ted by Remark 3.1. Once again, u; converges to u with an order
a bit hig! ~r t".an 7 “t0-5_ The error e, in the last mesh and k = 3 is probably
being - cted 1, round-off errors. In fact, eq has been weighted by e~1/2 which

04.5

in thi case is 10%5, i.e., without this weight the error would be of order 1072,




N

eq  €.0.C

€y

e.0.c| eg

€.0.c

€q

1020
4080
16320
65280
261120

7.02e-04
4.72e-04
3.75e-04
3.42¢-04
3.28e-04

0.57
0.33
0.13
0.06

9.46e-04
4.87e-04
2.60e-04
1.41e-04
8.14e-05

3.41e-03
1.75e-03
9.35e-04
5.08e-04
2.93e-04

0.96
0.91
0.88
0.80

0.96
0.91
0.3
0.80

7.69e-01
5./ 0e-0
3.8oc 1
2.74¢ N
106 01

N
0.50
0.49
0.49

1| 1020
4080
16320
65280
261120

4.27e-05
1.37e-05
4.05e-06
1.19e-06
3.92e-07

1.64
1.76
1.77
1.60

2.05e-05
3.91e-06
5.95e-07
1.20e-07
3.08e-08

7.40e-0
1.41e-°%
2.76e-06

4. Re-04

| meaaC

2.2°
2.1
2.31
1.97

-18.11e-03

2.89¢-03
1.03e-03
3.65e-04
1.30e-04

1.49
1.49
1.49
1.49

1020
4080
16320
65280
261120

5.61e-06
1.71e-06
4.32e-07
6.75e-08
9.51e-09

1.72
1.98
2.68
2.83

4.45e-06
3.76e-07
4.68e-0"

S. i

5.32e-1u

—_l1.60.-05
3.*7; 1.34¢-06
o 01| 4.55¢-07
1.58¢-08

2.54e-09

512
3.34

3.58
3.11
3.30
2.64

3.29¢-04
7.11e-05
1.57e-05
3.28e-06
6.23e-07

2.21
2.18
2.26
2.40

1020
4080
16320
65280
261120

2.65¢-06
7.85e-07
1.19e-0/ 272
1.10 -08 . 4
7 3¢"0 3.94

1o

Table 3: History of convergence of Example 3.

1.0. >-06
R.76 -08
1 26e-08
1.12e-09
7.13e-11

3.92e-06
2.97e-07
4.12e-08
3.52e-09
2.10e-10

3.63
2.80
3.49
3.97

5. Conc asic as 2 ad final comments

In c¢his w' vk we have developed an a priori error analysis for the convection
domin. ted di [usion problem in 2D, when using the HDG method on a family
. anisc ropic triangulations. We adapt ideas given in [12] and [19], in order

tc follow the dependence of the constants on the diffusion coefficient €, and in

[VF

28

3.72
2.85
3.55
4.07

4.35e-05
1.01e-05
2.07e-06
2.76e-07
2.82e-08

2.11
2.28
2.90
3.29

~3e also on the uniform bound of the maximum angle of the triangulation.
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Figure 5: Shishkin mesh for :xample . /ith M =3, k = 1 and € = 10~2 (left) and a zoom on
the upper right corner (ri at).

As result, we deduce the when € is small enough, the corresponding rate of
convergence is O(F +05). Otherwise, the rate of convergence would behave as
O(h"), for ~ome + = [k — 0.5,k + 0.5]. Numerical examples are in agreement
with our ‘hec etic'i results, even when the maximum angle on the family of
triang’ ‘ions .. very close to 7. Since the a priori error analysis require usual
L?—1 -ojector: and does not need the use of Lagrange interpolation operator,
wr _:lieve vuat the analysis can be adapted for 3D case (anisotropic tetrahedra)
i» a natv -al way. On the other hand, as the presence of boundary or inner

layers 13 very natural in this kind of problems, it would be better to count with
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N k=0 k=1 k=2 k=3

32 ||3.78e+4-01{2.68¢+01|2.19¢+-01|1.90e+01
128 ||2.68e+01{1.90e+01|1.55e+01|1.34e+( +
512 |2.19e+01{1.55e+01|1.26e+01|1.09e+01
2048 ||1.90e+-01|1.34e+01{1.09¢+01|9.4 :e+4-00
8192 ||1.70e+4-01|1.20e+01|9.76e+-00|8.43c '-00
32768 |1.55e+01{1.09e+01|8.90e+0" |7.6" <+ 10
131072{[1.43e+01{1.01e+01(8.23¢-; N|7.11~ -00

hx

min, K

1/2
Table 4: mI?X ( ) for meshes of Exa. mle & with e = 1073,

an a posteriori error estimator for anisc*»~nic meohes. In this way, an adaptive

c

refinement could perform, with the aim ¢ ecognize the region of the domain

where the layers are, improving the . 'ity of approximation in the process.

These are the subjects of ongoin_ ...~
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N €q €.0.C ey €.0.C o €.0.C eq .0.C
32 |[1.98e-01 ——|4.88e-01 ——]6.89e-01 ——|7.07e+0u. >
128 ||7.44e-02 0.41|3.40e-01 —0.48|4.81e-01 —0.48|5 3e- . —0.54
512 |/4.60e-02 0.11{1.79e-01 0.34(2.54e-01  0.34|3.7. +00 —0.12
2048 |/3.46e-02 —0.01(9.31e-02 0.53|1.32¢-01 0 »3|2.68. +00 0.06
8192 ||2.87e-02 —0.05(4.88e-02 0.61{6.90e-02 0.0“1;99 400 0.16
32768 ||2.54e-02 —0.09|2.65e-02  0.62|3.74e-02 0 "z|. 38e+00 0.21
131072(|2.28e-02 —0.07|1.53e-02  0.57|2.16e ™2 0 R7‘1.006+00 0.24
32 [|3.25e-02 ——[2.24e-01 ——|3.77e-01 - —|1.74e4+00 ——
128 ||1.37e-02 0.24{4.26e-02 1.39|6..°2-0=  1.39| 7.60e-01  0.19
512 ||5.66e-03 0.69(9.57e-03 1.7 2.20C v= 1.57] 3.44e-01  0.56
2048 [/2.43e-03 0.80(2.24e-03 1.68‘3.1.‘ 03 1.68|1.53e-01 0.75
8192 |[1.05¢-03 0.88(5.33¢-04 1.75'7.49¢-04 1.76| 6.63¢-02  0.88
32768 ||4.80e-04  0.87|1.25e-04 * 83]..71e-04 1.86| 2.80e-02  0.98
131072(|2.48e-04 0.72]2.76 & 105‘3.49@—05 2.07| 1.17e-02  1.03
32 ||1.65e-02 ——]2.67e-02 -—|3.81e-02 ——|3.42¢-01 ——
128 1[3.00e-03 1.46 z.bac 93  2.40(3.63e-03 2.39| 1.18¢-01  0.54
512 {/6.95e-04 1.54"’ 57e-M4  2.71|3.71e-04 2.70| 3.94e-02  0.99
2048 ||1.74e-04 1.58 2.92¢-05 2.72|4.34e-05 2.68| 1.18¢-02  1.32
8192 ||4.03e-0F .. ‘2‘3 T7e-06 2.63|5.91e-06 2.55| 3.21e-03  1.55
32768 ||8.72e uv 1.94|5.25e-07  2.58|8.73e-07 2.49| 8.16e-04 1.71
131072{|2.07 96 1.87|7.99e-08 2.49|1.41e-07 2.41| 1.99¢-04 1.81
32 ||6.7%e y3  ——[3.91e-03 ——|5.68e-03 ——|7.4be-02 ——
128 (|9.79e-02 2.25(2.18e-04 3.16|3.18e-04 3.15| 1.82¢-02  1.03
512 ' 7.62e J4 1.99|1.54e-05 3.23|2.38¢-05 3.15| 4.98¢-03  1.28
048 |7 68e-05 2.18|1.37e-06 3.07|2.61e-06 2.77|1.03e-03 1.86
¢'92 ||? 66e-06 2.55(1.63e-07 2.75(3.38e-07 2.62| 1.77e-04  2.22
32778 ||4.16e-07 2.87|1.96e-08 2.78|4.09e-08 2.78| 2.70e-05 2.44
1310,2([3.75e-08  3.24{2.20e-09 2.93|4.48¢-09 2.97| 3.85¢-06  2.59

Table 5: History of convergence of Example 5. € = 1073,
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N | k=0 | k=1l #—o | p=3

32 [|3.80e+-04 2.696—0—04‘2.1U +04{1.90e+04
128 {]2.69e+4-04|1.90e+ 4| .50e+04|1.34e+04
512 1/2.19e+04|1.5 ‘~04‘, 27e+04|1.10e+04
2048 [|1.90e+04'1.34e~+ 74|1.10e+04|9.50e+03
8192 ||1.70e+04|1.2c ~+04{9.81e+03|8.49¢+4-03
32768 ||1.55¢ . 2" '1.10e+04|8.95e+4-03|7.75e+03
131072{|1.4 '24-04|1 )2e+04|8.29¢+4-03|7.18e+03

h 1/2
Table 6: 11}12%(_ — —\ for meshes of Example 5 with e = 1079,

AN i, K
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N eq €.0.c

€y

€o

€.0.c

€q

32
128
512

2048

8192
32768
131072

1.94e-01
6.55e-02
3.57e-02
2.25e-02
1.39e-02
8.29¢-03
4.80e-03

0.56
0.29
0.25
0.37
0.48
0.57

4.88e-01
3.39¢-01
1.77e-01
9.00e-02
4.53e-02
2.28e-02
1.14e-02

6.90e-01
4.80e-01
2.50e-01
1.27e-01
6.41e-02
3.22e-07
1.61e ™2

—0.47
0.35
0,6
0.6.

6.28e+-u.
4 s6e- 52 —0.47
3.1. +03 —0.11
2.25.+03  0.07
1.50.4+03 0.17

0 0. 13e+03 0.23

0 77‘\5.0364-02

0.27

1] 32
128
512
2048
8192

32768

131072

1.15e-02
7.59e-03
3.88e-03
1.66e-03
6.42e-04
2.33e-04
8.01e-05

—0.39
0.38
0.81
1.05
1.20
1.32

2.25e-01
4.32e-02
9.85e-03
2.36e-03
5.77e-04
1.43e-04
3.55 OR

1.38

1.87 2

3.19¢-01
6.."e-0z

PRvRvEe:

1.65/3.52. 03
1.71'5.17e-04
) 75‘.‘.026-04
178 ‘ 5.02¢-05

1.38
1.55
1.65
1.71
1.75
1.78

1.29¢+-03
6.75e+02 —0.07
3.26e+02 0.47
1.48e+02 0.72
6.43e+01 0.88
2.69¢+01  0.99
1.10e+01 1.07

32
128
512

2048
8192
32768
131072

6.41e-03
1.56e-03
5.27e-04
1.42e-04
3.36e-0F ..
7.06e ov  1.99
1.47 9% 212

1.04

1.48
a

\
0.90

2.64e-02
251 93 240
2 Bbe-l 1 2.71
2.85e-05 2.75
3 ,9e-06 2.75
4.16e-07  2.77
5.15e-08  2.79

3.74e-02
3.54e-03
3.61e-04
4.03e-05
4.80e-06
5.88e-07
7.28e-08

2.40
2.71
2.75
2.75
2.77
2.79

2.00e+02
1.05e4-02 —0.07
3.84e+01  0.86
1.18e+4-01 1.29
3.20e+00 1.56
8.05e-01  1.73
1.92e-01  1.85

32
128 ‘
512
“048
<'92

32778
1310.2

T.0Re 4
5.29e-04
“A47e )4
" 64e-05
? 73e-06
4.73e-07
8.40e-08

—0.53
1.27
2.06
2.50
2.7
2.27

3.92¢-03
2.20e-04
1.50e-05
9.57¢-07
6.04e-08
3.79¢-09
2.37e-10

3.16
3.29
3.55
3.66
3.73
3.77

5.54e-03
3.11e-04
2.12e-05
1.35e-06
8.54e-08
5.36e-09
3.36e-10

3.16
3.29
3.55
3.66
3.73
3.77

3.49e+01
1.78e+01 —0.03
5.00e+00 1.25
1.04e4-00 1.86
1.77e-01  2.22
2.70e-02  2.46
3.82e-03  2.59

Table 7: History of convergence of Example 5. € = 1079,
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Highlights of
“An anisotropic a priori error enal sis for a
convection—dominated diffusior p.chlem using
the HDG method”, by R. Eustinza, A.L.
Lombardi and M. Soiano

e We develop an a priori er ~» anlysis for a HDG scheme defined on
anisotropic meshes that are 1.. de of triangles.

e We require that the fa-.uly ¢ triangulations satisfy the maximum angle
condition, which is us "al in - his case.

e We include nume’ .cal examples that validate our theoretical results.
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