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Abstract

We consider a steady-state heat conduction problem in a multidimensional bounded domain
Q for the Poisson equation with constant internal energy g and mixed boundary conditions
given by a constant temperature b in the portion I'y of the boundary and a constant heat flux
¢ in the remaining portion I'; of the boundary. Moreover, we consider a family of steady-state
heat conduction problems with a convective condition on the boundary I'y with heat transfer
coefficient o« and external temperature b. We obtain explicitly, for a rectangular domain in R?,
an annulus in R? and a spherical shell in R3, the optimal controls, the system states and adjoint
states for the following optimal control problems: a distributed control problem on the internal
energy ¢, a boundary optimal control problem on the heat flux ¢, a boundary optimal control
problem on the external temperature b and a distributed-boundary simultaneous optimal control
problem on the source g and the flux ¢q. These explicit solutions can be used for testing new
numerical methods as a benchmark test. In agreement with theory, it is proved that the system
state, adjoint state, optimal controls and optimal values corresponding to the problem with a
convective condition on I'y converge, when o — oo, to the corresponding system state, adjoint
state, optimal controls and optimal values that arise from the problem with a temperature
condition on I';. Also, we analyze the order of convergence in each case, which turns out to be
1/« being new for these kind of elliptic optimal control problems.

Keywords: Elliptic variational equalities, distributed and boundary optimal control problems,
mixed boundary conditions, explicit solutions, optimality conditions.
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1 Introduction

The goal of this paper is to show the explicit solution for eight elliptic optimal control problems in
two and three dimensional cases.

We consider a bounded domain € in R™ (n = 2, 3), whose regular boundary I" consist of the union
of three disjoint portions I'y, I'y and I's with meas(I'1) > 0, meas(I'2) > 0 and meas(I's) > 0. We
present the following steady-state heat conduction problems S and S, (for each parameter o > 0)
respectively, with mixed boundary conditions

) ou ou
Au=g, inQ u‘Fl =b, _%‘Fg =q, %‘Fg =0, (1)
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where ¢ is the internal energy in 2, b is the temperature on I'; for and the temperature of the
external neighborhood of I'y for , q is the heat flux on I'y; and o > 0 is the heat transfer coefficient
on I';. The above problems can be considered as the steady-state Stefan problems, [10] 24 25| 26].
Note that mixed boundary conditions play an important role in various applications, e.g. heat
conduction and electric potential problems [15]. In general, the solution of a mixed elliptic boundary
problems is not so regular [I4] but there exist some examples which solutions are regular [1} [19] 23].

Let u and u,, the unique solutions of the elliptic problems and , respectively. In relation
with these state systems, we present the particular eight following optimal control problems [2} 20,
22, 28].

—Aug =g inQ = a(u—b), 0, (2)

1.1 Distributed optimal control on the constant internal energy g

Following [11], we consider the distributed optimal control problems:

find  gop € R such that  Ji(gop) = melIlél J1(g) (3)
9
find  go,, € R such that  Jia(ga,,) = miﬂrgl J1a(9) (4)
ge

with Jj : R—)RJ and Jiq : R—)RSF, given by
My

2
with H = L*(Q), and where u, and u,, denote the unique solutions of the problems and
respectively, for data ¢ € R, b € R, zg € R and M a positive constant.

1 2 2 1 9o My o
R0 = sy~ zally + 22 gy and aal) = § e — zally + L gl

1.2 Boundary optimal control on the constant heat flux ¢ on I',

Following [12], we formulate the boundary optimal control problems:

find  qop € R such that  Ja(qep) = néiﬂrg J2(q) (5)
q
find  qa,, € R such that J2a(qa,,) = miﬂ]g J20.(q) (6)
q€

where Js : R—>R8’ and Jy, : R%Rar given by

1 9 | My o 1 o | Moo
JZ(Q) = 5 ”U’q - ZdHH + 7 HQHQ and JZa(Q) = 5 Huaq - Zd”H + 7 ||QHQ

with Q = L? (I'y) where Uq Y Uaq are the unique solutions of the problems and respectively,
for data g € R, b € R, z4 € R and M, a positive constant.

1.3 Boundary optimal control on the constant temperature b in an external
neighborhood of I’y

Following [3], we consider the boundary optimal control problems:

find by, € R such that  J3(b,p) = Igliﬂ]g J3(b) (7)
€
find ba,, € R such that J34(ba,,) = rgliﬂlg J30(q) (8)
€



with J3 : R—HR(T and J3 : R—>RT, given by

1 Ms
J3(b) = 5 llus = zallF + =5 bl

1 2 30,02
J3a(b) = 3 |t — zdll7 + T3 6] 5

with B = L? (I'1), where up ¥ uqp are the unique solutions of the problems and respectively,

for data g € R, ¢ € R, zg € R and M3 a positive constant.

1.4 Simultaneous distributed-boundary optimal control on the constant source
g and the constant flux ¢

Following [13], we formulate the simultaneous distributed-boundary optimal control problems:

find (g9,9)op € R x R such that Ji((g,¢)op) = min_ Ju(g,q) 9)
geR,geR

find (g,¢)a,, € R x R such that Jia((9,¢)a,,) = min _Jya(g,q) (10)
geR,geR

with the cost functional Jy : R x ]R—HRSF and Jyo : R X ]R—HRSF given by

M

1
Ti(0,9) = 5 l[uge) — 2allZ + 5 Nl + 52 lal,

1 M5
Jia(9:0) = 5 [[ta(q — 2|3 + M HgHH + = llallg
where u (g ,) and uq (g ) are the unique solutions of the problems and respectively, for data
beR, zg € R, My and M5 positive constants.

1.5 Adjoint states

We define the adjoint state corresponding to problems S and S, as the unique solution of the
following mixed elliptic problems, respectively.

ap 8p

—Ap=u—2zg, in p\rl =0, 0, 0, (11)

‘FQ ’FS

and

apa ‘ apoz ‘ apa ‘
Iy F2 Is

— APy = Uy — Zg, 1n = QPq, ) =0 (12)
with v and u, given by the unique solution of and , respectively. Other theoretical optimal
control problems in the subject was done in [4, Bl @, [7, [8, 9} 16, 17, 18], 21, 29].

In [3| 111, 12 [13] were obtained results of existence and uniqueness of the optimal controls, as
well also convergence results, when the heat transfer coefficient « goes to infinity, of the optimal
controls, the system states and the adjoint states, in suitable Sobolev spaces.

In Section 2, we calculate explicitly the optimal controls, the system states and the adjoint
states, for the optimal control problems previously formulated, related to S and S, respectively, in
a rectangular domain in R?. In Section 3 and Section 4, similar results are obtained in an annulus
in R? and a spherical shell in R3, respectively. In all cases, we obtain, in agreement with theory, the
convergence of the optimal controls and values when oo — oo as it was obtained in [3], 11} 12} [13] and

for numerical analysis in [27]. Also, the corresponding rates of convergence are studied, obtaining,



in Appendix A, that the order of convergence in each case is 1/a which is new for these elliptic
optimal control problems.

We remark that the expressions for the system states u, u,, the adjoint states p, p,, the
functional cost J;, Jin, @ = 1,..,4, and the optimal controls are defined for each particular domain,
using the same notation.

2 Optimal solutions for a rectangle in R?
In this Section, we consider a rectangular domain in the plane, that is
Y ={(z,9) eER*:0<z <z, 0<y <o}
whose boundaries I'1, 'y and I's are given by (see Figure 1):
Iy ={(z,y) €R*: 2 =0, 0 <y <o}

Ty ={(z,y) €R* : 2 =20, 0 <y <o}
[3={(z,y) €ER*:y=0,0<z<x0}U {(2,9) ER*:y =10, 0 <z < 70}

F:E

U

FJ 5 1—‘3

s Iy
Figure 1

If we consider constant data g, b, «, ¢ and the desired system state zg € R, we obtain the
following result, which proof is omitted:

Lemma 2.1. i) The system state and adjoint state for the problem and respectively are

given by:
2

X
u(w,y) = u(z) = 95+ (gzo — @)z +b
5134 1’3 1’2
p(r,y) = p(x) = 951~ (gzo — q)g - (b Zd)? + Ax

2
where A = xg [gx—; —q% +(b— zd)} .
i1) The system state and adjoint state for the problem @ and (@ respectively take the expressions:

[V

T o —
Ua (T, Y) = Ua(z) = —g— + (g0 — q)a + T2 1

b
5 +

x? 3 gxro —q x? A
o(@,9) = pa(®) = 9= — (gm0 — @)= — ) ) Dt A B
Pa(x,y) = pa(z) 951 (920 — q) 5 ( - + (b zd)) 5 + Aqx + "

where Ay = xg [gx(% (% + aon) — qxg (% - ﬁ) +(b— zd)} .

0



Remark 2.2. [t is immediate that u, converges to u and p, to p, when o — co. Moreover, we
can prove that there exists a positive constant K1 = K1 (o, Y0, 9,q) such that:

K,
ot = wllzr 1) = Il = w2y = =
where
K1 = (zy0)"*la — gol.
In the same way, a similar estimate can be obtained for the adjoint states p, and p. It can be
proved that there exists a positive constant L1 = L1(xo,Y0,9,q,b, zq) such that:

Jim_aflpa = pllr2@,) = I

where

Ly = {Q’ISS%O 180(b + 24)* + 129222 — 208gqa? + 84g%zd—

—60(b — za) (520 — 4923 |}

1/2

Next, we present the following lemma that will allow us to find the solution of the optimal
control problems:

Lemma 2.3. i) For the problem , it can be obtained that:

1 0
llu— 2dl 720, = % [0192963 + Caq’x + Cawo(b — 2a)” + Cagqry
+ Csgg(b— 2a) + Coqag (b — 24)

with: 5 ! 5 5
il _ -1 - _Z
157 CQ 37 C’3 ) 04 127

i1) For the problem (@, we have:

C =

1 0
5”“04 - Zd”%ﬂ(gl) = % Clozg2$(5] + 0201(]21'8 + CSaxO(b - Zd)2 + C4agql'é

+ CSagmg(b - Zd) + C6aql'(2)(b - Zd)

with:
2 2 1 1
Cra = 15 + 3axg + o2z? Cha = 3 + %m + oa2lac(2) C30 =1=0C3
— 5 5 _ 2 2 _ 2
C4a——ﬁ—m—a2xg C5O‘7§+a7:20 C6a——1—a7m0.
Remark 2.4. [t is clear that Cy, converges to C;, when oo — oo fori=1,2,...,6.

Theorem 2.5. i) For the distributed optimal control problems (@ and , the optimal controls
are given by:
Cuqro + C5(b — zq)

Gop = — (13)
2 My
Cuaqxo + Cs0(b — 2
Gou, = — 1090 + Csa( ) (14)

21’% (Cla + M)

1
o



and the optimal values are given by:

J1 (gop) = 8(03;"0_?{0]:%1) [4 (Cl + %) (02q2$(2) + C5(b — Zd)2 + Ceqro(b — Zd))

~ (Cagzo+ 500 - zd))Q] (15)

and

ZoYo
(e )

— (Caaazo + Csald zd)ﬂ (16)

Jia (9ao,) = {4 (Cla + %ﬂ) (Czaq2$(2) + C3a(b — 24)* + Coaqzo(b — Zd)>

it) For the boundary optimal control problems @ and @, the optimal controls are given by:

Cugz + Cs(b— z
Gop = — 49T G(M ) (17)
2.%'0 (CQ + Tg)

| Ciagrd+ Coalb — za)

Qa,, = (18)
2z <02a + %2)
and the optimal values can be expressed as:
ToYo M, 2 4 2 2
Jo (qop) = —F————— [4(Co + — | | C1g°z5 + C3(b — 24)° + Cs9x5(b — 2,
2 (o) 8(02%2)[ (o 55) (CrgPal + Colo — 20 + Cigabo — =)
0
2
— (C’4gxg + C6(b — Zd)> } (19)
and
M.
J2a (Gag,) = LOM [4 (Cza + 75) (Cla92xé + C30(b — 24)* + Csagad(b — Zd))
8 <02a + ?82) Lo
) 2
~ (Caagad + Coalb — 20)) | (20)

iii) For the boundary optimal control problems (@ and @, the optimal controls are given by:

2 _
bop _ C5gx0 + Cgqro — 2C324 (21)

2 (Cg-i—%"’)

B C50973 + Coaqro — 2C3024

ba,, = (22)
P M.
2 (CSa + 703)
and the optimal values are:

T M.
J3 (bop) = oiyoM {4 (Cg + —3) (Cngxé + ngng + ng?i + C4gqx8 - C5ga:(2)zd - Cﬁqwozd>

8 (03 + 73) o

o
) 2

- ( —2C32q + Csgxj + Cﬁqx0> } (23)



and

z M.
Ta (basy) = — =2 [4(Coa + =) (Crag?e + Coaa®sf + Ciazl + Cragen] — Cragadzy
8 <C3a + T(j) Zo
2
- C@aqﬂfozd) - ( — 203424 + Csagag + C6aq960) ] : (24)

iv) For the distributed-boundary optimal control problem (@ and (@), the optimal solutions are
given by:

b— b—
(9:@)op = (97, ¢P) = <( de)Al, ( zd)H1> (25)
l’o i)
where
CuCs — 2Cs (02 + %35) C4Cs — 2C; (01 + Mf)
Ay = M M. N ’ I = M M, y
G- i) )
e (b—z) . (b—2a)
(97 q)Oéop (ga y Aoy ) < x(g) Alav o 1a> (26)
with

CiaCoa — 2C50 (Cza n %)
A1a:4(c +@) (c +%)_02 ; I,
e g 20T 3 da

CiaCia — 2Ct0 (Cm + Aj—g)
o ) (o= )

o« =

obtaining the following optimal values:

op opy zoyo(b — z4)” B My M;
) (o ) (G )y L @G (@)
+C¢ <C1 + %) + C? (CQ + %) +C5CF — 046506} (27)

and

zoyo(b — 24)* [
2 (C}a —4 <C’1a + f‘f—g) (Cga + %»

3
o

+C3, (Cm + %}i‘) +C2, (02a + %5) + C3,Ci, — C4a05acﬁa] (28)

i (g2, g%P) = —4Csa (Cro+ 1) (Coa + 22)

v) When o — oo the following convergences and estimates hold:

@) Gagy — Gop  With |ga,, — gop| = O (2)
)
Qop Qop bOP‘ = O (é)

d) (9, Doy = (9, @)op  with |g&F — g =0 (L) and |g&F — ¢’ =0 (2)

Q=

b) Qaoy = dop  With |qay,, — dopl = O (

¢) ba,, = bop  with |b

Moreover, when o — 0o, we have:

a’) Jia (gaop) — Jl(QOp) with | J14 (gaop) - Jl(gop)‘ =0 (é)

7



b’) Joa (anp) = J2(qop)  with  [J2a (anp) — J2(qop)| = O (é)

¢’) Jza (bao,) = J3(bop)  with  |J3a (bay,) — J3(bop)| = O ()

d’) Jia ( Oéop) — J4(( )op) with |<]4a ((97Q)o¢op) - J4((97Q)op)’ =0 (é)
i)

Proof. i) Taking into account that the functional J; and Ji, are given by the following quadratic
forms

Ji(g) = y20 [ (Cwo + Mwo) + 9(04611’0 + Csz(b— Zd))

+ ngQ:L‘g + Caxo(b — 29)* + ng:r%(b — zd)]
and
Jialg) = % [92 (Clal‘g + M1ZU0) + g(C4aqa:é + Csazp(b — zd))
+ Conq®zy 4+ C3ax0(b — 24)* + Coaqri(b — zd)}

we obtain that the optimal solutions go, and g, for the problems (3|) and (4f) are given by .
and ( ., respectively since the second derivative is positive in both cases.

In addition, if we evaluate the functional J; at g, it is obtained formula . In a similar way,
computing Ji at ga,, it can be derived the closed form .
ii) The functional Jo and Jo, are given by the expressions:

J2(q) = 3/20 [¢* (Cox + Mp) + q (Cagag + Coxd(b — 24))
+ C1g%x) + Csz0(b — 2a)* + Cs923(b — 24)]
and
Jaa(q) = %0 [@® (Coazl + Ma) + q (Caagzg + Coaxd(b — 24))
+ Crag’z) + Caaqzo(b — 24)? + Csagzi(b — zd))

and then the corresponding minimum are given by and , respectively, since the second
derivative is positive in both cases. Evaluating J> and Jaq at qop and qq,, respectively, and through
computations, the formulas and can be obtained.

iii) For the problems and , the functional J3 and J3, can be expressed as
0
J3(b) = % [b* (Cs0 + M3) + b (—2C5m02q + Cs923 + Coqag)
+ C1g*x + Cag’al + Cyo23 + Cagawy — Csgadza — Coqudza)
and
Jsa(b) = % [6% (Csao + Ms) + b (—2C307024 + Csagad + Coaqrd)
+ Crag’z§ + Conq?z] + Ca2025 + C1a9q7y — Csagziza — Caqrizd]

and therefore the optimal controls are given by and , respectively since the second derivative
is positive in both cases. The formulas and are derived from evaluating J3 and Js3, at by,
and b,

Qop



iv) For the distributed-boundary optimal control problems @ and , the functional Jy and Jy,
can be written as:

Ji(g,q) = % [92 (C'1$8 + Myzo) + ¢ (Czwg + Ms) + Cu9qz)
+ Csg975(b — 2q) + Csqrg (b — 24) + Caz0(b — 24)°]

and

J1a(9,q) = % (9% (Crazl + Mazo) + ¢* (Caaxl + Ms) + Caagqz

+ C5ag$8(b —2q) + C@aqx%(b — 2q) + C3q20(b — Zd)z} .

Therefore, the optimal solutions of the problems @D and , take the form and ,
respectively, due to the second partial derivative test. In addition, the optimal optimal values
given by formulas and are deduced by evaluating Js at (g,q)op and Juo at (g, q)

v) The convergences can be easily proved by taking into account Remark and the closed forms
of the optimal controls and optimal values given by the preceding items (i)-(iv). Moreover, the
following limits can be computed for the optimal controls:

Qop *

5:50)—150M1qx0 +4(45M7 — 2)(b — 2q)x§ + 5q:n(5)‘

A3, oy = Gor = 4 (15M + 2z4)°

IE()‘6OQM2£L‘(2) + 5gxd + 12(6 My — x3) (b — zd))

ah_{gloa|QOzop - QOp’ = 3 (3M2 + 1'8)2
zolq — g0

lim alba,, — bop| = VT o

a— 00

and for the simultaneous control we have:

40z (b —
lim alg? — g%| = W’—207360M4M§ — 8640M Mszd — 1440Mya8 + 18432028
a—0o0 1
+ 168 Msa] + 3.75(1)0‘
. 8x0(b —

lim a|qe? — ¢

a—0o0 7)1
768 My + 3x(1)1‘

2a) ‘1036800MZM5 — 172800M a3 — 227520 My Msxg — 7080 My

with

P1 = 3 (2880My M + 960 Myzy + 384Msa( + 3xf) (320My (3Ms + x) + 128 M5 + )



In the case of the optimal values, we have:

ZoYo
192 (15M + 228)°

(8(b — 20) (45 M + 2 + quo(zd — 180M1)) )

O[h_>ngo a‘Jla(gaOP) —Ji (gop)‘ = ‘ (40(() — 24)T3 + 3q(40M; + 3:63))

Yo
128 (3M3 + )

(12(b — 2a)(ad + 120Mo) + ga2(48Ms + g;g)) ‘

lim Q‘Jga(qaop) - J2(Qop)‘ =

a—o0

5 ’ < —4(b— zq)xo + 9(8 M2 + 338))

1 ‘Mgﬁvoyo(gﬂ?o - q) (2923 — 3qzo — 62q) ’
a 6(Ms3 + x0)

[ salbas,) = Ja(bo)| =

64230 (b — 2q)? (120M4 + 80Mszo + :cg)

lim a)Jm(g&p,QZ”) - J4(g"p,q°p)’ = 2
o 396003 Ms + 320Myaf + 128 Mz + o )

(180M4M5 +15Myad + AMsad + xg)

3 Optimal solutions for an annulus in R?
We consider the following particular domain
ng{(T,G)ERQ:T1<r<7“2, 0<6<2r}
with boundary I'; and T'g given by (see Figure 2):
I ={(r0) eR?:r=r, 0<6<2r}

Ty ={(r,0) eR*:r =1y, 0<0 <27}

¥

an
/,,

Figure 2

In similar way to previous Section, if we take constant data g, b, «, ¢ and the desired system
state zg € R, we obtain the following result:

10



Lemma 3.1. i) The system state and the adjoint state for the problem are given by

u(r,0) =u(r) = gg ((:?)210g (%) —1 (%)2 + ;) — qralog (%) +0b
) =5t =% (4 (5)" -1 () (e () 1)

+ q”f <log (%) - 1) —(b— zd)% + D log (%) + Dy

where

=3 (o ()" (on () =) +4) =i () =)+ 0=
D=7 o (1 (2)) o+ -]

it) The system state and the adjoint state for the problem (@ are given by

2 2
1 1 1 1
2 (os () ak) 4 () + b ok

+q2 (log (£) — 14 25 ) - (0 — 205

where

rs | r? 2 3 1 1 1
= 3o () (on (2) 10 2) 4

2 2
— | (3 _(r oo 2 2 2_ 1
Do = 4 |:g 2 (8 (h) (1 + ars ary + azr%) + a?r] 2ar1>

+ o (1-Z R )+ bz (1- 2 )]+ 2e.

Remark 3.2. From the formulas given above, it is clear that us converges to u and p, to p, when

a — oo. Furthermore, we can prove that there exists a positive constant Ko = Ko(r1,72,9,q) such
that:

K,

|[te — UHH1(92) = |[ua — U||L2(92) = o

where
v (12 =) 2qry — g (r3 = 12)]

Ko =
2 27“1

In the same way, a similar estimate can be obtained for the adjoint states p, and p. In Appendiz
A, it is proved that there exists a positive constant Lo = Lo(r1,72,9,q,b, zq) such that:

Jim_allpa — pllz2(9,) = L

11



Now, we present the following lemma that will allow us to obtain the explicit solutions for the
optimal control problems on the annulus in R2.

Lemma 3.3. i) For the problem , it can be obtained that:
1
§Hu — de%Q(QQ) = 7 [E19*r¢ + Bag®ri + E3ri (b — 24)? + Eagqri + Esgri(b — za) + Eeqri(b — 24)]

with:

Br=d =2 (2)  (2) (om () - 1)+ (2) (o () ~ 3108 (2) + 40|

it) For the problem @, we have:

1
§Hu - deiz(QQ) = 7 [E1a9°r0 + E2aqr + E3ari(b — zq)*+

+E409qr5 + Esagri(b— 2q) + Esaqri(b — za))
with

4
+(2) (21087 (2) — 2108 (2) +1+ 22

+ ok (110g (2) - 2))|




Remark 3.4. [t is immediate that E;, converges to E;, when o — oo fori=1,2,...,6.

Theorem 3.5. i) For the distributed optimal control problems (@ and , the optimal solutions
are given by:
E4qr1 + E5<b — Zd)

Gop = — (29)
2’[“% (El + Ej5 %)
and 5 Ean(b )
40471 + L5a(b — 24
Jagy = — 02‘ @ m (30)
2T1 <E1a +E3a7111)
and the optimal values can be expressed as:
7r? {4 (E1+E3 %) (E2q27"%+E3(b_zd)2+E6q7’1(b_zd))_(E4qu +E5(b—zd))2}
T1(gop) = 1 - (31)
4(E1+E3TT)
1
and
wri {4 (E1Q+E3a %) (B2a¢*r+Bsa (b—2a)*+Esaqri(b—za) ) —(E1aqr1 +E5a(b_zd))2]
Jla(gaop) = ! M (32)
4(E1a+E3a 171)
1
it) For the boundary optimal control problems @ and @, the optimal solutions are given by:
E4g7“2 + Eg(b— z4
Qop = — L (M . ) (33)
2r1 <E2 + 77*24 2)
1
and )
E Fga(b—
o,y =~ 1201t Bl ) en
2ry (Baa + 2272
where the optimal values are given by:
nr? |:4 <E2+ ]\/5‘2{2 ) (E192r‘11+E3(b—zd)2+E5grf (b—zd))—(E4g7"%+E6(b—zd))2:|
J2(qop) = . (E2 +M24r2) (35)
"1
and
nr? [4 (Eza—f— ]‘{2{2 ) (E1a927"%+E3a(b_zd)2+E5cng%(b_Zd))_(E4a97’%+E6a(b_zd))2:|
T2aldocy) = 4(EQQ+M24T2) . (30)
"1
i11) For the boundary optimal control problems @ and (@, the optimal controls are given by
Esgr? + Egqr1 — 2E
bop = — 5971 + 6q7“1M 32d (37)
2 (E3 n 713)
and )
bozop _ _E5agr1 + Egaqr1 — 2E3424 (38)
2 (Ega + %)
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respectively. In addition, the optimal values are given by:

J3(bop) = [4 <E3 + %3) (Erg°r] + Exq®r} + Es2] + Eagqr} — Esgriza — Egqrizq)
2

2
- (—2E3zd + Esgr? + qurl) } @ (39)

and
71

J3a(ba,,) = {4 (E3a + %> (E1ag°r! + B2aq?r7 + E3025 + E1agqri — Esagriza — Eeaqriza)

- (_2E3azd + Esagri + E6aq7"1)2] m (40)

iv) For the distributed-boundary optimal control problem (@ and (@, the optimal solutions are
given by

(b—zq) \ (b—za)
(9:@)op = (97, ¢) = ( A2, (41)
1
with
A E4E¢—2Fs5 (EngM%ip) EsE5—2Eg (E1+E3 %)
2 = ) Hy =
4<E1+E3%) (Eﬁ%)wz 4(E1+E3%) (E‘erMLP)fEE
1 1 1 "1
and
(b — zq) (b — zq)
(00000, = a2002) = (U700, O, (2
1
where
BioBso~2Fsa (EQQ+A{54T2 FiaFsa—2Fea (E1Q+E3a%)
AZ 1 H2 L

e = M., M. Y @ = M.,
4 (E1Q+E3a gy ) <E2a+ =i ) ~E3, 4 (Em +Bsa 74" ) (E2a+ Aare ) ~E3,
1 1 1

1

Moreover, the optimal values are given by

2 b— 2
Ja(g”", ") = Tl ) {4E3 (E1 + E3%) <E2 + %4”)
(4(Br + Bs2p) (By + Ma2) — B3 1 i

1 1

—E? (E1 + EP,M) — B2 (E2 + M) — BsEf + E4E5Es} (43)
and
7r2(b — z4)?
J4a(ggcp7q(o)4p) = 1( d) [4E3o¢ (Ela + ESa %) (EZQ + %)
(4(Bra+ Bsa ) (Bao + 22) - B3, 1 1

1 1

B2, (Bra+ Bsa ) = B2, (Boa + 2572 ) = Bga B3, + FiaFsaFoal (44)
1 1

v) The convergences and estimates obtained in (v) of Theorem also hold for the annulus in R?.

Proof. i) Taking into account that the functional J; and Jj, can be expressed in the following
quadratic forms:

Ji(g) = 7 [¢*(Brr$ + My Esr}) + g (Eaqri + Es(b — zq)rt)
+ (E2q2ril —+ E3(b — Zd)27'% + E@L]T%(b — Zd))]
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and
Jia(g) =7 [g2 (Elar? + MlEgaT‘%) +g (E4aqr? + E5q(b— zd)ril)
+ (Egaq%‘f + Esq(b — zd)Qr% + Egaqr%(b — zd))]
it can be obtained that the optimal solutions go, and ga,, for the problems and are given

by and , respectively, since the second derivative is positive in both cases. The optimal
values formulas and are deduced by evaluating J; and Ji, at gop and ga,,, respectively.

ii) The functional Jo and Jo, are given by the expressions:
J2(q) = m [¢* (Eari + Mara) + q (Earig + Esri(b — zq))
+ (E17“?g2 + E3r?(b — 24)* + Esrig(b — z4))]
and
J2a(q) = 7 [¢* (B2art + Mara) + ¢ (Barig + Egar (b — 24))
+ (Brar$9® + E3ari(b — za)® + Esarig(b — 24))] .
Therefore it is immediate that the optimal controls for problems and @ are given by and
, respectively, since the second derivative is positive in both cases.

The computation of Ja(qop) and Jaa(qa,,) leads to the closed formulas and for the
optimal values of the control problems.

iii) For the problems and , the functional J3 and J3, are given by
J3(b) = [(Eg’l"% + M37“1) b2 + (—2sz3r% + E5rilg + Em“?q) b
+ (Evrig” + Eariq® + Esrizi + Earigq — Esrigzq — Eeriqzq)
and
J3a(b) =7 [(EgaT% + Mng) b + (—2ZdE3a’r‘% + E5arilg + Eﬁar:{’q) b
+ (B1a78¢* + Boariq® + Esariz] + Esar39q — Esari924 — Egarq24)] -

Therefore the optimal controls are given by and , respectively, since the second derivative
is positive in both cases.

The optimal values given by expressions and are obtained by computing J3 and Js,
at by and by, , respectively.

iv) For the distributed-boundary optimal control problems @ and , the functional Jy can be
expressed as

Ju(g,q) = 7 [(Evr§ + MyEsr})g® + (Eari + Msra)q® + Earigq
+ Esrig(b— zq) + Esriq(b— za) + Esri(b — za)’]
and the functional Jy, is given by:
Jia(9,0) = 7 [(Brar] + MaEzari)g” + (Baari + Ms2)a” + E1ar19q
+ Bsarig(b — zq) + Egariq(b — zq) + Esari (b — 24)°]

from where it can be obtained that the optimal solutions are given by and , respectively,
due to the second partial derivative test. Formulas and are deduced by evaluating J; at
<97Q)0p and J4a at (qu)aop'

v) The convergences and estimates of the optimal controls and the optimal values when o — oo
are obtained by taking into account the closed formulas given in (i)-(iv) and the Remark As

the computations become cumbersome, they can be found in the Appendix A.
O
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4 Optimal solutions for a spherical shell in R?
We consider the particular domain
Q3 ={(r,0,0):11 <r<ry0<<2m 0< ¢ <7}
with boundary T' = UZ_,T;, where
I ={(r,0,0) €R®: 0<h<2r,0< <7}
Dy ={(r2,0,0) €R®: 0<H<2r,0<¢<m}.

In similar way to previous Sections, if we take constant data g, b, a;, ¢ and the desired system
state zg € R, we obtain the following result:

Lemma 4.1. i) The system state and the adjoint state for the problem are given by

2 2 2
IR R r)\? T2 ()P T2 (T
u(r,6,9) _u(r)—g3 [2 2(7“1) +(7"1> r (7"1) +qr1(r 1>+b
2 2
_ _ e (1 T2\ (1) 1
p(r,e,qﬁ)—p(r)—gﬁfi<2O<r1) +(7~)(m) 3(?1) 6
2
9T r r Fy
[ ——-1) - —(b— — 4+ F
+ qr3 <3r1 > 6( z4) + " + 5

where

e () R e () 1) o

4 2 2
r 7 3 T r Fy
F, = gt f_(m) S W SR
2 99 (40 T1 >+q7‘13 + 6( Zd) Tl

it) The system state and the adjoint state for the problem (@ are given by

2 2
r7 |1 1 1/r )3 1 T2 ()2
ta(r,8,0) = ta(r) = g3 [2_ar1_2<7“1> +(2) an -2 (%)

it =i =5 (5 (2)'+ (2) (2)' -5 () (1 5) - )

where

F2a:g



Remark 4.2. The convergences of uq to u, and p, to p, when a — oo can be immediately verified.
In addition, there exists a positive constant K3 = Ks(r1,r2,9,q) such that:

K3
1oy — UHHl(Qg) = o

with

o _ (A0 =D Bar + g —r)*\ "
’ 2774

Analogously, a similar estimate can be proved for the adjoint states p,, and p (see Appendiz A).

Now, we present the following lemma that will allow us to obtain the explicit solutions for the
optimal control problems on the spherical shell in R3.

Lemma 4.3. i) For the problem , it can be obtained that:

1
§Hu - zd||%2(ﬂ3) = 7 [Gir]{g* + Gorir3q® + Gsri(b — 2q4)* + Garirigq
+ Gsrig(b — za) + Goriraa(b — za)]

with:

it) For the problem @, we have:

1
3 llua = zdll 20y = 7 [Grar]g® + G2ar173¢” + Gaari (b — 24)? + Gaaririgy
+G5a7€)g(b - Zd) + GGJ%@Q(b - Zd)]

with

3
_ 2 2 1 ry 1 4 1
Gla - 945 + 135ar;y 27(127'% + (T1> <45 45arq + 90427'%)

S (o2 ) 1 () () D2 () (1

15 \ m ary 90427»% 1 7\ rt 15\ m ary
9
1 fr 2 1
v (R) (1 2+ z)

2 3
— 1 1 1 1 1 2 1
Cro=-5(1-ahtada) +2-(2) (ran) +3(2) (& +3)
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1 9 3
G?;a:GS:g —1+(H)
7 7 2 1 (re 2 2 1 (re 3 1 4
G40‘:_180+45ar1_a27~%+6(ﬁ> ( _arl>+§<ﬁ) <1_a7’1+a2r%>
4 5 6
3 11 1 2 2 1
“1(B) w8 (R) (+an) -3 (8) (&)
3 5 6
_ 2 2 2 2 2 2 1
G5a——ﬁ+9am+§(%) (1—671)—3(%) +§(%) <1+a71>

2 3
1 2 2 1
Gﬁa:—g(l—ﬁm)+(%> —5(%) (1+a71)

Remark 4.4. It is clear that G;, converges to G;, when a — oo fori=1,2,...,6.

Theorem 4.5. i) For the distributed optimal control problems @) and , the optimal solutions
are given by:

,',.2
Gaq;2 + G5(b — z4)
2 My
2r] <G1 + G3 = )

Gop = — (45)

and )
G4aQ% + GSa(b - Zd)

2r? (Gla n Gga%)

(46)

Jaop =

The optimal values corresponding to those optimal controls are given by the following formulas:

7'4 ’I"2
I(gop) = [4(Gr+ Gs 28 ) (G223 + Gs(b — 20) + Goa2 (b 20))

- (G4Q% + G5(b — Zd))Q] i (47)
ToRe)
and
J10(Goop) = [4 (Gm + G3a%§> (GQaq2% + G3a(b— 24)* + Ggaq%(b — zd))
_ <G4aq§ + Galb— zd))Z} mr (48)

2 (Gla + G3a %ﬁ)
i1) For the boundary optimal control problems (@ and (@, the optimal solutions are given by:

T (G4gr% + Gg(b— zd))

Gop = —5 5 (49)
m (e )
and
1 (G4agr% + G6a(b - Zd))
Qao, = 5,2 Iy . (50)
2 (GQa + ﬁ)
The corresponding optimal values can be expressed by:
J2(qop) = [4 (G2 + TJ\I{%) (GngTi1 + G3(b — z4)® + Gsgri(b — zd))
3
2 r
— (Gagri + Ge(b — zq)) } —IM (51)
2 <G2 + m‘%)
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and

JQCV(anp) - |: <G2a ) (Glag Tl + G3a(b - Zd) + G5a9r%(b - Zd))
3
2 mr
= (Cragrt 4 Goalo —20)"] (52)
<G2a rirs )
i11) For the boundary optimal control problems @ and (@, the optimal controls are given by
2
Gsgr? + Geq2 — 2G32g
bop = ——— = (53)
2(G3 + Ma
3+ e
and )
G509} + Goag ;> — 2G3a2d
ba,, = — . (54)
(GS(X ﬁ)
Moreover, J3(bop) and J3o(ba,,) can be obtained by the following formulas:
J3(bop) = [4 (Gs + 1%‘”’) (G g*ri + Gag?l 2 -I- G322 + Gagqrirs — Gsgriza + Gogq:2 T2 zd)
2\ 2 3
- (72G32d + Gsgri + Geq:—f) ] ™ (55)
2 (Gs + %)
and
J3a(ba,,) = [4 (G3a + %3) (G «g’ 11 + Goag’ = 2 + G3a25 + Gaagqrirs — Gsagriza + Goaq2 Zd)
2\ 2 3
f(fﬂhwu+Gmm€+Gm¢%)}4‘JZL44* (56)
2 (G3& + %)

iv) For the distributed-boundary optimal control problem @ and (@), the optimal solutions are
given by

b— zq4 b— zg)r1
%®W=@%fﬁ:<(2)Am( Q)HQ (57)
1 T3
with
(G4G6—2G5 (Gz-i— My )) (G4G’5—2G6 (G1+G3 Mf))
A3:4GGMGM52 GQ’H3:4G a; M\ (q a2
(1(erraty) (eriiy)-a) (1(erraaty) (et )-1)
and
b—zq b—zq)r
@gmfwﬂw%=<(2>Am( “anp, (58)
L5 T3
with
G4aG6a 2G5a (G2a+ M5 ) G4aG5a*2G6a (Gla+G3a M44>

2
Az, = M, M N
G1a+Gga 4 G2a+7,T Gra+Gsa” 1 -G,
1

Furthermore, Jy at (g,q)op and Juo at (g, )aop can be computed by the followmg eacpressions:

Ji(97, qF) = [G4G5G6 +4 (Gl + Gs%ﬁ‘) <G2 + M5 ) Gz — <G1 + G3 ) G2
27r(b — zq)%r3

(1o i) (&2 +35%) - )
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(G2+ )G2 GgGi} (59)




and

J1a(910) = |G1aGiaGia + 4 (Gra + Gaa ) (Goa + 225 ) Goa — (Gra + Gaa ) G2,
21 (b — zq)*r3
(1o G2 (G 22) ~ GB)

7"11"%

- (G2a + %) G2, — GBaG?La]

7‘17‘%

(60)

v) The estimates and convergences obtained in (v) of Theorem are also verified for the spherical
shell in R3.

Proof. 1) Taking into account that the functional J; and Jj, can be expressed in the following
quadratic forms:

Ji(g) = 2m [(Gir] + M1G3r})g® + (Gagrira + Gsri(b—z4)) g
+ (Gag*ri73 + Gsri(b — 24)* + Geqriri (b — zq))]
and
Jia(g) = 27 [(Grar] + M1G3ar})g? + (Gaaqrirs + Gsari (b — 2a)) g
+ (Ggaq2r1r§‘ + G3a7’£1)’(b A Gﬁaqr%rg(b — zd))]

it can be obtained that the optimal solutions go, and ga,, for the problems and (4) are given
by and , respectively, since the second derivative is positive in both cases. The optimal
values formulas and are deduced by evaluating J; and Ji4 at gop and ga,,, respectively.

ii) The functional Jy and Ja, are given by the expressions:
Jo(q) = 27 [(Gariry + Mar3) ¢* + (Garirig + Gerir3(b— za)) q
+ (Girg® + Gsri (b — zq)* + Gsrig(b — 2q)) |
and
Joa(q) =27 [(Ggarlrg + Mgrg) @+ (G4arilr§g + Geariri(b — zd)) q
+ (G1ar]g® + Gaar} (b — 24)* + Gsarig(b — 24))] -

Therefore it is immediate that the optimal controls for problems and @ are given by and
, respectively, since the second derivative is positive in both cases.

The computation of J2(qop) and Jaq(ga,,) leads to the closed formulas and for the
optimal values of the control problems considered.

iii) For the problems and , the functional J3 and J3, are given by

J3(b) =27 [(Ggr:f + Mg’l"%) b2 + (—2G3ri1)’zd + G5r?g + Gﬁr%rgq) b
+G17“Ig2 + G2T1r§q2 =+ Ggri’zﬁ + G4r%r§gq — G5r?gzd + Ggrfr%qzd]

and

J30(b) = 27 [(chﬂ":f + Mg’f‘%) v + (—2G3ar:{’zd + G5ar?g + G6ar%7"§q) b

+G1a719% + Goam1736° + Gsariz] + Gaari739q — Gsari 920 + Gearirsgza) -

Therefore the optimal controls are given by and , respectively, since the second derivative
is positive in both cases.
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The optimal values given by expressions and are obtained by computing J3 and Js,
at bop and by, respectively.

iv) For the distributed-boundary optimal control problems @ and , the functional Jy can be
expressed as

Ju(g,q) = 27 [(Gir] + MuGsr})g? + (Goriry + Msr3)q® + Garirigq
+ Gsrig(b — 2q) + Geririq(b — zq) + Gsri (b — 24)?]

and the functional Jy, is given by:

Jia(g,q) = 21 [(Grar] + MyG3a13)g® + (Gaar173 + M5713)q* + Gaarir39q
+ G5ar?g(b - Zd) + GGQT%T%Q(b - Zd) + GBO/F?(b - zd)Q]

from where it can be obtained that the optimal solutions are given by and , respectively,
due to the second partial derivative test. Formulas and are deduced by evaluating J4 at

(9, @)op and Jua at (g, Q)ao,-

v) The convergences and estimates of the optimal controls and the optimal values, when o — oo
are obtained by taking into account the formulas given in (i)-(iv) and the Remark The corre-
sponding computations can be found in Appendix A. They are omitted here due to the fact that
they become cumbersome.

O

5 Conclusions

In this paper, two different steady-state heat conduction problems S and S,, for the Poisson
equation with constant internal energy g and mixed boundary conditions have been considered.
The problem S corresponds to the case when a constant temperature b is prescribed in the portion
I'; of the boundary and a constant flux ¢ on I's, while in the problem S,, a convective condition
is imposed at I'; with a heat transfer coefficient o and external temperature b. Different optimal
control problems can be also considered: a distributed control problem on the internal energy g, a
boundary optimal control problem on the heat flux ¢, a boundary optimal control problem on the
external temperature b and a distributed-boundary simultaneous optimal control problem on the
source g and the flux ¢ have been defined. We have obtained explicitly the optimal values of these
optimal control problems, already study theoretically in literature in a general framework, for the
particular domains: a rectangle in R?, an annulus in R? and a spherical shell in R3. We point
out that this solutions provide a benchmark for testing the accuracy of numerical methods. Also,
the limit behaviour of the system state, adjoint state, optimal controls and optimal values for the
optimal control problems defined from S,, when @ — 0o have been analysed; concluding that they
converge to the corresponding system state, adjoint state, optimal controls and optimal values for
the optimal control problems defined from S. All these limits have been proved to present an order
of convergence of 1/« which can be considered as new results for these kind of elliptic optimal
control problems. This estimate, obtained for this particular domains, make us to believe that it
also holds for a more general domain, encouraging to prove it analytically.
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A Appendix
Explicit solution for the domain (),
Order of convergence for p,
lim af|pa — pllr2,) = _T [(7“2 — 7"2) (1921)2 (7“2 — 7“2)2
o 2) 76812 5 1 2 1 2
+ 96b (r% — r%) (g ( 4?"17“2 + 37"2) + 3qr1r2 — 5qr2 — 4rlzd + 4r22d)
g* (13rF = 80r2r2 + 115¢4) (7 — 13)?
+ 4g (r% — r%) ( (197‘17“2 92T1r2 + 977“2) — 24z, (1"1 47“17’2 + 37"2))
+8 < (14r1r2 49723 + 41r2) — 12grazq (3r1 — 8rird + 5r2) + 24Zd ( - T%)Q))
+ 247‘2 log < ) <16b (7‘1 ) (gr2 (T% — T%) +q (7‘% — 27“%))
+ g T9 (127‘2 — 57”%) (r% — r%)2 + 4g (r% — r%) ( (1"4 — 9r2r% + 117"%) + 4drozy (7‘% — r%))
+ 4q (q (37“4117“2 127“17"2 + 107“2) 4z ( — 37‘17’2 + 2r2)) )

1/2
—asrfiog? (22) (o (rd = 5rdvd ) dgara (313 - ) — 4 (2 - 0d) )}

Order of convergence for g,,,

ah—{goa‘ga”p — gop| = ’4?”2 (r3 — %) log ( ) [367‘2(17 — z4) (1} —r3) — 96Myq (1] — 2r3)
+q (47“? — 13r1r2 + 14r3ry + 77"2) }
=~ (1} = 13)" |4 (13 = 13) (~96My + i - 5rr3 + 1004)
— 96M; (3qr1r2 — Bgrs —4rizg + 4r22d) + 3qriry — 14qrirs + 19qrir + 4qri — 4r8z,
+ 24713 2g — 60135 2 + 407‘2Zd] — 2473 log? ( ) [47”2(6 — 24) (T‘ll — r%)
+q (27“1 77"17“2 + 6r1r2 + TQ) } + 96qr1r2 log ( ) ‘
with

2
Gy =1, [ (r% — r2) (96M1 + 2r1 —13r2 r2 + 177"%) (367‘2 — 247“17‘2) log ( > — 247"3 log? (%) }
Order of convergence for q,,,

1
lim &|qa,, — Gop| = —’(r% —r?) [g(—24M2r% + 3riry + 40Mor2 — 47273 4+ 1) — 64Mo(b — zd)]
a—r00 Q2
+2r2 [g(—?)r‘frg + 27273 4 15 + 16 My (13 — 2r2)) + 1679 (rF — r2) (b — zd)} log (%)

—47“2[ (— 3r1 +4r17“2+7“2) —8(b—zd)(r%+7“§)] log? ( >+169r1r2 log? < )

with )
Qs = 81 [4M2 — r%rg + 27"% log? <%> — 2r2 log < ) + 7’2]
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Order of convergence for b

Qop

b — b |:1‘(7‘%—7‘§) (g(r%—r%)—l—qu)‘
A (—2M3r1 +7? — 7’%)

Order of convergence for g5’ and ¢/

96(b —
lim a|g? — g% = 96(b = za) ‘—47“% (r3 — rl) log ( ) [768M4 <8M5 (r? +6r3) — 3rirs + 3r2>
a—o0

and

P
+ 18432M2r3 + 6405 <8r1 40412 — 16r2r + 21r§)

— 3(37’?7“2 65193 + 49rir + 17rdr] — 47"2)}

— (r% — r%)g [ —3072M4 (64M§ — 14M5r2ry — 6Msrs + rirs — rg)

+ 2048 M2 (rl 5r2r2 4 107«2) — 32M;5 <5r1r2 — 25r4r3 + 119r2r5 — 75r2>

+ 72 (5r§ — 10r5r2 + 156r4r3 — 182728 + 317‘2)}

+ 1673 (7“1 r2) log? ( ) {192M4 (32M5 (2r1 222 — r%) — 7y (7’% - 7’%)2 (77“% + r%))
—3072M, 5r2 (Tl + T2) — 32M5 <4r1 — 12r972 — 53riry + 3rirS + 4r2) + 5719y — 81873

+ 257“?7"3 + 467“411?”5 + 67“%7"2 — 7"2 ] — 2567“17"2 log ( ) [— 192M4 (r% — r%) + 96M5r§’ + 27“? + rg}

— 64r2r81og® ( ) [192M4 (rd = rd) — r2 (288M5r3 + 7r§) — 13 (96M5 + 13) + 165 — 87’11“2} ‘

64(b —
lim afgg? —¢*| = 7( izl
a—00

2% = 13)" [147456M3 M5
— 24M, (64M5 (5r1 131202 + 208) — 3 (9rSry — 31043 + 7205 + 1507 )
(r% — 7“2) (8M5 (7“1 157173 + 3riry + 837“2) + 6r%r3 — 3riry — 48r3r] + 97“'3)}
+ 72 (r% ) log ( ) [147456M4 T2 ( — r%)
— 384 M, ( — 7‘2) (48M5 (37“1 — 4r2) — 4T1r2 + 357 rg’ + 117“2)
+ 19 (47{5 (672Msrs + 151r3) — 21} (3744 Myr3 + 20975 + 2675 (96Ms5 + 75)
— 23010 5682 — 133r1r2)]
—4r3 (7“% — 7“2) log? ( ) [ 3686407 (7“1 r%)
+192M, <6r1 (16 M7y + 3r8) — 2 (96Msr3 + 13r5) + 96Msrg + 1005 — 147572 — 7-3)
— % (192Msrs + 20973) — 99 (128M5r3 — 3rS) + ri (3840M5r5 + 137r5)
— 27“8 (96M5 + Tg’) + 27’%2 + 251”%07“5 + 207“%7“%0]
+ 192rir] log? ( ) [192M4 (7“2 — 7“1) + 96 Msrs + 2r8 + 7“2}
— 487273 log® ( ) [192M4 (rl — r2) (37’1 + 7’2)

n rg( ~ 3y (96M5r2 n rQ) + 892 (48Mzr3 + 1§) + 96 M5 — 147% + 8r%r3 + 1"2) ] }
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with
P2 =11 [ — 1673 log? (%) ( —192My (r% — ’I“%) + 96 M5 — 4r + rg)
— 8r3log (;—2) <384M4 (7“1 - 7“2) + 617 (32M5rg + r2) — 288 Ms5r3 — 1018 4 9rira — 57“2>
+ (13 = 13) (153604 (4Ms — 73y + 1) + 6405 (2 — 137303 + 170) — 5r{ry + 51rird

2
e 2974;)}

Order of convergence for Ji4(9a,,)
O}i_)n(;looz ‘Jla(gaop) - Jl(gop)‘ = jllz‘ [1267“‘15 — 60brir3 + 84br?ry — A8brirs log < )
+ 48br$ log (%) — 36brS — 192M,qriry + 192Myqrs + 5qréry — 15qrirs + 24qrirs log ( )
+ 3qrirl + 48qrir log? (—) — 36gr3r3 log ( > — 12¢rT log ( ) + Tqry — 121824 4+ 60rir3zy
84721z + 48212y log (l) — 48:82,l0g ( ) + 367”2,24 [ 768 M;qr5 log (l) — 1536bM; 12
+ T68bM 75 + 4br — 40brSr2 + 96briry — 96brirs log ( ) — 88brirs — 192br2rS log? ( )
+96br2rS log ( ) 4 28brS + 384 My qriry — T68Migr2rd + T68Miqr2id log (2) 7685 M1}
+ 384 M qry — T68 M1 zq + 1536 M 1212 2q — T68M 11529 — qrire + 4qrirs — 8qrirs log ( >
— 18qriry — 48¢rirs log? (—) — 24qrir log ( ) + 28qr3rs + 24qr3rs log ( > + 8qr3 log ( >
— 13qr) — 4r82q + 40197224 — 96711 24 4+ 967 3 24 log ( ) + 887275 24 + 1921315 24 log? ( >
— 96721524 log (%) - 287“324 ‘
with
Jia = 161 [(r —r3) (96M, + 2rt — 13033 + 17r8) + (365 — 24r374) log (%) — 2478 log? (%)r
Order of convergence for J24(qq,,)
lim a ‘Jga(qaop) - Jg(qop)‘ - ji‘ (16637 + 32br log (22) — 16br + 329 Mar? — 329 Mor3
— 5griry + 4grirs 4+ 16grirs log? <—) — 8grirs log ( ) — 4gr3 log ( ) + gry — 16r3ry24
— 32r3241og ( ) + 167«224 [128bM2r1 — 1928bMar2 — 16briry + 326213 + 64br2r3 log? ( )
— 16br5 + 16gMort — 64gMor2r2 — 649 Mory log (”) + 48gMory — gréro + Sgrirs
+ 8¢grirs log? ( ) + 6grirs log( > — Tgriry — dgrirs log< ) — 274 Iog( ) + 3gr3
— 128 Mo12 24 + 128 Mor3 2 4 1671792 — 321315 2q — 641313 24 1og? ( > + 167’224 ‘
with

2
Ton = 5121, [4M2 — riry + 213 log? (:—f) — 2r3 log ( ) + 7”2}
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Order of convergence for J3,(ba,,)

‘Mg 1"1 — 7"2) + 2qra

lim o | J30(bay,) — J3(bop)) ) ‘g?“l3 7"12 ?"22) + 4qrire(r] P - 7"%)

a—0o0

‘87“1 —2M3sry + 7"1 — 7"2)‘

— 3grir3(r} — r3) — 8r1(rf — 13)zq — 4r173(—2q + gr2) log (%))

Order of convergence for Jy, (g0, gor)

47 (b — zq)*
Ja2
+ 768My73S log (%) — 384MyrS + 96MsrS — 480Myrr? + 672Mr2rd — 384Mr2rd log (f)

O}eréoa ‘J4a(ggp, qP) — Ja(g?, qu)) = ‘ { — 384 Myriry + T68Myrirs — 768 Myrirs log (%)
+ 884Mgr§ log (22) — 288Msr§ — 57y + 3250 + 8r8rd log? (22) + 44rfrd log (22)
— bdriry — 36rir) log ( ) + 32728 — 121317 log ( ) + 479 log <T2> — 57“2} [6144M4M57“i1
12288 My Mr2r2 + 6144My Msrd — T68MyrSrs + 2304Myrr3 + 3072 M3 1og? ( )
— 2304 M,7275 — 3072Mr2r5 log? ( ) + T68Myr] + 32Msr® — 320 MsrSr2 + T68 Marir
768 Msrirdlog (@) — 704Msr2r8 — 1536 Mr2rS log? ( ) + 768Ms7218 log (2) + 224 M7
— 1%y + 177873 + 167873 log? ( ) + 247873 log ( ) — 467875 — 247%r3 log < ) + 467713
— 24rrilog ( ) — 17729 — 167319 log? ( ) + 247219 log ( ) + 1y } ‘

with

Ti2 =11 [6144M4M5r% — 6144MyMsr2 — 1536Myrrs + 3072Myr2r3 + 3072Myr2r3 log? (—j)
— 3072Myr2r log (l) — 3072Mr3 log? ( ) + 3072My73 log (2) — 1536 Myr3 + 128 M1
— 960Msrdr2 4 1920 Msr2rd — 1536 M2 log (2) 1536 M;7$ log? ( ) + 2304M578 1og( )
— 1088 M5r5 — 5riry + 56093 4+ 64r9r3 log? ( > + 80r%r3 log < ) — 1267r5 — 7275 log ( )

2
+104727r5 — 48213 log( ) 1675 log? ( ) + 40739 log (”) — 297"8]
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Explicit solution for the domain ()3

Order of convergence for p,

m(rg —r1)?

3
o535 [630062r1 (rl ¥ rire + r2>

Jim alpa — pllL2(0s) = {
+ 420011 (r% +rire + 7’2) <4g (7“1 + driry + 107573 + 147273 + 11rrg + 5?"2) (r1 — 79)?
+ 3(qr2 (7r1 + 14r1r2 + 6r1r2 7r1r2 — 207“2) —107r124 (7‘1 + rirg + T‘2>2 ))
+ 4g° (317~§ +217r{ry + 868r{r + 22481713 + 40181y + 5047rir] + 4336777
+ 2380773 + 700T§) (r1 —12)t = 24g(r1 — 12)? (qr%( 52r] — 260r8ry — 67519713
— 970r{r3 — 4407 + 6120315 + 1085r175 + 7007} )
+ 70r12q (r + rire + r%) (r? + 3riry + 6r175 + 513) )
+45(?r(ry = r2)? (T1rd + 355r3rs + 7717373 + 95207 + 560r3)
— 28qr1r%zd (77{S + 21r1r2 + 27r] 7“2 + 131"17“2 211"17“2 — 27r1r2 — 207“2)
+140r%z§ (7‘% +rire + r%)g )} }1/2

Order of convergence for g,,,

21(7"2 — ’I"l)
Gs
—(r — 7’2) (47’1 + 247'1r2 + 847’17"2 + 199r1r2 + 3547‘17’2 + 420T17’2 + 175r2) )

. 2
hn;ooz|gaop — gopl = ‘4(1) — 24) (r% +riry + r%) (1575M1r% (T‘% +7rire + r%)

a—r
— 63OM1qr27"1 (7“1 +rirg + 7“2) (777’1 — 147"1r2 — 67"1r2 + 7r1r2 + 207"2)
— 3qra(ry —ro)* (77’1 + 49797y + 1461973 4 198rirs + 105153 — 1707215 — 265r 15 — 707“2) ’

with

2
G3 = 4[315M17'f (Tf +rirg + 7"2) (2r1 + 10757y + 307272 + 4975 + 357“2> (ry — 7‘2)4}

Order of convergence for q,,,

22—

ah_>m a|Qa0p QOp| =

‘20(() — 24) {6Mgr% (r% +rirg + T%) — T%(Tl — 7“2)3 (T% — 21171y — 27“%) ]

+g(r — 7“2)2 {4M2r1 (71“‘;’ + 217“%7“2 + 277"17“3 + 207”5’) — 7‘%(7“1 — 7‘2)3 (77“% + 14r1ry + 47‘%) } ‘

with
2
Qg =40 |:7“§('l“1 — T2)3 — 3M27"%]

Order of convergence for b,,,

1) 1= 0l =D st
Qop opl — o 37’% (—3M37’% + 7’? - Tg)
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Order of convergence for g5’ and ¢’
840(rg — 11)(b — 2z4)
Ps3
— 2M57"2 (597'1 + 557"17'2 + 277’17"2 — 56r1r2 407"2> (ry — 7'2)3 + rg‘ (157‘% + 2111y — 27"%) (r1 — 7“2)6}

Jim_alge” — g% =

‘16800]\/[4 (r2+ r17a + 12) [240M5 r2 (r? 4 ryry +12)

— (1 — 1)t [2560M5 (47"1 + 287 1y + 1120973 + 307rrs 4+ 637rirs + 973r3rs + 949r2rS 4+ 595r ]
n 1757~§) — 8Myr2 (417r1 161007 + 2915r472 1 1490138 — 5750204 + 34485115 + 1720r2) (r1 — 12)3
+rd (2977“1 + 52513y + 4331212 + 256173 + 64r2) (r — 7«2)6} ‘

and

. 24(7‘2 — Tl)(b — Zd)
op _ 0P| —
Jimalgg” — ¢ s

—r2(ry —ro)3 (r% —2rire — 27‘%) } — 1400M4 (r% +rire + r%) (r1 —rg)? [8M5 (2817“5S + 1686777
+44317173 + 64467515 + 6441rr3 + 42007175 + 140075) — r3(r1 — r2)® (4891 + 215377y

‘23520000]\442 (r2 4 ryry + 12)° [6M5r% (r2 + ryry + 72)

+ 31057272 + 6001173 — 1527”2)} ~(r1 —12)8 [320M5 (4r1 44Ty + 2647502 + 10497573
+ 25391 4+ 34951315 4+ 20551315 — 315r 18 — 315r2) —r2(ry —ro)3 <997“€13 + 1067375
—1675r2 — 3270578 — 34050274 — 2304175 — 5767“2)} ‘

with

Py = [33600M4 (r2 4 rry + 12) (3Msr2 — 12(ry — 1))

2
+ (r1 = r2)* (8200 (26 + 107y + 307373 + 49r17 + 3504) — r3(ry = r2)* (991 + 152r17 + 6413) )|

Order of convergence for Ji,(9a,,)

Jim o |J1a(ga,) = 1(909)| = ”(rfm“)‘ [ (252001713 + 3307 — 25200 + 33080
— 2520 M7y 75 — 177r5rs — 1987 1S + 747r3rS — 47103 — 51r75 + 84r2)
+(b— zy) (56r1 + 561 Trg + 561512 — 280r5r3 — 280rrd + 224r3r3 + 224r28 + 2247177 — 280r§)]
[ (2100M1r1r2 3r872 1 4200M; 378 — 6773 + 210504 — 2100Myr173 + 63375
— 4200M 17§ — 210717 + 1687577 + 21725 — 811 + 27qrs )
+(b—zq) (42()0M1r1 + 89 4 8400M17iry + 167519 4+ 12600M 7312 + 24772 4 8400 M r3rs
887813 1 4200Myrrd — 2000078 1+ 10245 + 584738 — 8241207 + 2887’17“2)} ‘

with

2
J13 = 80 [315]\/[17“% (r% +rirg + T%) + (27“‘11 + 10737y + 3072713 + 4975 + 357“%) (ry — 7“2)4}
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Order of convergence for J24(qq,,)

. T
lim o ‘Jga(q%p) — J2(qop)| = —(r2 — 7“1)2 ‘ [g( — 40M27“if — 4OM27‘%7’2 — 4OM27“1T§
a—00 j23
+ 11rirs — 290303 + 2103y + rirh — 4r2) (b— zd)( — 200273 — 20r 73 + 407“‘21)}
[ ( —16Maor® — 16Marre — 16Mar3r2 + 3r8r2 4 64Mor2r — 13573 4 64Mory 7
+ 20044 — 80Mord — 10033 — 5128 + Tryr] — 27”2) (b— zd)< — 240 M1
240 Myr2ry — 240Mor172 + 607372 — 180r3r3 4+ 1805274 — 601“17‘2)} ‘

with
2 3 2 2
Ta3 = 2400 [7«2 (11— 12)3 — BMQrJ

Order of convergence for J3,(bs,,)

2
45T1’ 3M37’1 + 7’1 - 7’2

lim « ‘J3a(baop) - J3(bc7p)‘ =

a—0o0

‘ ‘29 Myry (r] — 60975 + 9rird — 9r1r§ + 5r3)

— 3gM3rq (10r12d (ri)’ - rg’)Q —qri(ry —)? (71“:1)’ + 2172y + 27r 172 + 201"2) )

2
+ 15qr% (3M37"1 (qr%(rl — 7"2)2(7°1 +2r9) + 21124 (r{’ — r%) ) — 42y (r{’ — TS’) >‘

Order of convergence for Jy, (g, qor)

167T7"1(b

lim o |aa(g22, 427) = Jalg, a™)| =
Jim o | Jua(92”, 42") = Ja(g”™, ) T

}35280000M4 r3(ry + 2r9) (r2 + r1ra + 12)°
(4M5 (T% +rire + T%) —r2(r — TQ)S)

— 4200M4 (7"1 — ?"2) <4480M5 (rl +rirg + r2) (7“% + 3rdry + 6r11r3 + 57"3)

— 8Mj5r3 (247T1 + 85671y + 19631512 + 28401273 + 2567r 173 + 12927’2) (r1 —1p)?

+ 75 (2077"1 + 301r3ry + 177r 173 + 507’2) (r1 — 7“2)6)

+ (rp —19)° < (35840M5 (7"1 + 10787y + 551172 + 1997973 + 505r0ry + 919r 75 + 11951575

+10607irS + 6017175 + 180r9) — 16Msr5 (711r] + 4763r7rs + 17621r775 + 407007773
+57025r77r5 + 44014r3r5 + 18712175 + 3879r3) (r1 — r9)?

475 (8917”1 + 288011y + 37551312 4 24801213 + 875r113 + 1447‘3) (r1 — 7“2)6) ) ‘
with
Tas = [33600M4 (rf +rir2 +73) (3Msr7 — 75 (r1 — r2)°)

. 2
+ (r — r2)4 <320M5 (27”% + IOTfrg + 307"%7"% + 497"17“5’ + 357’;‘) — 7‘%(7’1 — 7'2)3 (997“% + 15271719 + 647’%) ﬂ
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