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1. Introduction and notation

Given a Lebesgue measurable set A C R" we set [’ = [’P(A),0 < p < oo, for the equivalence class of Lebesgue

measurable functions f : A — R with ||f || ipa) = (fA [f|pd,u)1/p < 00, and ||f|lio@) = supess{|f(x)| : x € A}. Let IT™ be the
space of algebraic polynomials, defined on R", of degree at most m. We write |A| for the Lebesgue measure of the set A. IfA
is a measurable set with |A| > 0,and f € [P(R") we define Ty ,(f) as the set of all P € JT™ minimizing

/If(t) —P@®)Pdt.
A

It is well known that T ,(f) is a single set if 1 < p < oo. Thus the best approximation polynomial T, , is a mapping from
IP(A) to IT™, 1 < p < oo. In[1], this operator was extended from [P (A) to [’~'(A). More precisely, if A has finite measure
then for f € [P71(A), Ta p(f) is the unique P € IT™ which verifies

/ F(©) — POP'sgn(f () — P)Q(O)dt = 0, (1.1)
A

forall Q € IT™. A more general class than IT™ was considered in [1]. The polynomial T4 ,(f) is called the extended best
polynomial approximation of f on A. Moreover, it is proved, in [1], that the operator T, : IP~1(A) — M™ is the unique
continuous extension to I?~!. For the case p = 2, a detailed study of this operator appeared in [2].

Inequalities for the maximal functions associated with the extended best approximation operator have been extensively
studied in the literature; see [3-9] and also [10].
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Set B(x, ¢) for the ball centered at x and radius ¢ > 0 and denote by T, (f) for the extended best approximation
operator Ty ) »(f). This polynomial T; (f) can be written as a polynomial in the variable t as ., do (%, &)(t — %)%,
where o = (aq, ..., 0p), t* =t ---t*" and || = a1 + - - - + &y, Where the coefficients a, (x, &) are uniquely determined.
It is well known, forf € C™, that the polynomial T (f) tends to the Taylor polynomial Ty (f)(t) = Zla\<m ; *f(x)(t —x)7,
as ¢ tends to 0. This result has a long standing hlstory since [11] and for further results, see [12-14].

The main estimate for the operator T4 , (f) is given in Theorem 2.1. In the case A = B(x, ) we consider Theorems 2.8 and
2.13 as our principal results. We also point out that Corollary 2.7 gives a pointwise convergence result under a very general
dlfferentlablllty assumption on the function f. These results allow us to consider the P norm convergence of a, (x, ) to the
lel'lCthH -0%f (x) besides of the pointwise convergence previously studied. We should point out that the norm convergence
results are known only for the casesm = 0, p > 1 (see [7,5]) and for p = 2, for any degree m, see [2].

We remark that to obtain the LP convergence result

-0, (1.2)
IP(RM)

1
o (-, €) — aaafﬂ)

as ¢ tends to 0, even if the function f is in the original space I[P, we have to study inequalities for the extended best
approximation operator defined on the space [P~!.

2. Inequalities in LP~! and its applications to convergence results

From now on and throughout the remainder of the paper p will be a fixed real number bigger than 1. We begin with the
following theorem.

Theorem 2.1. Let p > 1andset K = 2P*1if p > 2, and K = 8if 1 < p < 2. Then we have

/|TA,p(f)(t)|p7]|Q(t)|dt SK/If(t)IpfllQ(t)ldf (2.1)
A A

for any measurable set A C R*, 0 < |A| < oo, f € [P"'(A), for all Q € IT™ satisfying sgn(Q(O)Tap(F)(£)) = (=17, for any
t € Asuch that Q(t)Ta,(t) # 0, wheren =0o0rn = 1.

Proof. Let A C R" be with 0 < |A| < oo and letf € [P~!(A). We write P = Ty ,(f). Clearly, only the case n = 0 it must be
considered. Let Q € IT™ with Q (t)P(t) > 0 forall t € A such that Q (t)P(t) # 0. It is easy to show that there are constants
B =B(p) and C = C(p) with0 < B < 1 < C such that

B(@ '+ b)) < (a+bP ' <C@ '+ b)), a=0,b>0. (22)
We consider the following sets

N={teA:f(t) >P@t)} and L={teA:f(t) <P@®)}, (2.3)
and set

Uy=Nn{teA:P() >0}, U, =Nn{teA:P() <0},
Us=LN{teA:P(t) >0} and Us=LN{teA:P(t) <0}

We write H(t) = |P(t) — f(t)[P~1Q(t). By (1.1) we have

/H(t)dt = /H(t)dt,
N L

which is equivalent to
/ H(t)dt—f H(t)dt:/ H(t)dt—/ H(t)dt. (2.5)
Us Uy Uy Uy
From (2.2) and (2.4) it follows that

/IP(f)Ip_IIQ(t)Idt = /IP(t)—f(t)+f(t)|p_1|Q(t)|df
A A

4
=y |H(t>|dr+cZ F©O P10 de = Clh + ). (26)
i=1 YUi

Ui

Now we only have to deal with I; = 2?21 fo |H(t)|dt.
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Clearly
[ woras [ oo =z [ror oo 27)
U UU4 U1UU4 A
Since sgnP = sgnQ we have that
/ [H(t)| dt = / H(t)dt — / H(t) dt. (2.8)
UpUU3 Us Uy
Next we use (2.5) and we get
/ H(t)dt—f |H(t)|dt:/ H(t)dt—/ H(t)dt:/ [H(t)| dt, (2.9)
U3 Uy Uq Uy U1UUy

and by (2.7) the above integral is less than or equal to 2 fA FOPYQ@)|dt. O

We have the following corollary of Theorem 2.1.

Corollary 2.2. Let 1 < p < ooandA C R", 0 < |A| < oo. Then
(a) There is a constant K = K(p) such that

1T p )Wy < KIFIE o ITap (D)l oy (2.10)
(b) There exists a constant K = K (A, p) such that
ITap O lp-1ay < KIf llip-1a)5 (2.11)

forallf e [P~1(A).

Proof. (a)follows from Theorem 2.1. Since the norms || ||rp(a), ||+ [lz00(a), and ||| p-1(4, are equivalent on the finite dimensional
space IT™, from (a) we get (b). O

Inequality (2.11) is unknown for us, even if f € LP.In that case Ta ,(f) is the best || - ||;pa)-approximation to f from 7™,
so we have || T4, (F)lliray < 2Ifllira). However, we cannot obtain (2.11) starting of the last inequality. For a different
approximation class this inequality was obtained in [15].

Let B(x, &) be the ball in R" of center at x and radius ¢ > 0. Henceforward, we denote T; (f) = Tpx,¢) p(f), for f € 1
We will need the following lemma; see Lemma 2.6 in [16].

Lemma 2.3. Given an integer m, m > 0 there exists a function ¢ (t) infinitely differentiable with support in {|x| < 1}, such that
forevery e > 0 and every polynomial P € IT™

Poo= [ Lo ("_y) P(y) dy, 2.12)
rn € &

holds.

The following inequalities for polynomials will be used in the sequel.

Lemma 2.4. Forall P € IT™ over R" we have

(i)
1 1
(/ Py )<</ lP(t>|q2L>qz<”””mm>), (2.13)
B(x.e) |B(x, &)| “ \UBe) [B(x, &)| - '

for 0 < q1 < qs.
(ii) There exists C > 0, depending only onn, mand q, 0 < q < oo, such that

il (/ POl & ); (2.14)
L (B(x,2)) < t . .
e Bxe) IB(x, &)
(iii) There exists a constant C > 0 depending only on n and m such that
E||P||L°°(B(x,s)) < mil)éb"'a”ad < ClIPlro Bx,e)) s (2.15)

when the polynomial P is written as P(t) = Z‘Q‘Sm a, (x)(t — x)“.
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Proof. Inequality (2.13) follows using Jensen’s inequality. The same arguments used to prove the equivalence of norms in
finite dimensional normed spaces ensure that there exists C > 0, depending only on n, mand q, 0 < q < oo, such that

max [Q()| < C (/ IQ(.V)quy>q , (2.16)
lyl<1 yl<1

for any polynomial Q € IT™. Now, given a polynomial P € IT™ set Q(y) = P(x + &y) in Eq. (2.16) and, after a change of
variable, we get (2.14).

To prove (iii) first we observe that ||P || g(x,s)) < Cm,n MaX|g|<m €!%l|a, |. To prove the right hand side of Eq. (2.15) we use
Lemma 2.3. In fact Eq. (2.12) implies

1
30tP(x)=/n ﬂglal( ¢)( )P(y)dy (2.17)
Hence
g‘“‘aap(x):/ n( ¢)( )P(y)dy (2.18)
B(x,e) €
Then
e3*PX)| < IPllo@.en f ¢) (X Y )‘dy
B(x,e)
< 1Pl ey / ( )‘dy—npnloow(“» /| @O dy. 0 (2.19)
yl<1

Corollary 2.5. Let f be in L,OC (R”); then

1 5 1 —
(—n / INGIGIE dr) §M<—n / )P 1dt) , (2.20)
&7 JB(x.e) € JBx.e)

forevery e > 0and x € R". Where the constant M depends only on m, n and p.

Proof. Using (2.14) in (2.10) we have
”Txg (f)”lP(B(x 5)) =C ”f”p P~ 1(B(x,¢)) ”T;(f)”LI’(B(x,e))’

1
and thus (2.20) follows with M = (£)7=1. O

Henceforward, the constants M or C may not be the same in each occurrence.
Note that, from the statement of the last corollary and its proof, we also have

1
1 p—1
1T () llie@ereyy < C (87 IFe)P! df) , (2.21)

B(x,¢)

for some constant C depending only on n, m and p.
Let T{ (F) (1) = 3 < Gu (X, ) (8 — X)%, Where @ = (1, ..., o), t* = t*1-- -t and || = @1 + - - + .

Corollary 2.6. Let f bein L} "(R™); then

elay(x,e)| < C (81 IF (&) P~ ldr)il, (2.22)

B(x,€)
foreverye > 0, |@| < mand x € R". Where the constant C depends only on n, m and p.

Proof. Using (2.14) and (2.15) we have

1

1 P
max &“|a, (x, 8)| < C (7 / T (HOF dt)
laj<m €7 JB(x.e)

Now (2.22) follows using (2.20). O
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We point out that the estimate given by the above corollary is useful only for the case a,(x, €) with « = 0. For the
remainder values of « we shall prove sharper estimates. To be more specific we shall write a, (f) (x, ) for a, (x, €). We set
T, (f) for the Taylor polynomial of degree m of the function f at the point x, that is

aa
LOH© = Y i,(x) (t =% (2.23)

lee|<m

Now we recall the following pointwise smoothness condition which was introduced by Calderén and Zygmund in [16]. The
function f € tﬁfl (x) if there exists a polynomial Ty (f)(t) such that

1 1
(* / : If (t) — Te(H ()P dt) = o(e™), (2.24)
B(x,e

8"
ase — 0.lItis easy to see that condition (2.24) uniquely determines the polynomial T, (f), and its coefficients, multiply by «!,
are called the partial derivative denoted by 0*f (x). Indeed, by (2.15) and taking into account that || P||;oos(x.¢)) IS €quivalent
to MaXy|<m £%l]a, |, we have that a polynomial in /7™ that satisfies (2.24) must be the zero polynomial.

From now on, we will write a, (f)(x, €) for a,(x, €) in order to emphasize the dependence on the function f for the
coefficients of the polynomial T, (f). Thatis T} (f) (t) = Zlalsm a, (f)(x, &)(t — x)*.

Corollary 2.7. Let f € I}

loc

1(]R”) and assume that f € t,’ff] (x) in a fixed point x. Then T, (f ) (t) — Tx(f)(t), foreacht,ase — 0.

Proof. Since T} (f — Tx(f)) = TS (f) — Tx(f), [1], we have

aot
0 (f = TP ) = Ga () (x, 8) — 9. (2.25)

a!

Now by Corollary 2.6 applied to f — T,(f) we have

e ay (F)(x, &) —

0| _ ¢ (1 / F(©) = T (0P dt)’ﬁ. (2.26)
ol " JBx.e)

&

Thus, by (2.24), it follows that a, (f)(x, ¢) tends to % asetendstoO, for x| <m. O

We point out that this pointwise convergence result is new for f € I[P~ If f e [P and the differentiability assumption
(2.24) is assumed in L? instead of LP~! the convergence result is well known and it has a direct proof. For our case we have

used Corollary 2.6. Also even if f € [P we may assume the weaker condition f € tﬁf](x) and still obtain the pointwise
convergence.

Theorem 2.8. Let f be in ! (RM) and T; (f)(t) = Z‘a‘sm ay(f)(x, e)(t — x)“; then we have

loc

p—1\ T
dt , (2.27)

8(1
ro - 3 W e

!
lel<i—1 &

M 1
lag(F)(x, &) < — */
4 el \ e Jpue

forany |B] =1, | <m.

Proof. Since T (f — f(x)) = T; (f) — f(x), we have ap(f — f(x)) = ao(f) —f (x), but a,(f) = a,(f —f (%)), for || > 0.Then,
by Corollary 2.6,

1

M /1 p—1
4 ()X, &) < — ( / F(6) = Feo P! dt) : (2.28)
€ \€&" JBwe)

for any || = 1. Thus (2.27) holds in this case.
Set T,ﬁ(f)(t) = Z‘a‘s, hA 3] (t — x)“. Now for any 2 < | < m we have

o!

TEF =T (D) = T — T (),

and then ag(f — T\"1(f)) (x, &) is equal to ag(f) (x, &) — %, when 8] <1—Tandag(f — T 1)) (%, &) = ag(F)(x, &),
for |B] = L. Now, by Corollary 2.6, we have (2.27). O
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Forf e L1 (R") and q > 0 we denote by Mq(f) the following Hardy-Littlewood maximal function

loc

1 i
My(f) = sup (; /B( )If(y)lqdy> . (2.29)

e>0

Now we introduce the following polynomial maximal functions associated to the extended approximation polynomial
operator.

Definition 2.9. Let f € Lﬁ;1 (R"). The polynomial maximal function T (f) on R" is given by

1 5
T, (f)(x) = sup (87 /( : ITf(f)(t)lpdt) , (2.30)
B(x,e

e>0

where Ty (F)(£) = D5 < Ga (%, €) (£ — X).

Definition 2.10. Let f € Lﬁ;l (R™). We define the next maximal function a’ (), 0 < |¢| < m,onR" as

a(fx) = su13|aa(x, 8)|. (2.31)

Note that even a,(f) depends on p, for simplicity, we have omitted p in the notations of this operator.

Theorem 2.11. Let f € Lﬁ;] (R"). For any |a| < m the polynomial maximal functions T, (f) and ag, (f) are measurable.

Proof. Givene > 0we will prove that T;] (f) (t) is a continuous function of x. Let x, — xask — oo, and assume |x; —xX| < &.
We have that

1
p—1

1 _
[T, Do Berery = 1T, () llioo B 2 < € (87/ IF )P 1dt>
B

(Xk,2¢)

1 el
<C (—/ If )P dt) , (2.32)
en B(x,3¢)

where we have used (2.21) to obtain the second inequality.
Thus, the polynomials {Txf, (f)} are uniformly bounded. Suppose that {T,fk (f)} is a subsequence which converges to a
k ,-

polynomial P of degree m. For any polynomial Q of degree less than or equal to m, we denote gj(t) = |f—T,fk_ (@) |P~'sgn(f—
J
T, (N©)Q(0) and g(0) = If — PO)IP'sgn(f — P(£)Q(6). We have

/ gj(tydt —/ g(t)de / gi(t)dt —/ gj(t)dt / gj(t)dt —/ g(t)de
B(xkj,e) B(x,€) B(xkj,e) B(x,€) B(x,€) B(x,€)

< / |g; (0)|dt + / |(gi(D) — g(t))] dt. (2.33)
B(x;,€) AB(x,€) B(x,€)

= +

Since each term in the last member of inequality (2.33) tends to zero, as j — 00, we get that

0= f -y NOP'sgn(f = T3 (NE)HQ(0t
B(xkj,e

— If — P(0)]” 'sgn(f — P(£))Q(t)dt, (2.34)

B(x,€)

for any polynomial Q of degree m. Thus P = T (f). Then, {T,fk (f)} converges uniformly to Ty (f).

1
Finally, if f.(x) = m (fB(X,E) |T¢ (f)(t)|pdt) i clearly f.(x) is a continuous function for all ¢ > 0, and a,(x, €) is a

continuous function forall € > 0, |¢| < m. Then it follows that T;‘ (f) and a, (f) are lower semi-continuous functions. Hence
they are measurable functions. O
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Theorem 2.12. Let f € [2_"(R"); then

loc
T,y () (%) < Mp—1(F)(x).
Thus, for any f € IP~1(R") we have

1

e RE: T (N0 > Al < Koo /]R FeoP dx,

where the constant K depends only on p, n and m.

(2.35)

(2.36)

Proof. Eq. (2.35) follows by (2.20) and (2.36) follows by the well known property for the Hardy-Littlewood maximal

function; see [17]. O

As an application of the above theorem, we prove the following result.

Theorem 2.13. Let f € [2_"(R") with continuous derivatives 3*f, |B| < m. Then

loc
a5 (f) < M (37F) (%),
for1 <|B| <mandp—1<1,

a5 () < CMp-1(3°f) (),

for1 <|B]| <mandp—1=>1.
Also we have

az(f) < CMp—1(f) ().
Thus, for any f € [P~1(R") we have

1
e B" 1 a3(N)®) > ) < Oy FeolP™ dx.
A (XeR™|f (X)|> 5}
and
1
|{xe]R”:a}§(f)(X)>l}|§C*/ ) |85f(X)|dX7
A Jixerm:aBf (1> 3}

for 1 < |B| < m, and the constant C depends only on p, n and m.

Proof. Eq. (2.39) follows by (2.22). Now by Theorem 2.8 we have, for |8]| = I,

—1 p—1

dt

8(1
ro - 3 Ty

|
| <=1 ’

a5 () x, )] < 1/
a x,8)|<—[—
P et \ e Jawe

Now, using the integral form for the remainder in the Taylor expansion we have that |ag(f)(x, €)| is bounded by

1

p—1 p—1

I
— dt

1 1
cC— | —
ol 1Za

lal=1 &

1
(t — x)® f 3 (x +s(t —x)(1 —s)'ds
0

As |(t — x)%| < '*in the above integral and using (2.2) we have

1

1 1 p—1 p—1
as(F)x. )] <C ?“/B( )(/O |a“f(x+s<t—x>)|ds> de|

lal=1

Now for p — 1 > 1 we use the Minkovski integral inequality

1

! A ! dt\ 1
(/ (oo sce=wias) ) < (/ st §) s
B(x,e) \JO € 0 B(x.£) €

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)
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1 -1 pTll
_ o _ p—1
CZ/O <8n /B(mw F(x+ st —x)| dt) ds

lor|=I

in (2.44) and we get

lag(F)(x, &)

IA

1 1 pl‘l
— o p—1 a
=C E fo ((sg)" /B(X,SS) 10%f W) dJ/> ds < C E Mp—1 (10°f) (%), (2.45)

la|=1 Jee|=I

for || = I. Thus we have proved (2.38). Now for p — 1 < 1 we use Jensen’s inequality in (2.44) and we get

1 1
lag(f)(x,e)| < C Z o /B( )/0 [0%f (x + s(t — x))| ds dt. (2.46)

loe|=1

Now we proceed as we did in (2.45) and we have (2.37).
The inequalities (2.40) and (2.41) follow by the standard properties of the Hardy-Littlewood maximal function. O

We point out that in the previous theorems we obtained the inequalities for the polynomial maximal functions for f €

Lﬁ:, 1 < p. Additional inequalities can be obtained when f is also in LY(R"), q > p — 1.

Corollary 2.14. For every f € L(R") we have

lag(Hllg < Cqllf llg, (2.47)
forq>p—1.
Beside if for any 1 < |a| < m the derivatives 9%f are in L(R"), we have
lay M llg < Callo“fllg, (2.48)

foreveryqg>1lifp—1<landgq>p—1ifp—1>1.

Proof. The inequalities (2.47) and (2.48) follow using the arguments of the standard Marcinkiewicz interpolation theorem;
see[17]. O

Note that in the case p — 1 > 1 we obtain Eq. (2.48) for the right range of g, i.e. p — 1 < g. On the other hand, we do not
know if inequality (2.37) can be improved for the case 0 < p — 1 < 1, as follows a}, (f) < CM,_1(3%f)(x), in order to obtain
the same range of q.

By Corollary 2.7 for a smooth function f we have |a, (x, &) — %8“f(x)| tends to O for every x € R" as ¢ tends to 0. Now,
by Corollary 2.14, we can use Lebesgue’s dominated convergence theorem to obtain the next remark.

Remark 2.15. For every f € LY(R") such that the derivatives 0*f are in LY(R"), |«| < m, we have

—0
LI(RM)

1
ay (-, &) — aaaf(-) , (2.49)

asetendsto 0, for 1 < |¢| < mandforeveryq > 1ifp—1<1landq > p— 1ifp— 1 > 1. And for the case « = 0 we
always considerq > p — 1.
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