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PREFACIO

El presente volumen contiene los trabajos aceptados en el VIII Congreso de Matemática Aplicada,
Computacional e Industrial (VIII MACI - 2021), realizado de forma virtual entre los días 3 y 7 de mayo de
2021 organizado en la ciudad de La Plata, Argentina.

El congreso bianual MACI convoca a la comunidad de profesionales del área de la Matemática Aplicada,
Computacional e Industrial, de Argentina y la región. Organizado por ASAMACI y AR-SIAM, cada
realización tiene lugar en una ciudad diferente de Argentina, habiéndose realizado los anteriores en
Córdoba (2007), Rosario (2009), Bahía Blanca (2011), Buenos Aires (2013), Tandil (2015), Comodoro
Rivadavia (2017) y Río Cuarto (2019).

Estas reuniones tienen como objetivo la difusión de trabajos originales o en desarrollo, el planteo de
problemáticas abiertas, el fomento de la investigación y motivación para la formación de recursos
humanos en las distintas disciplinas que se desarrollan dentro de la Matemática Aplicada, Computacional
e Industrial.

Estas actividades se enmarcan en las políticas generales de la Sección Argentina de la Society for
Industrial and Applied Mathematics (AR-SIAM) y la Asociación Argentina de Matemática Aplicada
Computacional e Industrial (ASAMACI), creadas por iniciativa de profesionales locales en 2006 y 2008,
respectivamente. Cabe destacar, que la presente edición, se realizó en homenaje a Domingo Tarzia en el
año de su septuagésimo aniversario.

En esta octava edición se aceptaron para su publicación 178 trabajos, los cuales fueron expuestos en forma
oral durante el congreso. Los mismos fueron previamente evaluados por revisores anónimos y,
consecuentemente, revisados por los autores en una segunda instancia. Gracias a esto muchos de los
manuscritos fueron sustancialmente mejorados, en calidad y originalidad, en base a las sugerencias de los
revisores. Los trabajos, según su temática, se enmarcaron en veintiséis sesiones.

Durante el Congreso se dictaron siete conferencias plenarias a cargo de los profesores Cleve Moler
(MathWorks Inc.), Mabel Tidball (INRAE-Montpellier, Francia), Claudia Pons (Universidad Abierta
Interamericana UAI y UNLP, Argentina), Mikhail Solodov (IMPA Instituto de Matemática Pura e
Aplicada, Brasil), Claudia Sagastizábal (Unicamp, Brasil), Inés Armendáriz (Universidad de Buenos
Aires, Argentina) y Enrique Pujals (City University of New York, EEUU). Se ofrecieron cuatro cursos
para estudiantes avanzados de grado y de posgrado, impartidos por los profesores Marcos Raydan
(Universidad NOVA de Lisboa, Portugal), Paula Zabala (Universidad de Buenos Aires, Argentina),
Horacio Rotstein (New Jersey Institute of Technology, Rutgers University, EEUU) y Esteban Tabak (New
York University, EEUU).

Además, se realizaron tres mesas redondas abiertas a todo público:

* "Matemática Aplicada en la Industria y Sociedad", coordinada por Damián Fernández y Lisandro
Parente, la cual contó con los siguientes invitados: Carlos Pita (JAMPP, Argentina), Matías Lee, María
Martínez y Francisco Cucullu (Xcapit, Argentina), Juan Carlos de los Reyes (MODEMAT, Escuela
Politécnica Nacional, Ecuador) y Gonzalo Pita (Johns Hopkins Whiting School of Engineering, EEUU).

* "La Matemática del COVID", coordinada por Claudia Gariboldi, la cual contó con los siguientes
invitados: Juan Pablo Aparicio (INENCO-UNSa, Argentina), Guillermo Durán (CONICET-UBA,
Argentina), Pablo Lotito (PLADEMA-UNCPBA, Argentina) y Claudia Sagastizábal  (Unicamp, Brasil).

* "Matemática Aplicada en la Educación", coordinada por Mabel Rodríguez y Gabriel Soto, la cual contó
con los siguientes invitados: César Retamal (Univ. de Talca, Chile), Marcel Pochulu (Univ. Nac. de
Villa María, Argentina), Flavio Guiñez (Univ. de Chile, Chile), Pablo Carranza (Univ. Nac. de Río
Negro, Argentina).

MACI Vol. 8 (2021) M.L. Schuverdt, N.L. Kudraszow, R.P. Vignau, M.D. Sánchez (Eds.)

II



La organización del VIII MACI estuvo a cargo del Comité Organizador Local con la participación y apoyo
institucional de la Universidad Nacional de La Plata, la Facultad de Ciencias Exactas (UNLP), la Facultad
de Ingeniería (UNLP), la Facultad de Ciencias Económicas (UNLP), la Facultad de Informática (UNLP),
el Departamento de Matemática y el Centro de Matemática de La Plata (FCE-UNLP), la Asociación
Argentina de Matemática Aplicada Computacional e Industrial y la Sección Argentina de SIAM
(AR-SIAM).

La Comisión Directiva de ASAMACI y la Comisión Organizadora Local agradecen a las instituciones
auspiciantes y patrocinadoras. Asimismo, agradecen a los Conferencistas Plenarios, a los profesores que
dictaron cursos, a los Coordinadores de Sesiones, a los organizadores y participantes de las Mesas
Redondas, a los evaluadores de trabajos y a todos aquellos que contribuyeron a la preparación y
realización del evento con su desinteresado y valioso esfuerzo.

María Laura Schuverdt, Nadia Kudraszow, Raúl P. Vignau y María Daniela Sánchez.

La Plata, mayo de 2021.
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RESOLUCIÓN EFECTIVA DE ECUACIONES ELÍPTICAS NO LINEALES CON CRECIMIENTO NO
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N. Biedma y M. De Leo . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
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M.A. Ré . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .249
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CIÓN DE MOVIMIENTO DIARIO PARA BITCOIN
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VO

M.J. Molina, S.B. Rodrı́guez-Reartes y M.S. Zabaloy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 481
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M.A. Pucheta, A.G. Gallardo, S. Fantı́n y R.T. González . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 531
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L. Monaldi y S.A. Elaskar . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .541
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UNA FORMULACIÓN MATEMÁTICA ROBUSTA PARA EL CAMBIO DE FORMA DE PERFILES
AERODINÁMICOS
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Néstor Biedma† and Mariano De Leo‡

†Universidad del Comahue, Buenos Aires 1400. (8399) Neuquén Capital. Argentina, nestbi7@gmail.com
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Abstract: In this article we are concerned with the 1-D Schrödinger equation i ut = −uxx − V (u)u , where V (u)
is a Hartree nonlinearity, stemming from the coupling with the Poisson equation. Using the Titchmarsh-Kodaira’s
theorem, we give an explicit spectral decomposition of the related linear operator uxx + |x| u and we show that the
evolution consists only of scattering states.
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1 INTRODUCTION

In this article we take under consideration the Schrödinger–Poison equation in the whole line iut =
−uxx + V (u)u, in which the potential V could be written as V (u) = −q|x|u+ m(u)u; here q is a constant
depending upon the initial charge ‖u(x, 0)‖L2(R) and m is a Hartree–type nonlinearity.

We are interested in the spectral properties of the (scaled) linear operator: L(φ) = φxx + |x|φ defined
in D(L) = H1(R) ∩ L2

1/2(R), where L2
1/2(R) := {φ ∈ L2(R) :

∫
|φ|2|x|dx < +∞}. Since the related

quadratic form is not bounded from below, the existence of dynamics is not for granted: this is accomplished
by using the KLMN theorem, see Lemma 2.5 in [1]. However, and for physical reasons related with the
long time behaviour of solutions, we look for an integral expression that allow us to show that the evolution
consists only in scattering states: this is obtained by means of the application of the general expansion
theorem.

This work is organized as follows: we first introduce some basic results concerning both Airy functions
and Titchmarsh-Kodaira-Weyl-Stone theory and then we perform the computations and obtain the desired
integral expression.

2 BASIC RESULTS

The key ingredient in our work is the general expansion theorem for singular second order differential
equations (Titchmarsh-Kodaira-Weyl-Stone theory), which is widely developed by K. Yosida [3], in Ch. 5.
We list below the principal facts, related to the second order differential equation, where λ is a complex
number with Im(λ) > 0:

uxx + |x|u = λu, x ∈ R ; (1)

Proposition 1 (See [3] Th 43.4 and Remark 2) The point x = +∞ is in the limit point case if and only if
for all λ ∈ C with Im(λ) > 0 there exists a solution v(x, λ) of (1) satisfying v /∈ L2([0,+∞)).

The density matrix involved in the spectral decomposition is expressed in terms of real functions m1(k),
m2(k), which in our case are constructed as follows (see [3], Ch. 5). One first sets {v1(x, λ), v2(x, λ)} as the
fundamental solution of (1) satisfying v1(0, λ) = 1, v′

1(0, λ) = 0 and v2(0, λ) = 0, v′
2(0, λ) = 1; then, one

computes, for λ ∈ C with Im(λ) > 0, the complex function M2(λ) = lim
x→+∞

−v1(x, λ)

v2(x, λ)
. Finally, the real

functions are defined as (see [3]) m2(k) := Im(M2(k)) and m1(k) := Im(−M2(k)−1) = m2(k)|M2(k)|−2,
where M2(k) is the restriction of M2 to the real axis.
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Note 1 In order to avoid confusion, when the second order differential equation (1) is viewed as an eigen-
value problem, the (real) parameter is called k. Otherwise, the complex parameter is called λ.

Proposition 2 The density matrix d̺ : R → R2×2 related to the equation (1) when restricted to λ = k ∈ R
is given by

d̺(k) =
1

2π

[
m2(k)|M2(k)|−2 0

0 m2(k)

]
.

Proof. See [3] Th. 48.2, Eq. (48.2), identity (48.1) and Th. 48.3. �

3 SPECTRAL DECOMPOSITION FOR THE LINEAR OPERATOR

In this section we are concerned with the spectral decomposition for the operator L defined in D(L) =
H := H1(R) ∩ L2

1/2(R) and given by L(u) := uxx + |x|u, x ∈ R .
This will be done as follows: we first construct a fundamental basis of the equation (1), then we show

that the boundary points |x| = +∞ are both in the limit point case; finally, we compute the real function
m2(k), and the related density matrix. With this results at a hand we show that L : D(L) → H′ is a self-
adjoint operator; in addition we show that Σ(L) = Σac(L) = R, in other words, the spectrum consists only
of scattering states.

To start with, we present the following lemma.

Lemma 1 Let λ ∈ C be an arbitrary complex number and let Ai(z), Bi(z) be the complex-valued Airy
functions. Let also ω0 := Ai(λ)Bi′(λ) − Ai′(λ)Bi(λ) = 2

√
3

−1
Γ(1/3)−1Γ(2/3)−1 be the related (con-

stant) Wronskian, and consider the pair of complex functions:

v1(x, λ) =
Bi′(λ)

ω0
Ai(λ − |x|) − Ai′(λ)

ω0
Bi(λ − |x|) (2)

v2(x, λ) = sg(x)
Bi(λ)

ω0
Ai(λ − |x|) − sg(x)

Ai(λ)

ω0
Bi(λ − |x|) (3)

Then, for each fixed λ ∈ C, the set {v1(x, λ); v2(x, λ)} is a fundamental system of solutions of the second
order differential equation (1) satisfying v1(0, λ) = 1, v′

1(0, λ) = 0 and v2(0, λ) = 0, v′
2(0, λ) = 1.

Proof.
Since the complex valued functions Ai(λ − |x|) and Bi(λ − |x|) both satisfy the equation (1) in each of

the half lines (−∞, 0) and (0,+∞), we only need to choose four complex valued functions a−(λ), b−(λ)
and a+(λ), b+(λ) such that the function

v(x, λ) =





a−(λ)Ai(λ − |x|) + b−(λ)Bi(λ − |x|) x < 0

a+(λ)Ai(λ − |x|) + b+(λ)Bi(λ − |x|) x > 0

has a continuous derivative at the origin. An easy computation shows that this restriction is expressed by the
identity

(
a−(λ)
b−(λ)

)
=

[ (
Ai(λ)Bi(λ)

)′ (
Bi2(λ)

)′

−
(
Ai2(λ)

)′ −
(
Ai(λ)Bi(λ)

)′

](
a+(λ)
b+(λ)

)
, (4)

the proof finishes with a suitable choice of the parameters. �
In order to get the unitary transformation related to the spectral decomposition of the operator L we need

to build the density matrix; as it was stated before, this makes use of the following lemma.

Lemma 2 The points |x| = +∞ are both in the limit point case.
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Proof. From Proposition 1 it will be suffice to show a pair of solutions of equation (1) which does not
belong to L2

I± , where I± is the related half line: I+ := [0,+∞) for x = +∞ and I− := (−∞, 0]
for x = −∞. Take v±(x, λ) = Ai(λ − |x|) for x ∈ I± and extend them to the whole line using the
identity (4); we claim that each v±(x, λ) does not belong to L2

I± . Let z = λ − |x|, since |x| → +∞ one
has Re(z) → −∞; using the decaying properties of the Airy functions (see [2]) we see that |v(x, λ)|2 =

|Ai(z)|2 ∼ 2−1|z|−1/2e2Im(λ)|z|1/2 → +∞.
�

Then we compute the auxiliary functions m1(k), m2(k).

Lemma 3 In the context of Theorem 2, and setting ω0 as the constant Wronskian of the Airy equation the
real functions m1(k) and m2(k) are given by

m1(k) =
ω0

(Ai′)2(k) + (Bi′)2(k)
and m2(k) =

ω0

Ai2(k) + Bi2(k)
.

Proof.
We start computing the complex valued function M2(λ). Since, from previous lemma, the boundary

points are both in the limit point case, M2(λ) may be computed as the limit M2(λ) = − lim
t→+∞

v1(t, λ)

v2(t, λ)
,

where v1(x, λ) and v2(x, λ) are given by (2), (see Lemma 2, from [3], Ch. 5, identity (48.2)). Using the
decaying properties of Airy functions and the identity cos(z) = sin(z + π/2) we see that

lim
t→+∞

Bi(λ − t)2z1/4e−Im(λ)|z|1/2
e−i 2

3
|z|3/2

= eiπ/4 , lim
t→+∞

Ai(λ − t)2z1/4e−Im(λ)|z|1/2
e−i 2

3
|z|3/2

= e−iπ/4 ,

from where we conclude M2(λ) =
Ai′(λ) + iBi′(λ)

Ai(λ) + iBi(λ)
.

Since q(x) = |x| is an even function we know that M1(λ) = −M2(λ) (see [3]). We now consider the

restriction to the real parameter k : M2(k) =
Ai′(k) + iBi′(k)

Ai(k) + iBi(k)
, therefore, the claim follows directly from

the identities m2(k) = Im(M2(k) and m1(k) = Im(−M2(k)−1).
�

Note 2 Since the Wronskian W (Ai(k),Bi(k)) = ω0 6= 0 it follows that the functions m1,2 : R → R are
continuous functions (m1,2 are actually analytic). This expresses the fact that the spectrum of the operator
L is absolutely continuous, from where the density matrix d̺(k) can be expressed as ̺′(k)dk.

Following [3], Th. 48.3, we have: ̺′(k) = 1
2π




ω0

(Ai′)2(k) + (Bi′)2(k)
ω0

Ai2(k) + Bi2(k)




We are now in a position to state the main result of this section, which is the Fourier transform related
with the density matrix ̺′(k). Accordingly, we associate to each f ∈ L2(R) the complex–valued function

A(f)(k) :=

∫

R
f(x)U(x, k) dx, (5)

where U(x, k) := (2π)−1/2

(√
ω0

(Ai′)2(k) + (Bi′)2(k)
v1(x, k) + i

√
ω0

Ai2(k) + Bi2(k)
v2(x, k)

)
.

Theorem 1 Let L be the linear operator given by L(u) = uxx + |x|u and let A be the integral operator
defined by (5). Then,

(a) For every f, g ∈ L2 one has 〈f ; g〉 = 〈A(f) ; A(g)〉. Thus, A is unitary and A∗ is given by:
A∗(g)(x) =

∫
g(k)U(x, k) dk,
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(b) A(L(f))(k) = kA(f)(k).

(c) The operator L : D(L) → H′ is self–adjoint.

(d) Σ(L) = Σac(L) = R.

Proof. First and second claims follow directly from previous computations. We then turn to claim (c).
Consider the nonhomogeneous equation

L(u) ± iu = f, (6)

where f ∈ L2(R). Applying the unitary operator A we get A(u) = (k+ i)−1A(f) from where we conclude

‖u‖L2 = ‖(k + i)−1A(f)‖L2 ≤ ‖A(f)‖L2 = ‖f‖L2 . (7)

This shows that (L ± i)−1 ∈ B(L2(R)) with norm ‖(L ± i)−1‖ ≤ 1. Take now f ∈ H1(R) and
differentiate equation (6) with respect to x. This produces (L ± i)(ux) = fx − sg(x)u. Using inequality (7)
we get the estimate ‖ux‖L2 ≤ ‖fx‖L2 + ‖u‖L2 ≤ ‖f‖H1 . Assume now that f ∈ H1(R) ∩ L2

1/2(R), and

multiply equation (6) by µ1/2 := 4
√

x2 + 1. This produces (L ± i)(µ(x)1/2u) = µ(x)1/2f + µ−1/2ux −
4−1µ−3/2 u, from where we get the estimate ‖u‖L2

1/2
= ‖|x|1/2u‖L2 ≤ ‖µ(x)1/2u‖L2 ≤ ‖f‖L2

1/2
+

‖µ−1/2‖L∞‖ux‖L2 + ‖µ−3/2‖L∞‖u‖L2 ≤ C(µ)‖f‖H.
Previous estimates show that R(L ± i) = H from where we conclude that L = L∗.
Finally, claim (d) follows from Remark 2.

�

Note 3 We have the following asymptotic behaviour for U(x, k) : For each fixed x ∈ R there exists a
constant C > 0 such that, as |k| → +∞, the estimate

U(x, k) ∼ CAi(k − |x|),

holds.
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