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Abstract

Symmetries are ubiquitous in a wide range of nonlinear systems. Particularly in
systems whose dynamics is determined by a Lagrangian or Hamiltonian func-
tion. For hybrid systems which possess a continuous-time dynamics determined
by a Lagrangian function, with a cyclic variable, the degrees of freedom for the
corresponding hybrid Lagrangian system can be reduced by means of a method
known as hybrid Routhian reduction. In this paper we study sufficient condi-
tions for the existence of periodic orbits in hybrid Routhian systems which also
exhibit a time-reversal symmetry. Likewise, we explore some stability aspects of
such orbits through the characterization of the eigenvalues for the corresponding
linearized Poincaré map. Finally, we apply the results to find periodic solutions

in underactuated hybrid Routhian control systems.

*This work was partially supported by I-Link Project (Ref: 1linkA20079) from CSIC
and by Ministerio de Economia, Industria y Competitividad (MINEICO, Spain) under
grant MTM2016-76702-P. The project that gave rise to these results received the sup-
port of a fellowship from “la Caixa’ Foundation” (ID 100010434). The fellowship code is
LCF/BQ/PI19/11690016. The graduate student M.E. Eyrea Irazi was partially supported
by CONICET Argentina. L. Colombo and M.E. Eyrea Irazi were partially supported by
“Severo Ochoa Programme for Centres of Excellence” in R&D (SEV-2015-0554). The authors
are indebted with the reviewers and editor for their recommendations that helped to improve
the quality, clarity and exposition of this work.

IEmail address: leo.colombo@icmat.es.

2First and Corresponding author. Email address: maemma@mate.unlp.edu.ar.

Preprint submitted to Nonlinear Analysis: Hybrid Systems January 27, 2020



Keywords: Hybrid systems, Symmetries, Routh reduction, Poincaré map.

2010 MSC: Primary: 37KO05, Secondary: 37J15, 37N05, 34A38, 34C14, 34C25

1. Introduction

Hybrid systems are dynamical systems with continuous-time and discrete-
time components in its dynamics. These dynamical systems are capable of
modeling several physical systems, such as, multiple UAV systems [36], [4§],
bipedal robots [46], [47], [49], embedded computer systems [12], [39], [44] and
underactuated mobile vehicles [I8], among others.

Simple hybrid systems are a type of hybrid systems introduced in [30], called
in this manner because of its simple nature. A simple hybrid system is char-
acterized by a tuple H = (D, X,S,A) where D is a smooth manifold, X is a
smooth vector field on D, § is an embedded submanifold of D with co-dimension
1 called the switching surface (or the guard), and A : § — D is a smooth em-
bedding called the impact map (or the reset map). This type of hybrid system
has been mainly employed for the understanding of walking gaits in bipeds and
insects [3], [26], [53]. In the situation where the vector field X is associated
with a mechanical system (Lagrangian or Hamiltonian), alternative approaches
for mechanical systems with unilateral constraints have been considered in [15],
[16], [27], [28], and [31].

A symmetry is a transformation that leave invariant the solutions in a dy-
namical system. The type of symmetry that most mechanical systems naturally
exhibit is known as reversing symmetry. Reversing symmetries leave the equa-
tions of motion invariant if the direction of time is reversed. Dynamical systems
possessing this class of symmetry are called reversible if the reversing symmetry
is an involution [32]. It is important to mention that the existence of periodic
orbits has been a predominant topic of research in dynamical systems since the
studies of Poincaré [40]. The use of reversing symmetries to find periodic orbits
has been employed, for instance, in the restricted three-body problem [6].

When a dynamical system exhibits a symmetry, it produces a conserved



quantity for the system. This reduces the degrees of freedom in the dynamics of
the system. One of the classical reduction by symmetry procedures in mechanics
is the Routh reduction method [23]. During the last few years there has been a
growing interest in Routh reduction, mainly motivated by physical applications
[10], [19], [34], [35]. Routh reduction for hybrid systems has been introduced by
A. Ames and S. Satry and it has been applied in the field of bipedal locomotion
[2], [3], [5]. The reduced simple hybrid system is called simple hybrid Routhian
system. In this work we build in the former approach to that concept by study-
ing sufficient conditions for which a simple hybrid Routhian system exhibits a
periodic solution.

The search of limit cycles in hybrid systems has been an active research field
in the robotics and automatic control community since the works of Mc’'Geer
due to the study of periodic walking gaits for passive dynamic walkers [13],
[38]. Since these works, the study of orbital stability for hybrid systems has
been the more explored analysis in this field. The method of Poincaré map is
frequently used in the legged locomotion community to study orbital stability
of walking gaits [21], [25], [42], [43], [52], [53]. In most of the studies analyzed
in the literature employing such an approach, one assumes the existence of a
periodic solution. Then one proceed with the corresponding stability analysis
of the orbits by examining the eigenvalues of the linearized Poincaré Map at
its fixed points. In general, since fixed points of the Poincaré map corresponds
with periodic orbits for the underlying dynamical system, to find these orbits
one needs to employ computational resources to find the Poincaré map and its
fixed points.

In this work, we show how to ensure the existence of periodic solutions by
examining the symmetries for a simple hybrid Routhian system excluding com-
putational tools. Moreover, with the method proposed in this work we also
provide a characterization for the eigenvalues associated with the linearized
Poincaré map for these periodic solutions, also from an analytical point of view.
To the best of our knowledge, sufficient conditions for simple hybrid Routhian

systems under which one can ensure the existence of periodic solutions and the



characterization of its qualitative behavior, excluding the use of computational
tools, has not yet been widely discussed in the literature. Similar results for
simple hybrid (non-Routhian) systems concerning the existence of periodic so-
lutions can be found in [§] and [14]. Sufficient conditions for the existence and
uniqueness of Poincaré maps can be found in [I1] and results about stability of
periodic solutions for 2D-simple hybrid systems can be found in [22].

The primary goal of this paper consists on establishing the conditions under
which we can ensure the existence of periodic orbits in simple hybrid Routhian
systems. By introducing a time-reversal symmetry, trajectories for a simple hy-
brid Routhian system will become in a periodic orbit if the trajectory begins
at a fixed point of the symmetry map. In this work, we provide characteriza-
tions for the eigenvalues associated with the linearized Poincaré map for these
periodic solutions. We also apply the results to the classical example of the
2D one-leg robotic hopper for which, after applying Routh reduction method
for simple hybrid system, we reduce the hybrid dynamics to the one for the
2D spring loaded inverted pendulum (SLIP). Then we study the existence of
periodic motions and show that periodic orbits are at most marginally stable.
As an application we employ the results given in this work for the search of pe-
riodic orbits in underactuated hybrid mechanical control systems, in particular,
for the 2D spring loaded inverted pendulum.

The paper is structured as follows: Section 2 presents a review on Lagrangian
mechanics and Routh reduction. Section 3 introduces simple hybrid Routhian
systems and the 2D-SLIP model is derived as the simple hybrid Routhian system
for to the 2D one leg robotic hopper. Section 4 contains the main results of the
paper, such as how after introducing time-reversal symmetries we find sufficient
conditions to ensure the existence of periodic solutions and we study how to
characterize some of the eigenvalues for the linearization of the Poincaré map
corresponding to the periodic orbit. In this section we also explain how to apply
the results for the reduced system associated with the 2D one leg robotic hopper.
Finally, Section 5 shows the results obtained in Section 4 to study the existence

of periodic solutions in underactuated simple hybrid Routhian control systems.



2. Preliminaries on Routh reduction

Let @ be the configuration space of a mechanical system, a differentiable
manifold of dimension n, with local coordinates ¢ = (¢!,...,q"). Let TQ be
the tangent bundle of @, locally described by the positions and velocities for
the system (q,q) = (¢%,...,q¢", ¢*,...,q") € TQ with dim(TQ) = 2n.

The dynamics of the mechanical system is determined by a Lagrangian func-
tion L : TQ — R given by L(q, ) = K(q,¢) — V(¢q) where K : TQ — R is the
kinetic energy and V' : @ — R the potential energy. Along this work we will
assume that the Lagrangian L is regular, that is, det <8qajanJ> # 0 for all
,j=1,...,n.

The corresponding equations of motion describing the dynamics of the sys-
tem are given by the Euler-Lagrange equations for L, that is, % <g§;> = %’
1 =1,...,n; a system of n second-order ordinary differential equations. These

equations induce a vector field Xy, : TQ — T(TQ) describing the dynamics of

the Lagrangian system, given by

s 0L\ '[/OoL 9L

There exists a large class of systems for which the Lagrangian does not

depend on some of the generalized coordinates. Such coordinates are called
cyclic or ignorable, and the corresponding generalized momenta is easily checked
to be constants of the motion.

The Routh reduction procedure is a classical reduction technique which takes
advantage of the conservation law to define a reduced Lagrangian function, so-
called the Routhian, such that the solutions of the Euler-Lagrange equations
for the Routhian are in correspondence with the solutions of Euler-Lagrange
equations for the original Lagrangian, when the conservation of momenta is
taken into account. The technique is due to Edward Routh, who successfully
applied it to the study of the stability of steady motions (today, we call these
relative equilibria).

The steps to carry out Routh reduction are described in many classical texts



of mechanics (such as [23]) as follows. Assume ¢* = (2%, ) are local coordinates

onQ,a=1,...,n—1.

1)

Let L(z%,z%,0, 9) be a G-regular Lagrangian with cyclic coordinate 6, that
is, = 0, and denote by py the generalized momentum corresponding to

6.

90

Fix a value of the momentum p = py, and consider the function

; (1)

Po=n

Ri(a,i%) = (L~ 0po)

where the notation means that we have used the relation p = py to replace all
the appearances of 6 in terms of (2%, &%) and the parameter u. The function

R¥ is the (classical) Routhian.

If we regard R¥ as a new Lagrangian in the variables (2%, &%), then the
solutions of the Euler-Lagrange equations for R¥ are in correspondence with
those of L when one takes into account the relation py = pu. More precisely,

if L is G-regular:

(i) Any solution (z°(t),6(t)) of the Euler-Lagrange equations for L with

momentum py = p projects onto a solutions xz*(t) of the Euler-Lagrange

d (OR*\ OR:
dt(aa‘:a) T e @)

These equations will be referred to as Routh equations. Equations

equations for R¥,

induce a vector field Xpr : TQ — T(T'Q) describing the dynamics of

the reduced system, called Routhian vector field, and given by

a -a 4 -a -a oL 0%L .
Kry @, &) = ( SN (a_aab”C»

-1
2
where Mab = (%) .
(ii) Conversely, any solution of Routh equations for R¥ can be lifted to a
solution of the Fuler-Lagrange equations for L with momentum py = pu.

This is best understood by means of an example:



Example 1. The Lagrangian L : T(R x S*) — R given by
S04 Lo o240 L o
L(r,r,0,0) = im(r +r96°) — 3" k.

describes (in polar coordinates) the motion of a mass m on the plane which is

pinned to a fized point through a spring of elastic constant k (as it is shown in

Figure .

Figure 1: spring-loaded pendulum

2°L 9L
Note that the Lagrangian L is reqular since det 867;8; %’;‘19 = (mr)? #0.
2091 9090

The coordinate 0 is cyclic, and the associated conservation law reads pg = mr26.
If we set pg = # 0 (a fized constant p which represents the fized value of the
momentum,), we can work out 0 in terms of the (r,7) and find the relation

6 = p/mr?. Then the Routhian R¥ : TR — R is given by

1 2
:(mfz—kTQ— M2>.
DPo=H 2 mr

The equivalence of solutions between L and RY happens when one takes into

RE(r, 1) = (L - u@)

account the conservation law pg = u. More precisely: a solution (r(t),0(t))
of the Euler Lagrange for the G-regular Lagrangian L with momentum pg = p
projects onto a solution r(t) of Routh equations for R¥. Conversely, given a
solution r(t) of the Routh equations for R, one can use the conservation law
po = p to lift r(t) to a solution (r(t),0(t)) of the Euler Lagrange for L (with

momentum [, obviously).



3. Simple hybrid Routhian systems

8.1. Simple hybrid system

Simple hybrid systems [30] (see also [2]) are characterized by the 4-tuple
H = (D,X,S,A) where D is a smooth manifold, the domain, X is a smooth
vector field on D, S is an embedded submanifold of D with co-dimension 1
called switching surface, and A : § — D is a smooth embedding called the
impact map. S and A are also called the guard and reset map, respectively, in
2-.

In this work, the dynamics associated with a simple hybrid system is de-
scribed by an autonomous system with impulse effects as in [53]. We denote by
Yy the simple hybrid dynamical system generated by H, that is,

y(t) = X , - S
o V) =X((@), ()¢ 3)

T =A(G(), 7()ES
where v : I C R — D, and v~ (¢) := lim (1), v (t) := lim+’)/(T) are the left
Tt~ T—1
and right limits of the state trajectory (), respectively, describing the states
immediately before and after the times when integral curves of X intersects S

(i.e., pre and post impact of the solution () with S).

Remark 1. Consider the impact map A given by the identity map. When a
trajectory crosses S, we will have v© = A(y~) =~ € S, so that we are again
in the regime of discrete dynamics where re-initialization (to ~~ ) will occur. It
1s clear that this process will never end. Consequently, there exists an infinite
number of resets in a finite amount of time. This situation generates a class
of behavior called Zeno behavior. That is, a solution of a hybrid system may
experience a Zeno state if infinity many impacts occur in a finite amount of
time [2]. This is particularly problematic in applications where numerical work
is conducted, as computation time grows infinitely large at these Zeno points.
There are two primary modes through which zeno behavior can occur:

(1) A trajectory is reset back onto the guard, prompting additional resets.

As seen in the above example where v© = A(y™) =~ € S, if there is a set of



points in the guard which the reset map cycles between, we can get ‘stuck’ on
the guard. To exclude this type of behavior, we require that SNA(S) = (), where
A(S) denotes the closure as a set of A(S). This ensures that the trajectory will
always be reset to a point with positive distance from the guard.

(2) The set of times where a solution to our system reaches the guard (and is
correspondingly reset) has a limit point. This happens, for example, in the case
of the bouncing ball with coefficient of restitution 1/2. If ty is the time between
two impacts, then the time between the next two impacts will be to/2, then ty/4,
and so on. In time

to  to
T=t — 4+ —4+..=2t
0+2+4+ 0

we will have infinite resets in a finite time. To exclude these kind of situations,
we require the set of impact times to be closed and discrete, as in [53].

Both of the previously established hypothesis will be assumed implicitly through-
out the rest of the paper (i.e., A(S)NS = ) and the set of impact times is closed
and discrete). Necessary and sufficient conditions for the existence of Zeno be-
havior in the class of hybrid systems studied in this work have been explored in

[33)].

8.2. Simple hybrid Routhian systems

When the configuration space is Q = P x G (i.e., D =TQ = TP x TG)
with G an abelian Lie group and P a smooth manifold, A. Ames and S. Sastry
introduced the notion of hybrid Routhian systems in [2] and [5]. This is based on
2 invariance properties allowing the reduction by symmetries: a cyclic regular
Lagrangian L : TQQ — R and a function h : @ — R describing an unilateral
constraint which induces the switching surface, being h cyclic and defined in
the same generalized coordinates as L. These two invariance properties allow
to define the Routhian RY : TP — R and the reduced constraint function
h:P—R.

The starting point for symmetry reduction is a Lie group action ¢: G x Q —

@ of some Lie group G on the manifold (). There is a natural lift of the action



1 to the space T*Q,
TR G x T Q - T*Q,
(9, (g;p)) = T"Yg-1(q, p).

The cotangent bundle T*@Q is equipped with the following geometric structure,
called canonical symplectic structure (see, for instance, [37]) Q = dg A dp with
(q,p) being local coordinates on T*Q. The action 7 @ enjoys the following
properties (see [37]):

e UT"@ g a symplectic action, meaning that, if we denote \Ifg*Q =0T R(g, ),
(\IIE*Q)*Q = 2, where (\Ifg*Q)*Q accounts for the pullback by \IIZ*Q of
the 2-form €.

e It admits an Ad*-equivariant momentum map J: T*Q — g* given by

(J(g;p), &) = p,&q), VEe€g™,

where £g(q) == %%xp(tg)q is the infinitesimal generator of the element
& € g* and where g* denotes the dual of g, the Lie algebra associated with
the Lie group G.

Likewise, there is a lift of the action 1 to TQ denoted by W@
T G xTQ — TQ,
(9:(9,9)) = Ty(q,9)-

It has been shown in [2] and [5] that to perform a hybrid Routhian reduction
one needs to impose some compatibility conditions between the action and the
simple hybrid system whose continuous-time dynamics is described by a La-
grangian flow associated to L (a.k.a simple hybrid Lagrangian system). By the
term hybrid action we mean a Lie group action ¢: G x Q — @ such that (i) L
is invariant under W79 ie. Lo WTQ = L; (ii) ¥T? restricts to an action on S;
(iii) A is equivariant w.r.t. the previous action, namely A o \IIZQ ls= \IIZQ oA.

In the case of a hybrid action, ¥7@ admits an Ad*-equivariant (Lagrangian)

momentum map Jg : TQ — g* given by J, = J oFL, where FL : T — T*Q

10



is the Legendre transformation associated with regular Lagrangian L, given by
FL(q,q) := (¢,p = OL/dq). This follows directly from the invariance of L, since
it implies that FL is an equivariant diffeomorphism, i.e. ]FLo\I/gTQ = \IIZ*Q oFFL.

The hybrid equivalent of momentum map is the notion of hybrid momentum
map introduced in [2]. For example, in the case of TQ, Jy, is a hybrid momentum

map if the diagram

s e (4)

TQ +—— 8 —2 TQ
commutes, where i denotes the canonical inclusion from S to T'Q.
The situation of interest in this paper is that of an Abelian group action, i.e.
G =SS! (the case G = R is analogous; and if G is a product one can iterate the
procedure): this corresponds to the classical notion of cyclic coordinates. From
now on we will assume Q = P x S' where P is called the shape space and the

action being given by

ha: S'xQ = St x Q,
0,2) — (0 + a, ). (5)

While this is indeed a strong assumption, it is always the case locally, so as long
as it applies to the domain of interest of a specific problem the procedure below
applies. More general results where the manifold is not a product or the Lie
group is arbitrary (not necessarily Abelian) can be handled by using the same
tools, but involving more technicalities such as the introduction of a principal
connection. These matters will be discussed in a future extension of this work.

A. Ames and S. Sastry also shown that if the trajectory - for a simple hybrid
Lagrangian system starting at 9 € J (), with J : TQ — g* the momentum
map associated for the conserved quantity p, being g the Lie algebra associated
with G, then the trajectory for a simple hybrid Routhian system starting at
7(70) with 7 : TQ — TP the projection over the first factor of TQ = TP x TG,
is determined by 7w (vy(t)).

11



Definition 3.1. A simple hybrid system H = (D, X, S, A) is said to be a simple
hybrid Routhian system, if it is determined by HE< := (TP, Xpe,S*,A"), where
Xpgu : TP — T(TP) is the Routhian vector field, S* is the reduced switching
surface given by S |(y,|s)-1(u) With p the momentum constraint determined by
the conserved quantity which arises from the cyclic coordinate and A¥ : S* —

TP is the impact map on S* given by A [(j,15)~1(u)-

Definition 3.2. The simple hybrid Routhian dynamical system generated by
HE: is given by

vH(E) = Aty (1), if (1) € S,

where y(t) € TP.

Note that, as before, A* : S# — TP is continuous and if we denote A#(S*)
the closure of A*(S*) then we must assume A#(S*) N S* = () and therefore,
an impact does not lead immediately to another impact. We shall assume that
H satisfies (see Section 4.1 in reference [53] for more details)

(A1) Assumption 1: S* # () and there exists an open subset U C T'P and
a differentiable function h : U — R such that S* = {z € U | h(z) = 0} with
%Z(S) =#£ 0 for all s € S* (that is, S# is an embedded submanifold of TP with
co-dimension 1) and the Lie derivative of the vector field Xz with respect to
h does not vanish on TP, that is LXRg h(w) # 0, Yw € TP.

(A2) Assumption 2: A trajectory v : [0,T] — TP crosses the switching
surface S* at t; = inf{t > 0|y(¢t) € S*}. We allow the trajectory v to be non-
smooth but continuous at ¢;. That is, the velocity before the impact 2~ may
be different from the velocity @+ after the impact at S*, i.e., Z(t; ) # #(t]).

The requirement that the configuration right after the impact does not be-
long to S (that is, A#(S*) N S* = ), becomes a requirement on the exit
velocity which states that the system has to be moving away from the switching
surface right after the impact, that is, VA(y(t;)) - 4(t]) <0, with h: TP — R
as in Al.

12



A trajectory of a hybrid Routhian system is determined by the dynamics as-
sociated with the Routhian until the instant when the state attains the switching
surface S*. We refer to such instant as the impact time. There is an instan-
taneous change in the velocity component of the state at impact times. The
impact map gives new initial conditions from which the continuous dynamics

evolves until the next impact occurs.

Remark 2. We defined simple hybrid Routhian systems from simple hybrid
systems as in [2]-[§l]. However our definition is slightly different, but it is not
contradictory, with the one given in [2] and [3]. The constraint defining S*
is smooth satisfying both assumptions A1 and A2, (it is not determined by
unilateral constraints as considered in [2]-[4)] and [J], since we use the approach
for systems with impulsive effects following [21] and [53]). Usually, and specially
in biped locomotion, the impact map is given by foot placement on the ground
and it comes from a Newtonian impact equation [3], [A)], [9]. In this work we

only assume A" is a smooth embedding on S* satisfying A1 and A2 .

Solutions for the simple hybrid Routhian dynamical system ¥ ;rs, are con-
sidered right continuous and with finite left and right limits at each impact with

S*. More precisely:

Definition 3.3. A solution for the hybrid Routhian system ¥ gnp is a curve
v :[to,ty) = TP, ty € RU{oo}, ty > to, unique from a given initial condition,

depending continuously on it, satisfying A2, and such that:
(1) v(t) is right continuous on [to,tf),

(1) left and right limits, denoted by v~ (t) and T (t), respectively, exists at
each point t € (to,ty),

(iii) there exists a closed discrete subset T C [to,ty), the impact times, such
that, for each t ¢ I, ~(t) is differentiable, ¥(t) = Xgu(v(t)), and y(t) ¢
S*; and fort € T, v~ (t) € S* and vy (t) = A*(y~(1)).

13



Note that right continuity of solutions implies v(t) = v*(¢) at all the points
in its domain of definition. If oy € TP denotes the initial state at time t¢g, the
solution at tg is denoted (o, g). When ag ¢ S*, v(to,vp) = ap and when

ap € S*, y(to, ) = AH(ag) = Y(to, A* () (see Section 4.1 in [53] for details).

Remark 3. As we commented in Section[d, since the Euler-Lagrange equations
for RE involve less variables, they are easier to solve. If the Lagrangian L is reg-
ular, then one usually proceeds to solve these first, and then uses the momentum
constraint 8L/89 = u to reconstruct the sought solutions of the Fuler-Lagrange
equations of L. Special care should be taken when translating this reduction
technique to hybrid systems. The reason is that the collisions with the switching
surface will, in general, modify the value of the momentum map. Therefore, if
T = {I;}ien, where A = {0,1,2,...} C N is a finite (or infinite) indexing set,
and I; = [ti, tip1] if i,i+1 € A and In—1 = [tn—1,tN) or [tn—1,00) if |[A] = N,
N finite, with t;,t;11,tn—1 € R and t; < t;y1, then the Routhian has to be
defined in each I; taken into account the value of the momentum p; after the
collision at time 1;. Note that this also has influence in the way the reset map
A is reduced.

Let us denote: (1) p; the momentum of the system in I; = [t;, tiy1], (2) At
is given by A |y 1s)~1 (), and (3) S¥ is given by S |5, |s)-1(us), There is a

sequence of hybrid Routhian systems

[to, t1] 2% (P, Rro, SHo Ako)

Coll‘l lColl.

[t1, to] B<% (P, BRI S11, Am)
Coll.J{ J{Call.
() —2 5 ()

Similarly as in [J], the reconstruction procedure from the reduced hybrid flow
to the flow for the simple hybrid Lagrangian system involves a recursive inte-
gration at each stage in the previous diagram of the cyclic variable using the

solution of the reduced hybrid Routhian system. Roughly speaking, this accounts

14



to imposing the momentum constraint on the reconstructed solution.

Example 2 (The 2D one leg robotic hopper). The 2D one leg hopper robot
consists of a spring loaded inverted pendulum together with a planar rigid body
attached at the top of the spring (see Figure @ This model is a schematic rep-
resentation for the stance phase of a running or hopping biped with one foot on
the ground at any time (see [1] for details). The common point of attachment
is the center of mass of the rigid body (i.e., the sprung leg is attached at a hip

joint which is the center of mass).

Figure 2: 2D one leg robotic hopper

The configuration space of the system is Q = (RxS') xS, locally parametrized
by the coordinates q = (&, p,0) describing the length of the spring, the angle of
the spring with respect to the ground (i.e., the angle formed between the line
joining the foothold to the center of mass and the vertical gravitational azis)
and the attitude for the rigid body, respectively. We denote by m the mass of
the rigid body and I its moment of inertia. The spring is considered massless
and ly denotes the non-load length of the spring.

The motion is divided into two phases: The first one is the stance phase, with
foothold fized, the leg under compression, and the body swinging forwards (i.e.,
0 is increasing). The second one is a flight phase, which occurs when the rigid
body moves, describing a ballistic motion under the influence of gravity. The
transition between both phases occurs when the spring is uncompressed (i.e., it
is unloaded) until the time when the spring touch the ground again. Both phases

define a hybrid system.

15



The Lagrangian describing the flight phase is given by the kinetic energy
minus the potential energy, which is given by the spring potential V(§) and the

gravitational potential, that is,
L(E,0,0,6,6,0) = 2m(& + €¢%) + 216 - 1%
(67907 753907 )* 2m(§ +£ ¥ )+ 92 (mggCOSWJF (5))

To derive the switching surface and the impact map, we note that the flight
starts when the spring length reaches its non-load length (i.e., & =ly). Therefore
the switching surface is given by S = {(€,¢,0,€,$,0) € TQ| & = ly}.

By assuming that at the start of the stance phase the leg is at an angle of
—po, by employing polar coordinates x = £siny, y = £cosy and nothing that

yT =1y cos(—po) = ly cos(po), the impact map is given by
A(.’l?_, 9_7 9_, j:_a y_7 8_) = (_l() sin $o, lO COSs ©o, _9_7 j)_7 _y_7 _9_>

Note that the Lagrangian and the constraint which define the switching sur-
face, i.e., h(q) = & — lo, are both cyclic in 0. Therefore by denoting u the
conserved quantity, the Routhian R¥ : T(S* x R) — R is given by

i

REE,0,6,¢) = 5 (€2 + €20%) — L= = mg€ cos 0 = V(©).

Note that RF describes the motion for the spring-loaded inverted pendulum
(SLIP) which has been used as a model which reasonably provides a template for
sagittal plane motions of the center of mass (COM) of diverse legged systems
as it was reviewed in [26] and further studied in [20] and [T7).

Stance phase |

| Aerial phase

Figure 3: 2D spring loaded inverted pendulum
The aerial phase consists of a projectile (or ballistic) motion for the COM

16



(where the only external force is gravity) at the end of which, when § = ly, the
next stance phase starts as is shown in Figure[3

Routh equations for RY are given by

p . 10V . g . 2p€
= £p? — gcos - — =, =Zsimmp — ——,
§=Ep° —gcosp m O @ ¢ @ ¢

which defines the Routh vector field

A
s per?— _1ovig o 288
Xpu(s) = (S,S,cp,&sa geosp — - ae g me - = ,

where s(t) = (£(t),€(t), o(t), p(t)) € T(R x S'). Therefore the simple hybrid

Routhian system X pru is given by

5(t) = Xge(s(t)), if s=(t) ¢ SH,
HREY - (7)
stH(t) = Ar(s™ (1)), if s~ (t) € S¥,

D)

where
S* ={(£,€,0.¢) € TR x SH)|¢ = I}

and

Au(x77y77j]77y7) = (7l0 sin ®o, lO COS @07:&7, 7y7)

4. Time reversal symmetries and periodic solutions for Simple Hybrid

Routhian systems

In this section we study how to impose symmetries on the Routhian vector
field X g# describing the continuous-time dynamics for a simple hybrid Routhian
system, and onto the impact map, to achieve periodic motions in these classes

of hybrid systems.

4.1. Time-reversal symmetries for simple hybrid Routhian systems

As it was reviewed in [32] (see also [I]), the notion of time reversal symme-
tries plays a fundamental role in mechanical systems which are invariant under

the transformation (¢,q,t) — (¢, —¢,—t). This symmetry implies that for a
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trajectory in phase space v(t) = (q(¢), ¢(t)) with initial condition vo = (qo, ¢o),
then S(t) = (¢(—t), —¢(—t)) is also a solution for the system with initial condi-
tion By = (go, —qo). In particular, if we have the trajectory ¢(t), we also have

the trajectory g(—t).

Definition 4.1. [32] A diffeomorphism ® : TP — TP is called time-reversal
symmetry for the Routh vector field X pn with Routhian RY : TP — R if ® is

an involution, that is, ® o ® = Id, and it satisfies

dd
o (1) = — X (2(v(2)))- (8)
That is, the Routh vector field satisfies X gu(®(q,q)) = —d®(q,q) - Xgr(q,q)-
We call a Routh vector field satisfying condition a reversible Routh vector

field under the time-reversing symmetry .

Remark 4. Note that the name “time-reversal” is given by the fact that equa-
tion can be read as
@onw :XE,:L od,

where —t means the time-reversibility of the vector field X}f{u.

Proposition 1. Consider a time-reversal symmetry ® for Xpu. If v* is a fized
point of ® such that v(0) = v* for v an integral curve of Xpgr passing through
7", then ®(y(t)) = ().

Proof: Consider 5(t) = ®(y(—t)), then 5(0) = ®(y(0)) = ®(y*) = v*. That
is, 7 and 7 satisfy the same initial value.

Note that 4(t) = —d® - 4(—t), but y(t) is a solution of Xge, then ¥(t) =
4D X g (1(—1)).

Since @ is a time-reversal symmetry for Xpe, then () = Xpgu (®(y(—t))),
and by definition of 5(¢), it follows that 4(t) = Xpgu((t)). Therefore, (t) is a
solution for X pr with initial value v*. By uniqueness of solutions for an initial
value problem, ¥(t) = v(¢), that is ®(y(—t)) = ~(t). Since ® is an involution,
D(v(t)) = ~(—t). o
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Theorem 4.2. Let R¥ : TP — R be the Routhian function invariant under the
map ®: TP — TP,

D(q(t),4(t)) = (F(q(t), —dF(q) - 4(t)) (9)

with F': Q — @ a smooth involution. If v* = (¢*,4*) is a fized point of @, then
O(y(t)) =v(=t). In particular F(q(t)) = q(—t).

Proof: Let v(t) be a solution of Routh equations for R¥ with initial value
~(0) = v* and consider the map (t) = ®(vy(—t)). Given that v* is a fixed point
of ® both curves in TP, v(t) and #(t), satisfy the same initial values. Since
R is invariant under ®, RE(F(t)) = RE(P(y(—t))) = RE(y(—t)) and given
the Routh’s equations are invariant under (q,q,t) — (q,—¢,—t), R (3(t)) =
RE(7y(t)). Therefore, 4(t) and ~(¢) satisfy the same Routh equations. Next, by
uniqueness of solutions for the initial value problem, it follows that ®(y(¢)) =

~v(—t). Therefore, F(q(t)) = q(—t).

4.2. Existence of periodic orbits

In this section, based on the properties of the Routhian, we find sufficient
conditions for the existence of periodic solutions in simple hybrid Routhian
systems in analogy with the results for invariant Hamiltonian systems studied

in [14].

Theorem 4.3. Let Ygre be a simple hybrid Routhian dynamical system with
Routhian RY : TP — R invariant under ® : TP — TP defined as in @D Ifv* is
a fized point of O, v crosses the switching surface S att; = inf {t > 0|y(t) € S}
and the impact map is defined as A(y~(t;)) = ®(y~(t;)) then v(t) is a periodic

solution for Yy rp with period 2t; .

Proof: Since RY is invariant under ®, by Theorem ® must satisfy
O(y(t)) = v(—t). In particular, for ¢t = ¢;, using the notation y(t;) = v~ (t),
we have ®(y~) = y(—t; ) = v~ (—t;). Given that by definition A(y~) =y (¢t)
we have that v(t) = v(—t;) and therefore, right after the impact, y(t) is re-
initialized back to v(—t;) so, it is periodic with period 2¢; . O
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The advantage of this result is that we can search for periodic orbits just
looking at the Routhian function, instead of, for instance, using the Poincaré
return map. Also, depending on the quantity of fixed points, Theorem [£.3]

provides a family of periodic solutions instead of a single periodic orbit.

Example 3 (The 2D robotic hopper - continuation). Consider the 2D hy-
brid system given by the planar robotic hopper introduced in Example[d We have
seen that after employing Routh reduction this system becomes in the 2D SLIP.

Consider the function F : R x St — R x S! as F(£,¢) = (§,—¢). F isa
smooth involution. Using F we can construct the symmetry map ® : T(RxS') —
T(R x S') using (@) as B(E,0,E,¢9) = (&, —p,—E€,@). It is easy to check that
R o® = RE.

Fized points of ® are given by v* = (£*,0,0,$%), for any £* and ¢*. Let
t; the point where 7y crosses the switching surface S* and define A*(t;) =
AM(E, 97, 67,97) = ®(E,97,67,¢7) = (lo, —po, ~€7,¢7). Therefore, by
Theorem [{.3, there exists a periodic solution for the hybrid Routhian system
determined by R¥ and A" with period 2t .

4.83. Stability analysis of periodic orbits

Let (t) be a periodic solution for X ;s (with period 2t;") associated with
the time-reversal symmetry ® : TP — TP and v* = v(0) be a fixed point of
®. For the stability analysis of this orbit, we use the method of Poincaré maps
[24], [41].

Let P be the Poincaré map corresponding to the periodic orbit (), that
is, P : Sl — SL., being Sf. (i.e., the reduced switching surface at the fixed
point 7*) the Poincaré section, a hypersurface at v*, with co-dimension one of
the reduced configuration space, where we are assuming that v* € Sg*.

Given that ~ is a periodic orbit and (0) = v*, by definition of Poincaré
map, P(y*) = ~*. Stability analysis employing the method of Poincaré maps
tell us that y(¢) is asymptotically stable at v* if the eigenvalues for the Jacobian
of P (i.e., its tangent map) at v*, denoted by TP : T,-S.. — T,-S"., are within
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the unit circle (that is, if the discrete system 7,11 = P(v,) is asymptotically
stable at v*).
Denote by Fix(f) the set of fixed points associated with a function f : TP —
TP, that is,
Fix(f) ={z € TP| f(z) = z}.

Given that @ is a diffeomorphism, Fix(®) is an embedded submanifold of
TP and we assume it has constant dimension, r = dim(Fix(®)) < dim(TP).
Therefore, there exists a hypersurface Sff* at v* such that T, Fix(®) C TySf/L*.
We denote by {¢®} = (¢%,...,q") with 1 < a < r local coordinates on the
submanifold Fix(®). Therefore, in this set of local coordinates, v* € TP has
the expression, v* = (7§,...,75,0,...,0) € Fix(®), then P(~*,0) = v*.

Definition 4.4 ([53]). Let ¢(t,a0) be a solution for Ygzry. The map Tan :
TP — RU{oo} given by

Tan (10) = inf {t <0|o(t, ) € S"} if there exists t : ¢(t, ) € SH, w0

oo otherwise

18 called time-to-impact map.
Next, we denote by A; the eigenvalues of the Jacobian 7P, and
Ag = {#A; such that |[N\;] =0}, Ay = {#X\; such that |A\;| =1}
where # means “quantity”.

Lemma 4.5. Let v(t) be a periodic solution for a simple hybrid system g as
m equation , and P : § — S the corresponding Poincaré map to v(t). If
rank(A) = B is constant, then Ag >n—1— (.

Proof: Consider the function N : A(S) — S given by N(x) = ¢(Ta(x),x).
Therefore, P(z) = N(A(z)) and it follows that

TP(Y") = dN(A(Y)) - dA(Y").
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Given that rank dN(A(v*)) - dA(y*) < rank (dA(y*)) = B and dim(S) <

n — 1, by rank-nullity Theorem and the fact that kernel of TP is precisely the

eigenspace corresponding to the eigenvalue 0, if follows that Ag > n — 1 — £.00.

Theorem 4.6. Let Yyyre be a simple hybrid Routhian system satisfying ®(~y(t))

~v(—t) with v(0) = v* a fized point of ®. If y(t) is a periodic solution transversal

to Sﬁ* at v*, then Ay > r.

Proof: By the transversality assumption, we can employ [Theorem 3.3 in [22]]

and so there is an open subset O C TP of v* with Sf:* C O, where every

trajectory starting form O crosses S* and where there exists a Poincaré map

P SE. — S Denote by P = [P1,Py,...,Pn_1] the Poincaré map in local

coordinates (2%, &%) € TP, satisfying P(y*,0) = v* where v* € Fix(®). Since

® is a time-reversal symmetry, every solution starting at v* is a periodic orbit.

It is easy to check that TP;;(v*) = d;; with §;; = 1if i = j and 6;; = 0 if

i#j,fori=1,...,n—1and j=1,...,r, where 7P;; denotes the (i, j)-entries

for the Jacobian matrix of P. Indeed, it follows from

Pi(VEs e W+ Ry 750, 0) = Pi(VE s ey 0, 1,0
TPu(y") =lim -+ Vi ) =P, Vi )
h—0
Clim A
h—0 h
and the fact that if i # 7,
* ,Pl(’}/fvv’y]*+h757270770)77)2(7;737:77’7]1(70770)
—lim =T —
h—0
Therefore TP has at least r eigenvalues \; with | ;| = 1. O

Example 4 (The 2D robotic hopper - continuation). Consider the situ-

ation of Example @ which is a 4-dimensional system on T(R x St). The fived

points of ® are v* = (£*,0,0,¢*). Then dim(Fiz(P)) = 2.
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By Theorem Ay > 2. Then TP(v*) is of the form

1 0 *x =

. 0 1 x =
TP(H") =

0 0 % =

0 0 x =«

Given that rank(AF) = 2, Ag > 1. Therefore TP(y*), in an appropriate choice

of coordinates, takes the form

TP(H") =

o O o O

0
1
0 =
0

o o o =

It follows that the set of eigenvalues for TP are {1,1,\,0}. Hence, if |\ < 1,

the periodic orbit is marginally stable.

Remark 5. Note that in Ezample[]] we can get, at most a characterization of
neutral stability for the periodic solution . It would be interesting to consider
perturbed simple hybrid Routhian systems, similarly to the framework given in
[43], while the perturbation preserves the symmetry, in order that we can turn
the neutrally stable periodic orbit into a stable limit cycle. This will be explored
i a future work by considering an adaptation of the averaging method and

approzimate for hybrid systems given in [17] and [50)], respectively.

5. Application to existence of periodic solutions for hybrid Routhian

control systems

In this section we apply the results given in Section [4] to underactuated con-
trol systems. We study how by considering the notion of hybrid zero dynamics
given [53] together with a time reversible symmetry we can obtain a charac-
terization which facilitates the searching of periodic solutions in simple hybrid

Routhian control system.
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5.1. Underactuated mechanical control system

An underactuated control system is a control system where the quantity of
actuators is fewer than the dimension of the configuration space.

Consider a Lagrangian function L : TQ — R, with dim(Q) = n which
is cyclic with respect to one of the generalized coordinates. Without loss of
generality, we assume that the cyclic variable is the last one, that is, ¢* = (22, 0),
a=1,...,n—1, with 6 cyclic. In order to design control laws for controlled
simple hybrid Routhian systems we consider the underactuated controlled Euler-

Lagrange equations [7]
d(oLy oL od oy oL
dt\o&*) oz " at\opg) 00
a(oLy or
dt \ 0zP oz

wherea=1,...,k; f=k+1,...,n—1, with u(t) = (uy1(¢), ..., ux(t)) € U control

inputs and where U is an open subset of R*, the set of admissible controls.
We assume at least one degree of underactuation, where the underactuated
configurations include the cyclic variable 6.
Since the cyclic variable is uncontrolled, by employing Routh reduction, the
reduced equations are given by the controlled Routh equations for the Routhian

R TP — R, that is,

© “ % W
i(@RC) oR: _ d(@RC> oRL _ an

oxa ) 9o © Gt \0if ) 018

Equations give rise to a model of an affine control system of the form

Y= Xpe (V) + C(Yu = X(v,u) (12)

where C' is a constant matrix, X e is the Routh vector field and X : TP x U —
T(TP) is a vector field, called control vector field.

The tuple Hf5 = (TP,U,S*, A*, X) with S# and A* as in Definition
and X : TP x U — T(TP) defined in , is called simple hybrid Routhian
control system. A simple hybrid Routhian system is a simple hybrid Routhian
control system with U = {0}.
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5.2. Hybrid zero dynamics and periodic solutions for simple hybrid

Routhian control systems

Definition 5.1 ([29]). Consider the control vector field X (y,w) given in (12).
The embedded submanifold Z of TP given by

Z ={5eTP|3*@7) s.t. X(F,u*(7)) € T5Z}

is called the zero dynamics submanifold of TP, and ¥ = X(3,u*(%)) is the

associated zero dynamics on Z.

Theorem 5.2. Consider a control system ¥ = X (y,u) as in with associ-
ated Routhian vector field X gu and Z the associated zero dynamics submanifold.

Assume that Z is invariant under the time reversal symmetry ® for Xpu,
C(@(Y)I (1) = =(dP(y)C(7))u (13)

for ally € TP and with T : U — U a one to one invertible map. If v* is a fized
point of ® in Z, the solution v(t) : I — TP with initial condition v(0) = ~v*
belongs to Z and ®(y(t)) = y(—t) ¥t € I. Moreover, for all v € Z it follows
that u*(®(y)) =T (u*(y)) and

X(U(y)) = —d¥(y) - X,
where X and VU denotes the restrictions to Z of X and ® respectively.

Proof: If v* € Z is a fixed point of ®, by definition of the zero dynamics
X(v,u*(y)) € TyZ Vy € Z, hence y(t) € Z Vt € I. Moreover, by Theorem

(v(t)) = y(—t).
Now, given that Z is invariant under ®, that is ®(y) € Z Vv € Z, then

—d®(7) - X (3,0 (7)) € T 2. (14)

By the definition of the zero dynamics X(®(v),u*(®(v))) € To()Z. Us-
ing that C(®(¥)))T'(u(y)) = —(d®(y)C(v))u(y) and the fact that ® is a time
reversible symmetry for Xpu, —d®(vy) - Xpge(v) = Xgu(®(7)). Therefore,

Xpe(@(7)) + C(@M)T(u* (7)) € To() 2.
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Finally, by Definition the feedback control w*(vy) is unique, then is
equivalent to Xpu(®(v)) + C(®(7))L'(u*(y)). Therefore Vy € Z, T'(u*(v)) =
u*(®(v)) and given that ® is a time reversible symmetry for Xpgu, it follows
that —d®(y) - X (v, u*(7)) = X(®(7), u*(2(7))) € To)Z - O

The following definition are given in analogy with [53] for the class of simple

hybrid Routhian control systems:

Definition 5.3. Let Hfs be a simple hybrid Routhian control system and let
Z be the zero dynamics submanifold for Xpe imposed by u*(vy). Denoting by
W = ZNSH, the submanifold Z is called hybrid invariant if A*(W) C Z.

Definition 5.4. Consider the simple hybrid Routhian control system Itlfg =
(Z,U,W,A¥|z,X) generating the hybrid dynamical control system
F(t) = X(v(t), u (y(t)), ~ (t)&X
5 (t) = X(v(t), u*(7(1))) (t) ¢ 1)

B ) = Ao (), v () €W

The hybrid dynamical control system Zf{’%g 18 called hybrid zero dynamics asso-

c

ciated with the simple hybrid Routhian control system Hfg.

Theorem 5.5. Consider the situation and hypothesis of Theorem[5.3, but where
v is any solution of Eflfé‘ satisfying v(0) = ~v* with v* € Z a fized point of the
time reversal symmetry ® for Xpe with Z hybrid invariant. If in addition -y
crosses the switching surface W at t; = inf {t > t;_1|y(t) € W} and the impact
map is defined as AP (v~ (t;)) = (v~ (¢;)), then y(t) is a periodic solution on
Z for the simple hybrid Routhian control system EFIR/; with period 2t .

c

Proof: By Theorem ~(t) € Z and ®(y(t)) = v(—t) Vt € I. In particular,
for t;, = t;, denoting v(t; ) = v (t;) € W, we have ®(y~) = v~ (—t;). Since
Ay~ (t)) = @(v (), A*(y7) = 7*(t) and then y(t;") = y(~t;). Therefore,
right after the impact, the solution () is re-initialized back to v(—t;) so, it is
periodic with period 2¢;. O

Note that from the previous result, depending on the quantity of fixed points,
we are able to find a family of periodic solutions, instead of a single periodic

orbit.
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Example 5 (2D controlled spring loaded inverted pendulum). Consider
the 2D robotic hopper with two degrees of underactuation, one in the pitch an-
gle and the other in the rigid body attitude (i.e., we only control the length of
the spring). By employing the results given in Example @ the controlled Routh
equations are given by

g 2¢

f=gg?—goosp—~ 2 4 p=Tang - 28
m o ¢ €

where u is a torque applied to control the length of the spring. We consider the
elastic potential to be V(&) = %/{(f —1p)?, with k € RT the spring constant.

Following Ezample [, we consider the smooth involution F(£(t),¢(t)) =
(), —(t) and B((1) = (€(t), —p(t), —E(t), §(1)). Fived points of  are
v = (£5,0,0,¢%). The Routhian RY is invariant under ® and Xpge is a time
reversible Routhian vector field. Then ®((t)) = (£(—t), —p(t), —£(1), p(—t)),
as a consequence of Theorem[{.9

Next, define the zero dynamics submanifold as

‘ . Oh

where h is an even function of . Note that this choice of h makes Z invariant

under ® and therefore the zero dynamics reads

5o 1 (gsin -2 ,28h)
TR\ T g )

Note that C(y) o @(y) = —d®(y)C(7y) and then I'(u) = u.

The control input u*(p, $) on Z is

) — h(p)p* + g cos p+ 7ﬁ(h(ﬁ_ b)

oy Py Ohgsing G (on
PP T 902 T g () hip) \ g

and it is easy to verify that it satisfies u*(—, ©) = u* (@, @), that is, u*(P(7y)) =

I(u*(v)).
The function ® in Z is given by

(p,¢) = (h(g), ¢, —f;f;gb,@.
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Since v* = (h(O),O,—g—Zb:o <", %) is a fized point of ® in Z, the solution
~(t) with v(0) =~* belongs to Z.

Finally, if we define the switching surface S as in Example[3, and impact map
as A7, 07, 67,¢7) = B(€,07,67,¢7) = (lo,—p0, —§,¢7) then W =
{(p,9) € Z|h(p) = o} and Z is hybrid invariant because h is an even function.
Therefore, ~(t) is a periodic solution for the simple hybrid Routhian control

system.
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