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1. Introduction

In [8] we presented Poisson-like formulas for multivariate subresultants in terms of the roots of the
system given by all but one of the input polynomials, provided that all the roots were simple, i.e. that
the ideal generated by these polynomials is zero-dimensional and radical. Multivariate resultants were
mainly introduced by Macaulay in [21], after earlier work by Euler, Sylvester and Cayley, while mul-
tivariate subresultants were first defined by Gonzalez-Vega in [13,14], generalizing Habicht’s method
[16]. The notion of subresultants that we use in this text was introduced by Chardin in [5].

Later on, in [10,11], we focused on the classical univariate case and reworked the relation between
subresultants and double Sylvester sums, always in the simple roots case (where double sums are
actually well-defined). This is also the subject of the more recent articles [24,20]. As one of the referees
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of the MEGA’2007 conference pointed out to us, working out these results for the case of polynomials
with multiple roots would also be interesting.

This paper is a first attempt in that direction. We succeed in describing Poisson like formulas for
univariate and multivariate subresultants in the presence of multiple roots, as well as to obtain formulas
in roots in the univariate setting for subresultants of degree 1 and of degree immediately below the
minimum of the degrees of the input polynomials: the two non-trivial extremal cases in the sequence
of subresultants. We cannot generalize these formulas for other intermediate degrees, and it is still not
clear for us which is the correct way of generalizing Sylvester double sums in the multiple roots case.

The paper is organized as follows: In Section 2 we recall the definitions of the classical univari-
ate subresultants and Sylvester double sums, and of the generalized Wronskian and Vandermonde
matrices. We then show how the Poisson formulas obtained in [17] for the subresultants in the case
of simple roots extend to the multiple roots setting by means of these generalized matrices. We also
obtain formulas in roots for subresultants in the two extremal non-trivial cases mentioned above. In
Section 3 we present Poisson-like formulas for multivariate subresultants in the case of multiple roots,
generalizing our previous results described in [8].

2. Univariate case: subresultants in multiple roots
2.1. Notation

We first establish a notation that will make the presentation of the problem and the state of the art
simpler.

Setd,e € NandletA := (oq,...,aq) and B := (B, ..., Be) be two (ordered) sets of d and e
different indeterminates respectively.

Form,n € N, set (dq,...,dn) € N"and (e, ..., e,) € N"such thatd; + --- + d, = d and
e1+---+e;, =eandlet

A= ((oq1,d1);...; (@m,dp)) and B:= ((B1.e1);...; (Bn,en))

(these will be regarded as “limit sets” of A and B when roots are packed following the corresponding
multiplicity patterns).

We associate to A and B the monic polynomials f and g of degrees d and e respectively, and the set
R(A, B), where

d e

fe =]]x—a) and gkx) :=[]x— B,
i=1 Jj=1

RAB =[] (@-8).= ][] gl

1<i<d, 1gj<e 1<i<d

with natural limits when the roots are packed

m n

F&) =] —en® and g(x) = [Jx— )Y,

i=1 j=1

RAB = ] (@—-8)%= ] g

1<i<m,1<j<n 1<i<m

2.2. Subresultants and Sylvester double sums

We recall thatfor0 <t < d <eor0 <t < d = e, the t-th subresultant of the polynomials
f=agd+- - +agand g = bex® + - - - + b, introduced by Sylvester in [26], is defined as
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dte—2t
Ag -+ o et XTI (R)
. : L
Sres¢(f, g) := det fa wis i
be -- o bepi—@—e—1) X7 E(X)
: : d—t
be - beti X’g(x)

withay = by = 0for £ < 0. When t = 0 we have Sres;(f, g) = Res(f, g).
In the same article Sylvester also introduced for 0 < p < d, 0 < g < e the following double-sum
expression in A and B,

R(A', B)R(A\A', B\B)

SylvP9(A, B; x) 1= R(x,A)R(x, B’ ,
YA B0 A,CECB AR B R Aa R, B\B)
|A"|=p, |B'|=q

where by convention R(A’, B') = 1if A" = () or B" = ). For instance

SyW*O(4,B;x) =R(A,B)= [] (o — B) =Res(f, ). (1)
1<i<d, 1<j<e

We note that Sylv”9(A, B; x) only makes sense when o;; 7 «j and f; # B fori # j, since otherwise
some denominators in Sylv?-9(A, B; x) would vanish.

The following relation between these double sums and the subresultants (for monic polynomials
with simple roots f and g) was described by Sylvester: for any choice of 0 < p < dand0 < g < e
such thatt := p + g satisfiest <d < eort = d < e, one has

—1
Sres;(f, g) = (—1)”(‘1_”(;) Sylv»1(A, B; x). (2)

This gives an expression for the subresultant in terms of the differences of the roots—generalizing
the well-known formula (1)—in case f and g have only simple roots. However, when the roots are packed,
i.e. when we deal with A and B, the expression for the resultant is stable, i.e.

Res(f, g) = [T (-p8)",

1<i<im, 1<j<n

while not only there is no simple expression of what Sres;(f, g) is in terms of differences of roots
but moreover there is no simple definition of what Sylv?9(A, B; x) should be in order to preserve

Identity (2). Of course, since Sres;(f, g) is defined anyway, Sylv?*9(A, B; x) could be defined as the
result

_ t _
Syl (A, B; x) := <—1)P<‘“>( )Srest(f, )
p
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but this is not quite satisfactory because on one hand this does not clarify how Sres; behaves in terms of
the roots when these are packed, and on the other hand, Sylv?*9(A, B; x) is defined forevery 0 < p < d
and 0 < g < e while Sres; is only defined for t := p + q < min{d, e}.

In what follows, we express some particular cases of the subresultant of two univariate polynomials
in terms of the roots of the polynomials, when these polynomials have multiple roots. These are partial
answers to the questions raised above, since we were not able to give a right expression for what the
Sylvester double sums should be, even in the particular cases we could consider. Nevertheless the
results we obtained give a hint of how complex it can be to give complete general answers, at least in
terms of double or multiple sums, see Theorem 2.7 below.

2.3. Generalized Vandermonde and Wronskian matrices
We need to recall some facts on generalized Vandermonde and Wronskian matrices.

Notation 2.1. Set u € N. The generalized Vandermonde or confluent (non-necessarily square) u x d
matrix V, (A) associated to A = ((a1, d1); . .. ; (@m, dm)), [18], is

Vu(/i) = VU((a17 d);...; (am, dm)) =|\Vylaq, d1)]. .. [Vylam, dp) |u,

where
d;
1 0 0 0
o 1
Vi(oy, di) =] of 2a 1 0 u
- - -1 - —1 —d;
ot =1 () (i)

with the convention that when k < j, If)a:{ T =o,
When d; = 1 for all i, this gives the usual Vandermonde matrix V, (A). When u = d, we omit the
sub-index u and write V(A) and V(A).

For example

10 01 0 |
a 1 0|8 1
V(@ 3):(8,2) =] a? 20 1 |p? 28
o 302 3a |3 382
| o 403 6a?|p* 483 |
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and
1001 0
V3((@,3);(B,2)=| a 1 0 B8 1
o 201 B2 28

The determinant of a square confluent matrix is non-zero, and satisfies, [1],

det(VA) = [] (o —ea)i®.

1<i<j<m

In the same way that the usual Vandermonde matrix V (A) is related to the Lagrange Interpolation
Problem on A, the generalized Vandermonde matrix V (A) is associated with the Hermite Interpolation
Problem on A [18]: Given {yiji» 1 <i<m,0 < j; < d;}, there exists a unique polynomial p of degree
deg(p) < d which satisfies the following conditions:

p(er) =0ly10, pler) =1y, ..., P D(ay) = (di — Dlyra,-1,

p(@m) = 0'Ymo, P'(@m) = 1Ym1, -.., P D(am) = (dn — D!Ym.dy—1-
This Hermite polynomial p = ag + a1x + - - - + ag—1x41is given by the only solution of

(agay ... ag—1) - V@A) = W1,0¥11 - - Ymdp—1)

(here the right vector is indexed by the pairs (i, j;) for 1 <i < m, 0 < j; < d;) and satisfies

d 1
1
X
det (V(A)) p(x) = — det V(A) R 3)
xd—1
Y10 ¥yi,1 - Ymdp—1| 0 |1

The polynomial p can also be viewed in a more suitable basis, where the corresponding “Vander-
monde" matrix has more structure. We introduce the d polynomials in this basis.

Notation 2.2. For 1 < i < m we set
fi= [l —ap?
Jj#i
and, for 0 < k; < d;,
f

(x — o)t

fi,k,- = = (x— Oli)kifi-
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Then, in this basis, the polynomial p = >; . a,-,klf,-,ki is given by the only solution of

(a1,001,1 -+ Gmdp—1) - V'A) = G1,0Y1.1 - - - Ym,dm—1)

where
d dm
V(aq,d1)| 0 0 4
V'(@A) := 0 0 ,
0 0 |V (am, dm) |dn
with
d;
. . G
HCONCO
_ 7(di=2) .
0 file) ... f’(difz(;xg)
Vi, d):=| o o . g
0 0 ... fi(a)
and satisfies
d 1
fi0
fia
det (V'(A)) p(x) = — det V' (A) N
fm,dm—l
Y10 Y11 oo Ymdp—1 0 |
We note that
det(V'@A) = [] Fila)®
1<i<m
2
m@m=1) did; m(m—1) —\2
=(-1) 2 [T @-a)| =12 det(V(A)*.
1<i<j<im

In particular p = >, ;. yi j;pij; where for 1 < i < m, 0 < j; < d;, the basic Hermite polynomials
pij; are the unique polynomials of degree deg(p; j;) < d determined by the conditions for 1 < £ <
m, 0 < Qe < d[‘
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P4 (arp) = ji! for ¢ =iand qp = j;,

P,(gf)(O‘@) = 0 otherwise.

WhenA = A = (a1, ..., ag), then, denoting f; := f;, we have

bi,o = H

i file)

X — 0y

fi for 1 <i<d,

while for A = («, d),

pij=(x—ay =f1; for 0<j<d.

The following proposition generalizes these two extremal formulas.
Proposition 2.3. Fix1 < i< mand0 < j < d;. Then

1 di—1—j (de—ll-i-kg) B
pij = > =k < > 11 ci’) fij+k
k=0

4 - ke
Fiter) [N - (i — ay)

where ki + - - - + E + - - - 4+ ky, denotes the sum without k;. (When m = 1, the right expression under
brackets is understood to equal 1 for k = 0 and 0 otherwise.)

Proof. Applying for instance [25, Theorem 1], we first remark that
d—1-j 1 71\®
pij= IZ%) il (f,) (@) fijtk-
Then we plug into the expression the following, given by Leibnitz rule for the derivative of a product:
1 (k) NP (de —klz-l-kz)
(fi) (@) = =17k k1+.._+kiz+:...+k,=k€l_[;éi (o — ap)detke”

The basic Hermite polynomials enable us to compute the inverse of the confluent matrix V(A):

d d
Vi la coefficients of p; 1
V@A) = where V/* := g 1<i<r
Vo |dm coefficients of p; g,
(here the coefficients of p; j, (x) are written in the monomial basis 1, x, . . ., xd-1 ).

Now we set the notation for a slight modification of a case of generalized Wronskian matrices.

Notation 2.4. Setu € N. Givena polynomial h(2), the generalized Wronskian (non-necessarily square)
u x d matrix Wj_ (A) associated to A = ((@1, d1); . .. ; (0tm, dm)) is
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Wh,u(g) = Wh,u((ah d);...; (o, dm)) = |Why(aq, d) ... |Whu(am, dn) |u,

where
d;
di—1D (.
h(ey) W) ... w
@) @) (@) ... Ee
Wi,y (i, di) = , i L

_ _ u—1p\(di=1) (.
@ @) @@ (@) - S

When u = d, we omit the sub-index u and write Wj,(A).

For example for h(z) = x —zand A = («a, 3),

3

X—a -1 0
Wi—z(a,3) = Wx—z,B(a, 3) =|ax — a? x—2« -1 3.

a?x — a3 2ax — 30% x — 3«

The determinant of a square Wronskian matrix is easily obtainable performing row operations in the
case of one block, and by induction in the size of the matrix in general:

det(wh(A))=< I1 (aj—af)d""f) hey)™ - -+ (o).

1<i<j<m

2.4. Subresultants in multiple roots

In this section, we describe explicit formulas we can get for the non-trivial extremal cases of subre-
sultants in terms of both sets of roots of f = (x—oq)dl s (=) m andg = (x— 1) - - (x— By
withd = > diande = 2]'721 ej. More precisely, we present formulas for Sres(f, g) for the
casest = d — 1 < e (Proposition 2.6 below) andt = 1 < d < e (Theorem 2.7). We will de-
rive them from Theorem 2.5 below, a generalization of [17, Theorem 3.1] and [10, Lemma 2] which
includes the multiple roots case (and is also strongly related to a multiple roots case version of [11,
Theorem 1]). The main drawback of this approach to obtain formulas for all cases of ¢t is the fact
that submatrices of generalized Vandermonde matrices are not always generalized Vandermonde
matrices, so in general their determinants cannot be expressed as products of differences. This is
why the search for nice formulas in double sums in the case of multiple roots is more
challenging.
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Theorem 2.5. Set0 <t <d<eor0<t<d=e.Then

d 1

stes(f, 8) = (—1)? " det (V(A)) " det Vi1 @) | e

Wgyd_[(lq) 0|d—t

d e 1
1
Vii1(A) 0 Sl
XI

= (—1)° det (V(A)) " det (V(B)) ™" det ,

Vite—t(A)|Vaye—t(B)| O |dte—t

where ¢ := max{e (mod 2),d — t (mod 2)}.

Proof. The proof is quite similar to the proofs of Lemmas 2 and 3 in [10], replacing the usual Vander-
monde and Wronskian matrices by their generalized counterparts. We will thus omit the intermediate

computations.

Letf = z?:o aix', where gy = 1,and g = Zf:o bjx;, where b, = 1. We introduce the following

matrices of [10]:

d+e—t d+e—t
dpg ... Qq bo be
Mg = e—t» Mg:i= d—t
ap ... a4 bo ... be
and
dt-e—t d+e—t
My, | ¢ x—10 ... ... 0
Sei=| Mp |e-t where My_, :=| . . ~. e
Mg |a-t x =10...0

We have [10, Lemma 1]:

sres(f, 8) = (—1)©79U70 det(s;).
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Also, exactly as in the proof of [10, Lemma 2],

d+e—t d e—t d e—t
t | My_, 0 |« Wy_zt(A) | % | ¢
e—t| My ||Vate—t(A) = 0 Mfi e—t.
d—t| Mg Ide—¢ [e—t Wz a—(A) | * |d—t

This implies first the generalization of [10, Lemma 2] to the multiple roots case:

d 1
d 1
_ - Wiz (A o |

det (V(A)) Sres; (f, 8) = det — Z’t(j - (=1)4~t det Ver1(A) | 2o
Wz, a—t(A) |d—t Xt

Wga—t(A)| 0 |d—t

where the second equality is a consequence of obvious row and column operations. Next, we get as
in the proof of [ 10, Lemma 3],

det (V(A)) det (V(B) Sres, . 8) = (—1)¢ det| Ver1@ | 0 |4l et

Vitre—t(A) |Vire—t(B)| O [d+e—t

We note that starting from the first equality above and applying similar arguments, we also get
very simply
d e
Wy, (A) 0 t
Viret(B) | Viyet(B) |de—t

det (V(A)) det (V(B)) Sres;(f, ) = (—1)@D° det

(5)

As mentioned above, when t = 0 the formula in roots for Sresq (f, ) specializes well when consid-
ering Sresy(f, ). When t = d < e, the formula Sresq(f, g) = [T1<i<a(x — ;) also specializes well as
Sresq(f, 8) = [Th<icm(x— ;)% . Our purpose now is to understand formulas in roots for the following
extremal subresultants, i.e for Sres; and Sresg_1, in case of multiple roots.

eThecaset = d—1 < e: Whenf has simple roots, it is known (or can easily be derived for instance
from Sylvester’s Identity (2) forp = d — 1 and ¢ = 0) that

d X — d
Stesq_1(.8) = > g(@) (H A ) => g
i=1 i ¥ T i=1
where p; is the basic Lagrange interpolation polynomial of degree strictly bounded by d such that
pi(j) = 1and p;(aj) = 0 forj # i. In other words, Sresq_1 (f, g) is the Lagrange interpolation poly-
nomial of degree strictly bounded by d which coincides with g in the d values «1, . . ., ag. This formula
does not apply when f has multiple roots, but we can show that we get the natural generalization of this
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fact, that is, that Sresq_1 (f, g) is the Hermite interpolation polynomial of degree strictly bounded by d
which coincides with g and its derivatives up to the corresponding orders in the m values a1, . . ., op:

Proposition 2.6.

m di—1 5(j;)
- g (Ot)
Sresq—1(F,8) = > > =—— piji,

i=1 j;j=0

where p; j, is the basic Hermite interpolation polynomial defined by Condition (4) or Proposition 2.3 for A

Proof. In this case, applying the first statement of Theorem 2.5 we get

d 1
1
Sresq_1(f,g) = — det (V(ﬁ))_l Va(4) -]
i1
Wg](ﬁ) 0 |1

where when following the sub-index notation of Formula (3), we note that
g9 (a;)
Ji!

The conclusion follows by Formula (3). O

(Wg1(A);;, =

For example, when A = («, d), we get

d—1 5(j) )
stesg-1 (v~ ), 2) = 3 5 (x =,
=

the Taylor expansion of g up to order d — 1.
eThecaset = 1 < d < e: We keep Notation 2.2. When f has simple roots, it is known (or can
easily be derived for instance from Sylvester’s Identity (2) for p = 1 and g = 0) that

. d—1 d g( ])
sres: (1,8) = (="' 2 ([T = )x— ) (6)
i=1 j#i ¥ T
sE@)
1)d-1 1#1 9j ).
=D Zl fiay  * T

The general situation is a bit less obvious, but in any case we can get an expression of Sres; (f, g) by
using the coefficients of the Hermite interpolation polynomial, in this case of the whole data

AUB = ((o1,d1); .. .5 (@m. dm); (Brs€1)s - .5 (B, €n)).
We note that
det (V(AU B)) = det (V(A)) det (V(B))R(B, A)

which holds even when «; = B; for some i, j.
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Theorem 2.7.
- o N CHE
- d—d; 81 o di—
sresi (F,8) = >_(~-1) (]#7 g™ ((x — o)
P filoi)

dj—1+k; ep—1+kmtr
(") (™)

(ai - aj)kj 1<e<n (ai - ﬂe)k'"”

bd [l

ki +-dki+-- 1<j<m
etk =di—1 A

+ min{1, d; — 1} z H
k14 +ki+- 1<j<m
et kmgn=di—2 j#I

(djf]+kj) (e/c_l+kn1+/é)
ki km+-¢

(@i — o) | Sy, (i — Bk )

Proof. Setting t = 1 in Expression (5) we get

d e
Wx—z,](g) 0 1
Vite—1(A) |Vae—1(B) |d+e—1

det (V(A)) det (V(B)) Sres; (f, 8) = (—1)71¢ det

where

Wy 1= @&—a1,—1,0,...,0,....,Xx—am, —1,0...,0).

dq dm

We expand the determinant w.r.t. the first row, and observe that when we delete the first row and
column j, the matrix that survives coincides with V(A U B) 44 j), the submatrix of V(A U B) obtained
by deleting the last row and column j. Therefore,

Wx—z,] (E) 0
Vitre—1(A) |Vige—1(B)

det

m
= 2 (=D?O7(det (VAU B)|@se.p7) (x — o)) + det (VAUB)|are. )
j=1

where ¢ (i) equals the number of the column corresponding to (1, «;j, .. ., ozidJre*]) in V(AU B), and
@' (i) = ¢ (i) + 1ifd; > 1 and 0 otherwise.
Now, from
det (VAU B)|gre.p(y) = (—D 700 det (VAUB) VA UB), ;) gser
det (VAU B)|@re.y) = (—1)* 0 det (VAU B)) VAU B) /(i) d-re
(by the cofactor expression for the inverse) and
det (V(AUB)) = (—1)% det (V(A)) det (V(B))R(A, B),
we first get, since R(A, B) = [Ti<i<m ()%, that

sres; (f,g) = (=1)4! ( 11 g(ai)di) (Z“V(AUB);(]D@H(X—(X,-) —ZV(AUB);)U),HQ) )

1<i<m i=1 i=1
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Weseth :=fg,andfori=1,...,m hj := h/(x — a;)%. In[7, Identity 9], it is shown that

1 1 (d,—l)
oy _ '
V(AUB)¢(i),d+e = (d,—])‘(hl) (@),

and when d; > 1,

1 1\
4 B 1 ‘
V(A U B)¢’(i),d+e - (dl . 2)' (h,) ((Xl)
Therefore, we obtain the statement by applying Leibnitz rule

1\® . (dj*l:%kf) (ee —kl +Iim+«)
=(— — J - N mit S
(ﬁl) = “ z H (X — ()tj)dj+’(f H (x — ﬂz)el“’kmﬂ( '

k1+"‘+k\i+'“+km+n:k 1<j<m 1<l<n
j#Fi

_ Note that in the case that f has simple roots we immediately recover Identity (6) while when
f = (x—a)dford > 2, we recover Proposition 3.2 of [9]:

n ey k
Sresy (x — )?, 8) =g(@)*! ( > (I (;;ZZ)@ — )
kb tormd—1 =1 (@ — BO)™

> H( ﬂe)')>

k14 tkn=d—2 (=1

3. Multivariate case: Poisson-like formulas for subresultants

We turn to the multivariate case, considering the definition of subresultants introduced in [5].
Our goal is to generalize Theorem 3.2 in [8]—that we recall below—to the case when the considered
polynomials have multiple roots. We first fix the notation, referring the reader to [8] for more details.

3.1. Notation
Fixn € NandsetD; € Nfor1 <i<n+1.Let

Z a4 oX* € K[X1, ..., ],
|| <D;
be polynomials of degree D; in n variables, where & = (a1, ..., an) € (Z>o)", 8% = " -+ - x%,
|| = oq + - - - + oy, and K is a field of characteristic zero, that we assume without loss of generality
to be algebraically closed.
Fix t € N.Let k := Hp,..p,,, (t) be the Hilbert function at t of a regular sequence of n + 1
homogeneous polynomials in n 4 1 variables of degrees D1, . .., Dp41, i.e.

k=#{x":|a| <t, ai<Dj, 1 <i<n, andt — || < Dpy1}.

We set

S:={x"1, ... X’} C K[x];
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a set of k monomials of degree bounded by t, and

As(i. .o farn) = AS G R,
for the order t subresultant of f{', . . ., f, ; with respect to the family S" := {x"lx,t;llyll, s x”kx;jr']y"l}
defined in [5]. Here, fl-h denotes the homogenization of f; by the variable x4 1.

We recall that the subresultant As is a polynomial in the coefficients of the fih of degree
HD,...Di_1Dits...051 (€ — D) for 1 < i < n + 1, having the following property: As = 0 if and only if
I; U 8" does not generate the space of all forms of degree t in k[xq, ..., x,+1], where I; denotes the
degree t part of the ideal generated by the fjh's.

By [4] we know that

det(Ms) = £(t) Ags, (7)

where M denotes the Macaulay-Chardin matrix obtained from

Mg

T
My, .,

by deleting the columns indexed by the monomials in S, and £(t) is the extraneous factor defined as
the determinant of a specific square submatrix of (8) (see [5,4,8]).

Wesetp := (Dy — 1) +---+ (D, — 1) and forj > 0, 7j := Hp,...p, (j), the Hilbert function at j
of a regular sequence of n homogeneous polynomials in n variables of degrees D1, ..., D,. We define
also

any set of 7; monomials of degree j if j > max{0, t — Dpyq1 + 1} ©)
7= 9
J
{x* : |la| =j,0; < Difor1 <i<n}if0<j<t—Dypq+1,
and denote with D := Dy - - - D, the Bézout number, the number of common solutions in K™ of n generic
polynomials.
Set 7 := Uj»o7j and 7° := U;;H_]?}. Note that |7| = D. We enumerate the elements of 7 as

follows: 7 = {x*1, ..., x®P}, and assume that for s := |7*| we have 7% = {x%1, ..., x%} . Also set

Ri={xP1, &P} ={(x: |a| <t,a; <Di,1<i<n t—|al>Dua). (10)
Finally,for1 <i < n, letﬁ be the homogeneous component of degree D; of f;, and &szzA%)(ﬂ, - ,fn)
be the order j subresultant off] e ,fn with respect to 7;.

3.2. Poisson-like formula for subresultants

From now on we assume thatfi, ..., f, are generic in the sense they have no roots at infinity (which
implies by Bézout theorem that the quotient algebra A := K[x]/(f1, ..., fu) is a finitely dimensional
K-vector space of dimension D, which equals the number of common roots in K" of these polynomials,
counted with multiplicity, see e.g. [6, Chapter 3, Theorem 5.5]), and that 7 is a basis of A.

In [8] we treated the case of general polynomials with indeterminate coefficients, which specializes
well under our assumptions to the case when the common roots &, ..., &y of fi, ..., fp in K" are all
simple. SetZ := {&, ..., &p}. We introduced the Vandermonde matrix
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o oq
.- &
Vr(2) =] ¢ : | e kP*P (11)
op op
v &)

whose determinant is non-zero, since 7 is assumed to be a basis of A, and we defined

D
V1 Y1
1 D
k

Vi Vi

1 D

o o

0s(2) := : : . € KPP (12)

oL s
ED (&) - ED i (Ep)
Efui(6) - Ebfua (Ep)

Theorem 3.1 [8, Theorem 3.2]. Foranyt € Zxo and forany S = {1, ..., xYk} C K[x]; of cardinality
k = Hp,...Dys, (1), we have

E_\ det (05(2))
As(fiy oo forl) = Ay | SEEESE))
s eeeoforr) </=t1D_n[+l i Tf) det (V7 (2))

In order to generalize this result to systems with multiple roots, and obtain an expression for the
subresultant in terms of the roots of the first n polynomials fi, ..., f;, we need to introduce notions
of the multiplicity structure of the roots that are sufficient to define (f1, ..., f;). To be more precise,
in the case of multiple roots, the set of evaluation maps {evg : A — K | § common root of fi, ..., fu}
is not anymore a basis of A*, the dual of the quotient ring A as a K-vector space, though still linearly
independent. Hence other forms must be considered in order to describe A* and to get a non-singular
matrix generalizing V;(Z).

All along this section we will use the language of dual algebras to generalize Theorem 3.1 for the
multiple roots case (see for instance in [19,2] and the references therein). In Theorem 3.4 below we
show that any basis of the dual A* gives rise to generalizations of Theorem 3.1, as long as we assume
that 7 is a basis of A. This is the most general setting where a generalization of Theorem 3.1 will hold.
However, this version of the Theorem, using general elements of the dual, does not give a formula for
the subresultant in terms of the roots.

In order to obtain these expressions, we need to consider a specific basis of A* which contains
the evaluation maps described above. It turns out that one can define a basis for A* in terms of lin-
ear combinations of higher order derivative operators evaluated at roots of fi, ..., f,. This is the
content of the so called theory of “inverse systems” introduced by Macaulay in [22], and devel-
oped in a context closer to our situation under the name of “Grobner duality " in [15,23,12] among
others.
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The following is a multivariate analogue of Definition 2.4:

Definition 3.2. Let A := {Aq, ..., Ap} be a basis of A* as a K-vector space. Given any set E =
{x*1 ..., x%} of u monomials and given any polynomial h € K[x], the generalized Vandermonde
matrix Vg(A) and the generalized Wronskian matrix Wy g(A) corresponding to E, A and h are the
following u x D matrices:

D D
A1 (x*1) - Ap(x®T) A1(x*Th) --- Ap(x*1h)

Ve(A) = Whe(A) =

u

Aq(x%) oo Ap(x®v) A1 (x*uh) --- Ap(x*«h)

We modify the definition of the matrix Os(Z) in (12) as follows:

Definition 3.3. Let S = {x”1, ..., x¥k} C K[x]; be of cardinality k = Hp, . p,., (1), T* := UJP:H]?}
asin(9) and R as in (10). Then

D
Vs(A)

— DxD
Os(A) :=| Vp(A) |s € KP¥P.
an+1,R(A)

=~

=

Note that by our assumption on 7 being a basis of Aand A being a basis of A*, we have det (V. (A)) #
0. The following is the extension of Theorem 3.1 to the multiple roots case.

Theorem 3.4. Let (fi, ... .fat1) C K[x] and T := Uj>7; specified in (9) satisfying our assumptions,
and A be an arbitrary basis of A*. Forany t € Zxq and forany S = {x¥1, ..., &Y} C K[x]; of cardinality
k = Hp,..p,,, (t), we have

t ~ det (Os(A))
As(fiy ... fap1) == Ar | ————=.
sth fat1) </:t—1[;1[+1+1 TJ> det (V7 (A))

Proof of Theorem 3.4. The proof is similar to the proof of Theorem 3.2 in [8], to which we refer
for notations and details. Extra care must be taken however, as we are not anymore considering the
polynomials f1, . . ., f, to have simple common roots.

Using the exact same argument as in the proof of Theorem 3.2 in [8] we can prove that

L0 As(fi, - .. fog1) det (V7(A)) = £ det(M') det (O5(A)),

where
!
Mfl
M= | (13)
!
M

is the submatrix of (8) obtained by removing the columns corresponding the monomials in 7. In [8]
we also showed that
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t
det(M) = ££(t) ( 11 ZTj),
j=t—Dn41+1
so the claim is proved when £(t) # 0.
If£(t) = 0, we consider a perturbation “ala Canny” asin [3],i.e. we replace f; by fi ) := fi+ A x?" €
K())[x], where X is a new parameter, for 1 < i < n. It is easy to see that this perturbed system
has no roots at infinity over the algebraic closure K(1) of K(A), since the leading term in A of the

resultant of its homogeneous components of degrees D1, . .., D, does not vanish, and hence the di-
mension of the quotient ring A; := K(A)[x]/(f1.x. ..., fa,2) as a K(A)-vector space is also equal to
D.

It can also be shown (see [3]) that &, (t) # 0, where &, (t) denotes the extraneous factor in
Macaulay’s formulation applied to the polynomials f; 3, 1 < i < n.Indeed, if E; is the matrix whose
determinant gives £(t) with rows and columns ordered properly, it is easy to see that the perturbed
matrix is equal to E; 4+ A I, where [ is the identity matrix.

Therefore, the statement holds for this perturbed family:

(14)
j=t—Dpt1+1

t _ d r

for any basis T';, of A} (here, Az = A%)(fl,k, o Fad)
The subresultants appearing in (14) are polynomials in A, that, when evaluated in A = 0, sat-
isfy:

AS(f],)u e afn,)ufn+1)|)L=o = AS(flr .. ,fnafn+1)7 87},)\ = 3755 V]

A=0

So, in order to prove the claim, it is enough to show that there exists a basis ofAj which “specializes”
to A when setting A = 0, i.e. to find a basis A of A} such that

det (0s(Az)) _ det (0s(A)) (15)
det (V7 (A3) g  det (Vz(A))’
and then to apply Identity (14) to A, and to specialize itat A = 0.

We now construct the basis A ; : The monomial basis 7 = {x%1, ..., x*P} of Ais also amonomial ba-
sisof A;, since clearly linearly independent, and therefore it defines the dual bases {y,,, . . . , ¥4, } C A*
and {yy, 1, - - - Yap.2} C A}, satisfying for 1 < j, k < D,

Vo, X)) = ¥4, (x%) =1 if k =j and 0 otherwise .
We write Aj = 21[3:1 CikYe, for 1 < i < D, where ¢ € K, and then set A), := {Aq;, ..., Api},
with A; ;== Z,[{’:] CikYay;.n» 1 < 1< D. Note that
A (&%) = Aj(x*) = ¢ for 1 <i,j <D, (16)
det (V7 (A,)) = det (V7 (A)) = det (Cij)1<i,j<D € K\ {0}, (17)

as the matrix (cjj)1<i j<p is invertible. This implies that A, is a basis ofAX.
We claim now that, for every @ € N", there exist polynomials py and Aj 4, 1 < j < D, in K[A]
such that

D

Pa (M) X% = ZAj,a()L)x“f in Ay, and pg(0) # 0. (18)
j=1
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For this, it suffices to express the monomial ¥* in terms of the basis 7 of A; and take py (1) as a
common denominator when lifting the expression to K[A][x], satisfying the condition
ged (Pos Aja.1 < j < D) = 1.1t is clear that pe(0) 7# 0 because 7 is also a basis of A, and by
assumption 0 is not a common root of py and Aj o, 1 < j < D.

Applying A; ; to Identity (18) and A; to Identity (18) specialized at A = 0, we then get by (16) for
1<i<D:

D D
Pa (M)A (x%) = D cjAja (1) and pe(0)Ai(x%) = D CijAj o (0).
j=1 j=1
This implies that the entries of the matrix Os(A ) are the same K-linear combinations of the quotients
/2;"(%) as the entries of the matrix Os(A) in terms of /:;:"((00)) . This and Identity (17) implies (15), which
proves the statement. [

As we mentioned before, for an arbitrary basis A of A* the expression in Theorem 3.4 may not

provide a formula in terms of the roots of fi, . . ., f. In order to obtain one, we recall here the notion
of Grobner duality from [23].
Foro = (a1, ..., an) € N" define the differential operator
1 alel
0y 1= ' [ A @
ol ap! 0x71 - 0xy

and consider the ring K[[9]] := {3 genm a0y : Ay € K}.
For 1 < i < n define the K-linear map

. . _ a(m,..‘,a,‘—],.‘.,an) if oj > 0,
o1 + KIT9T) — KITOT): 01 (3a) = || .

and for B = (B1, ..., Bn) € N" define og = 01’81 o~-~oa,43”.
A K-vector space V C K[[d]] is closed if dimy (V) is finite and for all 8 € N" and D € V we have
op(D) € V. Note that K[[9]] and its closed subspaces have a natural K[x]-module structure given by

x#D(f) := D&Ff) = op D) (f).
Let & € K™. For a closed subspace V C K[[d]] define
Ve(V) :={f eK[x] : D(f)(§) =0, VD eV} C K[x].
Let mg C K[x] be the maximal ideal defining &.Foranideal ] C mg define
Ag() :=1{D € K[[0]] : D(f)(§) =0, Vfe]J} C KIII].
Then the following theorem gives the so called Grébner duality:
Theorem 3.5 [15,23]. Fix & € K". The correspondences between closed subspaces V. C K[[d]] and
mg-primary ideals Q, V > Vg(V) and Q +— Ag(Q) are 1-1 and satisfy V = Ag(Ve(V)) and Q =
(Ve (Ag(Q))). Moreover,
dimg (Ag(Q)) = mult(Q) and mult(Vg(V)) = dimg (V).

WesetZ := {&, ..., &p} for the set of all common roots of fi, ..., f, in K", with multiplicities, and
mg, C K[x] for the maximal ideal corresponding to gfor1 <i<m
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Example 3.6 [12, Exemple 7.37]. Let f; = 2x1x§ + SX?,fz = ZX%XZ + 5)(‘2l € C[x, yl.

ThenZ = {0,&,,§,, &3, &4, &5} where 0 = (0, 0) has multiplicity eleven and &§; = (%, 5;,.)
where £ is a primitive 5-th root of unity, are all simple, 1 < i < 5.

Denote by Qp, Q¢,, 1 < i < 5, the primary ideals corresponding to the roots, then Ag (Qg,) = (1)
for1 <i < 5andif {eq, e,} is the canonical basis of 72,

AO(QO) :(1 s 88] 5 882 B 8281 B 881 +eys 8282 i 8391 i 3392 i

(48481 - 5891 +292)a (48482 - 58281 +€2)7 (38281 +3e; — 8581 - 8592))-

Using Grobner duality, we are now able to give an expression for the subresultant in terms of
the roots of f1, ..., fp. For D € K[[d]]and & € K", we denote by D|¢ the element of A* defined as
D|¢ (f) = D(f)(§). In particular, under this notation, 1|z = evg.

Corollary 3.7. Using our previous assumptions, letI = (f1, ..., fy) and
I=Q N NQn
be the primary decomposition of I, where Q; is a mg -primary ideal with d; := mult(Q;). For 1 < i< m

let Vi :== AE,-(Qi) C KI[[0]] be the corresponding closed subspace, and fix a basis {D; 1, . .., Dj q;} for V;
such that D; 1 = 1. Then

A = {D],]|$19 ey D],d1 |§17 sy Dm,1|§my ceey Dm,dmlé‘m}
is a basis of A* over K.

Note that the above choice for the dual basis A contains the evaluation maps for the roots of I, and
using this A in Theorem 3.4 gives an expression for the subresultant in terms of the roots of I.

Example 3.8. This is a very simple example containing an expression for a subresultant in terms of
the roots.

Let fi = x1x2, fo = x% + (s — 1% =1, f3:= cp + c1x1 + C2x2, with g, ¢1, ¢ € C. Then
Z = {(0, 0), (0, 2)} where (0, 0) has multiplicity 3 and (0, 2) is simple. By computing explicitly, we
check that 7 := {1, xq, X2, x%} is a basis of A = Clx1, x21/(f1, f2) and that

A = {11(0,0)> 9, 1(0,0)> (Be, + 202¢,)|(0,0)> 11(0,2)}

is a basis of A*. We will use these bases to express the degree t = p = 2 subresultant AX% (f1, 2, f3)

with § = {X%} in terms of the roots of f1, f. First, AX% (f1, f>, f3) is equal to the following 6 x 6
determinant (since here the extraneous factor is 1):

00 0 100
00-2101

00 0 010

A (fi. f2. f3) = det Ms = det = ¢ + 2ckc,.

cocp ¢ 00O

0CO0C1C20

OOC() 0C1C2
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On the other hand, Theorem 3.4 gives the following expression:

00 2 0
Ch €1 O C0+2C2

0 co 2¢q 0

det

2 detO5(A) 0 0 co 2co+4c2|  4(c] + 2¢5c2)

14, _
i—3 det V- (A) 1001 4

)

0100
0012
0004

det

using that 7; = {x3} is the degree 2 part of 7, and

001
Ar(i.fo) =det|101|=1.
010
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