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HOMOTOPY INVARIANCE THROUGH SMALL
STABILIZATIONS

BEATRIZ ABADIE AND GUILLERMO CORTINAS

ABSTRACT. We associate an algebra I'°(2() to each bornological alge-
bra 2. The algebra I'*°(2) contains a two-sided ideal Ig(g) for each
symmetric ideal S < £°° of bounded sequences of complex numbers.
In the case of I'® = I"*°(C), these are all the two-sided ideals, and
Is — Js = BlsB gives a bijection between the two-sided ideals of
'™ and those of B = B(¢?). We prove that Weibel’s K-theory groups
K H.(Ig(x)) are homotopy invariant for certain ideals S including co and
7. Moreover, if either S = ¢ and 2 is a local C*-algebra or S = ¢7, P+
and 2 is a local Banach algebra, then K H, (Is)) contains Ki°"(2) as a
direct summand. Furthermore, we prove that for S € {co, £%, (¥ i} there
is a long exact sequence

KHn1(Is@)) ——= HCrn 1 (P(A) : Is))

|

KHn(Is(Q()) - Kn(F‘X’(Ql) . Is(g[))

1. INTRODUCTION

Let ¢ = (?(N) be the Hilbert space of square-summable sequences of
complex numbers and B = B(£?) the algebra of bounded operators. Let
Emb be the inverse monoid of all partially defined injections

NDdomeN.

Each element f € Emb defines a partial isometry Uy € B; for the canonical
Hilbert basis we have Ug(e,) = ey, if n € domf and 0 otherwise. Similarly,
each bounded sequence of complex numbers o € ¢°° defines an element
diag(a) € B by diag(a)(en) = anen. The subspace generated by all the Uy
and diag(a) with f € Emb and a € £*° is the subalgebra

B D I'*® := span{diag(a)U; : a € £*°, f € Emb}.

In this article we show that the algebra I'* has several remarkable proper-
ties. One of them is that the lattice of two-sided ideals of I'*° is isomorphic
to the lattice of two-sided ideals of B. A theorem of Calkin ([2]), as restated
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by Garling ([15]), establishes a one-to-one correspondence between two-sided
ideals of B and the ideals of /*° that are symmetric, that is, invariant under
the action of Emb. Calkin’s correspondence maps a symmetric ideal S <1 £*°
to the ideal Jg of those operators whose sequence of singular values belongs
to S. Consider the subspace

I'*° O Ig := span{diag(a)Us : « € S, f € Emb}.

Note that Ipeo = ['°; for all symmetric ideals S, Ig < '™ is a two-sided
ideal. We prove (see Theorem 4.5)

Theorem 1.1. The map J — J NI is a bijection between the sets of
two-sided ideals of B({2(N)) and I'™°. If S <1 £ is a symmetric ideal, then
JgNI'* =1Ig.

More generally, we define for any bornological algebra 2 (in particular
for a Banach algebra 21) an algebra I'>°(2(). The algebra I'*°(2() contains an
ideal Ig g for any symmetric ideal S <1 £°°, and .S +— Igy) is a lattice homo-
morphism. Thus the smallest nonzero I occurs when S is the symmetric
ideal ¢y <1 £°° of finitely supported sequences; we get

Iy = Moo = M2

Hence the inclusion A — M2 into the upper left corner gives a stability
homomorphism

tg A — ICf(QL) C IS(Q[)-
If 2 is unital then ¢c, induces an isomorphism in algebraic K-theory, by
matrix stability. At the other extreme, Ijeo(g) = I'*°(A) is a ring with infinite
sums in the sense of [21] (see Proposition 5.6); this permits the Eilenberg
swindle and we have
K.(I'*(2)) = 0.
For ¢y C S C £, the K-theory of Igy) is more interesting. We study it for

S € {co, P~ 09,07 (p < o00,q < 0)}. (1.2)

Here ¢y is the ideal of sequences vanishing at infinity, ¢¢ consists of the
g-summable sequences, and
=, = e
r<p §>q
Let BAlg be the category of bornological algebras. We consider several vari-
ants of K-theory. We write K for algebraic K-theory, KH for Weibel’s

homotopy algebraic K-theory and K'P for topological K-theory. The fol-
lowing result follows from Theorem 8.1.9.

Theorem 1.3.
i) The functor BAlg — b, A — K H. (I q)) is invariant under continuous
homotopy.
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i) If2A is a local C*-algebra and n > 0, then there is a natural split monomor-
phism

KpP(A)—— K H, (L)) -
iii) If n <0, then the comparison map
Kn(Ieyy) = KHp(Iy)) (1.4)
is an isomorphism for every A € BAlg.

The results above should be compared with Karoubi’s conjecture (Suslin-
Wodzicki’s theorem [20, Theorem 10.9]) that for a C*-algebra A, the com-
parison map

K.(A®K) = KIP(A® K) =2 KPP (A)
is an isomorphism. Hence we may think of 2 — I, ) as a smaller version

of the stabilization 2 +— 2 ® K whose homotopy algebraic K-theory is
continuously homotopy invariant and contains K. ioP(Ql) as a direct summand.
Next let p > 1 and consider the Schatten ideal £P <1 B. Notice that LP is
the ideal corresponding to /Z under Calkin’s correspondence. We have

LP = Jp.

Recall from [9, Theorem 6.2.1] that if 2 is a locally convex algebra and
AR LP is the projective tensor product then

KH,(ADLY) =5 KH, (ARLP) =5 KOP(AGLP).

In the present article (Theorem 8.1.1) we prove the following analogue of
the latter result.

Theorem 1.5. Let S be one of P, (PT (0 <p < o0) or P~ (0 <p<o0).
i) The functor BAlg — RAb, 2 — KH.(Ip () is invariant under Hélder-
continuous homotopies and we have K H.(Igw)) = KH.(Ip () for all S as
above.
ii) If A is a local Banach algebra and n > 0, then there is a natural split
monomorphism

K (A)—— K H,(Ingq) -
iii) If n <0, then the comparison map
Kn(Is@qy) = KHn(Igmy) (1.6)
is an isomorphism for every A € BAlg.

Both these theorems rely on a homotopy invariance theorem (Theorem
7.4.1) which we think is of independent interest. The theorem says that if
F : C— Alg — b is an My-stable, split exact functor and S € {cp, /}, then
the functor

BAlg — 21b, A F(Ig))
is homotopy invariant. For S = ¢y it is continuous homotopy invariant,
while for S = (P it is invariant under Holder continuous homotopies, with
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Holder exponent depending on p. For I’ = KH. we have KH.(Ippg)) =
KH,(Ipgy), and so it is invariant under arbitrary Hélder continuous ho-
motopies. Furthermore, we have the following general result (see Theorem
8.2.1) about the comparison map K — KH. Its proof uses the homotopy
invariance theorem mentioned above applied to infinitesimal K -theory.

Theorem 1.7. Let A be a bornological algebra and let S be cy, P, (PT

0 <p<oo)ortl~ (0 <p<oo) Then there are long exact sequences
(mez)

KHpy1(Isey) — HCp—1(Ise)) (1.8)
K Hy(Iss)) Kn(Ise)
and
K Hpy1(Isy) — HC,—1(T(A) = Tgap) (1.9)

|

KHp(Isy) Kn(T(20) : Isea)

It is shown in the companion paper [6] that HC.(I'>°() : Ig@q)) = 0
when either S = ¢y and 2 is a C*-algebra or S = ¢°° and 2l is a unital
Banach algebra. Therefore, the comparison map K. (Ig(a)) — K Hi(Ig())
is an isomorphism in these cases. In addition, the groups HC,(I'*® : Ig)
are computed in [6] for S € {¢? ¢P*} and the map HC,(I'® : Ig) —
HCp(B : Jg) is shown to be an isomorphism for those values of n for which
HC, (B : Js) was computed by Wodzicki ([23]).

The rest of this paper is organized as follows. In Section 2 we establish
some notation about sequence spaces, the inverse monoid Emb and the par-
tial isometries Uy. The algebra I'*°(2) and the ideals I s are introduced
in Section 3. In this section we also recall the definition of Karoubi’s cone
I'(R) which is R-linearly generated by the Uy (f € Emb). Proposition 3.12
identifies Ig g with a ring formed by certain N x N matrices with coefficients
in /. The two-sided ideals of I'*° are studied in Section 4; Theorem 1.1 is
contained in Theorem 4.5. We prove in Section 5 that if 2 is unital, then
I'*°(2() is a ring with infinite sums in the sense of Wagoner (Proposition
5.6). In Section 6 we show that Igeg) can be written as a crossed product
of I' = I'(Z) and S(), by using the conjugation action of Emb in S(2)
via the partial isometries Uy (Proposition 6.12). Section 7 deals with the
homotopy invariance theorem mentioned above, proved in Theorem 7.4.1.
Applications to K-theory are given in Section 8; see Theorems 8.1.1, 8.1.9
and 8.2.1.
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2. PRELIMINARIES

2.1. Sequence ideals. Throughout this paper we work in the setting of
bornological spaces and bornological algebras; a quick introduction to the
subject is given in [11, Chapter 2]. Recall a (complete, convex) bornological
vector space over the field C of complex numbers is a filtering union V =
UpVp of Banach spaces, indexed by the disks of V such that the inclusions
Vp C Vpr are bounded. A subset of V is bounded if it is a bounded subset
of some Vp. A sequence N — V is bounded if its image is a bounded subset
of V. We write £*°(N,V) or simply ¢>°(V) for the bornological vector space
of bounded sequences where X C ¢>°(V) is bounded if |J .y z(N) is. We
consider the following closed bornological subspace

2°(V) D (V) = {a : limay,, = 0} (2.1.1)
We also consider the subspace (p > 0)

(V) D P(V)={a:N—=V:Tadisk DCV)>_[lanl}, < oo}

If p > 1, we equip ¢P(V) with the following bornology: we say that a subset
S C ¢P(V) is bounded if there exist a disk D and a constant C' such that
S llam|lfy < € for all @ € S. Notice that the inclusion #(V) — £>°(V) is
bounded for p > 1. Recall a bornological algebra is a bornological vector
space 2 with an associative bounded multiplication. If 2 is a bornological
algebra, then pointwise multiplication makes £>°(2() into a bornological al-
gebra, co(2A) < £°°(2) is a closed bornological ideal, and P(2() <1 £>°(2) is
an algebraic ideal for all p > 0.’

Notation 2.1.2. When 2{ is C, we shall omit it from our notation. Thus we
shall write £°°, (P ¢y, etc, for £2°(C), P(C), ¢o(C), etc.

The space B(¢£2(V)) of bounded operators £2(V) — ¢2(V) on a bornological
vector space V is a bornological algebra with the uniform bornology ([11,
Def. 2.4]). If 2 is a bornological algebra, then

diag : £°(A) — B(L2(A)), diag(a)(&) = (an&n)n>1- (2.1.3)

is a bounded representation. It is faithful if and only if the left annihilator
of A is trivial:

ann(A) ={ae€A:a-b=0 (VbeA)} =0,

This happens, for instance, when 2l is unital.
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2.2. The monoid Emb. We begin by recalling some definitions from [13].
We denote by Emb the set of injective functions
Emb={f:A4—N:ACN}

Note that Emb is a monoid for the composition law:

fg:dom(g) N g~ (dom(f)) = N, (fg)(n) = f(g(n)). (2.2.1)

In (2.2.1) and elsewhere, we shall omit the composition sign o, except when
strictly necessary to avoid confusion. The monoid Emb is pointed, i.e. it
has a zero element, namely, the empty function ) — N. The antipode map
t: Emb — Emb is defined by

dom(f1) = ran(f), f1(n) = f~"(n).
If A C N, we write P4 for the inclusion A < N. It is easily checked that

fo = Pdomf7 ffT = Pranfa (222)

for any f € Emb. Observe that f1 is characterized as the unique element of
Emb which satisfies simultaneously

fFf = fand fTffT= T
Thus the monoid Emb together with its antipode is a pointed inverse monoid
that is, a pointed inverse semigroup with identity element. Note that Emb is
the object usually denoted Z(N) in the literature on semigroups (see [14, Def.

4.2], for instance).
If V is a bornological vector space, the monoid Emb acts on ¢*°(V) via:

0 otherwise.

The subspaces ¢y(V) and ¢P(V) defined in 2.1.1 are symmetric, i.e. they
are invariant under the action of Emb. Indeed, this follows from the fact
that ¢y and ¢P are symmetric, and that if D is a bounded disk and the image
of « is contained in Vp, then the following sequences of real numbers are
identical

£ (@)llp = fu(llel|p).

More generally, if S C ¢*° is any symmetric subspace, then
S(V):={ae>*(V):(3ID)a(N) C Vp and ||a||p € S}

is symmetric. We denote by U the representation of Emb by partial isome-
tries on £2(V):

)& if f(n)=m
Up(E)m = {0 oy e e2a)

Straightforward computations show that

Ufg = Ung. (2.2.5)
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Observe that Uy is a partial isometry whose initial and final space are,
respectively, the closed subspaces

span{v : supp(v) C dom(f)} and span{v : supp(v) C ran(f)}.
This follows from (2.2.2), (2.2.5), and from the fact that if A C N, then

v, ifncAd
U n=
Palv) { 0  otherwise.

Remark 2.2.6. We will often work with sequences indexed by infinite count-
able sets other than N. A bijection v : N — X gives rise to a bounded isomor-
phism « — au between the bornological vector space ¢>°(X,V) of bounded
maps from X to the bornological space V and the space (V) = (*°(N, V).
If S C £ is a symmetric subspace, we define S(X,V) = {su™!:s € S(V)}.
Because S is symmetric by assumption, this definition does not depend on
the choice of w.

Notation 2.2.7. Let S C £°° be a symmetric subspace, X an infinite count-
able set and V a bornological vector space. We use the following abbreviated
notation: S = S(N,C), S(X)=S5(X,C) and S(V) = S(N,V).

3. THE ALGEBRAS I'*(2() AND I'(R)

Throughout this section, 2 will be a fixed bornological algebra, which,
except in Definition 3.15, will be assumed unital. It follows straightforwardly
from equations (2.1.3), (2.2.3), and (2.2.4) that

diag(f.(a))Uy = Usdiag(a) and Uydiag(a)Up: = diag(fi(a)), (3.1)
where a € £>°(2() and f € Emb. Set
I'*°(A) = span{diag(a)Us : € £>°(A), f € Emb}. (3.2)

Notice that, by equations (2.2.5) and (3.1), I'*°(2() is a subalgebra of the
algebra B(¢*(2)). For each symmetric ideal S <1 £>°, we write Ig(g) for the
ideal of I'>°(2() generated by diag(S(2)). Because S is invariant under the
action of Emb, then by equations (3.1) we have

Iy = span{diag(a)Uy : a« € S(A), f € Emb}. (3.3)

Note that I'°() = Ijec(gq). If X is any infinite countable set, we may also
consider the subalgebra ' (X, 21) C B(£*(X,21)) spanned by diag(¢>(X,2l))
and Ugmyp(x)- Thus I'*°(™A) = I'*°(N,2l). In keeping with our notational con-
ventions 2.1.2 and 2.2.7, we write ['*° = T'*°(C) and I'**(X) = I'**(X, C).

Notation 3.4. Since 2 is assumed to be unital, every sequence a = {a,} in
/2(2) can be written uniquely as a = Y, ane,, where e, € ¢2(2) is defined
by (en)i = dn. Notice that the elements of I'*°(2() are 2-linear operators
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on the right 2-module £2(2A). As usual, we identify an -linear operator
A € B(£*(1)) with the infinite matrix (A4;;); jen With entries in 2 defined by

Aen = Z A;mek.
k

We denote by E;; the matrix (£;;)p = ;0. Given a matrix A = (A;;)i jen
with entries in 2, and i,j € N, we set:
ri(A) = #Ji(A), ¢;(A) == #1;(A),
r(A) := maxr;(4), c(A):=maxc;(A),
N(A) := max{r(4),c(A)},

where r;(A),¢;(A),N(A) € NU{oo}. If R is a ring, we write I'(R) for
Karoubi’s cone

T(R) ={Ac RN N(A) < 0o and {A;; :4,j € N} is finite }.  (3.5)

It was shown in ([8, Lemma 4.7.1]) that I'(R) is isomorphic to R®T'(Z), for
any ring R. We shall write

r=1(Z).
Observe that definition (3.5) extends to matrices indexed by any countable
infinite set X; if f : N — X is a bijection, I'(X, R) ¢ RX*X is the image of
I'(R) under the map A + Uy AU;-1. Thus I'(R) = I'(N, R); we shall write
I(X) =T(X,Z).

The following lemmas will be useful in obtaining characterizations of
(), Iswy and T(R) as rings of matrices acting on ¢2(2) and RM) | re-
spectively. If A € RN is such that N(A4) < oo, we write ['(R)AT'(R) to
denote the set

T(R)AT(R) := {) P;jAQ; : P;,Q; € T(R) for all j = 1,...,n and n € N}.
j=1

Lemma 3.6. Let R be a unital ring, A = (Aij)ijen € RNXN o matriz such
that N(A) < oo and r(A) > 1. Then
(1) A=A+ Ay + -+ Ag, where A; € T'(R)AT(R), r(4;) < r(A) and
c(A;) <c(A) foralli=1,... k.
(2) If in addition R is a unital bornological algebra and S <1 £ is a
symmetric ideal such that {A;;} € S(N x N, R), then {(4;)i;} €
S(NxN,R), foralll=1,..., k.

Proof. (1) We first establish some notation and make some reductions. Let
r=r(A)
I ={ieN: the i’” row of A has 7 nonzero entries}.

For i € I, let
hl(l) < h2(2) <0 < hl(r)
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be the columns where the nonzero entries of row ¢ occur. Let A, denote the
matrix obtained from A upon multiplying by zero those rows that have less
than r nonzero entries. Then A, € I'(R)AI'(R), and

r(A) =1, r(A—A,) <r, c(4,) <c(A), and c¢(A— A,) < c¢(A).

Thus it suffices to prove (1) for A,. Hence we may assume that A = A,., that
is, that all nonzero rows of A have exactly r nonzero entries. Furthermore,
since there are at most ¢(A) nonzero entries in each column of A, the set I
can be written as a disjoint union I = Iy U Iy U--- U I5 with s < ¢(A) and
such that each I; (1 <t < s) satisfies the following property:

Proceeding as above we see that we may assume that s = 1. Notice that
if A" is obtained from A by permuting its rows, then A’ = U;A for some
bijection f : N — N. Therefore, I'(R)AT'(R) = T'(R)A'T(R), r(4") = r(A),
and ¢(A") = ¢(A), so we may assume that A = A’. Thus we will assume
that the rows of A are ordered so that if ¢, j € I, then h;(1) < h;(1) if and
only if i < j.

Thus, it only remains to show (1) for matrices A such that for I and h;
as above:

a) All nonzero rows of A have exactly r nonzero entries. (3.7)
b)i<j <= hi(1) < h;(1) for all 4,5 € I. (3.8)
We shall proceed by induction on

My = max #{i € I : Aip;1) # 0}

Notice that the right-hand side of the equation above is bounded by c¢(A),
so M4 € N. First assume that M4 = 1. Then for all 7,5 € I we have that
Ain;1) # 0if and only if i = j. Set

A= Ay Einy = (D Ei) A(D Epyym,)) € T(R)AT(R).
i€l icl jeI
Then
r(Ay) <r, r(A—Ay) <r, c(A)) <c(A), and c(A — A1) < ¢(A),

so the statement in (1) holds for A. Assume now that M4 > 1 and that (1)
holds for matrices B satisfying 3.7 and 3.8, and such that Mp < M 4. Let

11 :=min/l, Kj := {j el: Ailhj(l);éo}-
For n > 1 such that U;L;ll K; #1, let

n—1 n—1

in ;= min[l\ U K, and K,, :={j eI\ U K Ainy) # 0}
j=1 =1
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Let
J = {{1,2,...,71}, if U;'L:1Kj =1

N, otherwise.
We claim that

a)in >in1VneJ and b) I=[]K; (3.9)
JET
In fact a) follows from the inequality

n—1 n—2

ip =min[l\ UKj >min[ \ UKj:in_l
1 1

and the fact that ,, # i,_1 because i, € K;,_1 and i,,_1 € K,,_1. It is clear
that b) holds when J is finite. Assume now that J infinite. If k € I, then
either k € {i,, : n € J} C |JKj or, by a), there exists n € J such that

n—1

k<in=minI\ | K.
1

This implies that k& € U?_l K. Thus b) holds also when J is infinite, and
both claims are proven. Now set

B:= > AijE,;=(Y Eii,)A€cT(R)AT(R).
neJ,jeN neJ

Notice that B is obtained from A by multiplying by zero the i*" row whenever
i & {in :n € J}. Therefore B satisfies 3.7 and 3.8, r(B) = r, and ¢(B) <
c(A). We next show that Mp = 1. We begin by noting that B; ; 1) # 0
implies that A; ;. 1) # 0. Then 4,(1) > 4,,(1), which implies by 3.8 that
in > im, which in turn implies, by part a) of equation (3.9), that n > m.
Now, if n > m we would have

n—1 m
in¢ | K; 2| K;.
1 1

Then i, ¢ K,, and i, ¢ Ugn_l Kj, which implies that A4; ; 1) = 0, a
contradiction. Thus n = m and Mg = 1, as claimed. Set C = A — B; we
have r(C) = r and ¢(C) < ¢(A). Notice that C' is obtained from A upon
multiplying by zero the i row for all n € J. Besides, the i’* row of C
is nonzero if and only if i € Ic := I\ {i,, : n € J}, and in that case it
is equal to the i"" row of A. Therefore, C' satisfies 3.7 and 3.8. We next
prove that Mo < My, which will conclude the proof of part (1). If i, 5 € I,
then A;p, (1) = 0 implies that Cy, (1) = 0. On the other hand, by part b) of
equation (3.9), we can choose n € J such that j € K,,. Then Ain;) # 0,
whereas C; 5, (1) = 0. It follows that Mc < Ma — 1. This concludes the
proof of part (1). Part (2) holds because for I = 1,...,k, {(4;)i;} is obtained
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upon multiplication of {A;;} by bounded sequences and by permutations of
terms. 0

Lemma 3.10. Let A = (A;j)i jen be a matriz with entries in a unital ring
R such that N(A) < co. Then

(1) A=A+ Ay + -+ - + Ay, where A; € T(R)AT'(R), and N(4;) <1,
foralli=1,... k.

(2) If in addition R is a bornological algebra and S <1 £°° is a symmetric
ideal such that {A;;} € S(N x N, R), then {(4;);;} € S(N x N, R),
foralll=1,... k.

Proof. Use Lemma 3.6 and proceed by induction on r(A) to write
k
A= ZBi’ where 7(B;) =1, ¢(B;) < c¢(A), and B; € I'(R)AT'(R).
1
Next apply the same procedure to each transpose matrix B! to get the

decomposition in (1). The second statement follows from the second part of
Lemma 3.6. O

Proposition 3.11. Let A = (A;j)i jen be a matriz with entries in a ring R.
Then N(A) <1 if and only if A = diag(a)Uy, where f € Emb and a € RN
are defined as follows:

Ay, ifi=f(j)

0, otherwise.

fO)=1i < Ay #0 a(i)={
Proof. For f and « as in the proposition, the n** column of A is

. _Ja(n)esmy, ifn € dom(f)
(diag(c)Uy)(en) = {O, otherwise.

— Apmnermy, ifne dom(f)
0, otherwise.

O

Proposition 3.12. Let 2 be a unital bornological algebra, S <1 {*° a sym-
metric ideal, and Iy <A T'°°(2U) the ideal defined in equation (3.3). Then

IS(Q[) = {A = (Aij)i,jeN . {AU} c S(N X N) and N(A) < OO} (3.13)

Proof. Let Dg denote the set on the right hand side of equation (3.13). By
Lemma 3.10 and Proposition 3.11, a matrix A belongs to Dg if and only if
A =" Ay, with A, = diag(ay)Uy, € Dg. Further, we may choose aj, and
fx such that supp(ay) = ran(fx). Under these conditions, Ax € Dg if and
only if o* € S. This shows that A € Dg if and only A € Ig. O

Corollary 3.14. Let 2 be a unital bornological algebra. Then Karoubi’s
cone T'(2) is a subalgebra of T>°(A).
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Definition 3.15. If 2 is a not necessarily unital bornological algebra, and
S < £ is a symmetric ideal, Igg is defined by (3.13).

Example 3.16. Let
cy = {a € L7 : supp(«) is finite }.
Then
I,y = Moo () = {A: 3n € N such that A4;; = 0 if either i >n or j >n }.
We shall write My, = M. Z.

Remark 3.17. Let 2 be a unital bornological algebra, I <1 I'*°(2() a two-sided
ideal and T" € I. Then by Lemma 3.10 and Remark 3.11, we can write

T = diag(a')Uy, with diag(a’)Uy, € I, (3.18)
=1

where f; € Emb and o € (°°(). Similarly, if R is a unital ring and
T € I < I'(R), then we can also write 7" as in (3.18) but now with o' such
that the set {af, : n € N} C R is finite.

4. THE TWO-SIDED IDEALS OF I'* AND THOSE OF B(/?(N))

Calkin’s theorem in [2, Theorem 1.6]), as restated by Garling in [15,
Theorem 1], establishes a bijective correspondence between the set of proper
two-sided ideals of B = B(£?) and the set of proper symmetric ideals of
£°°. Calkin defined this correspondence in terms of the sequence of singular
values of a compact operator. It can also be described as follows: an ideal
J <1 B is mapped to the symmetric ideal

S(J) ={a € £ : diag(a) € J}. (4.1)

The inverse correspondence maps a symmetric ideal S in £°° to the two-sided
ideal

B Jg = (diag(a) : a € S) (4.2)
We refer the reader to [19, Theorem 2.5 for further details. Recall that,
by another result of Calkin [2, Theorem 1.4], the Calkin algebra B/K is
simple. On the other hand, it is easily checked that ¢y < £°° is maximal
among proper symmetric ideals. Thus, by mapping £°° to B we extend the
correspondence above to a bijection between the family of symmetric ideals
of £°° and that of two-sided ideals of B. In Theorem 4.5 below we show that
Calkin’s correspondence carries over to ideals in I'*°. We will make use of
the following lemma.

Lemma 4.3. Let a € >, f € Emb and let I <1 I'*® a two-sided ideal.
Consider the operator
T = diag(a)Uy.
Then
Tel < |T|el.
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Proof. We have
T*T = U} diag(|af*) Uy = diag(fI(Jaf*)) = diag(|f(a)[?).
Therefore, |T| = diag(|f(a)|), and the polar decomposition of T is T =

V|T|, where
V = diag(va)Uy,

Va(n) = {Oo’z(n) if a(n) =0 (4.4)

)’ otherwise.

for

It is now clear that V € I'*°. Thus T € [ if and only if |T'| € I, since I'*®
is a x-algebra and |T| = V*T. O

Theorem 4.5.

i) The map S — Ig is a bijection between the set of symmetric ideals of £>°
and the set of two-sided ideals of I'°°. Its inverse maps an ideal I <1 T to
the symmetric ideal S(I) defined as in (4.1).

il) The map J — JNOT' is a bijection between the sets of two-sided ideals of
B and those of I'™°. Its inverse maps an ideal I <1 T'>° to the two-sided ideal
of B it generates.

iii) If S <0 is a symmetric ideal, then Jg NT>° = Ig.

Proof. Let I < T'*°; write S = S(I). It is clear that Ig C I. On the other
hand, if 7" = diag(a)Uy € I, for some a € ¢*° and f € Emb, then, by
Lemma 4.3,

diag(fl(la])) = |T] € Is.
Hence T € Ig, again by Lemma 4.3. In view of Remark 3.17, this implies
that [ = Is. We have shown that Iy = I. Let now S <1 £°° be a symmetric
ideal. Then

S cS(Ig)cS(Js) CS,
the last inclusion being due to Calkin’s theorem. It follows that S = S(Ig),
completing the proof of part i). Next, since the ideal (Is) <1 B(¢?) generated
by Ig is also generated by diag(S) we have (Ig) = Jg, by Calkin’s theorem.
Now, again by Calkin’s theorem,

ScS(JsnT>) c S(Js) =S8S.
Thus Jg NI'*° = Ig, by part i). We have proven part iii) and also shown
that (Ig) N> = Ig. Moreover, by parts i) and iii) we have
diag(¢>°) N Jg = diag(£>°) N Jg N T'*° = diag(¢>°) N Ig = diag(S).

It follows that (Jg NT'*°) = Jg, which ends the proof. U

It follows from Proposition 3.12, Example 3.16 and Theorem 4.5 that
INT(C) = M, (C)

for every proper ideal I < I'*°. The next proposition shows that in fact
Moo (C) is the only proper ideal of I'(C).
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Proposition 4.6. Let k be a field. Then My (k) is the only proper two-sided
ideal of T'(k).

Proof. Tt is well known and easy to check that My (R) < I'(R) for any ring
R. Let I # 0 be a two-sided ideal of I'(k), and let A # 0, A € I. If iy and
Jo are such that A; ;, # 0, then

Eij = (Aiojo)_lEiioAEjoj el V’L,j (47)

This shows that My (k) C I. Assume that the inclusion is strict. Let
A € I'\ My (k). By Remark (3.17), we may assume that A = diag(a)Us
for f € Emb and a € kY, where Im(a) = {a,, : n € N} is finite and
supp(a) = domf C N is infinite. Because k is a field, we can multiply A on
the left by a diagonal matrix in I'(k) to conclude that Uy € I. But since
ran(f) is infinite, there are bijections g : N — dom(f) and h : ran(f) — N
such that hfg = 1. Hence I must contain 1 = U,UU,. (]

5. I'>*® AS AN INFINITE SUM RING

We begin this section by recalling some definitions from [21] and [8]. A
sum ring (R, xg, 1, Yo, y1) consists of a unital ring R and elements x, z1, 3o,
and y; € R satisfying:

Yoro =11 =1 (5.1)
zoYo + 1y1 = 1.
If R is a sum ring, the map
@®:RxR— R, defined by r & s = xgryg + 215Yy1, (5.2)

is a unital ring homomorphism. An infinite sum ring consists of a sum ring
R equipped with a unital ring homomorphism

® : R — R such that r ® ®(r) = &(r). (5.3)

The notion of infinite sum ring was introduced by Wagoner in [21]. He
showed that if R is unital, then the following is an infinite sum ring:
I'"(R):={Ae RN A. M, RC MR > MR- A}

We may regard I'V(R) as a multiplier algebra of M., R. One checks that a
matrix A € T (R) if and only if every row and every column of A has finite
support. Let

fi:N=N, filn)=2n-14 (i=0,1) (5.4)
The elements x; = i Yi = Uy, satisfy conditions (5.1). The homomor-

phism & is defined by '
o0 o0
(I)(A) = z:3:‘]16:170143/03/{C = Z AijE2k+1l'+2k_172k+1j+2k_1- (55)
k=0 kg

This map is well-defined because (k,i) + 2F+1i + 28 — 1 is one-to-one;
Wagoner showed in [21, pp 355] that it satisfies (5.3). Observe that the



HOMOTOPY INVARIANCE THROUGH SMALL STABILIZATIONS 15

x}s and yls are elements of I'(R). It is not hard to check, and noticed in
[8, 4.8.2], that ®(I'(R)) C I'(R), whence I'(R) is an infinite sum ring too.
Now we remark that if 2 is a bornological algebra, then

D) c TA) c T ().
Furthermore, ® also sends I'*°(2() to itself. Thus if 2 is unital, then I'>°(2)

is an infinite sum ring. We record this in the following proposition.

Proposition 5.6. Let 2 be a unital bornological algebra, and let f; be as

in (5.4) and ® as in (5.5) Then (FOO(QL),UfT,UfT,UfO,Ufl,CI)) is an infinite
0 1

sum ring.

Corollary 5.7. Let F' : C — Alg — 2b be a functor. Assume that the
restriction of F to unital C-algebras is split-exact and Ms-stable. Then
F(T>(A)) = 0 for any unital bornological algebra A. If furthermore F is
split exact on all C-algebras, then F(T'>°(A)) = 0 for any, not necessarily
unital bornological algebra 2.

Proof. Immediate from Proposition 5.6 and [5, Proposition 2.3.1]. O

Examples 5.8. Both Weibel’s homotopy algebraic K-theory [22] and pe-
riodic cyclic homology [12] are Ms-stable and excisive on all Q-algebras.
Hence if 2 is a bornological algebra, then

KH,(T®(R)) = HP,(T® (1)) = 0.

Algebraic K-theory groups K, are split exact and M- stable for n < 0;
the same is true of Karoubi-Villamayor K-groups KV, for m > 1 ([17,
Théoreme 4.5]). Hence,

K,(T®@) = KV, (T®(A) =0 (n<0,m > 1),

again for all 2. For positive n, the groups K,, are still split exact and Ms-
stable on unital rings. The same is true of both the Hochschild and cyclic
homology groups HH, and HC), for n > 0; moreover these groups vanish
for n < —1. Hence we have

Kpp1(T® () = HH, (I () = HC,(TF(3A) =0 (n>0)

for any unital bornological algebra 2I.

6. THE ALGEBRA I'*°(2() AS A CROSSED PRODUCT
Let 2N denote the submonoid of idempotent elements of Emb
N ={p:peEmb p?=p}C Emb.

Note that if p € 21, then for A = ran(p) = dom(p), we have U, = diag(x4),
the diagonal matrix on the sequence
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We will often identify p, U, = diag(x4), and x 4. Notice that

f«p)f = fp. (6.1)
The subgroup of I" generated by the image of 2Y under f — U  is the subring

P =span{U, :p € 2V} C T.

We also consider the monoid rings Z[2V] and Z[Emb], and the two-sided
ideals

I={xauB—xa—xp:ABCN, AnB=0}) <z]2V], (6.2)
J={xauB—x4a—x:ABCN, ANB=10})<Z[Emb]. (6.3)
Observe that I and J contain the element

XAUB — XA — XB — XANB

for any pair of not necessarily disjoint subsets A, B C N.

Lemma 6.4.

i) P =7Z[2N]/1.

ii)T" = Z[Emb]/J

iii)If A is a unital bornological algebra, then (*°(A) @p T' = T'°(A) as P-
bimodules.

Proof. 1t is clear that there are natural surjective ring homomorphisms
71 Z[2Y]/I — P and
w9 : Z[Emb]/J — T,

and a natural surjective P-bimodule homomorphism
w3 4 Rp [ — '™,

Let £ =301 A\jxa, € Z[2N] represent an element € ker my; for each subset
Fcil,...,n}, let Ap =(Njep Aj Njgr Aj- From m1(£)1a, = 0 we get

Ap#£D =) "X =0.
JEF

Next note that |J; | A; = UpAp; hence, modulo I, we have

£= Z Z AjXA;NAR

F j=1
=> O M)xar=0.
F jeF
This proves i). In order to prove ii) we have to show that ker(my) = 0. Let
§=>""_1\jfj € Z[Emb] be a representative of an element in ker(rs). Let

A; = domf;, and let Ar be as above; then £ = > &xa,. Hence we may
assume that the A; are disjoint. Furthermore, upon replacing £ by &xa4,,
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and elminating zero elements of Emb, we may assume that A, = --- = A,,.
For each j € N, we have

Z Aieg,(j) = 0. (6.5)
=1

Let K ={fi(j): 1 =1,...,n}; for each k € K, let Dy = {i : f;(j) = k}.
Then D(j) := {Dp}lrex is a partition of {1,...,n}, and ZiEDk A = 0.
There is a finite set D of partitions arising in this way, since the number
of all partitions of {1,...,n} is finite. For each D € D, let Jp = {j €
N : D(j) = D}. Then UpepJp = N, and £ = Y ¢ xp. Hence, upon
replacing & by £xp if necessary, we may assume that D has only one element
D ={D,...,D,}. But £ =) . xp,&, so we further reduce to the case when
r = 1. This means that f; = --- = f, and, by (6.5), >_, \if; is the zero
element of Z[Emb]. We have proved ii). To prove iii) we must show that 73
is injective. Let £ = > o) ® Uy, € ker m3. Because

a® Uy = axsupp(a)rranf @ Xsupp(e)rranfUy € £°(R4) @p T,

we may assume that supp(«;) = ran(f;) (i = 1,...,n). Proceeding as above,
we may assume that domf; = --- = domf,. For each j € N, we have

S alles = 9
=1

. By

I
e

Proceeding as above again, we may reduce to the case f; = ---
(6.6), we have 3.7, o = 0. Thus

&= Za(i) Uy, = (Za(i)) ®@ Uy, = 0.
=1 i=1

O

Remark 6.7. Given any monoid M, a representation of M is the same thing
as module over the monoid ring Z[M]. In view of Lemma 6.4, the modules
over P and I" correspond to those representations of the inverse monoids 2V
and Emb which are tight in the sense of Exel (see [14, Def. 13.1 and Prop.
11.9)).

Remark 6.8. Tt was proved in [8, Lemma 4.7.1] that the map
Yv:I'®R— F(R), w(A & JZ)Z',]' = A,’jl’

is an isomorphism. It follows from this that I' is flat as an abelian group.
Therefore the map J ® R — Z[Emb] ® R is injective. Thus, by Lemma 6.4,

I'(R) = Z[Emb] ® R/J ® R = R[Emb]|/JR.
Next observe that the inclusion P C I is a split injection. Indeed the map

I'— P, Uf»—>Pd0mf
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is a left inverse. It follows that if R is any ring then the map ¢ : P ® R —
P(R) := (P ® R) is an isomorphism. Thus using Lemma 6.4 and a similar
argument as that given above for the case of I', one can show that

P(R) = R[2V]/IR.

Because Emb is a monoid, if A is a ring on which Emb acts by ring
endomorphisms we can form the crossed product A#Emb. As an abelian
group, A#Emb = A ® Z[Emb| with multiplication given by

(a7£f)(b#tg) = af(b)#f 9. (6.9)
Here # = ® and f.(b) denotes the action of f on Emb. Now assume that

the Emb-ring A is also a P-algebra, that is, it is a ring and a P-bimodule,
and these operations are compatible in the sense that

(ap)b = a(pb) (a,be A, peP).
Further assume that A is central as a P-bimodule, i.e. pa = ap (a € A,
p € P), and that

pa = p«(a) (pe 2N)'
Under all these conditions, we say that A is an Emb-bundle (cf. [1, Def.
2.10]). For J <1 Z[Emb] as in (6.3), we have
AH#Emb > A#J = span{r#j :r € A, j € J} and
A#Emb > L = span{rp#h — r#ph :r € A,p € P,h € Emb}.

Set

A#pl = A#Emb /(L + A#J). (6.10)
Thus, A#pl' = A®p I as left P-modules, and the product is that induced
by (6.9); we have

(a#U)(b#U,) = af.(b)#Uy, € A#tpl. (6.11)
Proposition 6.12. Let 2 be a bornological algebra. The map
(M) #pl = TRA), oF#Us — diag(a)Uy (6.13)

is an isomorphism of P-algebras. If S <1 £%° is a symmetric ideal, then
(6.13) sends S(2)#pl" isomorphically onto Iy <t T*°(A).

Proof. Assume first that 20 is unital. Then the map (6.13) is the same as
that of Lemma 6.4(iii). Hence, it is bijective. By (3.1) and (6.11), it is an
algebra homomorphism. This proves the first assertion in the unital case; the
second is immediate from the fact that (6.13) is bijective and maps S()#pT
onto Ig(g). For not necessarily unital 2, write 2l for its unitalization as a
bornological algebra. We have an exact sequence

0—=S®) —=SA)—S—0. (6.14)

Observe that the inclusion C C 2 induces a P-module homomorphism S —

S(2) which splits the sequence (6.14). Hence we get an exact sequence

0— SR)#pl — SRA)#pl' — S#pI — 0.
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Combining this sequence with the unital case of the proposition, we obtain
an isomorphism

o

S(Ql)#pr — ker(IS(gl) — Is) = IS(Ql)

7. HOMOTOPY INVARIANCE

7.1. Crossed products by the Cohn ring. The following two elements
of Emb will play a central role in what follows

si:N=>N (i=1,2)
si(m) =2m+1i—1.
We have the following relations
slsj=0i;  i=1,2. (7.1.1)

Following standard conventions, if v is a word of length [ on {1,2}, we

write s, = s, --- 5, and sJ,L = (s,)!. Thus for the empty word we have

Sp = sg) = 1. Observe that if y is of length [ then
l

su(n) =2m+> (n — 127", (7.1.2)
i=1
Put
Wi = { words of length [ on {1,2}}, W= U Wi
=0
We write

Mo = {s,(s,)" : p,v € Wa}.
Thus My C Emb is the inverse submonoid generated by the s;. Its idempo-
tent submonoid is

E(MQ) = {SV(SV)T Ve WQ}.
One checks, using (7.1.2) that sus,T, = su/sl, if and only if p = y/ and
v =v'. It follows that My is the universal inverse monoid on generators
s1, 82 subject to the relations (7.1.1). Write

Cy = ZIMy] D Py = Z[E(M3)].
The algebra Cy is the Cohn ring on two generators ([3]). The assignment

2
Ey,1),5,010) 7 su(1— Z sis))st.
i=1
defines an isomorphism between My, and the ideal of Cy generated by 1 —
Z?:l Sisj. We shall identify each element of M., with its image in Cbs.
If 2 is a bornological algebra and S < £*° is a symmetric ideal, then we
can consider the action of My on S(2() coming from restriction of the Emb
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action, and form the crossed product S(2)#Mj. Recall from Section §6
that S(A)# My = S(A) ®z Z|Ms] equipped with the product (6.9). Put
S()#p,Co = SQ)#Ma/(ap#f — a#pf : p € E(M2), f € Ma).

As a vector space, S(21)#p,Co = S(A) @p, Cy; the product is defined as in
(6.9). We have an algebra homomorphism

SQ)#p,Co = Isw), plogtf) = diag(a)Uy. (7.1.3)
Lemma 7.1.4. The map (7.1.3) is injective.

Proof. Any nonzero element x € Cy can be written as a finite sum of nonzero
terms

x = Zawy#susi. (7.1.5)

v
Let [ be the maximum length of all the multi-indices pu appearing in the
expression above. Remark that we may rewrite (7.1.5) as another finite sum

x = in,j#Ez}j + Z ﬁu,V#Susi' (7.1.6)
i,j L(p)=l
such that
zij #0=1i<2 (7.1.7)
Indeed this follows from (7.1.2) and from the identities

2 2
susl =s,(1 — Z sisl)sl + Z smsii
i=1 i=1
2
DD s
i=1

Suppose that the element (7.1.6) is in ker p. Observe that p(x; ® Ejj) =
E; ;. Hence, we have

0= me i+ Z diag(B,,,)Us, Us . (7.1.8)
W)=l
But by (7.1.2), for p as in (7.1.8), we have

ran(Us, U} ) = spanfe, : n = 2lm, + Z 127t m e NL
i=1
This together with (7.1.7) imply that each of the summands of (7.1.8) van-
ishes. Thus
x;; = 0 and diag(B,,.,)Us, U =

Su~ Sy

for all 4,7 and all x4 and v in (7.1.7) Hence,

0 = suppfB, N (2'N + Z —1)27) = supp(sus )i (Buw)-
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It follows that BW,#SMSJ,L = 0 and therefore the element (7.1.6) must be
zero, finishing the proof. O

Remark 7.1.9. Let S <1 £*° be a nonzero symmetric ideal and let ¢y be as in
Example 3.16. Then S contains ¢y and thus if we identify S#p,Co with its
image in Ig, we have

Is D S#p,Co D cp#p,Co = M.

In particular the completion of co#p,C2 with respect to the operator norm
in B(£?) coincides with the completion of M,,C and of I.; it is the ideal
K = Jg of compact operators. Similarly, for p > 1 the completion of
(P4£p,Cy for the p-Schatten norm ||T||, = Tr(|T|") coincides with that of
Ipp; it is the Schatten ideal L£P.

7.2. The Cohn ring and homotopy invariance. Let V be a bornolo-
gical vector space, T' a compact Hausdorff topological space, X a metric
space, and 1 > X > 0. Put
C(T,V)={f:T — V continuous},
HMX,V)={f:X =V X\— Holder continuous}.

We refer the reader to [11, §2.1.1 and §3.1.4] for the definitions of continuity
and Hoélder continuity in the bornological setting, as well as for those of the
canonical uniform bornologies that the above algebras carry.

Let S < £°° be a symmetric ideal and 2 a bornological algebra. We have
a natural inclusion

inc: A C SAA),a— (a,0,0,...).
Lemma 7.2.1. (¢f. [11, Lemma 3.26]) Let F' : C — Alg — 20b be a split-

exact, Ms-stable functor, B a bornological algebra, ev, : C([0,1],B) — B
the evaluation map, and 0 < A < 1.

i)
F (C([o, 1],8) %% 5 o (3) B! co(%)#pzcz)

is independent of t.
ii) If p > 1/, then

F (H*([o, 1],8) % 3 0 p () A ep(%)#pz@)

1s independent of t.

Proof. Let S be either ¢q or ¢P. In the first case, put B0, 1] = C([0, 1],B);
in the second, let A > 1/p and set B[0,1] = H*([0,1],B). Let

Zso X Zso D X ={(Lk): k <2' —1}.

Let ¢4, ¢_,¢3 and ¢ be the homomorphisms B0, 1] — ¢*°(X,B) defined
in the proof of [11, Lemma 3.26]. One checks that (¢4, ¢_) and ($3, ¢2 ) are
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quasi-homomorphisms 5[0, 1] — S(X,B). Furthermore, it is shown in loc.
cit. that there are elements V,V € Emb(X) such that for

incop: B — S(X,B), incoo(a),r = ad;odko
we have
F(inco o evg) — F(incopoevy) = (F(Vi) — 1)F(¢—, d+)
+ (F(Vi) = )F(¢3,9%). (7.2.2)
Consider the bijection ¢ : X — N
(k) =2 + k. (7.2.3)
Let s1,s2 be the generators (7.1) of Cy. Let v,v € Emb be the conjugates
of V- and V under v. One checks that, for p as in (7.1.3), we have
U = sg and (7.2.4)
U, =p(1 — sls]; — 3235 + SQSJ{ + slsT). (7.2.5)

Now recall that Cy = Z[Ms] and write x : Co — Cy for the involution
induced by . It follows from (7.2.5) that the element

Cy> f=1-s15] — sash + s8] + 5150 (7.2.6)

satisfies f*f = 1. Hence if g is any of 1#sq, 1# f € (°°(B)#C>, we have an
algebra homorphism

conj(g) : S(B)#Cy — S(B)#Co, =+ gxg™.
Moreovgr, because F' is Ma-stable by assumption and S(8)#C5 is an ideal
in ¢>°(B)#Cy, F(conj(g)) is the identity ([5, Proposition 2.2.6]). Let ¢,

¢, ¢/, and ¢’ be the maps B[0,1] — S(B) obtained from ¢3, ¢%, ¢, and
¢ after conjugating with Uy. Then (7.2.2) gives the identity

F((incevg)#1) — F((incevy)#1) =
(F(comj(1#s2)) — DF (6., ¢) + (Flconj(1#)) = DF(¢5, %) = 0.

We have proved that F((incoevg)#1) = F((incoevy)#1). The proposition
now follows from the fact that if ¢ € [0,1] then evy; and ev( are linearly
homotopic. O

Remark 7.2.7. The key property of C5 used in the proof of Lemma 7.2.1 is
that it contains the elements (7.2.4) and (7.2.6). In fact it is not hard to
check that they generate C'y as a ring. Hence taking crossed product with Cy
may be regarded as the smallest construction which makes the proof given
above work.

Remark 7.2.8. If 2 is a C*-algebra, then ¢o(A) = ¢y ® 2 is the spatial C*-
algebra tensor product. The inclusion ¢y C I, C K is equivariant for the

action of Emb, and so we get a map co(2A)#p,Co — A ® K. Composing
the latter with the inclusion A — co(A)#p,C2 of Lemma 7.2.1 we obtain
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the map ¢ : A — A ® K, a—a ® Eq 1. Hence, the lemma implies that if
F: C— Alg — 2b is split-exact and Ms-stable, then, for every C*-algebra
B, the map

F (0([0, 1],3) <% B & %ézc)

is independent of t. One can use this to prove that F' is homotopy invariant
on stable C*-algebras, thus obtaining a weak version of Higson’s homotopy
invariance theorem [16, Theorem 3.2.2]. Indeed it suffices to show that F'(¢)
is injective if B = A ® IC, and this follows from the fact that there is a map

KoK — MK (in fact an isomorphism) such that the following diagram
comimutes

K® K —= MK (7.2.9)
LT Eyq
K.

Next suppose that 9B is any bornological algebra. Write @ for the projective
tensor product. For each p > 1 we have a map /P@B — (P(B). This map is
an isomorphism if p = 1; using this isomorphism as above, we obtain a map

N A)#p,Co — ASLE.

In general /@A — (P(A) is not an isomorphism. Note, however, that for
every p > 1, the quotient £P(A)/¢'(2A) is a nilpotent ring. Assume that
the functor F is strongly milinvariant in the sense that if f : A — B
is a homomorphism with nilpotent kernel, and such that f(A) < B and
B/ f(A) is nilpotent, then F(f) is an isomorphism. Then F (¢} (A)#p,Cy) —
F(P()#p,Co) and F(ARLY) — F(ARLP) are isomorphisms for all p > 1.
Moreover we also have a commutative diagram

L&t —— MLt (7.2.10)
LT Eq11
ﬁl

Let BAlg be the category of bornological algebras and bounded homomor-
phisms. Using Lemma 7.2.1 together with diagram (7.2.10) above and pro-
ceeding as before, one shows that if F is split-exact, Ms-stable, and strongly
nilinvariant, then the functor

BAlg — Ab, A FARLY),

is invariant under Holder-continuous homotopies. This gives a (weak) borno-
logical version of [9, Theorem 6.1.6]. Observe that the stability properties
(7.2.9) and (7.2.10) play a crucial role in the arguments above. We do not
have an analogue stability result for the uncompleted algebras cy(2()#p,Co
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and £}(A)#p,Cs. In the next subsection we shall prove a version of stabil-
ity for crossed products with I'. This will enable us to prove a homotopy
invariance theorem in the following subsection.

7.3. Stability.

Lemma 7.3.1.
i) There is a natural isomorphism I'(NUN) = M.
ii) Let A be a bornological algebra and S < €*° a symmetric ideal. Then

Tsmvunay & Malgy-
Proof. Let p1,p2 € Emb(NLN) be the inclusions of each of the copies of N.
If f € Emb(NUN), then p; fp; identifies in the obvious way with an element
fi,j € Emb. One checks that the map
Emb(NUN) — Mo, f— (Ufij)
is multiplicative. Hence it induces a homomorphism
Z[Emb(NUN)] — MT".

One checks further that this map kills the ideal (6.3), and thus descends to
a homomorphism

¢ :T(NUN) = Mal',  ¢(a)ij = Up,aly,. (7.3.2)

Observe that £; ;U is in the image of (7.3.2) for all f € Emb. It follows that
(7.3.2) is surjective. Moreover because Uy, , U, are orthogonal idempotents
with Uy, + Uy, = 1, a € I'(NUN) is zero if and only if Uy,al,, = 0 for
1 <4,j < 2. Hence (7.3.2) is an isomorphism; this proves part i). To prove
part ii) one begins by observing that the assignment « — (ap1, aps) defines
isomorphisms S(N UN) — S(N) & 5(N) and P(NUN) — P(N) & P(N).
Next, note that if we regard My’ as a P & P-module via the diagonal
inclusion, we have an isomorphism of abelian groups

(S(2) & S(A)) @pep Ma(L) = Ma(S(A)#pT)

(a,00) @z Y e @ B,
1<0,j<2

Finally one checks that the algebra homomorphism
S(NUN, 20)#pmuml(NUN) = Mo (S(A)#pD)
QF#T Z api#Up, Uy, @ E j
1<i,j<2
coincides with the following composite of isomorphisms of abelian groups
S(NUN, ) #pmnum I (NUN) =(S(2A) & S(2)) @pap Ma(T')
=My (S(20)#pT).
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Let 2 be a bornological algebra and let ¢ : £°°(2) — ¢°°(N x N, () be the
inclusion
L(a)(m7 n) = am(sl,n-
Also let S <1 £°° be a symmetric ideal; put

75 SE)#PT — SN x N, 2)#p(uan TN x N) (7.3.3)
1(a#tUs) = (@) F#Usxxgyy)-

Proposition 7.3.4. Let 2 be a bornological algebra and S <1 £°° a symmetric
ideal. Then any Mas-stable functor F' : C — Alg — 2Ab sends the map ) of
(7.3.3) to a split monomorphism.

Proof. Choose a bijection N x N — N N sending N x {1} bijectively onto
the first copy of N. This bijection induces an isomorphism

S(N x N, 20)#p(rexry T(N x N) = S(NUN, 20)#pqum (NUN).

Composing this map with the isomorphism of Lemma 7.3.1, we obtain an
isomorphism which fits into a commutative diagram

S(N x N, 20)#pmxm (N x N) —— M(S(A)#pT)

J
T %

S)#pl
This concludes the proof. O

7.4. A homotopy invariance theorem. Let fy, f1 : 2 — B be homo-
morphisms of bornological algebras and 0 < A < 1. A A-Hoélder continuous
homotopy from fy to fi is a homomorphism H : 2 — H([0,1],8) such
that ev,H = f; (i = 0,1). We say that a functor F' : BAlg — (b is invariant
under \-Hélder homotopies if it maps A-Holder homotopic homomorphisms
to equal maps.

Theorem 7.4.1. Let F' : C— Alg — b be a split-exact, Ma-stable functor.
i) The functor
BAlg — 21b,B — F(I.p))
18 invariant under continuous homotopies.
i) If 1 > X >0 and p > 1/, then the functor
BAlg — 2b,5 — F(Igp(%))
1s invariant under \-Holder homotopies.

Proof. Let 2 be a bornological algebra. We adopt the notations of the proof
of Lemma 7.2.1. Thus S will be either of ¢y or ¢, and [0, 1] will stand
for C([0,1],21) in the first case, and for H*([0,1],2l) in the second. By the
argument of the proof of Lemma 7.2.1 applied to the functor

G = F(S(=)#pT), (7.4.2)
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we have the following identity

G(inc) (G(evo)) — Glevi)) = (G((s2)+) — DG(dL, ¢y)
+(G(f) — DG, ¢2). (7.4.3)
Now if h € Emb then G(h,) is the result of applying F' to the map
S(ho)dpT = S(S)#PT — S(S(20)dtpT

Here the crossed product is taken with respect to the action on the exter-
nal S. In addition, we consider the action of I' on the inner S and take
the crossed product again; we write (S(S(2))#pl')#pI for the resulting
algebra. We have an inclusion

inc’ = —#1: S(S(A))#pT C (S(S(A))#pT)#pT

and a commutative diagram

S(S@)#pD L S(S(20))pT

inc’ l linc’

(S(S(Q[))#PF)#PJCT;M}L()S(S(Q[))#PP)#PF

Because F'is Mj-stable, F'(conj(1#Uy)) is the identity map, since
S(SA)#pL)#pL < (00 () #pT)#pL 3 13U,
Hence, by (7.4.3),
F(inc’(S(inc)#I))) (F(S(evo)#L) — F(S(ev)#D) =
F(inc')(G((s2)s) — 1)G(4_, ¢'})
+ F(ind)(G(f.) — DG(¢5,6) = 0. (7.4.4)
We have to show that

F(inc’(S(inc)#T)) (7.4.5)
is injective. Observe that we have a natural isomorphism
1 S(S(A) — S(N X N,20), ()i = (Q)m- (7.4.6)

For h € Emb the isomorphism (7.4.6) transforms S(h,) into the action of
1 x h € Emb(N x N), and h,S into that of h x 1. Hence we have a map

inc” : (S(S(A)#pD)#pL — S(N x N)#p (N x N)
ine” (ot Uy #U3) = (@) # (Uysr).
Observe that the composite
inc”inc’(S(inc)#) =

is the map of (7.3.3). By Proposition 7.3.4, this implies that the map (7.4.5)
is injective, concluding the proof. O
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8. K-THEORY

8.1. Homotopy algebraic K-theory. Let 0 < p < co. Put

=

q<p

For 0 < p < oo we also consider

= ﬂ .

q>p

We say that a functor F': BAlg — b is Hélder homotopy invariant if it is
invariant under A-Holder homotopies for all 0 < A < 1. Recall from [11, §2]
that a bornological algebra is called a local Banach algebra if it is a filtering
union of Banach subalgebras. Similarly we say that a bornological algebra
is a local C*-algebra if it is a filtering union of C*-subalgebras. If 2 = U,y
and B = U,B,, are local C*-algebras, we define their spatial tensor product

as the algebraic colimit of the spatial tensor products 20y <§> B, A <§> B =

colimy ,, 2\ <§> B,,. For the projective tensor product of bornological spaces
(and of bornological algebras) see [11, §2.1.2]. In the next theorem and
elsewhere we write KV for Karoubi-Villamayor’s K-theory.

Theorem 8.1.1. Let S be one of 7, (P (0 <p < o0) or P~ (0 <p<o00).
i) The functor BAlg — 24b, A+ KH. (I (g)) is Hélder homotopy invariant
and we have KH.(Is@y) = KH.(Ip(g)) for all S as above.
ii) For every bornological algebra A

KHn(Izl(QL)) - { Kn(le(m)) n < 0.

iii) If 2 is a local Banach algebra and n > 0, then there is a natural split
monomorphism KyP(A) — KH,(In @)

Proof. Recall that K H satisfies excision, vanishes on nilpotent rings and
commutes with filtering colimits ([22]). On the other hand, ¢4(1)/¢P () is
nilpotent for p < ¢ < oo and

() = colim £°(A) (0 <r < o0).

s<r

It follows that K H.(Igw)) = KH«(Ip1q)) for all S as in the theorem. Recall
also that KH is Ma-stable. Hence KH.(Ip(—)) = KH.(Ipp(—)) is Holder-
homotopy invariant, by Theorem 7.4.1. This proves i). By [22, Proposition
1.5] (see also [5, Proposition 5.2.3]), in order to prove ii) it suffices to show
that Ipi gy is Ko-regular. By definition, a ring A is Ko-regular if for each
n > 1 the canonical map

K(](A) — Ko(A[tl, . ,tn])
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is an isomorphism. This is equivalent to the requirement that for t =
(t1,...,tn), the map
e: Alt] = A[t], €(f) = f(0)

induce an isomorphism in K. Observe that

Inglt] =(¢"@)#pD)[t] (8.1.2)

=(C (W)t #pT.

Also note that, for the projective tensor product,
HC>=([0,1],2)) =£'&C>([0,1],C)&A (8.1.3)

=C*([0,1], £1(A)).

Next we borrow an argument from [18, Proposition 3.4]. Consider the ho-
momorphism

¢ = C*([0, 1], £1(2A))[t] — C*([0, 1], 1 (A))[¢]
¢(f)(87§) = f(Svsi)'
Using the identifications (8.1.2) and (8.1.3) we have a diagram

o#I
I oo (jo,11,20) [E] —— L (oo ((0,1),20)) [E]
incT c s=0 < ) s=1
e

e Ty ) [t]
\_/
1

One checks that both the outer and the inner square commute. By The-
orem 7.4.1, Ko(evs—o#I') = Ko(evs=1#I'). It follows that Ky(e) is the
identity; this proves ii). Next assume that 2 is a local Banach algebra; then
KSOp(Ql) = Kp(20). On the other hand, by universal property of the crossed
product, we have a map

Iy = ('@ #pl — LA (8.1.4)
Composing this map with the inclusion
2 — Ipgy, a—akyg, (8.1.5)
we obtain the map
A — LA, arr a®Ey ;. (8.1.6)

Since the latter map induces an isomorphism in Ky, it follows that (8.1.5)
induces a split monomorphism Ko(A) — Ko(lp1(g)). Thus we have estab-
lished iii) for n = 0. For the case n > 1, we consider the simplicial algebras
of C™ functions on the topological standard simplices and of polynomial
functions on the algebraic standard simplices:

AdE [n] — C°(A™)



HOMOTOPY INVARIANCE THROUGH SMALL STABILIZATIONS 29

and
A" [n] = Clto, ... ta] /O _ti = 1).
Set
AN = AMEY and
AMEY = AYE @ 2.
For n > 1, we have
KP°P(A) = m, BGL(AY9),
KV, () = 1, BGL(A™5).
Hence for KV (2l) = BGL(A82), there is a map
KPP () = m(KV (AT (21))).

Composing the latter map with that induced by the inclusion (8.1.5), and
using parts i) and ii), we get a homomorphism

K@) = KV (I aea) = KVi(Tpay) = KHa(Ipy).  (8:1.7)
Composing (8.1.7) with the homorphism induced by (8.1.4) we obtain
K9P () — KH,(L'&A). (8.1.8)
But by [9, Theorem 6.2.1] the comparison map
KH,(L'&A) — KPP (LIQA)

is an isomorphism. One checks that the latter map composed with (8.1.8)
is equivalent to that induced by (8.1.6). But (8.1.6) induces an isomor-
phism in K*P of local Banach algebras. This proves that (8.1.7) is a split
monomorphism, concluding the proof. U

Theorem 8.1.9.

i) The functor BAlg — b, A — K H. (I q)) is invariant under continuous
homotopies.

ii) For every bornological algebra A

Kvn([co(gl)) n>1

KHn(Ico(m)) = { Kn(Ieyy) n<0

iii) If2A is a local C*-algebra and n > 0, then there is a natural split monomor-
phism KnP () — K Hy,(Ly)-

Proof. As in Theorem 8.1.1, part i) follows from Theorem (7.4.1). To prove
part ii), first observe that

CO(C([07 1]7 Q[)) :CO(Na C([()? 1]720)
=C([0,1], co ().
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Then use the argument of the proof of part ii) of Theorem 8.1.1. To prove
part iii) first observe that if 2 is a local C*-algebra, then for the spatial
tensor product,
co(2) = co @ 2.

Hence if K = K(¢%(N)) is the C*-algebra of compact operators then the
map A — A® K, a - a® Fy1; factors through I, (9). Taking this into
account, using the fact that, by [20, Theorem 10.9] and [18, Proposition 3.4],
the comparison map K H,(2A ® K) — K°°(2 ® K) is an isomorphism, and
substituting continuous functions for C'*° functions, we may now proceed as
in the prooof of part iii) of Theorem 8.1.1. U

Remark 8.1.10. The argument of the proofs of part iii) of Theorems 8.1.1
and 8.1.9 does not work for n < 0. Indeed, K,, and K. do not agree for
such n, not even on algebras on which the former is homotopy invariant.
For example negative K-theory is homotopy invariant on commutative C*-
algebras ([10, Theorem 1.2]) yet K,(C) = 0 for n < 0, while K5°?(C) = Z
for m € Z.

Remark 8.1.11. The argument of the proof of Theorem 8.1.1 shows that if
2 is a local Banach algebra then 2 — A&®L! factors through I o121y and the
map

KH,(Ipny) — KH,(ASLY) = KP(2A)
is onto for m > 0. Similarly the argument of the proof of 8.1.9 shows that
for 2 a local C*-algebra maps 2 — 2 ® K factors through I, ) and

KHy(Iyy) — KHay(A© K) = KP(2A)
is onto for n > 0.
8.2. K-theory and cyclic homology.

Theorem 8.2.1. Let 2 be a bornological algebra and let S be cqy, P, (P
(0 <p<oo) or P~ (0 <p<o0) Then there are long exact sequences
(neZ)

KHyp1(Isqy) — HCh—1(Isa)) (8.2.2)
KHn(IS(Ql)) Kn(IS(QI))
and
KH,1(Ig@)) —= HCp_1(T(2A) : Is)) (8.2.3)

|

KHp(Ise) Kp(T(R) : Igey)




HOMOTOPY INVARIANCE THROUGH SMALL STABILIZATIONS 31

Proof. Let K™ = hofi(K — KH) be the homotopy fiber of the compar-
ison map. By [5, diagram (86)], there is a natural map v : K™(A4) —
HC(A)[—1], defined for every Q-algebra A. Write K™ = hofi(v); by
[7, Proposition 8.2.4] K™ is excisive, Ms-stable and nilinvariant, and K"
commutes with filtering colimits. Hence to prove the theorem it suffices to
show that .

K (Igg)) = 0. (8.2.4)
Note also that if S # cp, then

K™ (Isgay) = KM (I o))

by the same argument as that used in the proof of Theorem 8.1.1 to prove
the analogue assertion for K H. Thus we may assume from now on that
S € {co,0'}. By [9, Proposition 3.1.4], to prove (8.2.4) it suffices to show
that Ige is K inf_regular. Here K™ is infinitesimal K-theory; by [4] it is
excisive and Ms-stable. Hence, the same argument as that used in the proof
of Theorems 8.1.1 and 8.1.9 to prove that Igg) is Ko-regular applies to show

that it is also K'™-regular. This completes the proof. O
Remark 8.2.5. By Examples 5.8, we have
KH, (I*(A)) = HCL(I'(A)) = K (I*(A)) =0

for unital /. Hence in the unital case, the second sequence of Theorem 8.2.1
can be equivalently expressed in terms of the quotient I'*° (1) /1 s(21); we have
a long exact sequence

K Hp1(P(2)/Is)) — HCp—1 (I (A) /I5)) (8.2.6)

|

K (T (2)/Igqy)

K H,(T°(0) /T gey)
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