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O In this article we consider the best polynomial approximation operator, defined in an
Orlicz space L*(B), and its extension to L¢(B) where ¢ is the derivative Junction of ®. A
characterization of these operators and several properties are obtained.
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1. INTRODUCTION

In this article we set I for the class of all continuous and nondecreasing
functions ¢ defined for all real number ¢ > 0, with ¢(0") =0, ¢(t) — o0
as t — oo and ¢(t) > 0 for x > 0. We also assume a A, condition for the
functions ¢, which means that there exists a constant A = A, > 0 such that
©(2a) < Ap(a) for all a > 0.

Now, given ¢ € J, we consider ®(x) = fox ¢@(t) dt. Observe that & :
[0,00) — [0, 00) is a convex function such that ®(a) = 0 iff ¢ = 0. For such
a function ®, we have % — 0 as x = 0 and % — 00 as x — 00, and,
according to [9], a function with this property is called an N function.
Observe that the function ¢ satisfies a Ay, condition if and only if the
function ® satisfies a Ay condition.
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If ¢ € 3, then it satisfies a A, condition. Thus, the next inequality holds

1
E(qo(a) + (b)) < p(a+b) < Ay(e(a) + @(b)) (1.1)

for every a,b > 0.
Also, note that the A, condition on ® implies

Q—Lgo(x) < ®(x) < xe(x), (1.2)

for every x > 0.

Let B be a bounded measurable set in R". If ¢ € J, we denote by
L#(B) the class of all Lebesgue measurable functions f defined on IR" such
that fB @(t|f]) dx < oo for some ¢ > 0 and where dx denotes the Lebesgue
measure on IR”. Note that as ¢ € J and it satisfies a Ay condition then
L?(B) is the space of all measurable functions f defined on R” such that
fB ¢o(|f|) dx < oo. For the convex function P, L®(B) is the classic Orlicz
space that was very well studied in [9] and [14].

Let II" be the space of algebraic polynomials, defined on R”",
of a degree at most m. Then a polynomial P € II" is called a best
approximation of f € L?(B) if and only if

f(b(lf—Pl)dx:Oianmf(D(lf— Q) dx. (13)
B o B

Definition 1. For f € L*(B), we set po(f) for the set of all polynomials
P that satisfy (1.3).

In the following, we also refer to ue(f) as the multivalued operator
defined for functions in L*(B) and images on I1".

In this article, we study the mnature of this best polynomial
approximation for functions in L*(B) and we extend, in a continuous way,
the definition of best polynomial approximation for functions belonging
to L?(B) where ¢ = ®'. These results extend those obtained in [3] for the
L? case.

We point out that the conditional expectation is the most well-known
example of an extension of the best approximation operator. Originally,
we think of the conditional expectation as the projection of a function f €
L? on a probability space (Q, s, P) onto the subspace of 3(, measurable
functions which are in L?, where s/, denotes a sub sigma-algebra of .
Using the fact that this projection is a monotone operator we can extend
this best approximation operator from L? to L' and thus we obtain the
well known conditional expectation operator. For ®(¢) =, 1 <p < o0, a
similar best approximation operator is considered in L? and then extended
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to L', see [11]. In that article, the approximation class is the set of all
the s/, measurable functions in L?, where now %, is a sub-sigma lattice
of 3. This best approximation operator and other classical operators in
harmonic analysis are also considered in a general Orlicz spaces L®, see
[10], [1] or [8]. For the special case of s{, = {J, Q}, that is, when the
approximation class is the set of constant functions in (), the extension
of the best approximation operator was detailed studied in several articles,
see [12], [5] and [6]. Also, the extension of the best approximation
operator in L® for a general sub sigma-lattice s/, was treated in [2]. In
all of these cases, the monotonicity of the best approximation operator
was strongly used in the space where it was originally defined. If the
approximation class is the algebraic polynomials, we lose the monotonicity
of the best approximation operator and the extension has to be treated
in a different way. For the L? case see [13], and for the L” case we refer
to [3].

In Section 2, we define the best polynomial approximation operator
for each f € L*(B) and we characterize this best approximation in a
similar way as has been done in [7] for functions of L®(B) in the case that
the approximation class is a lattice instead of the space of polynomials.
We also get a strong type inequality for f € L*(B) which generalizes
Theorem 2.1 in [4], where the extended best polynomial approximation
operator is considered for functions in L?(B). In Section 3, we use this
inequality to extend the best polynomial approximation from L*(B) to
L#(B), where ¢ = @'. This is done in an easier way than the one developed
in [3], where the existence of the extension is proved without using
the inequality in Theorem 2.4. At the end of this section, we prove the
uniqueness and a continuity property for the extended best polynomial
approximation of f € L?(B) for a strictly increasing functions ¢ € 3.

2. EXISTENCE AND UNIQUENESS OF THE BEST POLYNOMIAL
APPROXIMATION OPERATOR IN L*(B)

For P € I1", we set || Plloo = max,cp |P(x)| and | P|; = fB |P| dx.
We begin with the existence of the best polynomial approximation
operator of functions in L®(B). We start with the next lemma.

Lemma 2.1. Letpel, O(x) = fox ©(t) dt and let P, be a sequence in I1™,
such that there exists a constant C that satisfies f 3 UP,|) dx < C. Then, the

sequence P, is uniformly bounded.

Proof. From Jensen’s inequality, we have

o [ i) < [eanpa<c (2.1)
51 s )
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Then, since ||PJ|; is equivalent to |Pll, for P € II" and using the A,
condition on ®, we obtain

O([|Plloc) = M,

for some constant M. Then, as ®(x) goes to oo when x goes to oo the
lemma follows. g

The next two theorems follow standard techniques. However, for the
sake of completeness detailed proofs of them are included.

Theorem 2.2. [et o €3, O(x) = fox @(t) dt and let | € L®(B). Then, there
exists P € T1I"™ such that

/B<1>(|f—P|)dx=Qierhfm/Bq>(lf— Q) dx.

Proof. Let I =infyenn [, ®(|f — Q) dx, then there exists a sequence
{Pn}ne]N C IT"™ such that

/CI)(|f—Pn|)dx—>I as n — 0o. (2.2)
B

Due to the monotonicity and convexity of @ on [0, 00), we get

P, 1 1 1
c1>(' ') < <I>(§|Pn —f+ 'f'> < SO, — /1) + 51/,

2 2
Thus,
[P, ] 1 1
/cp( ) dxg—/CIJ(IPn—fl)dx-i-—/‘l)(lfl)dx,
B 2 2 B 2 B
and then
fo(%) e
— | dx < | ®(f])dx+1+1. (2.3)
B 2 B

Now, Lema 2.1 implies ||P,|l.c < K. Hence, there exists a subsequence
{P.,} € {P.}{nen) such that {P,,} converges uniformly on II1”.
Let P =lim,,_,« P,,. Since ® satisfies the A, condition, we have

O(|f = Py = Ao(P(fD + (1P, 1) = Ao(P(|f1]) + P(K)).

Then, by the Lebesgue Dominated Convergence Theorem, we have [ =
[, ®(f — P) dx. O
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The next theorem gives a characterization of the best polynomial
approximation of functions in L*(B).

Theorem 2.3. Let ¢ €3, O(x) = [, ¢(¢) dt and let f € L*(B). Then P €
I is in ue(f) if and only if

[ et = Phsgngs - v =o. (24)
for every Q e 11",

Proof. For P in pue(f) and Q € I1" we set

Fyls) = / B(|f = P+ 80)]) dx.
B

Next, we prove that Fy, is a convex function defined on [0, 00). For a,b > 0
such that @« + b = 1, we have

FQ(ael-i-bEQ)=/CI)(|(a+b)(f—P)+(a€1+b62)Q_|)dx
B
5f<I>(a|(f—P)+elQ|+bIU—P)+62QI)dx
B

5/aCD(I(f—P)I+61Q|)dx+fb<I>(|(f—P)I+62QI)dx
B B

= ClFQ(El) + bFQ(Eg),
for every €, €, > 0. Then

Fy(0) = min Fy ), (2.5)

0,00

and this identity holds if and only if 0 < F/,(07).
Now, using the Mean Value Theorem we have
|P(f — P +€QD — (f — PD
€lQ]

= 1QI(e(lf = P +e(l1QD),

for0 <e<l.

Then, since |Q|(¢(|f — P|) + ¢(|Q])) is an integrable function, we are
allowed to differentiate inside the integral in the formula of F,(€), and
therefore

0< (0% = / o(If — Phsgn(f — P)Q dx, (26)
B

for any Q € IT"™.
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Now for any polynomial Q € II"”, we take the polynomial —Q in (2.6)
and this completes the proof. g

The following result, similar to Theorem 2.1 in [4], provides us an
inequality that we will need below.

Theorem 2.4. [et o €3I, O(x) = fox ©(t) dt and let [ € L¢(B). Suppose the
polynomial P € I1"™ satisfies

fB ¢(If — Phsgn(f — P)Q dx = 0, (2.7)

Jor every Q € I1"™. Then

/BQD(IPI)IQIdx =< 5A¢/B¢(If|)|Q|dx, (2.8)

Jor every Q € 11" satisfying sgn(Q(t)P(t)) = (=1)" at any t € B such that
Q()P(t) #0 and wheren =0 orn = 1.

Proof. Suppose first let Q € I1"” such that Q(x)P(x) > 0.

Let N={xeB:f(x)>P(x)}and L={x € B: f(x) < P(x)}.
Then

OZ/WLQD(If—PI)sgn(f—P)de
=/Nqo(lf—PI)sgn(f—P)deJrflqo(lf—PI)sgn(f—P)de
Thus,
/VQD(U"—PI)de=/lgo([f—P|)de. (2.9)

Let H(x) = ¢(|P(x) — f(x)|)Q(x) and consider the sets

UU=NnN{xeB:P(x)>0}, U,=NnN{xeB:P(x) <0},
Us=LN{xeB:P(x)>0), U=LN{xeB:P(x)<0).

Then by (2.9), we get

/ H dx = / H dx,
U,uu2 UsUU4
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fde—fde:/de—/de. (2.10)
4] Uy Us Us

Due to the monotonicity of ¢, we have

and therefore

/B¢<|P|>|Q| de/BQD(IP—fIHfI)IQIdx,

and using (1.1) we get

/¢(|P—f|+|f|)|Q|dx§A¢/€D(|P—f|)|Q| dx+A<p/90(If|)|Q|dx

_ A¢/ A dx+A¢/¢(|f|)|Q| i
U, U B

4
=A¢Z/ |H|dx+A¢/ o(IfDIQldx = Ay(h + I).
i1 YU B

Now, we will find an upper bound of [, = ", J |H| dx.
Note that we have |P—f|<|f| on U, and U,. Next, since the
monotonicity of ¢, we obtain

/ |H|dx=/ |H|dx+/ \H | dx
U uly U Uy

< / ¢(|f|)IQIdx+/U (D0 dx < 2/B¢>(|f|)|Q|dx. (2.11)

Since sgnQ = sgnP, from (2.10) and (2.11), we get

/ |H|dx—|—/ |H|dx=/(—H)dx+f H dx
Uy Us Uy Us
=/ de—/ de:/ |H|dx—|—/ |H | dx
Ul U4 Ul U4

=/ \H dx < 2/ o(1fDIQ] dx. (2.12)
Ul B

Therefore, I; < 4/3 e(|f1)1Q| dx and

/Bcp(IPI)IQIdx < 5A¢f3€0(|f|)|Q|dx- (2.13)



Downloaded by [Sonia Acinas] at 17:05 28 June 2015

824 S. Acinas et al.

Now if Q e II" satisfies Q(x)P(x) < 0, we proceed in an analogous way to
obtain (2.12), then

/|H|dx+/ IHIdx:/ de—/ H dx
Uy Us Uy U
=—/ de+f dezf |H|dx+/ |H | dx
0 Uy U Uy

=/ IHIdXSQ/sD(IfI)IQIdx,
0t B

and thus

/Bso(IPI)IQI dx < 5A¢/B¢(If|)IQI dx (2.14)

for Q e II" such that Q(x)P(x) < 0.
Finally, (2.8) follows from (2.13) and (2.14). O

The next corollary will be useful in the following.

Corollary 25. Letgpe 3, O(x) = fox @(t) dt and let f € L®(B).
If P is the best polynomial approximation of f € L¥(B), then

/ (IPDIP| dx < 5A,|IP|l / o (/1) dx. (2.15)
B B

Proof. 1t follows for Q = P in (2.8) of Theorem 2.4 and employing |P| <
1Pl oo g

Remark 2.6. In order to obtain Theorem 2.4, we have used that the
polynomial P is a solution of (2.7) for f in L?(B). Thus, the inequality
(2.15) holds for any polynomial P that satisfies identity (2.7) and f
belonging to L?(B).

3. EXTENSION OF THE BEST POLYNOMIAL APPROXIMATION
TO L¢(B)

In order to get a continuous extension of ue(f) for functions in the
bigger space L?(B), we need the following auxiliary results. Throughout
this section, we will consider ¢ € J and $(x) = fox o(t) dt.

Lemma 3.1. Let f, be a sequence in L*(B) such that there exists a constant
C that satisfies [, @(|f,]) dx < C. Then {||Plls : P € po(f),n=1,2,...} is
bounded.
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Proof. Using Corollary 2.5, we have

/¢(|P|>|P| dx < 5A¢||P||oof¢<|fn|> dx < 5CAL Py (3.1)
B B

for each P € puqe(f,) and for every all n. Thus, using (1.2) we get
[ eapnas <58,
B

Then, from Jensen’s inequality, we obtain

|B|c1>(i/ |P|dx) 5/(13(|P|)dx.
|B| Jp B

Now, since ||P]|; is a norm which is equivalent to ||P|, for P € II", we
obtain for a suitable constant K,

K Cc
<D<_”P||oo> < BAL — I Pllco-
| B] | B

Thus, taking into account that $¥ goes to 0o as x tends to 0o the lemma
g xS

is proved. O

Lemma 3.2. Let f,, f be functions in L¢(B) such that

/I;QD(U% —fDdx — 0 (3.2)

as n — 0.
Also let g,, g be measurable functions such that |g,| < C foralln and g, — g
a.e. for x € {f # 0}, as n — 00. Then there exists a subsequence ny, such that

/sv(lfnkl)gnk dx — /go(lfl)g dx (3.3)
B B

as k — 00.

Proof. Since ¢ is a non-decreasing function and ¢(x) > 0 for x > 0,
there exists a subsequence f,, which converges to f a.e. We will now use
the sequence ¢(|f,|) that has equiabsolutely continuous integrals. That
means, for every & > 0 there exists 6 > 0 such that [, ¢(|f,]) dx < €, for any
E C B, |E| <9, and for every n. This fact follows at once from fB o(|f —
Jal) dx — 0, and

/so(lfnl) SA¢fQD(If—fnl)dx+A¢/sD(|f|)dX-
E B E
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Now, by Egorov’s theorem, given 6 > 0 there exists F C B, |B—F| <
such that the subsequence ¢(|f,,])g,, uniformly converges to ¢(|f|)g on F.
Then

[ e dx = [ etirng i
B B

= (e Dgn — (1fDg) dx + /(QD(Ifn,?I)gmc —o(fDg) dx
-

B—F

Now, using the uniform convergence of the sequence on I we have that

Ji goes to 0 as k goes to 0co. On the other hand, since we are dealing with
equiabsolutely continuous integrals we get |[;| < € for every k. O

Theorem 3.3. Iff € L?(B), then there exists P € 11" such that

/B ¢(If — Phsgn(f — P)Q dx = 0, (3.4)

for every Q € 11",
And

[ @arnas < KiPl | et ax (35)
B B
for a suitable constant K.

Proof. Set the sequence of functions f, = min(max(f,—n), n) which are
in L*(B). Then, by Theorem 2.3, there exists P, € ue(f,) such that

/ e(|fu — Pul)sgn(fy, — P,)Q dx =0, (3.6)
B
for every Q € II™.

Observe that fB o(f. — f1) dx — 0, as n — 0o. Now, by Lemma 3.1, the
sequence ||P, |l is bounded. Then there exists a subsequence P, which

uniformly converges on B to a polynomial P € II". Thus, by Lemma 3.2,
we get

0= lim / e(lfu, — P, Dsgn(fy, — Py, Q dx

=/fp(|f—P|)Sgn(f—P)de,
B

for every Q € II™.
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Now, by Remark 2.6 and (1.2), we also get

fq)(|P|)dx§/(P(|P|)|P|dx§5Aw||P||wf¢(|f|)dX,
B B B

and the proof is completed. g

Now Theorem 3.3 allows us to extend the definition of the best
approximation operator for functions in L?(B).

Definition 2. For f e L?(B), we set p,(f) for the set of polynomials
P € II"™ that satisfies (3.4) and we refer to this set as the extended best
approximation operator.

Next, we list some properties of this best approximation operator.

Theorem 3.4. If ® is a strictly convex function, then there exists a unique
extended best polynomial approximation for every f € L?(B).

Proof. For f € L¢(B) we consider Py, Py € u,(f), P, # P, then
/ o(|f — Pil)sgn(f — P1)Q dx
B

_ / o(If — Paysgn(f — P)Q dx = 0, (3.7)
B

for every Q e I1".
Set the polynomial R = P, — P» € I1" and the pairwise disjoint sets
= {x c BPQ(X) > Pl(x)}
={x € B: P(x) > P(x)}
Z;': {x (S BP](X) =P2(X')}

o PSS

then AUBUC = B and |C| = 0.
Since ® is a strictly convex function, we have that ¢(|x|)sgn(x) is a

strictly increasing function. Consider R < 0 and f — P, < f — P, on the set
A, then

e(lf = PaDsgn(f — Po) < @(|f — PiDsgn(f — Py),

and thus

e(|f = PDsgn(f — PR < o(|f — P)sgn(f — P2)R.
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Hence,
/NSD(If — PiD)sgn(f — PR dx < /Nﬁo(lf — Rsgn(f — B)Rdx.  (3.8)
i A
Analogously, if R > 0 and f — P, < f — P, on the set B, then
o(lf — PiDsgn(f — PR < ¢(|f — PaD)sgn(f — P)R.
Therefore,
/NGD(If — Pi[)sgn(f — PR dx < /NQD(If — R)sgn(f — P)Rdx.  (3.9)
B B
Now, since Ral and P, are continuous functions and P, # P, on B, then
|A| > 0 or |B| > 0. Thus, at least one of the inequalities (3.8) or (3.9) must

be strict.
From (3.7), (3.8) and (3.9) we get

0=/¢(|f—P1|)sgn(f—P1)Rdx
B
=/~90(|f—P1|)sgn(f—P1)R dx+/~qo(lf—P1I)sgn(f—P1)Rdx
A B
< /Nso(lf—le)sgn(f—Pa)R dx+/~qo(lf—P2I)sgn(f—P2)Rdx
A B

= / o(|f — P)sgn(f — P,)Rdx = 0,
B
which is a contradiction, and the proof is completed. O

Proposition 3.5. Forany f € L?(B) it satisfies u,(f + P) = u,(f) + P for all
P ellm.

Proof. 1t follows directly from the definition of the extended best
approximation operator u,(f). g

Theorem 3.6. Let @ be a strictly convex function and h,, h € L?(B) such that
/qo(lhn—hl) dx — 0 asn— oo. (3.10)
B

Then uy(h,) — py,(h) as n — oo.

Proof. Set P, = u,(h,). By inequality (3.5), the sequence P, is
uniformly bounded. We consider a subsequence P,, which converges to
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a polynomial P. Now, we select a subsequence of A,,, which will be also
called by h,,, that converges to % a.e; we also have, for any Q € II",

/ o(lh,, — P, )sgn(h,, — P,)Q dx = 0. (3.11)
B

Now, by Lemma 3.2, we get

/go(|h—P|)sgn(h—P)Q dx =0, (3.12)

B

and taking into account Theorem 3.4, P = p,(f) and the whole sequence

P, converges to P. Thus the proof is completed. g
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