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Fractional and integer stages of lithium ion-graphite systems. The 
role of electrostatic and elastic contributions.
E.M. Gavilán-Arriazub, J. M. Hümöllera, O.A. Pintob, B.A. López de Mishimab, E.P.M Leivaa and O.A. 
Oviedoa

In the present work we analyze the hot topic of integer and fractional stages lithium-ion batteries by Monte Carlo 
simulations. While fractional stages have been proposed through several experimental, simulations and theoretical 
measurements, in other experimental techniques, such as electrochemical ones, there is no evidence for them. In previous 
work, we have analyzed the thermodynamics and kinetics of lithium-on intercalation using a potential based on empirical 
parameterization, where multiple stages (integer and fractional) were found and analyzed. The present simulations 
suggest that, if we consider repulsive elastic interactions in addition to electrostatic ones, the Hamiltonian symmetry is 
broken and there is no evidence for fractional stages. The physical origin of these repulsive interaction is assigned to the 
increasing graphite layer separation during lithium-ion intercalation. In the light of these simulations, selected 
experimental data are revisited, validating the novel parameterization presented. The parametrization used here can be 
used for other kinds of intercalation compounds, like those involving Na or K.

Keywords: Monte Carlo, lithium-ion battery, graphite, fractional stages, elastic interactions.

1 Introduction
Lithium-ion batteries are today the most commonly used 

energy storage devices, with graphite being the material preferably 
employed as the anode electrode. During the lithium-ion loading 
(intercalations process) and unloading (deintercalation process) in a 
graphite matrix, it is well known the existence of stable compounds 
called "stages", which has been detected by different experimental 
techniques1–5. The stages are commonly named as “stage n/m”, 
which represents the smallest periodic arrangement composed of 
"m" lithium-ion layers repeated at "n" graphite sheets. When m=1, 
the stages will be called here “integer” and will be designed with 
roman numerals (I, II, III, IV, etc.). However, for m>1 the stages are 
called “fractional”.

In a previous work, we studied the lithium-ion (de)intercalation 
process in graphite, using Gran Canonical Monte Carlo simulations 
(GCMC)6. In that work, we observed the following sequence of 
intercalation stages:

.              Id VIII IV III III II II II 3 / 2 3 / 2 4 / 3 8 / 7 I

This shows the presence of integer and fractional states, and 
other structures not previously reported, formed by a mixture of 

integer and fractional ones, like stages  and . While  III II  II 3 / 2

the presence of stage  could be caused by the slow  III II

convergence of the simulation algorithm, the fractional stages 
between stages II and I caught our attention for their high 
symmetry. Particularly, it was highlighted that this symmetry is a 
consequence of the hole-particle energy symmetry arising from the 
parameterization (Hamiltonian) used. These fractional stages have 
been previously reported for Li-ion graphite system by 
crystallographic and thermodynamic experimental measurements7,8 
and were previously analyzed in other staging works9–12. Moreover, 
the work of Chandesris et al.13 predicts the occurrence of fractional 
stages using a phase-field model in the staging of graphite 
intercalation compounds, and explain that the non-occurrence of 
these stages can be associated with a screening of the repulsive 
interactions. However, fractional stages are not, or are rarely, 
observed in most of electrochemical measurements7,8. So, 
regarding the existence of fractional stages, we can advance two 
possible explanations. In the first place, it could be associated with 
the presence of "metastable states", which, due to kinetic effects, 
would allow its measurement14. Second, it could be related to the 
intrinsic description of the interaction potential itself. Whatever the 
case, the question remains open about which could be the factors 
that prevent the detection of these structures.
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There are different models dealing with the staging of 
intercalation compounds in graphite. The best known are those 
from Rüdorff-Hoffman (RH)15 and Daumas-Hérold (DH)16. The RH 
model considers an ordering of the guest inside the host in such a 
way that the stages correspond to periodic structure without 
mismatches consisting of fully-occupied and totally empty layers of 
guest, as considered in some theoretical models 17,18. At difference 
with RH, the DH model assumes that for any stage, all layers are 
occupied by periodic structure made of clusters of the intercalant. 
In a previous works14,19, we have analyzed the topic of RH and DH 
structures in Li-graphite system from a kinetic viewpoint. We found 
that RH are expected to be observed at thermodynamics 
equilibrium, while DH can be considered as frustrated structures, 
arising due to kinetic factors.

Ion intercalation in graphite is a phenomenon that has been 
studied for decades, with some kind of compounds as intercalants, 
especially alkaline metals (Na, K, Li, etc.). A recent compilation work 
on this thematic can be found in the Reference20. It is known that 
(at least) two possible contributions come into play for stage 
formation: the electrostatic and elastic interactions21–23. The 
electrostatic interaction is related to the charges of particles, while 
the elastic is due to the stress produced in the host due to the 
incremental intercalation process24. Some authors have given 
evidence that elastic interactions induce an expansion of the 
graphite layers during the intercalation process10,25. In the particular 
case of lithium-ion graphite system, the elastic interaction is mostly 
caused by the separation of graphite layer due to the increase in 
the lithium-ion composition25–29. The carbon-carbon distances (in 
the plane of sheets) seems to present negligible modifications 
compared to the layer separation30. Furthermore, there is recent 
evidence in the work of Mercer et al.31 that during the intercalation 
process of lithium-ion into graphite, the behaviors of the partial 
molar entropy at dilute Li-ion compositions can be explained using a 
model where the Li-C energy is modified with the Li-ion 
composition, showing the importance of considering the elastic 
energy effects. We present in Table 1 the average layer spacing 
extracted from Reference30, showing that the separation between 
the graphite layers varies, depending on the lithium-ion stage. The 
separation can go up to 11% with respect to free graphite.

Stage Average graphite 
layers separation [Å]

Increment in layer 
separation, [Å]d

Graphite 3.35 --------

Id 3.36 , 0.0graphite Idd 

IV 3.45 , 0.1Id IVd 

III 3.47 , 0.02IV IIId 

II 3.51 , 0.04III IId 

I 3.73 , 0.22II Id 

Table 1. Average graphite layers separation in different stages of Li 
insertion. Data extracted from Reference30.

 The largest displacements are around the stage II - stage I 
transition, this is precisely where most fractional states have been 
observed. It follows then that it is necessary to consider the effects 
of the electrostatic and elastic contributions as a function of 
intercalation percentage. The goal of the present work is emulating 
the energetic contributions that lead to the graphite layer 
separation effect using computational methods. It is pertinent to 
mention that although the stage IIb4 is present in the reference 
data used to parametrize our model, we did not have any evidence 
of this stage in our previous work using GCMC studies6 and in the 
preliminary results from the present model. So, we did not consider 
it for the model parametrization, and so neither in Table 1. In fact, 
the experimental data reveals that the average layer separation is 
not considerably affected between stages II and IIb (less than 3%), 
and so can be negligible. We suspect that kinetic factors may be 
involved in the origin of this kind of diluted intercalation compound, 
but more experimental and theoretical efforts are necessary to 
clarify this point.

The article is organized in the following way: section 2, 
"Computational model", presents details related to the modeling 
under study, the electrostatic and elastic contributions to the 
potential energy, and Gran Canonical Monte Carlo methods. In 
section 3, the results and discussion of simulations are discussed, 
with special emphasis on the elastic contributions. Finally, section 4 
presents the most relevant conclusions.

2 Computational model

2.1. Hamiltonian and Potential Energy Function

To simulate the lithium-ion intercalation process in a graphite 
matrix, a three-dimensional lattice-gas consisting of  planes of K

 intercalation sites was used; that is, a total of  L L M L L K  
sites. For simplicity, we consider a AAAA stacking pattern for the 
graphite matrix. The x- and y-coordinates of each site of 
intercalation, correspond to the center of typical hexagonal ring 
from the graphite “honeycomb” structure. The z-coordinate of each 
intercalation site, corresponds to the middle of two adjacent 
graphite layer. Therefore, the distance between possible 
intercalation sites in the same plane is 2.46 Å, while the distance 
between two sites located one immediately above the other is 3.35 
Å. Periodic boundary conditions are imposed in the three exes for 
approximating a large (infinite) system. We used  = 24,  = 12 K L
and  = 3456 sites.M

The model is constructed, as described above, for two reasons. 
First, to give at Li ions the possibility of formation of compact 
structures. Second, to consider the energetic equivalent ways 
formation of √3×√3 layers. Even when the possibility of forming a 
more compact structure like 1x1 is in principle not excluded, in all 
simulations Li ions were observed to intercalate at the closest at a 
distance of √3×2.46 Å in the same plane. Figure 1 shows the typical 
simulation cell used, that is, the graphite substrate with Li 
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intercalation sites, and the typical structure of √3×√3 of lithium in 
graphite layer. The temperature of system was set to 296 K.

Figure 1. Simulation cell employed to represent the graphite and Li-
intercalation sites. It consists of 48 sites and 24 slab, given a total of 
3456 sites of intercalations. a) Side view (x-z plane). b) Top view of 
the cell (x-y plane) contain a structure of √3×√3 of lithium. Periodic 
boundary condition in x, y and z directions were applied. Gray and 

blue spheres correspond to the intercalation site and Li atoms, 
respectively; Green rings correspond to graphite.

The Hamiltonian of the system is a variation of that developed 
by Perassi and Leiva32, implemented in other works6,14,19,33,34. This 
Hamiltonian contains different electrostatic interactions energy 
terms, both of them depending on lithium-ion separation distance:

 1 1( ) ( )
2 2

IP OPM M M
L J I I

i j ij i j ij i
ii j i i j

M M

H c c E r c c E r c   



    
(1)

where  can take the value of 1 if the site i is occupied by a lithium, ic

and zero if it is empty. The first term on the rhs of equality (1) takes 
into account the attractive interactions with second neighbors and 
beyond, while being the interactions to first neighbors repulsive. 

 is a subset of M that includes only neighboring sites in the IPM
same plane in which i is located, with a cutoff radius of 10 Å. This 
contribution is described by a Lennard-Jones potential,

(2) 
12 6

2
ij i

L J m m
ij

j

r rE r
r r




    
             

where  is the depth of the Lennard-Jones potential at   mr
distance.  is the distance between i and j lithium pairs in the ijr
same plane. The summation runs over all neighbors up to 10 Å in 
the xy plane (parallel to the graphite layers).

The second summation on the rhs of Eq (1) considers repulsive 

interactions, of electrostatic origin.  is other subset of M, that OPM

considers sites located in planes different from that where site i is 
located, with a cutoff radius of 26 Å. This contribution is modeled 
by:

(3) 
( )

( ) 1
k

ijrI I
ij

ij

brE r e
r

 

 
 

   
 

where  and  are constant parameters.  is the distance  br ijr

between i and j lithium pairs considered now in different planes. 
The summation runs over all neighbors up to 26 Å in the z-axis (this 
is to consider 7 planes above and below), perpendicular to the 
graphite layers. The  exponent weakens the repulsive 

interactions at small distances. The  coefficient is a function  k 

of lithium composition in graphite, where  is the ion lithium k

composition in graphite for the stage  (  will be properly k 
defined later), and will be parameterized to take into account 
experimental elastic interactions. We return to this point in 
following section.

Finally, the third summation in Eq (1) includes the lithium ion-
graphite interaction  on the surface and the chemical potential 

  applied  to the Li particles in the simulations. Since we consider 
pristine graphite, all Li-ion graphite interaction site are energetically 
equivalent. We present in Table 2 the Hamiltonian parameter 
values used in the present work.

Figure 2a shows the plots of the different contributions to the 
potential energy of interaction of the Li ions in equation (1) using 
the parameters of Table 2 and 3, as a function of the Li-pair 
distance. The attractive energy contribution,  in (Eq. 2), ( )L J

ijE r 

shows a potential well of -0.0255 eV, at a distance of 4.26 Å. It 
increases abruptly for shorter distances, being the reason why Li 
ions do not form more compact structures. The constant 
contribution of  is shown with a red dashed line. The repulsive 
energy contribution,  (Eq. 3), with = 2.00, is shown ( )I I

ijE r  ( )k 

as a green curve in Figure 2a. Note that this is a pure repulsive 
energy curve. The elastic contributions are introduced by the 
changes in  values. Curves with other colors show  ( )k  ( )I I

ijE r 

for  values of 2.10, 2.12, 2.16 and 2.36, where it can be ( )k 

appreciated how this interaction is reduced as  increases. ( )k 

Figure 2b shows the s used for different lattice occupations. ( )k 

Each interval corresponds to a different  curve of  shown in ( )I I
ijE r 

Figure 2a. We return to this topic in following sections."
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Figure 2. a) Scheme of the different potential energy contributions 
as a function of the distance between lithium-ion pairs. While 

 involves distances measured in the same plane,  ( )L J
ijE r  ( )I I

ijE r 

correspond to distances in different planes. is included for 
comparative purposes. b) Values of  coefficient for different ( )k 

intervals of lithium composition in graphite. The expansion 
percentage of the graphite sheets, , is marked in blue, ,%i j

according to the data shown in Table 3.

[eV] [Å]mr [eV] [Å]br  [eV]

0.0255 4.26 0.255 1.00 1.00 -0.03
Table 2. Hamiltonian parameters (T=296 K) 6,32.

2.2. Simulation method
The simulations are performed using the GCMC method 35,36. 

The algorithm is based on the Metropolis scheme37. Glauber 
dynamics and a “plane exchange” routine are implemented in order 
to explore more efficiently the configurational space.

One Monte Carlo Step (MCS) consists in:
 Step 1. Given a configuration , a site i is randomly chosen 

between the M lattice sites.
 Step 2. A new configuration is generated, by changing the *

occupation state of the site i.

 Step 3.The acceptance probability, , from the *w

transition  to , is evaluated according to: *

(4)  * min 1,exp / Bw U k T      

where  is the potential energy difference    *U U U    

between the configurations.  is the Boltzmann constant and Bk

 is the chemical potential applied to the Li particles in the 
simulation.

 Step 4. Steps 1 to 3 are repeated times.M

 Step 5. Given a configuration , a pair of planes j and k are 
randomly chosen between the planes. At least one of them K
must be occupied by Li ions.

 Step 6. A new configuration  is generated by exchanging the *
occupation state of the planes j and k.

 Step 7. The acceptance probability, , is evaluated *h

according to:

(5)  * min 1,exp / Bh U k T  

where  is the potential energy difference    *U U U    

between the configurations.

 Step 8. Steps 5 to 7 are repeated  times.K

For each temperature and chemical potential, we used an 
equilibration stage consisting in 1x107 MCS and a processing stage 
consisting in 1x107 MCS where the variables are averaged.

We should note that as a consequence of the configuration 
change of step 5 to 7, it may be necessary to update the  ( )k 
parameter. When there is a stage change, the next steps after the 
equilibration stage must be performed:
 If the system passes from a stage k to a stage m, then it is 

necessary to update the coefficient .,( ) ( )m k k m      

 Recalculate the energy of the system.
 Repeat MCS 1 to 8, according to the equilibration stage.
 Follow to the processing step.

The lithium-ion composition (or intercalation degree) into 
graphite is calculated as:

(6)
33 i

i
cN

M M
  



where 
 

is the average Lithium number, the number 3 is N

introduced to ensure standardization of , since the 0 1 
maximum Li ion composition, in the stage I, is the third part of the 
total number of sites.

The energy per atom is:
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(7)Li

U
U

N


where  is the average potential energy obtained with the U

Hamiltonian of Eq. (1). The partial molar entropy is:

(8) 
,

1
d

V T

S q
T




     

where  is the differential heat 38,39, obtained as:dq

(9)22d

U N U N
q

N N





2.3 Parametrization of Li-Li repulsion
We have two alternatives to include the elastic contributions in 

the simulations. One consists in running simulations varying the size 
of the simulation box, by increasing the length along the z-axis. This 
allows a relaxation of the graphite planes along this axis, as the 
intercalation process advances. Given the expansion of the layers, 
as intercalation proceeds (see Table 1), the intercalated lithium-ion 
in different planes will "feel" less repulsion for being further apart 
from each other and the potential energy will decrease. Under 
these conditions it is expected that the isotherms will shift towards 
lower chemical potentials. In such type of simulations, the repulsive 
interaction potential between lithium-ions from different planes 
(Eq. 3) would not be modified.

The second alternative is to modify the repulsive interaction 
potential between lithium-ions in different planes, in order to 
introduce the energetic effects of the graphite layers variation 
without modifying the crystallographic structure of the graphite. 
This corresponds to decrease the repulsive interaction between 
ions in different planes as intercalation proceeds. This last 
alternative has certain advantages over its programming and was 
the reason why the latter option was chosen. The disadvantage is 
the need to reparametrize the interaction potential.

The coefficient  for stage  in Eq. (3) is the key ( )k  k
parameter that we will use in the present model to consider the 
energetic substrate modification upon lithium-ion intercalation. The 
electrostatic repulsion contribution will be decreased by increasing 

. This will mimic the energetic effect observed when the ( )k 

graphite average layer separation increases, when passing from a 
low to a high composition stage. Under these conditions, lithium-
ions will be more separated between them, “feeling” less repulsion 
between each other.

We can use the increment in layer separation , ,i jd

corresponding to the change between stages i and j, upon 
intercalation (see Table 1), to define an expansion percentage 

 as:,%i j

(10),
,

,

% 100 i j
i j

graphite I

d
d


 


where 
 
is the total change in layer separation , 0.38 Ågraphite Id 

from empty graphite to full Li-ion occupation, calculated with the 
data from Table 1.
This parameter will be of great importance to link the layer 
separation with the energy excess involved in such a change. Let us 
analyze what this percentage means, and how to link it with the 
layer separation distance. A value of 100 % in denotes full ,%i j

lithium intercalation, starting from empty graphite. This 
corresponds to the change in occupation from  to .0.0  1.0 

Similarly, the variation between stages II and I, , is calculated ,%II I

with the information of Table 1 as:

(11),
,

,

0.22% 100 100 58%
0.38

II I
II I

graphite I

d Å
d Å


   


So,  means that 58% is the change (in percent) of ,% 58%II I 

graphite layer average separation when the system goes from stage 
II to stage I. In the same way, other  values can be calculated ,%i j

with Eq. (10) using the values of Table 1. This information is ,i jd

presented in Table 3. Here we also include other parameters of 
great importance for the present simulations:  is the change ,i j

in the coefficient  when passing from the stage i to the stage ( )k 
j. This allows following the change of the coefficient during 
intercalation from the stage i to stage j as .,( ) ( )j i i j      

Table 3. Energetic parameters obtained from the parameterization.

We set the initial value , for empty graphite and Id / VIII( ) 2.0  

for stages Id and VIII, as used in our previous work considering only 
electrostatic contributions6. The next step is to set up, numerically, 
the equivalence between the percentage of layer variation ,%i j

and the energetic change that the layer variation produces, i.e., the 
change  from a stage to another.,i j

Since we are assuming that the layer separation change between 
stages I and II, , is high enough to break the , 0.38 Ågraphite Id 

Hamiltonian symmetry, we search the minimum value of ,II I

such that the system goes from stage II to stage I without the 

Stages (i, j) ,%i j ,i j ( )j 

graphite, VIII 0 % 0.00 2.00

VIII, IV 26 % 0.10 2.10

IV, III/III-II 5% 0.02 2.12

III-II, II 11% 0.04 2.16
II, I 58 % 0.20 2.36
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formation of fractional stages. So, we first run different simulations 
in this small intercalation interval, parametrizing the equivalence 
between  and . We chose 0.0, 0.05, 0.10, 0.15 ,%II I ,II I ,II I 

and 2.0 as test values, with an initial value .( ) 2.0II  

Figure 3. Fractional occupation of the lattice  as a function of the 
chemical potential of Li particles . The stage II - stage I section 
of the isotherms obtained with GCMC simulations with different 

 values, represented with different colors.,II I

Figure 3 shows the GCMC isotherms obtained for different 
values of , where the fractional occupation of the lattice   ,II I 

is plotted as a  function of the chemical potential  .   , 0.0II I 

(orange line) yields the formation of fractional stages reported in 
our previous work and does not consider elastic contributions6. 
Multiple stages are found. As  increases, the fractional states ,II I

disappear. It can be appreciated that using  is enough , 0.20II I 

to go from the stage  without intermediate (fractional) II I
structures formed between them, thus breaking the Hamiltonian 
symmetry. This is evident as a big jump in the transition stage 

, marked with dashed lines in Figure 3, it is compatible with II I

condensation. For the case  there are indications of , 0.2II I 

plateaus that suggest intermediate configurations in the isotherm 
curves. Values of  will let go from stage II to stage I , 0.2II I 

without fractional stages. Since we are searching the minimum 
value for passing from stage II to stage I without fractional stages, 
we set  for stage  transitions, as the , 0.2II I  II I

corresponding value to the percentage of layer variation 
. Then, the remaining  can be deduced from the ,% 58%II I  ,i j

corresponding  from Table 3 and . Since stages VIII and ,%i j ,II I

(III-II) do not appear in Table 1, we assume the same values of 
 and  as those for the previous stages Id and III, ( )VIII  ( )III II  

respectively. We summarize this information in Figure 2b, which 
shows the intervals values of lithium composition in graphite that 
we used to emulate the elastic contributions. The , are also ,%i j

marked there for a better interpretation. Figure 4 shows the 
schematic picture of the change in the separation between graphite 
layers, which we have used to emulate the elastic effects. Blue 
spheres correspond to Li ions, while black lines are graphite layers. 
The intercalation process advances in the direction of the blue 
arrow. So, as Li ion occupation in graphite increases, the average 
separation between graphite layers becomes larger(0% for graphite 
without Li, stages Id and VIII, 26% for stage IV, and so on). The 
percentage of variation of the interlayer distance, ∆%, between 
consecutive stages is indicated above and in the middle of the 
considered stages. The increase in layer separation causes a greater 
distance between lithium ions in different planes. This decreases 
the repulsion between them, which is numerically represented in 
our simulations with an increase in the parameter .( )k 

Figure 4. Schematic picture representing the relationship between 
graphite layer separation and the energetic parameter , for ( )k 

each  stage. The blue arrow indicates the progress of k
intercalation.

3 Results and discussion
Figure 5 shows  versus μ for the intercalation process 

obtained by GCMC simulations with elastic contributions. Starting 
from the lowest chemical potentials, the stages (indicated by black 
arrows) appear in the sequence: 

 in a chemical potential window        Id VIII IV III III II II I

of about 400 meV. The stage sequence is that reported in the 
literature2. Snapshots showing the structure of the stages of Figure 
5 can be observed in Figure S1a, from Supplementary Information. 
Comparison with Figure 4 in reference6 denotes a greater 
population of Li ions between the complete sheets. This can be 
understood in terms of a decreased effective repulsion between 
ions in different sheets of graphite, due to due to the elastic effects. 
Likewise, the formation of the √3×√3 ordered structure in the same 
plane is shown in Figure S1b in Supplementary Information.

Figure 6a shows a comparison between the isotherm for  2 

(red dots), i.e., without elastic interactions, and the isotherm for 

 having a value for each stage k (black line), i.e., with elastic  k 

interactions. At first sight, it can be noticed that there is no 
indication for the occurrence of fractional stages in the black line, as 
a result of considering the effect of elastic contributions. We must 
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note that the parameterization was not strong enough to make 
disappear the other stages previous to stage II, but it was enough to 
make disappear all the fractional structures. Furthermore, the 
potential window of the entire intercalation process is smaller in 
the present model (400 meV) than in our previous work (700 meV). 
The former value is closer to the experimental potential window2.

Figure 5. GCMC simulation results. Lithium ion composition in 
graphite vs. chemical potential is represented.

The different contributions to the total potential energy of the 
system are analyzed in more detail below. This analysis aims to 
provide understanding on how the decrease in repulsion caused by 
the elastic interactions operates during the intercalation process. 
Figure 6b shows the energy per atom of Li as a function of the 
chemical potential with (black line) and without (red dashed line) 
elastic interactions. It can be seen that for , 70    meV

corresponding to the formation of stages Id and VIII, both curves 
coincide. This is expected, since elastic contributions have not come 
into play yet (see Figure 2b). Both stages are characterized by a 
significant Li-Li attractive contribution in the same plane and host-
guest interactions, evidenced by a sudden change at  100 meV  

towards more negative values in the potential energy per Li atom 
(stage VIII formation). This sudden change is typical for surface 
condensation.

The differences begin to be evident upon formation of stage IV. 
Firstly, it can be seen that the range of chemical potential in which 
the process takes place, is shorter when considering elastic 
interactions. Between  the energy per atom 60 20    meV  meV

is slightly disturbed by the elastic interactions, since the host 
deformation is around 0.1 Å ( ). Then, in the chemical ,% 26%i j 

potential interval , formation of stage III begins 20 0   meV  meV

in the case of consideration of elastic interactions. If the latter are 
not considered, stage IV is still observed. When stage III is formed, 
repulsion begins to be important, since the potential energy is 
increased by the greater repulsion among Li ions in different planes, 

placed at shorter distances. For  the curve shows an 15    meV

incipient mixture of stages III and II (black curve of Figure 6a), which 
presents practically the same potential energy per atom as stage III 
(red curve of Figure 6a), indicating the importance of considering 
relaxation of the network.

Figure 6. a) Comparison of lithium composition versus μ with (solid 
black line) and without (red dotted line) elastic contributions. The 
stages occupations are marked with dotted lines, and the stages 

names are detailed on the right hand of the plot. Fractional stages 
are written with red letters. b) Potential energy per atom for both 

situations, the curves details are the same as in a).

In the interval , it can be seen that stage II 30 105  meV  meV

formation takes place when elastic interactions are considered, 
while this process takes place in the interval  100 200  meV  meV

when these interactions are not considered. The energy per Li atom 
for stage II with (without) elastic interactions is -50 meV (-25 meV). 
The percentage of accumulated deformation of the network is 42% 
(see diagram in Figure 4).

Finally, in the intervals  and 110 190  meV  meV

, the formation of stage I takes places, with 405 490  meV  meV

and without elastic interactions, respectively. We should point out 
that only for the stage II-stage I transition there is a difference in 
the intercalation process. Without the consideration of elastic 
interactions, the process takes place through a sequence of 
intermediate fractional states (II-3/2, 3/2, 4/3 and 8/7). On the 
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other hand, when elastic interactions are considered, state I is 
formed directly from state II, by a process that resembles 
condensation. The latter is evidenced by a remarkable increase in 
the potential energy per Li atom, Figure 6b. The energy per Li atom 
of for stage I with (and without) elastic interactions was 8 meV (150 
meV). This large difference in energy is the result of an average 
increase in the spacing between graphite layers of 0.38 Å, which 
allows reducing the contributions of the repulsive energy between 
the ions located in different planes.

It is interesting to compare the present results with 
experimental data. Figure 7a shows . Each peak /d d vs  

corresponds to a stage, related to the plateaus of Figure 5. While in 
the present calculations the  fixed in the GCMC simulation 

determines , in electrochemical systems, this role is played by the 
electrode potential. In fact, the electrode potential difference,  E
(difference applied between working and reference electrodes) is 
linearly related to the chemical potential of the species according 
to:

(12)C zeE  

where  is the number of electrons transferred in the z
electrochemical reaction,  is the elemental charge and  is a e C
constant that depends on the activity of species in solution and the 
nature of the reference electrode. The physical reason for the 
minus sign is due to the fact that, in electrochemistry, an increase 
of the electrode potential will destabilize the adsorbate, since we 
are taking away their electrons. Deriving both members of Eq. (12) 
by , we obtain:Q

(13)
d dEze
dQ dQ


 

which shows that the derivative of the chemical potential (obtained 
from the simulations) is proportional to the derivative of the 
electrode potential difference (obtained from the electrochemical 
experiments). This provides a way to compare our simulations with 
the experimental data reported in References5,40.

Figure 7a shows the experimental (right axis) and the /dE dQ
theoretical  (left axis), obtained in our simulations. We /d d 

note a good correlation between experimental and theoretical 
predictions, although the stages occupation before stage II are not 
strictly the same. This is a topic to be investigated in the future, but 
a priori it could be stated that there is strong evidence that kinetic 
effects play an important role in the experimental intercalation 
process, as has been studied in several works13,14,19,41–43. This leaves 
an interesting scenario to study how kinetic effects affect the partial 
filling of the stages in Li ion-graphite system. The zone in the range 

 is the transition from stage II to stage I, where it is 0.5 1.0 

found that the value of , as observed in experimental / 0d d  

measurements. There is evidence that stage III found in 
experimental measurements (Figure 7a, red roman number) is 
probably stage IV-II, as proposed in the Reference40. The occurrence 
of stage III and I or stage IV-II is another interesting topic that we 
have addressed previously 6.

Figure 7. a) and as a functions of lithium composition /d dQ /dE dQ

in graphite. The black roman numbers indicate the observed stages 
in simulations and the red roman numbers those from experiments. 
The black arrow indicates that the left axe data corresponds to the 

simulation, the blue dashed and the red dotted arrow show that the 
right data is for experimental data. b) Partial molar entropy vs Li 

composition in graphite. The experimental information was 
obtained from Reference5,40.

The partial molar entropy changes, obtained in the present 
simulations according to Eq. (8), is shown in Figure 7b (red line) 
together with its experimental counterpart (black line). The good 
agreement is clear at low and high occupations  and 0.12 

 (the region marked with an L and H in Figure). However, 0.5 
the partial molar entropy jump at the stage II occupation ( ) 0.5 
is higher for simulations. This is expected, since in the theoretical 
work from Reference17 it has been remarked that an increase of 
repulsion interactions of ions placed in different layers would result 
in higher jumps in molar entropy profiles, and this repulsion is 
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stronger in simulations. The zone between L and H dashed lines 
looks different as compared with the experimental case. The 
simulation shows a series of three maxima that do not appear in the 
experimental curve. The small number of measurement points in 
this area make it difficult to argue whether such transitions exist or 
not.

4 Conclusions
In this paper, we present a way to include elastic 

contributions into the simulation of an (de)intercalation 
processes. Although the work is devoted to the understanding 
of the Li-ion graphite system, it is possible to extrapolate the 
idea to other compounds. It was possible to obtain several 
intercalation stages (integer and fractional) and a possible 
reason why there is no evidence for fractional stages in some 
measurements was discussed. We present theoretical 
evidence that the energetic effect of elastic contributions can 
be responsible for that. The origin of these contributions is the 
increased host stress upon lithium-ion intercalation. The 
energetic interpretation of the passage from stage II to stage I 
without fractional stages is the break of Hamiltonian symmetry 
(hollow-particle) due to the change in lithium-ion repulsion 
proposed here. On the other hand, it is remarkable that the 
Hamiltonian changes did not affect remarkably the formation 
of integer stages, generally observed in experimental 
measurements. Simulations were compared with different 
experimental results to validate the model, showing a 
reasonable agreement in spite of the simplicity of the model.
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