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1 Introduction

In the recent years, the Bondi-Metzner-Sachs (BMS) symmetry [1–3], which generates the

asymptotic isometries of Minkowski spacetime at null-infinity, has been revisited [4–6] and

its relevance to field theory has been reconsidered from a modern perspective. This infinite-

dimensional symmetry has been found to be relevant in the study of scattering amplitudes

of both gravitational and gauge theories in asymptotically Minkowski spacetimes [7], and

its connection to the Weinberg soft theorems and to the memory effects led to a new way

of studying processes in flat space [8–10]; see [7] and references therein and thereof.

More recently, infinite-dimensional symmetries like BMS have also appeared in other

geometrical setups, such as in Minkowski spacetime at spacelike infinity [11, 12] and in the

vicinity of black hole event horizons [13–19]. In this paper, we investigate whether BMS-

like symmetry may also appear in a scenario that involves black holes in AdS space. More

precisely, the question we ask is whether supertranslation symmetry, a proper infinite-

dimensional Abelian subalgebra of BMS, emerges in either the near boundary region or

the near horizon region of AdS black holes.

To answer this question, we will consider massive 3-dimensional gravity [20], which has

the advantage of admitting a rich black hole phase space, including AdS black holes with
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a softly decaying hair [21, 22]. In order to accommodate such solutions within the space

of geometries to be considered, it is necessary to relax the asymptotic conditions near the

boundary of AdS3, demanding a fall-off that is weaker than the usual Brown-Henneaux

boundary conditions [23]. This induces an extra current in the near boundary region,

which mixes with the boundary local conformal symmetry in a non-trivial way: we derive

the corresponding algebra of asymptotic diffeomorphisms and we show that it actually

consists of two copies of Virasoro algebra in semi-direct sum with an infinite-dimensional

Abelian ideal. In other words, the asymptotic isometry algebra at the boundary does

contain supertranslations. However, we show that, unlike the Virasoro transformations, the

supertranslations at the boundary act trivially, i.e. they are pure gauge: by computing the

Noether charges associated to the asymptotic diffeomorphisms, we find the supertranslation

charges identically vanish. Then, we refocus our attention on the near horizon region,

a second region where infinite-dimensional symmetries are also expected to emerge [13].

Based on the analysis of [14, 16, 24, 25], adapting it to the higher-curvature model, we

show that at the horizon supertranslation symmetry does yield an infinite set of non-

vanishing charges, which can be computed using the Barnich-Brandt formalism [26]. By

evaluating these charges on a stationary hairy black hole solution, we find that the zero-

mode reproduces the black hole entropy, as it happens in general relativity (GR). However,

a remarkable difference with respect to GR exists: due to the presence of higher-derivative

terms in the massive gravity action, the black hole entropy does not obey the Bekenstein-

Hawking area law, but it takes a more involved form that depends on the radii of both

internal and the external horizons. Therefore, a natural question arises as to how such

dependence on the internal event horizon can be obtained from the near external horizon

computation. We show that it actually comes from subleading contributions: it turns out

that next-to-leading components in the near-horizon expansion, which in the case of GR

give no contribution, in the higher-derivative theory do contribute to the charges yielding

the correct entropy formula.

The paper is organized as follows: in section 2, we introduce the massive 3D gravity

theory in AdS. In section 3, we specify the point of the parameter space at which we will

work, and the special features that the theory exhibits there. In section 4, we discuss the

main properties of the hairy black holes and compare them with the hairless BTZ geometry.

The asymptotic symmetries at the AdS boundary will be studied in section 5, where we

prove that, while an infinite-dimensional commuting algebra appears and mixes with the

Virasoro symmetry, the conserved charges associated to the former identically vanish. In

section 6, we consider the near horizon symmetries, where supertranslation isometries also

appear, in this case yielding an infinite set of conserved charges. By evaluating these charges

explicitly, we show that the zero-mode of the horizon supertranslation corresponds to the

Wald entropy. In section 7, we extend the near horizon analysis to the case of rotating

black holes, for which the supertranslation charges is also worked out. We show that, in

contrast to GR, in the massive gravity theory new (subleading) terms in the near-horizon

expansion happen to contribute to the charges. In section 8, we extend the analysis by

adding the gravitational Chern-Simons term, which contribute to the Noether charges in

a non-trivial manner. Section 9 contains our conclusions.
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2 Massive 3D gravity

Let us start with the action of New Massive Gravity (NMG) theory [20]

I =
1

16πG

∫
d3x
√
−g
(
R− 2λ− 1

m2
K

)
, with K = RµνR

µν − 3

8
R2, (2.1)

which leads to the field equations

Rµν −
1

2
Rgµν + λgµν −

1

2m2
Kµν = 0, (2.2)

where

Kµν = 2∇2Rµν −
1

2
(∇µ∇νR+ gµν∇2R)− 8RµρR

ρ
ν +

9

2
RRµν +

1

8
gµν

(
24RαβRαβ − 13R2

)
,

(2.3)

satisfying Kµνg
µν = K, so that the problematic mode ∇2R decouples from the trace of

the field equations. In the limit m2 → ∞, this theory reduces to GR. The specific linear

combination of squared curvature terms in (2.1) makes this higher-derivative theory to

exhibit especial features: it propagates two spin-2 helicity states, and at the linearized

level it results equivalent to the unitary Pauli-Fierz action for a massive spin-2 field of

mass m. This implies that action (2.1) describes a ghost-free, covariant massive gravity

theory that, in contrast to Topologically Massive Gravity (TMG) [27] turns out to be

parity-even.

The relative coefficient of the higher-curvature terms of (2.1) coincides with the precise

combination of quadratic counterterms that appear in the context of holographic renor-

malization for D = 3; see [28] and reference therein. Related to this, there is an alternative

way of seeing (2.1) to appear perturbatively: consider the 3-dimensional Einstein-Hilbert

action coupled to matter; namely

I0 =
1

16πG

∫
d3x
√
−g R +

∫
d3x
√
−gLmatt, (2.4)

where Lmatt denotes the Lagrangian of matter. Then, we can deform the action I0 by

adding to it the irrelevant operator

δI = t

∫
d3x
√
−g
(
TµνT

µν − 1

2
T 2

)
, (2.5)

where Tµν is the stress tensor and T is its trace. Operator (2.5) can be regarded as the 3-

dimensional analog of the T T̄ -deformation of [29, 30] coupled to gravity [31]. The coupling

constant t in (2.5) has mass dimension −3. If one solves the field equations coming from

the deformed action I0 + δI to first order in t and, after that, one evaluates the action on-

shell, one obtains the NMG action (2.1) with m2 = 4πG/t. The presence of a cosmological

constant λ in (2.4) would result in a t-dependent renormalization of it and of the Newton

constant G.

Another interesting feature of massive theory (2.1) is that it has a profuse black hole

phase space, including solutions with different asymptotics [21, 22, 32, 33]. In particular,
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it allows for black holes in AdS with a softly decaying gravitational hair. Here, we will

focus on such solutions.

Being a quadratic gravity theory, NMG admits more than one maximally symmetric

solution. That is, there exist generally two values of the effective cosmological constant for

the solutions; namely

Λ± = 2m2 ± 2m2

√
1− λ

m2
, (2.6)

assuming m2 ≥ λ. That is, the theory has two natural vacua, which can be either flat

space and/or (Anti-)de Sitter space, depending on the parameters m2 and λ. The effective

cosmological constant (2.6) set the curvature radius of the solution ` =
√
−Λ±, being `2 > 0

for AdS. Notice that, while Λ− tends to the GR value λ in the limit m2 →∞, Λ+ diverges.

The latter can thus be thought of as a non-perturbative solution.

3 Special point

While at a generic point of the parameter space the theory admits two vacua (2.6) with

different curvature radii, there exists a special point in the parameter space at which these

two vacua coincide. This happens when m2 = λ. At this point, one gets

Λ+ = Λ− = 2λ = 2m2 = − 1

`2
. (3.1)

When (3.1) is satisfied, the theory exhibits special properties, the most interesting ones

being the existence of:

1. A unique maximally symmetric solution.

2. Stationary hairy (A)dS black hole solutions [21, 22].

3. An extra conformal symmetry at linearized level around (A)dS [34].

4. Relaxed boundary conditions compatible with AdS/CFT [21, 35].

5. Extra local asymptotic Killing vectors in AdS [21].

In this paper, we will be concerned with the theory at the point (3.1) and with its special

properties.

4 Hairy black holes in AdS

In addition to the BTZ black holes [36], which are indeed solutions of NMG provided

either Λ+ or Λ− is negative, at the special point (3.1) NMG admits a 1-parameter hairy

generalization of BTZ. In the static case, the metric of such hairy black hole takes the form

ds2 = −
(
r2

`2
+ br − µ

)
dt2 +

(
r2

`2
+ br − µ

)−1

dr2 + r2dφ2, (4.1)
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Figure 1. Penrose diagram of the static black hole solution with µ > 0, namely r+ > 0 > r−.

where t ∈ R, φ ∈ [0, 2π] with period 2π, and r ∈ R>0, and where µ and b are two integration

constants. One can verify that (4.1) actually solves the NMG equations of motion (2.2)

provided (3.1) holds. In fact the solution with b 6= 0 exists if and only if m2 = λ.

For certain range of the parameters µ and b the solution above describes a black hole,

with horizons located at

r± =
1

2
(−b`2 ±

√
b2`4 + 4µ`2), (4.2)

whose inverse transformation is

b = −(r+ + r−)

`2
, µ = −r+r−

`2
. (4.3)

In terms of r+ and r−, solution (4.1) takes the form

ds2 = −(r − r+)(r − r−)

`2
dt2 +

`2 dr2

(r − r+)(r − r−)
+ r2 dφ2, (4.4)

and represents a black hole provided r+ > 0. (Without lost of generality one can consider

r+ ≥ r−). The solution looks similar to BTZ black hole [36, 37], although it describes a

remarkably different geometry.

Let us study the most salient properties of this solution: first, let us summarize some

properties that make the b 6= 0 black hole different from BTZ. For example:

1. It has non-constant curvature, so it is not locally equivalent to AdS3. In fact, Ricci

scalar R = −6/`2 − 2b/r diverges at r = 0 (see figure 1). This means that, as

higher-dimensional AdS black holes, solution (4.1) exhibits a curvature singularity

at the origin. Notice also that, provided b < 0, the curvature R changes its sign at

r = −b`2/3.
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2. It may have two horizons for certain range of parameters, namely for r+ ≥ r− ≥ 0,

despite being a static, uncharged solution (notice that the case r+ ≥ r− ≥ 0 is not

the one depicted in figure 1, which shows an example with r+ > 0 > r−). This results

in a change of the causal structure and singularity signature, relative to the static

BTZ (r− = 0).

3. It does not obey Brown-Henneaux asymptotic boundary conditions [23] but more

relaxed ones. This will be important for the discussion in the next section.

4. It has an additional parameter, b. This parameter is physical, in the sense that it

cannot be absorbed by coordinate redefinition; notice that the curvature invariant

depends on it.

Despite all these differences, spacetime (4.1) does share some properties with BTZ. For

example:

5. It is regular outside and on the horizon.

6. It is conformally flat [38]. That is, the Cotton tensor vanishes, Cµν = 0, which means

that solution (4.1) is also a solution when theory (2.1) is coupled to TMG.

7. It has isometry group R× SO(2) generated by the Killing vectors ∂t and ∂φ.

8. It is asymptotically, locally AdS3 in the sense that the Riemann tensor tends to that

of AdS3 at large r [21]. This implies that limr→∞(Rµν + 2`−2gµν) = 0.

9. Its asymptotic is compatible with a microscopic derivation of its thermodynamics [35]

using the Cardy formula in the dual CFT2 à la [39].

10. It represents a black hole for certain range of parameters, namely for r+ ≥ 0, [21, 22].

The static BTZ black hole corresponds to r+ = −r−. It means it contains AdS3 as a

particular continuously connected case, i.e. for b = µ+ 1 = 0.

11. Its metric admits to be written in a quite manageable, simple expression provided

there is no rotation. It admits a stationary, rotating generalization (see (7.1)–(7.2)

below) whose form can also be written down analytically, although it acquires a

cumbersome form [21, 35], cf. [40]. We will discuss the stationary solutions below.

12. It yields finite conserved charges.

Regarding the latter point, the mass of black hole solution (4.1) can be computed with

the Barnich-Brandt method [26], which yields

Q[∂t] = M =
µ

4G
+
b2`2

16G
=

(r+ − r−)2

16`2G
, (4.5)

which, remarkably, depends on both µ and b. Notice that the solution is massless in the

extremal case r+ = r−.
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A rapid way to confirm this is the right value of the mass is as follows: one can perform

in (4.1) a change of coordinates by defining r̂ = r+ b`2/2. Then, the metric takes the form

ds2 = −
(
r̂2

`2
−M

)
dt2 +

(
r̂2

`2
−M

)−1

dr̂2 +

(
r̂ − b`2

2

)2

dφ2 , (4.6)

where M is given by (4.5). In these coordinates, the metric takes a form similar to BTZ,

up to subleading contributions O(r̂) in the gφφ component, which now reads gφφ = r̂2 −
b`2r̂ + b2`4/4. The new O(r̂) and O(r̂0) terms in gφφ being subleading, one can ignore

them to see the asymptotics, and then simply read the mass from the components gtt; this

obviously yields M .

Component gφφ of the metric (4.6) vanishes at r̂−− = b`2/2, where r = 0. Assuming

b ≥ 0, for this special circle to be inside the horizon one should ask r̂+ = `
√
M ≥ r̂−−,

which in turn implies µ ≥ 0. Then, taking into account relation (4.3) and that r+ ≥ r−,

one concludes that for b ≥ 0 the condition r̂+ ≥ r̂−− ultimately implies r− 6= 0. This also

implies that in that case the curvature singularity at r = 0 is timelike. Another interesting

possibility is b < 0, where gφφ does not vanish for any positive r̂. This solution may

still represent a black hole, which would contain both internal and external horizons (i.e.

r+ ≥ r̂ > 0).

Black hole solution (4.1) exhibits non-trivial thermodynamical properties. Its Hawking

temperature is given by

T =
κ

2π
=

(r+ − r−)

4π`2
, (4.7)

while its entropy can be shown to be

S =
2π(r+ − r−)

4G
. (4.8)

Notice that the latter formula does not follow the area law, but the entropy is given by

the difference between the areas of the external and the internal horizons. This behavior

is due to the presence of the higher-curvature terms present in the action. It can also be

thought of as a backreaction effect of the hair parameter b on the geometry.

It can easily be checked that the variables M , T , and S obey a Smarr-like formula

M = 1
2 TS, which follows from the fact that, for this black hole, S ∝ T . These variables

also obey the first law of black hole mechanics dM = T dS. Notice that in the extremal case

r+ = r− the solution has all thermodynamical quantities equal to zero: M = T = S = 0.

5 Asymptotic symmetries at the boundary

Let us now consider the large r behavior of the geometry (4.1). To do that, let us first study

a weakened version of asymptotically AdS3 boundary conditions: consider perturbations

of the AdS3 metric of the form

δgrr = hrr r
−3 + frr r

−4 + · · ·
δgri = hri r

−1 + fri r
−2 + · · ·

δgij = hij r + fij + · · ·
(5.1)
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where i, j = t, φ or, using coordinates x± = t/`±φ, i, j = +,−. The functions hµν and fµν
above are arbitrary functions of all variables but r. Notice that these boundary conditions

are weaker than the usual Brown-Henneaux asymptotic conditions [23]. They are even

weaker than the boundary conditions proposed by Grumiller and Johansson in [41], which

are the one that holds in the so-called Log-gravity [42]. As a matter of fact, the second line

in (5.1) also differs from the perturbation given in eq. (30) of ref. [21]. Still as we will see

below, the weakened falling-off (5.1) is compatible with the main features of AdS/CFT.

Let us begin by studying the local conformal symmetry at the boundary: consider the

asymptotic Killing field η = ηµ∂µ

η+ = L+(x+) +
`2

2r2
∂2
−L
−(x−) + · · ·

η− = L−(x−) +
`2

2r2
∂2

+L
+(x+) + · · ·

ηr = −r
2

(∂+L
+ + ∂−L

−) + · · ·

(5.2)

which actually preserves the set of metric

gµν = ḡµν + δgµν , (5.3)

with δgµν obeying (5.1) and ḡµν being the line element of AdS3, which in coordinates

r, x+, x− reads

d̄s
2

= −`2(dx+)2 − `2(dx−)2 − 2(`2 + 2r2)dx+dx− + `2(`2 + r2)−1dr2 . (5.4)

Indeed one can check that

Lη gab = O(r), Lη gar = O(r−1), Lη grr = O(r−3), (5.5)

and so it closes in (5.1). Killing field (5.2) generates a Virasoro algebra (see below).

Since (5.1) are weaker than the standard AdS3 boundary conditions, a natural question

arises as to whether this set of geometries is preserved by additional asymptotic Killing

vectors. It was noticed in [21], that the vector field

ζ = Y (x+, x−) ∂r, (5.6)

also preserves the phase-space (5.1). More precisely,

Lζ gaa = O(r0), Lζ gar = O(r−2), Lζ grr = O(r−3), (5.7)

together with

Lζg+− = −4Y r +O(r0). (5.8)

The latter variation relates the subleading fluctuation δg+− with the arbitrary function

Y (x+, x−) that appears in ζ. This means that, under the action of Y , the following

relation between fluctuations holds:

δgφφ = −`−2δgtt = −2Y r +O(r), (5.9)

now written in terms of the variables t, φ.

– 8 –
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Therefore, in addition to (5.2), asymptotics (5.1) admits a local current (5.6). Together,

the Killing vectors η and ζ generate two copies of Virasoro

[η(L+
1 , L

−
1 ), η(L+

2 , L
−
2 )] = η(L̂+, L̂−) (5.10)

with

L̂+ = L+
1 ∂+L

+
2 − L

+
2 ∂+L

+
1 , L̂− = L−1 ∂−L

−
2 − L

−
2 ∂−L

−
1 (5.11)

in semi-direct sum with an infinite-dimensional Abelian ideal:

[ζ(Y1), ζ(Y2)] = 0 , [ζ(Y1), η(L+
2 , L

−
2 )] = ζ(Ŷ ) (5.12)

with

Ŷ = −1

2
Y1(∂−L

−
2 + ∂+L

+
2 )− L−2 ∂−Y1 − L+

2 ∂+Y1 (5.13)

where [ , ] stands for the modified Lie brackets [5], namely [ζ, η] = Lζη− δζη+ δηζ, defined

to take into account the dependence of the asymptotic Killing vectors upon the functions

in the metric components. Algebra (5.10)–(5.13) generate the asymptotic isometry group,

which is infinite-dimensional.

While the Noether charge Q[∂η], associated to the asymptotic isometries generated by

η, obey a Virasoro algebra with central charge1

c =
3`

G
, (5.14)

the supertranslation symmetry generated by ζ(Y ) yields vanishing charge; namely we find

using the covariant phase space formalism that

Q[∂ζ ] = 0. (5.15)

This implies that supertranslation symmetry generated by (5.6) is pure gauge. One can

easily verify that a translation in r, i.e. r → r + r0, does not change the mass of the black

hole solution: both metric (4.1) and (4.6) yield the same charge associated to ∂t. Such shift

in r makes the gtt component of the metric to acquire the form gtt = −(r2/`2 + b̂r − µ̂),

where b̂ = b+ δb and µ̂ = µ+ δµ with

δb =
2r0

`2
, δµ = − br0 −

r2
0

`2
. (5.16)

Then, we notice that M̂ = (µ̂+ b̂2`2/4)/(4G) = (µ+ b2`2/4)/(4G) = M , i.e.

δM = 0. (5.17)

This is consistent with the charge algebra.

1This value of c is twice the value of the Brown-Henneaux central charge for Einstein gravity in AdS3.
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6 Horizon symmetries

We have shown above that, despite the extra Killing vector (5.6), no supertranslation

symmetries act on the boundary gravitons. We will now focus on the black hole horizon,

where supertranslation symmetries are also expected to appear [13]. Let us consider the

near horizon boundary conditions studied in [14, 16]; namely

ds2 = f dv2 − 2k dvdρ+ 2h dvdφ+R2dφ2, (6.1)

where v ∈ R, ρ ≥ 0, and φ ∈ [0, 2π] with period 2π. Functions f , k, h, and R are of

the form

f = −2κ ρ+ τ(φ) ρ2 +O(ρ3),

k = 1 +O(ρ2),

h = θ(φ) ρ+ σ(φ)ρ2 +O(ρ3),

R2 = γ2(φ) + λ(φ) ρ+O(ρ2),

(6.2)

where O(ρ2) refers to functions of v and φ that vanish equally or faster than ρ2, and where

the orders that do not appear in (6.1) are supposed to be O(ρ2). In the expressions above,

τ(φ), θ(φ), γ(φ), and λ(φ) are arbitrary functions of the coordinate φ; κ corresponds to

the surface gravity at the horizon and is fixed.

As shown in [14], near boundary conditions (6.2) are preserved by a set of asymptoti-

cally Killing vectors χ = χµ∂µ that generate an infinite-dimensional algebra, consisting of

one copy of the Virasoro algebra in semidirect sum with supertranslations. More precisely,

χv = P (φ) + · · ·

χρ =
θ(φ)

2γ2(φ)
∂φP (φ) ρ2 + · · ·

χφ = L(φ)− 1

γ2(φ)
∂φP (φ) ρ+

λ(φ)

2γ4(φ)
∂φP (φ) ρ2 + · · ·

(6.3)

where the ellipsis stand for O(ρ3) terms. These asymptotic Killing vectors satisfy the Lie

product

[χ(P1, L1), χ(P2, L2)] = χ(P̂ , L̂) (6.4)

with

P̂ = L1 ∂φ P2 − L2 ∂φ P1 , L̂ = L1 ∂φ L2 − L2 ∂φ L1 , (6.5)

which generates a copy of Virasoro algebra in semidirect sum with supertranslation, gen-

erated by L and P respectively. Under the action of the vector field (6.3), the metric

functions transform as

δχτ = Y ∂φτ −
κθ∂φP

γ2
,

δχθ = −2κ∂φP + ∂φ(θP ),

δχγ = ∂φ(γP ),

δχλ = 2θ∂φP + 2∂φP
∂φγ

γ
− 2∂2

φP + 2λ∂φL+ L∂φλ.

(6.6)
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It is worth emphasizing that the emergence of infinite-dimensional symmetries is a

phenomenon that, as we see here, also occurs in theories with propagating degrees of

freedom, and not only in pure 3-dimensional Einstein gravity. Here, for example, we are

considering NMG, which does exhibit a propagating graviton mode. Other examples are

the asymptotically (Warped-)AdS3 symmetries of other massive 3D gravity models, the

BMS symmetries of 4-dimensional gravity in asymptotically flat spacetimes at null infinity,

and the infinite-dimensional near horizon symmetries of 4-dimensional black holes. The

latter means that the presence of local degrees of freedom does not modify the near horizon

isometry analysis in any essential way; however, the charge analysis, as we will see, does

depend on the specific theory under consideration, and it might happen that next-to-leading

terms in the near horizon expansion contribute in theories such as massive gravity.

Let us now compute the Noether charges associated to the infinite-dimensional isome-

tries derived above: in the covariant formalism [26], the functional variation of the con-

served charge associated to a given asymptotic Killing vector χ is given by the expression

δQ[χ; g, δg] =
1

16πG

∫ 2π

0
dφ
√
−g εµνφ kµνχ [g, δg], (6.7)

where g is a solution, δg a perturbation around it, and kµν is a surface 1-form potential.

The latter is the sum of the GR contribution kµνGR and the contributions kµνK coming from

the quadratic terms of NMG; namely

kµν = kµνGR −
1

2m2
kµνK . (6.8)

The explicit expression of the 1-form potential can be found in appendix A.

Evaluating (6.7) for the supertranslation symmetry generator χ(P ) yields a set of

Noether charges; namely

δQ[χ(P )] =
κ

8πG

∫ 2π

0
dφP (φ) δ

(
γ(1 + `2τ) +

`2(θ2 + 4κλ)

4γ

)
+ D, (6.9)

where γ, τ , θ and λ in general depend on φ, and where D is given by

D = − κ`2

8πG

∫ 2π

0
dφP (φ) ∂φ

(
γ−2δ(θγ),

)
(6.10)

which is a total derivative for constant P , and is an exact variation if γ is fixed. In

other words, the charge is not generically integrable due to the presence of D. This is in

contrast to what happens in GR, where the supertranslation charge is integrable provided

the generators do not depend on v.

Superrotation charges are found to be

δQ[χ(L)] = − 1

16πG

∫ 2π

0
dφL(φ) δ

(
θγ
(
1 + 5τ`2

)
+
θ`2
(
θ2 + 4λκ

)
4γ

+ 8`2κγσ

)
,+D̃

(6.11)

where D̃ stands for a non-integrable piece that vanishes when γ, θ, λ, τ and σ are constant.

Notice that the subleading contribution σ enters in the superrotation charge. It is possible
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to verify that (6.11) exactly reproduces the charge of the rotating BTZ black hole; see

appendix B.

It is worth mentioning that explicit expressions of solutions of NMG field equations

carrying both supertranslation and superrotation charges can be written down. They are

the solutions found in [14] (see equations (15)–(16) therein), which persist as exact solutions

when the terms Kµν are added to the Einstein equations, provided the radius ` is taken to

be that given in (3.1).

In particular, the charge Q[∂v], associated to the zero-mode of supertranslation vector,

in the case where γ, τ , θ and λ are independent of φ, is given by

Q[∂v] =
κ

4G

(
γ(1 + `2τ) +

`2(θ2 + 4κλ)

4γ

)
. (6.12)

Now, let us evaluate this charge for the hairy black hole geometry we are interested

in: first, we have to take the near horizon limit in the geometry (4.1), i.e. looking at the

hairy black hole close to its external horizon. To do so, it is convenient to define the new

variables

ρ = r − r+ , v = t− `2
∫ r dr

(r − r+)(r − r−)
; (6.13)

that is

t = v +
`2

(r+ − r−)
(log(r − r+)− log(r − r−)) . (6.14)

In these coordinates, the near horizon (near ρ ' 0) region of the black hole takes the form2

ds2 ' − 1

`2
((r+ − r−) ρ + ρ2)dv2 − 2 dv dρ+ (r2

+ + 2r+ρ) dφ2 + . . . (6.15)

where the ellipsis stand for subleading terms of the ρ expansion. Metric components (6.15)

actually obey the near horizon boundary conditions (6.1) where the relevant metric func-

tions are given by:

κ =
(r+ − r−)

2`2
, τ = − 1

`2
, γ = r+ , λ = 2r+ , θ = 0. (6.16)

Evaluating it for the above solution, we get

Q[∂v] =
(r+ − r−)2

8`2G
= TS, (6.17)

where T is the Hawking temperature (4.7) and S is the entropy (4.8) of the black hole (4.1).

We emphasize that entropy (4.8) differs from the GR result, as the higher-curvature terms

in the action makes that the area law is not necessarily obeyed for all the black hole

solutions of the theory. An interesting especial case is the BTZ solution, which we discuss

in detail in the appendix.

Formula (6.17) reproduces the black hole entropy from the near horizon perspective,

even if the entropy of the hairy black hole does not depend only on the radius of the

2In [43] the near horizon limit of the extremal solution r+ = r− was considered. The analysis is quite

different from the non-extremal case, cf. [16, 24].
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external horizon, but on the difference between the areas of both external and internal

horizons. It is actually the subleading contributions in (6.2) what carry the inner horizon

dependence in S. This is a crucial difference with respect to the near horizon computation

in GR, where subleading terms λ, τ and σ do not enter in the charges, cf. [14, 16, 24]; see

also appendix A.

7 Adding rotation: stationary hairy black holes

A rotating generalization of the hairy black hole (4.1) is given by [21]

ds2 = −N2(r)F (r) dt2 +
dr2

F (r)
+
(
r2 + r2

0

) (
Nφ (r) dt+ dφ

)2
, (7.1)

where N(r), Nφ(r) and F (r) are functions of the radial coordinate r, given by

F (r) =
r2

`2
+

(η + 1) b

2
r − µη +

b2`2 (1− η)2

16
,

Nφ (r) =
8a (br − µ)

16r2 + (1− η) `2 (8µ+ b2`2 (1− η))
,

N2 (r) =

(
4r + b`2 (1− η)

)2
16r2 + `2 (1− η) (8µ+ b2`2 (1− η))

,

and

r2
0 =

`2 (1− η)
(
8µ+ b2`2 (1− η)

)
16

. (7.2)

Here η =
√

1− a2/`2, and a is the rotation parameter. For certain range of parameters µ,

a and b, where µ > −b2`2/4 and |a| ≤ ` are satisfied, this solution also represents a black

hole. When a = 0, the metric reduces to the static hairy black hole (4.1), while for b = 0

it reduces to the stationary BTZ black hole (B.6)–(B.7). As we see, the expression for the

metric of the rotating hairy black hole is notably more involved than the one of the static

case a = 0. It can nevertheless be seen that it is consistent with the asymptotic symmetry

analysis presented in sections 5 and 6 as follows.

The Ricci scalar reveals the presence of a curvature singularity since

R = − 6

`2
− 2bη

r − rs
, (7.3)

where

rs = −b`
2 (1− η)

4
. (7.4)

Provided r+ > r− > rs, there will be an event and a Cauchy horizon located at r+ and r−,

respectively, given by

r± = −b (1 + η) `2

4
±
`
√
η (b2`2 + 4µ)

2
. (7.5)

We focus on that case. The change of coordinates

dt = dv − dr

N (r)F (r)
, dφ = dϕ+

Nφ (r)

N (r)F (r)
dr −Nφ (r+) dv , (7.6)
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leads to the metric

ds2 = −N2 (r)F (r) dv2 + 2N (r) drdv+
(
r2 + r2

0

) (
dϕ+

(
Nφ (r)−Nφ (r+)

)
dv
)2

. (7.7)

Finally, introducing the Gaussian coordinate ρ as

ρ (r) = N (r+) (r − r+) +
N ′ (r+)

2
(r − r+)2 , (7.8)

suffices to recast the near horizon geometry (r → r+, ρ→ 0) in the form

ds2 =
(
−2κρ+ τρ2 +O

(
ρ3
))
dv2 + 2

(
1 +O

(
ρ2
))
dvdρ +

2
(
θρ+ σρ2 +O

(
ρ3
))
dvdϕ+

(
γ2 + λρ+O

(
ρ2
))
dϕ2 , (7.9)

where

κ =
η

`

√
b2`2 + 4µ

2 (1 + η)
,

τ =

(
(1+η)b2`2+2b`

√
η (b2`2+4µ)+4µ

)(
2l(η+1)b

√
η (b2`2+4µ)−η`2 (η+3) b2−8µη

)
(1 + η) ((1− η)`2b2 + 4µ)2 `2

,

θ =

√
2(b2`2 + 4µ)(1− η)

2
,

γ2 =
`2

8η
(1 + η)

(
−b2`2(1 + η)− 2b`

√
(b2`2 + 4µ) η + 4µ

)
,

λ =

√
(1 + η)

8η

(
−b` (1 + η) + 2

√
(b2`2 + 4µ) η

)
`,

σ =
a
(
2`(b2 + 4µ)3/2(η − 1) + η1/2

(
32µ2 − `4(1− η2)b4 + 4b2µ(1− η)`2

))
2(η + 1)(b2`2η − (b2`2 + 4µ))2η1/2`2

.

Evaluating the charge Q[∂v] yields

Q[∂v] =
( κ

2π

)( π`
4G

√
2 (4µ+ b2`2) (1 + η)

)
=
κ
√

2

8G

√
1 + η

η
(r+ − r−) , (7.10)

which is found to be

Q[∂v] = TS . (7.11)

That is, it reproduces the product of the Hawking temperature T and the black hole entropy

S. Indeed, the entropy of the rotating black hole has been computed in [21], where was

shown to be

S =
2π (r+ − r−)

4G

√
1 + η

2η
, (7.12)

which reduces to (4.8) when a = 0 (i.e. η = 1). In [35], expression (7.12) was observed to

agree with the result of the Cardy formula in the dual CFT2 with the correct value of the

central charge, c = 3`/G.
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8 Adding the Chern-Simons gravitational term

As mentioned, hairy black holes (4.1) are conformally flat and so they are solutions to

NMG coupled to TMG [27], which is defined by adding to the gravity action (2.1) the

gravitational Chern-Simons term

∆I =
1

32πGq

∫
d3x εαβγ Γρασ

(
∂βΓσγρ +

2

3
ΓσβηΓ

η
γρ

)
, (8.1)

where q is an arbitrary coupling constant3 of mass dimension 1. The contribution of (8.1)

to the field equations is the addition of the Cotton tensor, which identically vanishes for a

geometry that is conformally flat. However, (8.1) yields a non-trivial contribution to the

charge, changing both the mass and the entropy of the hairy black holes.

We can obtain the contribution to the entropy coming from the gravitational Chern-Simons

term by evaluating

∆S = − 1

8Gq

∫
Σ
ενµ Γµνρ dx

ρ , (8.2)

on the bifurcation surface [44]. The binormal ε is defined in terms of the horizon generator

ξ = ∂t + ΩH∂φ as κεµν = ∇µξν . The angular velocity of the hairy black hole is

ΩH =
1

`

√
1− η
1 + η

. (8.3)

Finally the contribution to the entropy is found to be

∆S = − π

8Gq

√
2 (1− η) (b2`2 + 4µ) = − π

4Gq`

√
(1− η)

2η
(r+ − r−) . (8.4)

On the other hand, we find that the contribution of the gravitational Chern-Simons term

to the charge Q[∂v] in the near horizon geometry is given by

∆Q[∂v] =
κ θ

8Gq
=

κ

8Gq`

√
1− η

2η
(r+ − r−) = T∆S . (8.5)

Notice that the TMG contribution ∆S vanishes for static black holes (η = 1). Notice

also that (8.5) comprehends, in particular, the result of conformal gravity, which corre-

sponds to the limit q → 0 of the formulae above.

9 Conclusions

We considered stationary black holes in AdS with softly decaying hair. These geome-

tries appear, for example, as solutions of massive 3-dimensional gravity [21, 22] and of 3-

dimensional conformal gravity [38]. When AdS boundary conditions that are weak enough

to accommodate such solutions are considered, the asymptotic isometry group contains, in

addition to local conformal symmetry, an infinite-dimensional Abelian ideal. This is a local

3In the literature, this coupling is usually denoted by µ, but here we prefer to call it q so that it is not

to be mistaken for the mass parameter µ of the black hole solution.
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supertranslation symmetry that acts non-trivially at the level of the asymptotic isometry

but yields vanishing Noether charges and, therefore, turn out to be pure gauge. This is

related to the fact that the ADM mass of the hairy black holes in AdS, in addition to the

standard mass parameter (µ), also depends on the gravitational hair (b): the supertrans-

lation transformation at infinity acts as a angle-dependent shift in the radial direction,

changing both µ and b in a way such that the mass remains unchanged. It is wothwhile

point out that other boundary conditions have been proposed in the literature leading to

a û(1) current algebra as part of the asymptotic isometry algebra. For instance, in ref-

erence [45] a generalization of the Brown-Henneaux boundary conditions was proposed,

which, while resorting to the same asymptotic behavior, fixes only the conformal struc-

ture of the induced metric on the boundary. It was proven there that in the case of pure

Einstein gravity such prescription leads to new degrees of freedom and to an enhancement

of the symmetry algebra that, up to the zero modes, consists of two copies of Virasoro in

semi-direct product with a u(1) current algebra. Such boundary conditions are different

from those we study in this paper; nevertheless, it would be interesting to study such a

prescription in the context of NMG.

Then, we reoriented our analysis to the black hole horizon: we studied the supertrans-

lation symmetry that the hairy black hole geometry exhibits in its near horizon region.

There, an infinite set of non-trivial supertranslation charges appear. We computed these

charges explicitly and we showed that, as it happens in Einstein gravity, the zero-mode of

the supertranslation charge in the near horizon limit reproduces the entropy of the black

hole. This is the case even when the entropy of the hairy black hole depends not only

on the radius of the external event horizon but also on the radius of the internal Killing

horizon. In other words, the back-reaction of the gravitational hair in the near horizon

geometry produces that the entropy (4.8) does not obey the area law: the entropy for

b 6= 0 is actually proportional to the difference between the areas of both external and

internal horizons. In contrast to Einstein gravity, in the massive theory the subleading

contributions — namely λ, τ and σ in (6.2) — contribute to the Noether charges in such

a way the zero mode reproduces the correct entropy formula; cf. [14, 16, 24].
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A Charge computation

The expression of the variation of the charge associated to the Killing vector ξ is

δQ[ξ; g, δg] =
1

16πG

∫ 2π

0
dφ
√
−g εµνφ kµνξ [g, δg], (A.1)
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where δgµν = hµν a perturbation around a solution gµν , and where kµν is the so-called

surface 1-form potential. In NMG, the latter is given by the GR contribution

kµνGR = ξαD
[µhν]α − ξ[µDαh

ν]α − hα[µDαξ
ν] + ξ[µDν]h+

1

2
hD[µξν] (A.2)

plus the higher-curvature contribution kµνK = kµνR2
− 3

8k
µν
R2 , with [46]

kµν
R2 = 2RkµνGR + 4ξ[µDν]δR+ 2δRD[µξν] − 2ξ[µhν]αDαR,

kµνR2
=D2kµνGR +

1

2
kµν
R2 − 2k

α[µ
GRR

ν]
α − 2DαξβDαD

[µh
ν]
β − 4ξαRαβD

[µhν]β −Rh[µ
αD

ν]ξα

+ 2ξ[µRν]
αDβh

αβ + 2ξαR
α[µDβh

ν]β + 2ξαhβ[µDβR
ν]
α + 2hαβξ[µDαR

ν]
β

− (δR+ 2Rαβhαβ)D[µξν] − 3ξαR[µ
αD

ν]h− ξ[µRν]αDαh, (A.3)

where δR = (−Rαβhαβ +DαDβhαβ −D2h).

We can discuss first the piece corresponding to GR. Consider a generic phase space of

the form (6.1), where κ, θ, γ, λ are allowed to vary. For pure GR the functional variation

of the charge reads

δQ[∂v]
GR =

κδγ

4G
, (A.4)

where the subscript GR stands for making explicit this is the GR contribution. Assuming

as in [14] that δκ = 0, this charge can easily be integrated integrate and found to give

Q[∂v]
GR =

κγ

4G
, (A.5)

which, as expected, gives Q[∂v]
GR = κ/(2π)×Area/(4G), with Area =

∫
γ(φ) dφ.

Next, we can add to (A.5) the contribution coming from the quadratic curvature terms

(R2). That is, we can define the full NMG charge variation δQ[∂v] = δQ[∂v]
GR + δQ[∂v]

K .

The piece δQ[∂v]
K comes from the higher-order terms (A.3); see [46]. Notably, the full

charge δQ[∂v] involves δκ, δθ, δγ but also δλ and δτ . Assuming none of these functions

depend on φ or v, for the case `2m2 = −1/2 we can write it as

δQ[∂v] =
κ

4G
δ

(
γ(1 + `2τ) +

`2(θ2 + 4κλ)

4γ

)
. (A.6)

Thus, assuming δκ = 0, we get

Q[∂v] =
κ

4G

(
γ(1 + `2τ) +

`2(θ2 + 4κλ)

4γ

)
. (A.7)

B BTZ black holes

Let us consider here the BTZ metric [36]

ds2 = −(N2 + r2N2
φ) dt2 +

dr2

N2
+ 2r2Nφ dtdφ+ r2dφ2, (B.1)
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where t∈R, φ ∈ [0, 2π] with period 2π, r∈R>0, and where the lapse and shift functions are

N2 =
r2

`2
− 8GM +

16G2J2

r2
, Nφ = −4GJ

r2
. (B.2)

M and J are integration constants related to the conserved charges of the solution. When

|J | ≤M`, the BTZ solution describes a black hole, which possesses an event horizon at r+

and, when J 6= 0, an inner Cauchy horizon at r−. In terms of r±, constants M and J read

M =
r2

+ + r2
−

8G`2
, J =

r+r−
4G`

. (B.3)

As it is well known, BTZ solution is locally equivalent to AdS3 [37] as well as asymptotically

AdS3 in the standard sense [23].

Let us consider now the near-horizon expansion of this geometry: first, consider change

of coordinates

dt = dv − dr

N2
, dφ = dφ̃+

Nφ

N2
dr +

r−
`r+

dv (B.4)

which leads to

ds2 = −
(r2

+ − r2
−)(r2 − r2

+)

`2r+
dv2 + 2dvdr +

2r−
`r+

(r2 − r2
+)dvdφ̃+ r2dΦ2, (B.5)

Next, define r = −
√
r+(2ρ+ r+), which yields

ds2 = −2
(r2

+ − r2
−)ρ

`2r+
dv2 − 2

(r+ − ρ)

r+
dvdρ+

4r−ρ

`
dvdφ̃+ (r2 + 2r+ρ) dφ̃2 +O(ρ2).

(B.6)

Finally, define ρ̃ as ρ = ρ̃(1−k2ρ̃/2), and, after that, rename coordinates as (φ̃, ρ̃)→ (φ, ρ).

The metric then takes the near the horizon form (6.1)–(6.2) with

κ =
(r2

+ − r2
−)

`2r+
, θ =

2r−
`
, γ = r+ , λ = 2r+ , τ = −

(r2
+ − r2

−)

`2r2
+

, σ =
r−
r+`

. (B.7)

Evaluating the charge (6.12) on these functions, yields

Q[∂v] =
κr+

2G
= T S, (B.8)

with T = κ/(2π) being the Hawking temperature and S = πr+/G being the Wald entropy,

which in this case is proportional to the Bekenstein entropy of GR. Notice that (B.8), as

well as (6.12), are expressions valid only for the especial case `2m2 = −1/2. The reason

why we evaluated the expressions of the charges at such particular point of the parameter

space is that it permits to compare the result (6.17) for the hairy black hole with the

result (B.8) for the BTZ black hole. In fact, we see that the case r+ = −r− > 0 in (6.17)

agrees with the case r+ > r− = 0 (B.8). However, unlike the hairy black hole (4.1), the

BTZ black hole solves the NMG field equations at a generic point of the parameter space

(λ,m2). In general, the AdS3 radius is given by λ = −1/`2− 1/(4m2`4) and the results for

the BTZ entropy yields

S =
πr+

2G

(
1− 1

2m2`2

)
. (B.9)
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This result is consistent with the holographic computation using the Cardy formula of the

dual CFT2, as for NMG the central charge of the latter theory is

c =
3`

2G

(
1− 1

2m2`2

)
. (B.10)
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1] H. Bondi, M.G.J. van der Burg and A.W.K. Metzner, Gravitational waves in general

relativity. 7. Waves from axisymmetric isolated systems, Proc. Roy. Soc. Lond. A 269 (1962)

21 [INSPIRE].

[2] R.K. Sachs, Gravitational waves in general relativity. 8. Waves in asymptotically flat

space-times, Proc. Roy. Soc. Lond. A 270 (1962) 103 [INSPIRE].

[3] R. Sachs, Asymptotic symmetries in gravitational theory, Phys. Rev. 128 (1962) 2851

[INSPIRE].

[4] G. Barnich and C. Troessaert, Symmetries of asymptotically flat 4 dimensional spacetimes at

null infinity revisited, Phys. Rev. Lett. 105 (2010) 111103 [arXiv:0909.2617] [INSPIRE].

[5] G. Barnich and C. Troessaert, Aspects of the BMS/CFT correspondence, JHEP 05 (2010)

062 [arXiv:1001.1541] [INSPIRE].

[6] G. Barnich and C. Troessaert, BMS charge algebra, JHEP 12 (2011) 105 [arXiv:1106.0213]

[INSPIRE].

[7] A. Strominger, Lectures on the Infrared Structure of Gravity and Gauge Theory,

arXiv:1703.05448 [INSPIRE].

[8] A. Strominger, On BMS Invariance of Gravitational Scattering, JHEP 07 (2014) 152

[arXiv:1312.2229] [INSPIRE].

[9] T. He, V. Lysov, P. Mitra and A. Strominger, BMS supertranslations and Weinberg’s soft

graviton theorem, JHEP 05 (2015) 151 [arXiv:1401.7026] [INSPIRE].

[10] A. Strominger and A. Zhiboedov, Gravitational Memory, BMS Supertranslations and Soft

Theorems, JHEP 01 (2016) 086 [arXiv:1411.5745] [INSPIRE].

[11] M. Henneaux and C. Troessaert, BMS Group at Spatial Infinity: the Hamiltonian (ADM)

approach, JHEP 03 (2018) 147 [arXiv:1801.03718] [INSPIRE].

[12] M. Henneaux and C. Troessaert, The asymptotic structure of gravity at spatial infinity in

four spacetime dimensions, arXiv:1904.04495 [INSPIRE].

[13] S.W. Hawking, The Information Paradox for Black Holes, arXiv:1509.01147 [INSPIRE].

[14] L. Donnay, G. Giribet, H.A. Gonzalez and M. Pino, Supertranslations and Superrotations at

the Black Hole Horizon, Phys. Rev. Lett. 116 (2016) 091101 [arXiv:1511.08687] [INSPIRE].

[15] S.W. Hawking, M.J. Perry and A. Strominger, Soft Hair on Black Holes, Phys. Rev. Lett.

116 (2016) 231301 [arXiv:1601.00921] [INSPIRE].

– 19 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1098/rspa.1962.0161
https://doi.org/10.1098/rspa.1962.0161
https://inspirehep.net/search?p=find+J%20%22Proc.Roy.Soc.Lond.%2CA269%2C21%22
https://doi.org/10.1098/rspa.1962.0206
https://inspirehep.net/search?p=find+J%20%22Proc.Roy.Soc.Lond.%2CA270%2C103%22
https://doi.org/10.1103/PhysRev.128.2851
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2C128%2C2851%22
https://doi.org/10.1103/PhysRevLett.105.111103
https://arxiv.org/abs/0909.2617
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0909.2617
https://doi.org/10.1007/JHEP05(2010)062
https://doi.org/10.1007/JHEP05(2010)062
https://arxiv.org/abs/1001.1541
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1001.1541
https://doi.org/10.1007/JHEP12(2011)105
https://arxiv.org/abs/1106.0213
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1106.0213
https://arxiv.org/abs/1703.05448
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1703.05448
https://doi.org/10.1007/JHEP07(2014)152
https://arxiv.org/abs/1312.2229
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1312.2229
https://doi.org/10.1007/JHEP05(2015)151
https://arxiv.org/abs/1401.7026
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1401.7026
https://doi.org/10.1007/JHEP01(2016)086
https://arxiv.org/abs/1411.5745
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1411.5745
https://doi.org/10.1007/JHEP03(2018)147
https://arxiv.org/abs/1801.03718
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1801.03718
https://arxiv.org/abs/1904.04495
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1904.04495
https://arxiv.org/abs/1509.01147
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1509.01147
https://doi.org/10.1103/PhysRevLett.116.091101
https://arxiv.org/abs/1511.08687
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1511.08687
https://doi.org/10.1103/PhysRevLett.116.231301
https://doi.org/10.1103/PhysRevLett.116.231301
https://arxiv.org/abs/1601.00921
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1601.00921


J
H
E
P
0
9
(
2
0
2
0
)
1
2
0
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[19] D. Grumiller, A. Pérez, M.M. Sheikh-Jabbari, R. Troncoso and C. Zwikel, Spacetime

structure near generic horizons and soft hair, Phys. Rev. Lett. 124 (2020) 041601

[arXiv:1908.09833] [INSPIRE].

[20] E.A. Bergshoeff, O. Hohm and P.K. Townsend, Massive Gravity in Three Dimensions, Phys.

Rev. Lett. 102 (2009) 201301 [arXiv:0901.1766] [INSPIRE].

[21] J. Oliva, D. Tempo and R. Troncoso, Three-dimensional black holes, gravitational solitons,

kinks and wormholes for BHT massive gravity, JHEP 07 (2009) 011 [arXiv:0905.1545]

[INSPIRE].

[22] E.A. Bergshoeff, O. Hohm and P.K. Townsend, More on Massive 3D Gravity, Phys. Rev. D

79 (2009) 124042 [arXiv:0905.1259] [INSPIRE].

[23] J. Brown and M. Henneaux, Central Charges in the Canonical Realization of Asymptotic

Symmetries: An Example from Three-Dimensional Gravity, Commun. Math. Phys. 104

(1986) 207 [INSPIRE].
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