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Abstract

We show that the combination of cubic invariants defining five-dimensional quasitopo-
logical gravity, when written in four dimensions, reduce to the version of four-dimensional
Einsteinian gravity recently proposed by Arciniega, Edelstein & Jaime, that produces sec-
ond order equations of motion in a FLRW ansatz, with a purely geometrical inflationary
period. We introduce a quartic version of the four-dimensional Einsteinian theory with
similar properties, and study its consequences. In particular we found that there exists a
region on the space of parameters which allows for thermodynamically stable black holes,
as well as a well-defined cosmology with geometrically driven inflation. We briefly discuss
the cosmological inhomogeneities in this setup. We also provide a combination of quintic

invariants with those properties.



I. INTRODUCTION

Any ultra-violet completion of General Relativity will generically induce higher curvature
modifications to the space-time dynamics. From a bottom-up point of view, a gravity theory
containing higher order terms in the curvature must be restricted by some basic health
conditions. Examples of such are the non-existence/decoupling of ghost modes around
maximally symmetric vacua, suitable phenomenological restrictions on the scalar mode of
the graviton, positivity of the effective Newton’s constant, as well as existence of black holes
with reasonable thermodynamics. This has fuelled a lot of activity in the area in the last
few years (see e.g. [1]-[11], and references therein).

Recently, the authors of [12] proposed a cubic action in which the scalar and massive
graviton acquire an infinite mass, and the relative coefficients of the cubic curvature terms
are fixed in a dimension-independent manner. This theory also leads to simple spherically
symmetric black holes, characterized by a single metric function which satisfies a third-order
equation that admits a first integral [13, 14]. The couplings can be chosen so that arbitrarily
small black holes are thermodynamically stable, in the local sense [13]. The effects on lens-
ing and black hole shadows have been explored in [15] and [16]. As recently discovered in
[17], improving the theory with a second, ghost-free, cubic combination in four dimensions,
which vanishes on the static black hole ansatz [19], leads to interesting cosmological sce-
narios. Remarkably, it gives second order differential equations in the Friedmann-Lemaitre-
Robertson-Walker (FLRW) ansatz, with a purely geometrical inflationary period, smoothly
matching a matter dominated era followed by late time acceleration [17]. A point to be
stressed is that the sign of the cubic coupling that gives rise to black holes, is the opposite
to that originating healthy cosmologies [18].

In a completely different context, a combination of cubic invariants in five dimensions
was originally introduced in [20] in order to produce a second order constraint from the
trace of the field equations. Furthermore on a spherically symmetric ansatz, the theory

!, In this paper, we show that

has first order equations, leading to a Birkhoff’s theorem
the quasitopological combination of cubic invariants, when considered in four dimensions,
exactly matches the four-dimensional Einsteinian theory of [17].

We construct the general quartic combination that has the same properties than it’s

! The same combination was dubbed Quasitopological gravity in [21] where some holographic properties of

the theory were also studied.



cubic Einsteinian counterpart, i.e. stability around the maximally symmetric background,
spherically symmetric black holes defined by a single metric function that satisfies a third
order equation with a first integral, and second order equations of motion on the FLRW
ansatz. As shown below, the inclusion of the quartic term allows for a region of parameters
in which a healthy cosmology exists as well as thermodynamically stable black holes. We
also discuss briefly the cosmological scalar perturbations, showing that they have second
order equations of motion. Furthermore, we propose a quintic combination with the same

properties.

II. FOUR-DIMENSIONAL CUBIC EINSTEINIAN GRAVITY AND FIVE-DIMEN-
SIONAL QUASITOPOLOGICAL GRAVITY

For arbitrary dimensions, there are eight independent algebraic cubic invariants con-

structed out from the Riemann tensor [22]. The basis can be chosen as

Li=RS'RERS Lo = Ra™Rea™ Reg™

Ls = Rapea R R¥ Ly = RapeaR™™R | .
L5 = RapeaR*“R™ Lo = R"R,°R." W
L7; = Ry RR Ls=R3.

In terms of these, the unique quasitopological theory in five dimensions, that leads to second

order trace of the field equations, has the following form

1 11 1 1 1
Lore = R <48b8 — 365) L+ 1 (bs — 8bg) Lo + R (24bg — 6bs) L3 + n (6bs + bs) L4

2 1
+ b5L5 + = (16bs + bs) Lo — = (36bs + bs) L7 + bsLs, (2)

where the degeneracy in b5 and bg comes from the vanishing in five dimensions of the six

dimensional Euler density
Ee= 8Ly +4Ly —24L3 + 3Ly +24L5 + 16Lg — 12L7 + Lg . (3)

When Lgr¢ is considered as a four-dimensional theory, a new degeneracy appears due to

the vanishing of the combination
v (2) 1 1
R (]W =L3— Z£4 —2L5 — 2L +2L7 — Z,Cg , (4)
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where Q,(fy) is the Euler-Lagrange derivative of the Gauss-Bonnet Lagrangian /—g(R? —
AR, R + RabcdR“de). With this, it is straightforward to show that the four dimensional

Einsteinian theory of reference [17]
P—8C=12L,4+ Lo —8Ls +2L4 +4L5 + 8L — 4L7 | (5)
identically coincides with the quasitopological combination

bs — 9b
73—86:—( 00 )L‘,QTG+16RWQ£?+4(—5 98)56, (6)

b5 — 24b8 b5 - 24b8

. . . . . 2
since, as mentioned above, in four dimensions & = 0 and Q,(W) =0.

ITII. FOUR-DIMENSIONAL QUARTIC EINSTEINIAN GRAVITY WITH HEAL-
THY COSMOLOGIES AND BLACK HOLES

In arbitrary dimensions, there are 26 quartic, algebraically independent contractions of

the Riemann tensor [22]. The following terms can be used as a basis

et R RE R " Rypsw + ¢ R R " R,", " Ryvouw + 3 R R, " R.", " Rypuuo

F e RPR R Ry + 5 RM R, ™Ry Y Ry + 6 RP R, 'R Ry
+¢7 R Ry s R Ropeq + s RPIR™YR " Ryya 4 co RPR™™R "’ Ryyg

e RMR), CR™  R™* 4 ¢y RRP™ R, "Ry + 12 RRP™ R, " Ry g,

+ ey RPRR' " Rigus + c1a RPR™R' )" Ripys + c15 RPRR™ | Ry

+ 16 R R R™ Ry + c17 RP Ry R Ry + c1s RRMR™ Ry,

+ c19 R2qurstqrs +co0 RMR™R, tRpsqt + co1 RRPIR™ Rypgs + Ca2 quRp TRq *R,s

+ a3 (RMRy)” + e RRP R Ry + 25 R2 Ry RP + cos R (7)

In four dimensions, the list of algebraically independent quartic invariants reduces to 13
terms. We constrain the relative coefficients ¢;, in order to have similar properties than

those of the four dimensional Einsteinian cubic gravity of [17], namely
e The theory must be ghost-free around the maximally symmetric background.

e A FLRW ansatz must lead to second order equations of motion.
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e A static, spherically symmetric ansatz, fulfilling —g;;g,» = 1, must lead to third order

equations of motion with a trivial first integral.

These restrictions lead to constraints on the coefficients (see Appendix A), that defines our

four-dimensional theory. The resulting theory reads

I[g] :/\/—_gd4x (R;—SAO—FH,@(P—&?)—I—KJz Q) : (8)

where Q is the quartic combination of the terms (7) with the coefficients ¢; restricted as
in Appendix A. Here x = 877G and [ is a dimensionless couplings. The set of theories
obtained here are a subset of the family of Lagrangians constructed in [7], obtained by
further requiring second order equations in FLRW ansatz.

In black holes, in cosmologies of the FRLW-type, as well as in the effective Newton’s

constant, only the following combination of quartic coefficients appears
1
=1 (56¢1 + 140c¢o + 112¢4 + 224 (5 + ¢6) + 896¢7) 9)

where v is a dimensionless coupling.
Applying the linearization procedure of [4], around a maximally symmetric background

of curvature A/3, one obtains

]_ 16 2 8 243 L ]- L
4r (1 T R A ) G = T (10)
where
L L1 L
GHV: R,uu - §gMVR - AhMV ) (11)
1 1 4\ A
By = Vi Vohtyy = 50w = 5VuVoh & hu = Shgp (12)
R'=vV"V¥h,, —Oh — Ah. (13)
Implying that the effective Newton’s constant x.ss reads
1 1 16 8
= — [ 14+ —BrA% — —~K2A? ) . 14
Trors 4;1( Ty PR g ) 14

In Appendix B, we also provide a quintic combination with the aforementioned properties.
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A. Black holes

On a static spherically symmetric ansatz

2 _ _N2(p ") df? d_TQ
As? = =N? (1) £ () de* + o

the equations of motion of the above defined quartic theory (8) imply N(r) = 1, reducing

+ 7% (d6* + sin® 0d¢?) (15)

to a single equation for f(r), which reads

%AOTG +mr’s +ri(f — 1) = 4re*p (f/ (3f/ —3rff" +7“f/2) r—6f(1—f)(f'r— f/))
3y

+56

F(Brf?=12rff"+4ff +8f) f'r =241 = H)(f"r = [)), (16)

where we have already performed the trivial first integral, introducing the integration con-
stant m. In general, this equation has four branches of solutions. There is an Einstein
branch, i.e. a solution that matches the Schwarzschild-(A)dS metric for small 5 and ~ [13].
In it, when the bare cosmological constant Ay vanishes, the metric must be asymptotically
flat and the mass of the spacetime is given by the term with fall-off m/r in the metric
function f(r). This is only achieved for 5 < 0 [13]. For this regard the sign of the quartic
coupling is irrelevant, and arbitrarily small black holes always exist.

The sign of the specific heat of the small black holes is dominated by the highest possible
curvature coupling, in our case by . Matching with the sign of the healthy small black
holes of reference [13] requires v < 0.

Remarkably, as we will see below, the restrictions 5 < 0, < 0 coming from the existence

and stability of the black holes, render a healthy cosmology.

B. Cosmology
1. Cosmological evolution

On a Friedmann-Lemaitre-Robertson-Walker ansatz

dr?
1 —kr?

ds® = —dt* + a*(t) < + r2d§23> , (17)

our quartic theory (8) gives rise to a Friedmann equation with the form

A
P{H2+£] = 2p+ 3

a? 3 (18)
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where P[z] is a quartic polynomial on x
293 0 3 4
Plz] = v 4+ 16x°f2”° — MR (19)

and the energy density p contains the relativistic (~ a~*) and non-relativistic (~ a=3)
components. By using continuity equation, Friedmann equation can be linked to its second

order form

k] a K k k
P {H2+ ﬂ o —§(p~|—p)—|— (H2+¥) P {H2+ ﬂ : (20)

In order for the cosmological solution to exist, the polynomial P[x] must intersect the
line (kp + Ag)/3. It vanishes at = 0 with P’'[0] = 1. Using Descartes’ sign rule to count
the possible numbers of roots of P’[x], and the behavior of P[z] and P'[z] at large +x, we
find that for negative g and =, there is a region of parameters for which the polynomial has
a single negative minimum at negative z. Indeed, the generic form of P[z] is shown in Fig.1.
Its derivative is given by

P'[x] = 1+ 48k*Ba* — %/ﬁ‘g”yw?’. (21)

According to Descartes sign rule, it has either two or no zeroes at positive x, corresponding
to the two cases A and B depicted in the figure 1. If the minimum value of the derivative
P'[z] at positive x is positive, then there is no positive minimum for P[z] and we are in
case B of 1. In order to ensure that this is indeed de case, we find the minimum of P'[z] by
writing

P'[z] = xr® (965 — 7—725795) =0, (22)

obtaining that the minimum derivative sits at * = 285/3ky. Plugging back in (??) we
obtain the minimum value of the derivative
112\*

Plz] =1+ <?) %, (23)
choosing  and ~ such that this is positive, we are sure that we are in case B on Fig.1. In
this case, P[z] has a single minimum that sits at negative values of z, and at which it takes
a negative value. Now, since kp + Ag is strictly positive for positive Ag, the minimum is
never reached by the cosmological evolution of equation (18). Such negative signs of the
couplings coincide with those ensuring the existence and thermal stability of small black

holes as analyzed in the previous section. In what follows, we concentrate in such region of

parameters.
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FIG. 1. Plots of the polynomial P[z] (top) and its derivative P’[z] (bottom) for the two possible
cases that arise for negative 8 and . The yellow line represent the value of (kp + Ag)/3, the
cosmological evolution takes place where such value intercepts that of P[z]. Case A: (left) there
is a minimum of P[z]| at positive . This case is potentially pathological, since as the universe
expands the density goes down and the yellow line descends in the plot, until the minimum of P|x]
is reached with finite H but infinite d. Case B: (right) there is a single minimum at negative values
of x at which P[z] is negative. Since the yellow line always sits above the horizontal axis, this value
is never reached. We concentrated in the region of parameters which realizes case B. Notice that

in this case the derivative P[z] its positive at its minimum at positive x.

As in the cubic case of [17] , the resulting cosmological solutions present an inflationary
era in the past, of a purely geometric origin, smoothly connected to a matter dominated
epoch, followed by a late time acceleration. Some typical profiles of the scale factor are
depicted in Figure 2.

In order to match with cosmological observables in a model independent manner, we start

by simply expanding the scale factor in powers of the cosmological time as

t) =ap 1+ Hot —
alt) a°(+ 0T 6 24

H? H3j H?
ofJOt2+ 0]0t3+ 050t4+---) : (24)



in terms of the kinematic parameters known as decelleration ¢y, cosmological jerk j, and
snap So. Together with the spatial curvature, these are purely geometric quantities that can
in principle be measured in a model-independent way. Now, we plug this expansion in the
Friedmann equation, rewritten in the form

P {HQ—HSZ—E] = H} (Z—(’;”+Z—E+Q%) : (25)
with the usual definitions of the dimensionless densities QY , Q9,02 Q). Here the index 0
refers to the present values, and we have set ag = 1. Solving the resulting equality order by
order in the cosmological time, we obtain values for the dimensionless densities QY , Q% and
the couplings [, , in terms of the purely kinematic observables Hy, qo, jo, So, the geometric
observable Q9 and? Q2.

The resulting cosmological histories for values of Hy, qo, jo, So, consistent with current
observations and for different choices of the curvature component QY are shown in Figure
2. Varying Q9 within the present observational bounds, we obtain cosmologies with a in-
flationary era followed by a radiation/matter dominated epoch and late time acceleration.
Defining the beginning of the classical inflationary evolution as the time when radiation
density matches Planck’s density, Q) can be chosen so that the resulting inflationary era has
a number of e-folds 2 60. Regarding late time acceleration, it is important to stress that it
is driven by the dressed cosmological constant A, solution of P[A/3] = Ay/3. It is interesting
to notice that P'[A/3] = 1/(4kess), as defined in (14), implying that the acceleration of such

de Sitter phase is well defined as long as the effective Newton’s constant remains finite.

2. Cosmological inhomogeneities

In order to study cosmological inhomogeneities, we limit ourselves to the cubic case
setting v = 0 in what follows. We rewrite the flat FLRW background in conformal time 7,

and perturb it away from homogeneity with a scalar fluctuation, as

ds* = a®(1) (—(1 4 2®)dr* + (1 — 2V)d7?) (26)

2 Even if QY does not have a geometric origin, we included it as an input parameter to avoid going beyond
the fourth order in the expansion of the scale factor. This is of course not necessary in principle, including

a fifth order in the expansion (24), Q2 would be obtained as an output.
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FIG. 2. The scale factor as a function of time for the values of the kinematic parameters consistent
with current observations Hy = 0.955 U™, qp = —0.537, jo = 1,59 = —0.390, for different choices
of the curvature component within the observational bounds Q% =045 x 1073, Here U stands for
the age of the Universe in the ACDM model. The depicted inflationary histories have a number of

e-folds ~ 70 since Planck era, that decreases as we move Qg closer to the ACDM value.

Defining H = a’/a with a prime ( )’ to represent the conformal time derivative 0. ( ), the

non-vanishing components of the linearized gravitational tensor read

2 48 K>
ET. = = (3H*® + 3HY — V?U) + 856“ (H' = H*) V'O + 2H* (B3H*P+3HT' - V?T))
a a
(27)
T 2 ! 485'%2 " / 2 2 4 !
BT = = (HO;D+0,0") + 5 ((H" = 3(H' = H)H) O; V>V — 2H* (HO;@ + 9, 1)
+ (H' =) (HO,V°® + 6, V*V)) (28)
while for ¢ # j we have
7 1 ] 24'%2/6 / " 1 !/
E'y| = 500" (0= @)+ —5— (6 2HH = H") 9.0V

+(H' = H?) (20,0'V*V + 0,0/ V*® — 30,0/ V" + 3H (39,0° V' — 9,0’ D"))
— (BTH*H'+3H* —3HH"+6H") 0,0’V + (15H*H'—8H* —3HH"—3H") 5,0’ D) .
(29)
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Finally, the diagonal equations along the Cartesian coordinates yy and zz can be obtained

by respectively replacing x — y and x — z in the following xz component

1 " / / /
E*, = E((VQ—@%) (D — W) +20" + 4 (H —H*) © +H (47 + 29"))
2
- 12“6 y (8P — AH>VPW" — WU (19H? — 29M) — 8H* (3 (H® — 2H') & — V")
a

+2 (V2 = 3020") (3H® — THH' + 2H") — 2020 (19H°H' — 15HH" — 91" + 3H")
12 (H*=H') (VI®+2V'0 — HV?D + V2" — 02V° 0 — 302V>U + 3HOP' + 3021”")
2V (4R + HPH — SHH" — 3H? + H") + 2V 0 (4H* — 5H*H' + HH" + H?)
—202® (8H* — 15H*H' + 3HH" + 3H"?)] (30)

Remarkably, since the components of the gravitational tensor are second order in time, the
same is true for the equations of motion for the perturbations. Moreover, this property
dissapears if any of the relative coefficients in the cubic action is moved away from the

four-dimensional Einsteinian point. They are however, higher order in spatial derivatives.

IV. CONCLUSIONS

In this note, we proved that the five-dimensional cubic quasitopological gravity of [20],
when written in four dimensions, matches the four-dimensional cubic Einsteinian gravita-
tional theory proposed in [17]. Furthermore, we constructed the quartic generalization of
such model, as well as an example of a quintic contribution with the same properties.

As in the cubic case, the quatic theory theory gives rise to second order equations of
motion in a FLRW ansatz, with purely geometric inflationary solution, and a third order
equation with a trivial first integral in a static spherically symmetric anzatz. For kinematic
parameters and spatial curvature within the observational ranges, the number of e-folds since
Planck era is 2 60. Remarkably, such properties show up in the same region of parameters
in which small black holes are thermodynamically stable, thus providing a good candidate
for the dark matter component of the Universe. = We also wrote the equations of motion
for the scalar fluctuations on the cubic case, showing the remarkable property that they are
second order in time.

It is beyond of the scope of this paper to find the strongest phenomenological constraints

on the parameters of the model. Nevertheless, we think that cosmological models based
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on this kind of well behaved higher curvature theories are a promising phenomenological

ground, and deserve more research.
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Appendix A: Quartic construction

As stated in section III, we constrain the quartic combination in order to fulfil
e Absence of ghost around the maximally symmetric background.

e Second order equations of motion on a homogeneous and isotropic cosmology.

e Third order equations of motion with a trivial first integral on a static, spherically

symmetric ansatz compatible with —g4 g, = 1.

These restrictions lead to the following constraints

4901 2010 2013 5014 C15 502 C992 203 18C4
=10 g, BT T — 20— — 2 28 T
1T T3 TMT T3 T T3 T ATy Ty Tyt
36cs  H8cg  104c;  Heg
) + 15 + ) 6
7361 C10 C14 2615 4016 7022 5804
= e~y — 2 = TR T 908430, — 2 =
Coy 30 3 + 4cqq C13 6 3 3 C18 + 9C2 6 + c3 + 15

5 15 T 15 "6 3

=760 2 2 12 5 5 15 158 47
. 2361 ].1010 C13 C14 C15 C16 402 C3 1].04 2265 4106
T30 T 12 6 3 12 4 3 12 5 5 15
B 2867 _ Cg B
5 24 O
1101 C10 3611 C13 C14 C15 618 702 C3 904 9C5 17C6
WS T TR TR TR T w T 2T T
16c;  beg N Cg
5 48 47’
3 4 8 12 48
020:%—013+614—2015+202+022—%—%—F%‘F%—cha
. _ 17e @ Ci3 | Cu | Cs &_% §+1804+36c5+5866
»7 15 3 '12°6 6 3 26 5 5 15
2467 i Cg 369
5 12 2’
9761 C10 9011 25013 C14 5015 5016 25C2 3C22 703
et R R AR | _ oY T 1
5=y T2 2 o Tt Ta TR T T
B 29¢4 B 58cs _ 124c¢¢ B 172¢7 B 4cg . Cy
5 5 15 5 3 4"’
c 961 5011 7613 C15 C1g 018 702 Co2 C3 ]_]_04 2205 ]_706
26 S T . T o T AT — T s — T4 T =

"7 s T® 8 6 4t ntstn Tt
T3c; 3¢ g

15 16 12
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Appendix B: Quintic construction

In order to construct a quintic four-dimensional Einsteinian theory with the desired prop-

erties, we write a generic combination quintic invariants as

dy R (RypR™)* + dy RR,'RPR R + ds RR, "R, "R, °R,% + dy R"R}'R, R,

+ds RRRR, "Ry, + ds RRER'RR,; “'R ,* + d7 RRyR,,"R;,“R,, 1

+ds RR{ R, "R;, "R, '" + dy RR{ Ry "R,, “R,, ' + dig RR,; " R,, 'R, “'R,; "
+dy R RCdab R, cd Rghef Rabgh +dpR Rceab Ragcd Rbhef Rdfgh +dsR Rceab Ragcd Rdhef Rbfgh
+diy RfRVRSRIRE + dis Ry RERERYR 1 + dig RERURGRIR, . + dvr RYRLRSR, R,
+dis RERYRSR,, “R,, 19 + dig RERUR.; 'R, Ry ™" + dog RYRER,, R, TRy,
+dy RgRlc)RaeCnghefRdfgh + dao RngRaeCdethRb fgh + das RZRadbcRc f deRhingeghi

+ dgy RS Radbc ngde Rhifg Rcehz‘ + dos Rcdab Raecd Rbge f Rij gh Rf hij

+dos R, Ry R, Rajgthd"j.

On the resulting dynamics, we impose the following constraints

e When considered as a five dimensional theory, it must satisfy the quasitopological
properties (we impose this condition in order to reduce the number of invariants that
may appear).

— Being ghost-free around the maximally symmetric background.
— Providing first order equations of motion in a spherically symmetric ansatz, i.e.

having a Birkhoff theorem.

e When considered as a four dimensional theory, it must satisfy the Einsteinian proper-
ties
— Being ghost-free around the maximally symmetric background.
— Leading to second order equations of motion on a FLRW ansatz.

— Leading to third order equations of motion with a trivial first integral on a static,

spherically symmetric ansatz, fulfilling — g9, = 1.
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With these conditions, we obtain the following restrictions on the d;’s

81847 69959 58427 38813
i = 11564855’ d> = _17347255 o = _1084265 ’ da = 2168455’
535055 214553 167065 69455 :
> 86736 7 67 98912 % ’ 86736 > 8 144567
23135 198411 60085 15267
9 834 55 ) 10 11564855 ) 11 5782455 ) 12 2891255 )
L. _ 277981 27623 ‘ 190787 102481
187 798912 5V M 3368 157 43368 7 167 791684 >0
12868 814 977503 1794913
dim = — —_ dia — — I itad
17 5421 55 ) 18 180765 ) 19 17347255 ) 20 86736 55 3
4555 122137 54215 330845
d21 — 1445655 ) d22 — 7228 55 ) d23 — 1445655 ) d24 - = 86736 657
215
d25 - m§5 ) d26 - 55
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