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On the Hopf algebra structure of the Lusztig
quantum divided power algebras

NicoLAsS ANDRUSKIEWITSCH
IvAN ANGIONO
CRISTIAN VAY

Abstract

We study the Hopf algebra structure of Lusztig’s quantum groups. First we show that the zero part is
the tensor product of the group algebra of a finite abelian group with the enveloping algebra of an abelian
Lie algebra. Second we build them from the plus, minus and zero parts by means of suitable actions and
coactions within the formalism presented by Sommerhéuser to describe triangular decompositions.

Sur la structure d’algébre de Hopf des algébres
de puissances divisées quantiques de Lusztig
Résumé
Nous étudions la structure d’algebre de Hopf des groupes quantiques de Lusztig. Tout d’abord, nous
montrons que la partie zéro est le produit tensoriel de 1’algébre de groupe d’un groupe abélien fini avec
I’algebre enveloppante d’une algebre de Lie abélienne. Ensuite, nous les construisons a partir des parties

plus, moins et zéro au moyen d’actions et de coactions appropriées par le formalisme de Sommerhduser
pour décrire des décompositions triangulaires.

1. Introduction

There are two versions of quantum groups at roots of 1: the one introduced and studied
by De Concini, Kac and Procesi [9, 10] and the quantum divided power algebra of
Lusztig [15, 16, 17, 18]. The small quantum groups (aka Frobenius—Lusztig kernels)
appear as quotients of the first and Hopf subalgebras of the second; in both cases they fit
into suitable exact sequences of Hopf algebras.

The key actor in all these constructions is what we now call a Nichols algebra of
diagonal type. Indeed all the Hopf algebras involved have triangular decompositions
compatible with the mentioned exact sequences; the positive part of the small quantum
group is a Nichols algebra. The celebrated classification of the finite-dimensional Nichols
algebras of diagonal type was achieved in [11]. The positive parts of the small quantum
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was partially supported by Foncyt PICT 2016-3957.
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groups correspond to braidings of Cartan type, but there are also braidings of super and
modular types in the list, see the survey [2].

The question of defining the versions of the quantum groups of De Concini, Kac
and Procesi on one hand, and of Lusztig on the other, for every Nichols algebra in the
classification arises unsurprisingly. The first was solved in [8] introducing Hopf algebras
also with triangular decompositions and whose positive parts are now the distinguished
pre-Nichols algebras of diagonal type. These were introduced earlier in [7], instrumental
to the description of the defining relations of the Nichols algebras. A distinguished
pre-Nichols algebra projects onto the corresponding Nichols algebra and the kernel is a
normal Hopf subalgebra that is even central under a mild technical hypothesis, see [3, 8].
The geometry behind these new Hopf algebras is studied in [6] for Nichols algebras
coming in families.

Towards the second goal, the graded duals of those distinguished pre-Nichols algebras
were studied in [4] under the name of Lusztig algebras; when the braiding is of Cartan
type one recovers in this way the positive (and the negative) parts of Lusztig’s quantum
groups. A Lusztig algebra contains the corresponding Nichols algebra as a normal Hopf
subalgebra and the cokernel is an enveloping algebra U (1) under the same mild technical
hypothesis mentioned above, see [3]. In [3, 5] it was shown that 1t is either O or the positive
part of a semisimple Lie algebra that was determined explicitly in each case.

In order to construct the analogues of Lusztig’s quantum groups at roots of one for
Nichols algebras of diagonal type, we still need to define the O-part and the interactions
with the positive and negative parts. This leads us to understand the Hopf algebra structure
of a Lusztig’s quantum group which is the objective of this Note.

Let V be the Z[v, v_!]-Hopf algebra as in [17, 2.3]; the quantum group is defined by
specialization of V. Our first goal is to describe the specialization of the 0-part V°, a
commutative and cocommutative Hopf subalgebra of V. We show in Theorem 3.10 that
it splits as the tensor product of the group algebra of a finite group and the enveloping
algebra of the Cartan subalgebra of the corresponding Lie algebra. For this we use some
skew-primitive elements %; ;, € VO, cf. Definition 3.4, defined from the elements [K;;O]
and K' of the original presentation of [17]. The elements A; ,,, or rather multiples of them,
were already introduced in [14] towards defining unrolled versions of quantum groups;
see Remark 3.5. We point out that the definition in [14] is by a limit procedure, while
ours is explicit in terms of polynomials p, s € Z[v,v~!] that we define recursively in
Lemma 3.3. Theorem 3.10 appears in [13, 14].

In [23] it is explained that Hopf algebras U with a triangular decomposition U =
A ® H ® B, where H is a Hopf subalgebra, A is a Hopf algebra in the category of left
Yetter—Drinfeld modules and B is the same but right, plus natural compatibilities, can be
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described by some specific structure that we call a TD-datum. Our second goal is to spell
out the TD-datum corresponding to the quantum group, see Theorem 4.4.

The paper is organized as follows. In Section 2 we set up some notation and recall
the formalism of [23]. Section 3 contains the analysis of the Hopf algebra VO from [17].
In Section 4 we recall the definition of Lusztig’s version of quantum groups at roots of
1, show that it fits into the setting of [23] and prove Theorem 4.4. For simplicity of the
exposition we assume that the underlying Dynkin diagram is simply-laced; in the last
Subsection we discuss how one would extend the material to the general case.

The Lusztig’s quantum groups enter into a cleft short exact sequence of Hopf algebras [1,
3.4.1,3.4.4] and contain an unrolled version of the finite quantum groups [14] but as is
apparent from the description here, they are not unrolled Hopf algebras.

We are not aware of other papers containing information on the matter of our interest.
Other versions of triangular decompositions similar to [23] appear in [12, 20].

2. Preliminaries

2.1. Conventions

We adhere to the notation in [17, 18] as much as possible. If 1 € Ny, 6 € Nand 7 < 6,
thenl, g :={t,t+1,...,0},1p ;=1 .

Let A = Z[v, v~'], the ring of Laurent polynomials in the indeterminate v, A’ = Q(v),
its field of fractions; later we also need A" := Z[v,v~!, (1 — v?)~!]. The v-numbers are
the polynomials

N !
[slo = ——. NI =] ]s]o [].V]=L”._eﬂ

s=1
s,N € N,i eIy y. Wedenote [}| =0wheni>N,i,NeN.
If B is a commutative ring and & € B is a unit, then B is an A-algebra via v — &; the

elements [s],, [N]}, [IY]V of A specialize to [s] ¢, [N]ff, [1:]]6 of B. Asin[19, 35.1.3],
we fix £ € N and set ‘

) {t’ if ¢ is odd,
=

2¢ if € is even.

This convention is slighty different from the one in [17, 5.1, pp. 287 ff].
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Let ¢4 € Z[v] be the £’-th cyclotomic polynomial; let 8 be the field of fractions of
AJ{pe) and let & be the image of v in B. We have in B

$e(£%) =0, &= (-1, £=¢"=1, @1
N+M

N ) N,M € To i, N+M>¢. 2.2)

M |

We also have that

[nlle _ conmem — 1E+Ile oo,

, - m,n € Ny, j €l,_y. (2.3)
[nf] ¢ n [n€+ jle J
Hence for allm > n € Ny and j € I,_;, we have
[mf] _ (m)’ mt).-l-j = gmit, ml + ] - 1] o 2.4
nt ¢ n Jj ¢ Jj ¢

Let k be a field; all algebras, coalgebras, etc. below are over k unless explicitly stated
otherwise. If A is an associative unital k-algebra, we identify k with a subalgebra of A.

2.2. Hopf algebras with triangular decomposition

Let H be a Hopf algebra with multiplication m, comultiplication A (with Sweedler
notation A(s) = h(jy ® h(y)), counit £ and bijective antipode S; we add a subscript H
when precision is desired. We denote by gy D, respectively Y DI, the category of
left-left, respectively right-right, Yetter—Drinfeld modules over H. If M € Zy D, then
the action of H on M is denoted by > while the coaction is m — m ;) ® mg), whereas
if N e yz)g, the action is denoted by < and the coaction is n +— n(g) ® n(yy. For Hopf
algebras either in ZJ/ DorY Z)Z, we use notations as above but with the variation
A(r) = r @ r®. Given Hopf algebras R in LY D and S in Y DH | their bosonizations

T
are denoted R#H, H#S. If A 2 H are morphisms of Hopf algebras with 7t = idy, then

L
R#H ~ A ~ H#S where R and S are the subalgebras of right and left coinvariants of r;
see [22, §11.6, §11.7].
A TD-datum over H [23, Definition 3.2] is a collection (A, B, —, —, ) where

(i) A isa Hopf algebrain #YD;
(ii) B is a Hopf algebrain YD,
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(iii) —: B® A — A is a left action so that A is a left B-module, and the following
identities hold foralla € A, b € Band h € H:

b — (h>a)=hay»> ((b<hp) — a), b—1=¢gp(b),

2.5)
Batb = a) = (6 = a ) @ (6> (b = )

(iv) —: B® A — Bis aright action so that B is a right A-module, and the following

identities hold foralla € A, b € Band h € H:
(b<h) —a= (b~ (hg)»>a))<hq), 1 — a=-¢gu(a), 06
Ao =)= (B =) 10y @ (b — )

both actions also satisfy for alla € A and b € B:

(D = M) g (b — a?)
=Wy (0? = a? ))& (6" ) —aV)<a®y) @7

(v) #: B® A > H is alinear map, b ® a — bfa, satisfying the following identities
foralla,c € A,b,d € B, h € H.

Compatibility of § with the structure of H:
(bR(h1y > a)) k) = Ry (b <D 2))Ha),
AH(bﬁa) = (b(l)(o)ﬁa(l))a(z) (=1 ® b(l)(l) (b(z)ﬁa(z) (0)), (28)
en (bfa) = ep(b)ea(a),
Compatibility of § with the products of A and B:
bi(ac) = (6V4aM)a® 1y (6@ = a'® (g)He),
(bd)a = (b#(dV o) = aV))aV ) (dPHa'?), (2.9)
bl = ep(b), Ia = ea(a),
Compatibility of the actions with the multiplications via §:
b~ (ac) = (b = a'V)
x (00 (1) (6@4a@)a® iy > [(b) = P 0) = ¢]),
(bd) —a=([b~ (dV ) = aD)]<dV ) (@?4a®)a® )
x (dP —a);

(2.10)
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Compatibility of the coactions with the comultiplications via §:

(60 = a) o (1) (0P 4a?) © (b () — a'V)

= (bW fa)a® n e (6 ) > (6P = a® g));
(6@ = a® ) g ® (bVHaV)a® ) (0 = aP ),

= (6" (0 = a)<a® ) @00 (1) (0PHa? (o).

@2.11)

Proposition 2.1.

(1) [23,3.3,3.4] Let (A, B,—, —,}§) be a TD-datum over H. Then U := A ® H ® B
is a Hopf algebra with multiplication, comultiplication and antipode:

(a®h®b)(c®k®d) =alhag > (b g —cV))

® hoybV 1y (6P #cP )P (k) @ (07 = ¥ ) <ka))d,
Aa®heb)=(aV®a? 1 hgy @b ) ® (a? ) ® hybV (1) ® b?),
S(@a®heb)=(1818Sp(b)))(1®Su(ahbi)) ®1)(Salap) ®1®1).

(i) [23, 3.5] Let U be a Hopf algebra. Let A and B be Hopf algebras in ZJ/D and
Y Z)Z respectively, provided with injective algebra maps

h:A—>U, g H—> U, g : B— U.

Assume that

my (LA®LH ®lB)

(@) Themap A® H® B————— U is a linear isomorphism.
(b) The induced maps A#H — U, H#B — U are Hopf algebra maps.

Then there exists a TD-datum (A, B, —, —, 8) over H such that U = U.

Clearly these constructions are mutually inverse. In the setting of the Proposition, we
say that U ~ A ® H ® B is a triangular decomposition.

As observed in [23], the verification of the conditions in the definition of TD-datum is
easier when H is commutative and cocommutative.
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3. The algebra V°

3.1. Basic definitions

We fix 6 € N. For simplicity, set I := I4. Following [17, 2.3, pp. 268 ff] we consider the
A-algebra V presented by generators

Ki;
K. K7, [ tc], ielceZ teNy 3.1)
and relations for all i € [, tagged as in [17],
K;;0 _
(v—v_l)[ [1 ] =K, -K;', (g5)
the generators (3.1) commute with each other, (g6)
IG;O
KiK' =1, [ 0 ]=1, (7
t+t'] [K;;0] PN Ty | | K;;0][K;;0 ,
+ = Z (_1)]Vt(t 7) +J. K][ :||: .:|’ tZl,t ZO, (gS)
t t4+t - ot |-
v o<y v
K;:—c] . . +7-1 1 K;; 0
[ is—C — Z (_1)ij(t—j) c ]. ] Ktj[ i ‘]’ 1>0,¢>1, (€9)
t - r—y
- 0<j<t v
K;; c] s _:|K;;0
[ = Z velt ”H Kl-"[ ' } t>0,c>0. (210)
t - J r=yJ
0<j<t v

Observe that (g9) and (g10) actually define the elements %], ¢ € Z - 0, in terms of
K*' and
l

K;;0
ki, = [ ‘t } teN,iel (3.2)
See also Section 4.4 for an equivalent formulation. Set
vIK; —vIK;! )
Aip = —————— ielbteZ (3.3)
v—v
Thus S(a; ;) = —a; ;. Taking ¢’ = 1 in (g8) we have
[t + 1] ki a1 = ki (Vkiy = [1]0K7) = kigais, (3.4)
hence
(ki =[] ais. (3.5)

0<s<t
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Multiplying (3.4) by v — v™!, we get
2 [ AN 23 | —t-1 2t
Ki ki,t =V (V -V )Kiki,t+1 +v ki,t~ (36)
Proposition 3.1.

(a) [17, Lemma 2.21] The A-module V° is free with basis

K2 Kok ko, 6;€{0,1},1; eNp, i e L. (3.7)

(b) [17,2.22]1 VO @4 A’ ~ A'[Z"] as A’-algebras.

Thus V? is an A-form of the group algebra A’[Z']; actually it is a form of the Hopf
algebra structure as we see next.

Lemma 3.2. The A-algebra V° is a Hopf algebra with comultiplication determined by

AKE") = K © K iel (3.8)

Proof. Since V is a subalgebra of the Hopf algebra A’[Z'], we need to see that
A(V?) c V0 @4 V0. By (g9) and (g10), it is enough to show that

Akic) = > ki oK* @ ki sKI™* (3.9)

0<s<t

for alli € Iand t € N. We proceed by induction on ¢. If = 1, then

A(ki) =

— (K@K~ K ® K;') = ki1 @ Ki + K @ ki1
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If (3.9) is valid for ¢, then

A(k, 1) = A(k, I)A(at ‘)

1
[t+1],

— l —S -5
T ( D kiasKi® @ ki K]

0<s<t

y -yl

(v‘fK,- ®K; - V'K ' @ K;!

Z V_tk[’tszl_S ® k[’sKH-l_S _ Vtki,tszl'_l_s ® ki,sK;_l_S
[t+1],(v —v71)

t—s -1
v ki,t—sKi

-1

-5 t+1-s
K ® ki 5K
V=V

= ([t—S+ Hyker-s +
v

+ [t " 1] Vt_ski,t—sKi_l_s ® ([S + 1]vki,5+1 -

Y 0<s<t

1

= Ki1 ® K[H] + TriL
7+ 1]y l<s<t

Ve [t -5+ 1]vki,t+1—sK;S ® ki,sK;His

[s+1]y ~1- - —1-t
+ Z [t 1], —ki K '® ki si1K; S+ K; ® ki i1
0<s<r-1

= ki1 ® K-Hl + K-_l_t ® ki r+1

It =+ 1], v
+ZV J+ 1 +vT ]y

—j t+1—j
[l‘+ 1]‘, ki,t+l—jKi ®ki,jKi

I<j<t

Z ki,l+l—sKi_S ® ki,sKl?-H_ss

0<s<r+l

which completes the inductive step. O

3.2. Some skew-primitive elements
We introduce some notation:

e Forn € N, ¢, : N — {0, 1} is the map given by ¢,(j) = 0if n — j is even and
¢n(j) =1if n - jis odd.

e @ : V% — VY is the algebra automorphism determined by

Ki; Kl’
K; — K, Ko K7, [ tc] (= 1)[ C] (3.10)

It is easy to see that (3.10) defines an algebra map. Notice that
DO(kin) = (-D)";.n, O(K;™) = (-1)"K;™, neN,iel (3.11)
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Lemma 3.3. Let n € N. We define p,s € Z[v,v'], s € L, recursively on s by

Pn1 = V_¢"(1),
pns _ ns s
— (¢n ()= pn(s))s
T -
yon()s(yn —ymm) - L t,
Then
KP =K"= (" =v™) Y puski sk (3.12)
s€ly,

Proof. Fix i € 1. By Proposition 3.1(a), KI' — K;" is a linear combination of k; ;, k; ; K;,
t € No. Indeed, it can be shown by induction on 7 that K;"* belongs to the A-submodule
spanned by k; ¢, k; :K;, t < n. Using the involution @, we see by (3.11) that there are
ant € A, t €1, such that

K'— K" = Z an ki KO (3.13)
tE]Io’n

We extend scalars as in Proposition 3.1 (b) and consider the algebra maps
g A2 - A, K; v/, K,—1, p#i, (3.14)
j € Ny. Notice that, with the convention [IZ | , =0whenn >N,

VIS — ST

1 1 Jj
Stk =— || &,(ais) = — —=H . (3.15)
! [rJLODK, ! mmg, v -y t],

Applying E; o and 5; ; to (3.13), we see that 0 = a, 9, V' — v = an,1v¢"(1). Now we
apply E; s, s > 1, to (3.13):

this implies the recursive formula holds since

(g = v Pn ()5 (yns _yons) _ Z s H p(On(D=n(s))s O
t
tels_g v
Definition 3.4. Let n € N. We set
K'—- K™ 1 )
o i i _ . Dn(s) 0

hi,n = m[{tn = ; (%} Pn,s kl,sKl' Kln eV (316)
K -1

Then A, ,, = is (1, K?")-skew primitive.
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Remark 3.5. The elements H, defined in [14, Theorem 3.1] are multiples of the above
elements in the particular case n = €. Explicitly, H], = %hi,g. Notice that H}, are
defined by taking a limit while (3.16) is an explicit expression in terms of the polynomials

Pn.s that are defined recursively. We discuss now these polynomials.

Lemma 3.6. Letn € N. Then

P = v O (=) @ =y - 1] (3.17)

v

Proof. We compute k; ; in VO @7 A’ ~ A'[Z"]:

1 | viIK; —vIK! ! !
kiy = — ——= ) fisk], for some f; s € A’
[]% l:(! V- S:Z—t
(—l)tv(g)

In particular, f; _; = . Looking at the equality (3.12), K" appears only in

[} (v = v
one summand, p, ,k; », on the right hand side. Hence

(-1)my(3)

-1= (Vn - V_n)fn,—npn,n = [}’l]v(V - V_I)W

pn,n ’
and the claimed equality follows. O

Given ¢ € N we consider the lower triangular matrix

P11 0 0 . e 0
p21K; P22 0 ... . 0
P, = P31 p3nK; P32 e . 0 ’
: o o : : :
pflK;W(l) p[zKi‘ﬁZ( ) P(’3Ki¢(( ) . pf[—]Ki pee

and the column vectors

kie=| : |, hi,=| & |, where h; , 1= nh; K.
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Then (3.16) says that P; ¢/k; ¢ = Hi,[. Recall A” = Z[v,v~!, (1 —v)~!] so that the matrix
P; ; becomes invertible in V ® 4 A’ by (3.17). Let

qiu1 O o ... ... 0
qn q9» 0 ... ... 0
Pl.‘}, =|q31 g2 g» ... ... 0
qe1 qe2 qe3 oo qee-1 qee
Then
ki,n = Z dn,s ;;i,s = Z qn,sS hi,sKi_S, neN,iel
s€l, sel,

Example 3.7. We compute p,, s for small values of n. Forn =2, pr | = vl

v —vy 2 _ _ _
P22 = - P21 v2=v2+v2—v(v+v1)=v2—1.
Toy2—y2 1
v

This agrees with (3.17). Thus,

v2_1 yol
hio= kir+—ki1K; K2
2 ( ) 2 ) ,1 ) i

For n = 3, we have that p3 | = 1,

I 2] 5 (v=vH[2),
= — v = —,
P32 V(3 — 3 P31 1, 2
9 -9 9 -9
v 3 3650V Vv 3 3 3
p3,3_v3_v_3 tez}[‘;p3,l’|:tj|vv _V3—V_3 p3,l ] , p3,2 2 vv
=1-v 2yt o= —(V — v—1)2[2]v

y3

Again this agrees with (3.17). Thus,

((V—V_I)Z[Z]v (v-vH2[2],
hi3 =

p2

ki’3 +

3\/3 ki,2Ki + ki,l) Kj

The element H’ computed in [14, Example 3.2] (assuming £’ = 4 in our notation) is a
multiple of h; » above.
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Remark 3.8. For instance, from the preceding formulas we conclude:

kin = hi K7 (3.18)

kin = v_22_ i oK - V_V: i, (3.19)

ki = ﬁhi,gl(ﬁ - vffv_ ChioK; !+ i K (3.20)
3 hi K.

S (v—vh2[2],

3.3. Specializations of V°

Recall that £’ € N is defined in Section 2.1 and that B is the field of fractions of A/{¢¢ ).
We study now V% := VO ® 4 B. Thus the map A — B factorizes through A".

Lemma 3.9. [16, Lemma 4.4], [17, Lemma 2.21] The algebra V% is generated by K; and
kie= [K 0] i € I. Furthermore,

KX =1. (3.21)

Proof. We first prove (3.21). Taking t = £ — 1 and ¢’ = 1 in (g8) we have:

o

_ [K,-;O éK; - €K (335) [Mo<s<r €Ki = EK;!
C=1] £-¢&71 [5—1];(5—5_1)‘7
Kf -k

[€- 1]!_5(5 - he

Hence (3.21) holds.
Let ¢ € Ip¢—1. Then [t]!§ #0,s0 k;; = ﬁ [To<s<: ai,s belongs to the subalgebra
&

g—(ﬁ)

generated by K;. Now we claim that

1
kit = — [] (kie—skf),  forainen. (3.22)

T 0<s<n

We take t = nf and t’ = € in (g8). By (2.4) the left-hand side is

(n+1)¢
nt

ki (netye = (n+ D)k; (ns1)e,
&
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while the right-hand side is, by (2.3),

Z (_1)]5"5(5—1')

0<j<t

nf+j—-1

K/ kinckio-;
£

R L4
= kinckie + (1) n D Wijki,n(’ = ki,nt’(ki,f - "Kf)

Hence k; (n+1)¢ = #ki,n[(ki,f - an), so we obtain (3.22) recursively.

Finally we take r = m¢€, t’ € Ip,_; in (g8). Using (2.4),

Kimeso = ), (=1)7

0<j<t

mé+j—1 i
. ] Kl!ki,mé’ki,t’—j = ki,m[ki’y.
J £

Hence the claim follows from Proposition 3.1 a. O

LetI" = (Z/2¢)", with g; € T being generators of the corresponding copies of the cyclic
group Z/2¢£. Let b be the abelian Lie algebra with basis (#;);¢1, so that U () = B[t; : i € I].

Theorem 3.10 ([13, Theorem 4.1]). The assignment
Y(gi) = Ki, Y(t;) = hie, iel, (3.23)
determines an isomorphism of Hopf algebras ¥ : BT @ U(h)) — V%.

We present a different proof involving the polynomials p; ;.

Proof. That (3.23) defines an algebra map follows by (g6) and (3.21); that is a surjective
Hopf algebra map, by (3.8), Definition 3.4 and Lemma 3.9. It remains to prove that ¥
is injective. By [21, 5.3.1] it reduces to prove that ¥ is injective on the first term of the
coradical filtration, i.e. that the set {K{'Dhi,g 2i,r € lg,p €lp2e-1,7 €lp,1} is linearly
independent. By the assumption &2 # 1, we have py.¢(€) = n, so (3.16) implies that

hic € ki (K + B(K:), (3.24)
see the line before (3.22). We need then to prove that the set
{K[.”kf’[ ci,r €lg,p €lonr1,j €To1}
is linearly independent. Indeed, suppose that
0= e pK! +bi yK kis, (3.25)

i,p
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where ¢; ,,,b; , € B. Fix i € I. The A’-algebra maps Z; ; : A’[Z] — A’ as in (3.14)
satisfy Z; ;(V?) € A by (3.15). We restrict to A-algebra maps E; ; : V° — A and
tensorize to get B-algebra maps &, ; : V% — B such that

B j(K)=¢, Eijlkie)= [é] , B (K =1, EBijlkye)=0ifr #i.
'3

—_
i,

Applying E; ; to (3.25), we get

0= Z ei pP, 0<j<t (3.26)
PElp2e-1

0= Z eipEPT + by el (<j<2t (3.27)
Pelo2e-1

If ¢ is even, then ¢’ = 2¢ and from (3.26) we deduce that e; , = 0 for all p € Iy 2,1.
Hence 0 = X ,e1),,, bi,p&P/ forall 0 < j < £ by (3.27), and the same argument shows
that bi,p =0forall p € Ipor—1.

If ¢ = tis odd, then e; , + e; p+r Z 0 for all p € Ip -1 by (3.26). Similarly as above,
we consider the algebra maps Ei’j c A'[Z/] — A’ such that K; — —v/ and K, — 1 for
r # i; we get algebra maps E,-,j : V% — B such that

B j(Ki)=-¢, Ei (ki) = —[é] . Bij(K ) =1, EBijlkre)=0, r#i.
£
Applying Ei,j to the previous equality (3.25), we see that
0= (=1)(eip = e pe)€?, 0<j<t
PElo,e-1

Hence ¢; , — e p+¢ = 0 forall p € Ip—1, 50 ¢;,, = 0 for all p € Iyoe—; by equality *.
Analogously b; , =0 forall p € Ip¢-1. O

4. The algebra V, simply-laced diagram

4.1. Definitions and first properties

Asin [17], we fix a finite Cartan matrix A = (a;;); jer whose Dynkin diagram is connected
and simply-laced, that is, of type A, D or E.

Following [17, 2.3, pp. 268 ff] we consider the A-algebra V presented by genera-
tors (3.1), El.(N), Fl.(N), i € I, N € Ny with relations (g5), ..., (gl0), together with the
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following, tagged again as in [17],

(N) (M) _ [N+M|(N+m) o _ 4.
EVEM =17 T , EP =1 @1
v
N+M
FNEM = FNM), FO=1; (f1)
M 1 1
%
ifiijEH,aiJ'ZOI
El.(N)E](.M) - Ej(.M)El.(N), (d2)
F;N)F;W - F]?M)EjN), (f2)
ifiqtje]l,al-jz—l,i<j:
min{M ,N }
EMEM = Ny N gD g0 g, (d3)
t=0
yVM M EM) = gD EN) (d4)
NM (M) (N) _ -(N) (M)
yWMEM EN) < R, (d5)
min{M ,N }
FI(N)FJ(M) — Z V—t—(N—I) (M -t) FJ(M*I)FI(JI) Fi(N*t)’ (f3)
t=0
yNM N EOD = p (M0 p(N) (4)
NM (M) o(N) _ (N) (M)
yNM O I = FESD, (f5)

where El.(]?V ) = ZkN:O(—I)N‘kv‘kEi(k)E](.N)Ei(N_k) (cf. [17, Lemma 2.5(d)]) and Fl.(jN ) =
k. — k N N-k
ZkN:O(_l)N kV kFi( )Fj( )F[( );

ENFM = M EN), i# . (hD)
o[Kin2t =N=M] _(n-
Ei(N)Fi(M) _ Z Fi(M t)[ i Ei(N 2 (h2)
0<t<min{N,M } !

K EN = yxNas gV g, (h3)

K PN = yPNay pIN) gL, (hd)

[Kl-;c E(.N) :E(N) Ki;c+Nal~j]’ (h5)
J J t

[K"C]FW g K“C_N“"f']. (h6)
t J J t

146



Lusztig quantum divided power algebra

Let V*, respectively V™, be the subalgebra of V generated by El.(N >, respectively Fl.(N),

i €L N eNp. Let
1. .
[Kit’c] =S ([Ktc]) 4.1)

The following formula is analogous to (h2), cf. [19, Corollary 3.19]:

|Kh2e=N-M] _(n-
FMEM = X M ‘)[ i FN, 4.2)

t

0<t<min{N,M}

By [17, Proposition 4.8, p. 287], we know that V has a unique Hopf algebra structure
determined by (3.8) and

AEM)= 3 PN EN DIk g E®),
0<b<N

AEN)= Y N p@ g grapNa),
0<as<N

iel, N eNy. (4.3)

4.2. Specializations of V

We define next
VZ;:V+®\7{B, V%=V7®_7[B, Vg=V®qB.

By [16, Proposition 3.2 (b)], V;; is generated by E; and Ei([), i € I; Vi is generated by F;
and Fl.([), i € I. From now on, we abbreviate

Ki;O
N

kin = [ ] N € Ny, E; = E[_(l), F = Fi(l)‘
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Lemmad4.1. Leti, j € . We have in Vg:

kicEi = Ei(kie + & 22K ki oot + €K 2k 02), (4.4)
_ Je2571 0 J t
kicFi=Fi|kic+ Y. (=172 [j+1]eK kie ;- KL, (4.5)
J€lp—2
ki’[Ej = Ejki’g, i+ j, aij = 0, (46)
k[’[Fj = ij[,f, i+ j, aij = 0, (47)
t
kicE;=¢E; (Z(—f)stki,f—s) , i#j,a;;=-1, 4.8)
s=0
kicFj=&Fj(kie+ & 'K kier), i #Jj,aij =1, 4.9)
ki B\ = ESO (kig +aiiK{), (4.10)
&) _ () £
ki,{,’Fj = F] (ki’g - aini ) (411)

Proof. We consider first the case j =i. Wetaket = ¢, c = 0and N = 1 in (h6) and
use (g9) to obtain (4.5):

Ki; -2 coae—n|JF 1 i
kicF; = Fi[ ' } =F; Z (=1)Jg2 D) [J ; ] kai,f—j)
3

¢ 0<j<t

= Fi (ki + Y (=1 + 1] K] kiej + (=6 K!

J€le—

For (4.11), we take = ¢, ¢ = 0 and N = ¢ in (h6) and use (g9):

o olKi=20] o
ki,t’Fi( ) — Fi( )[ [ / — Fi( ) Z (_1)]{;2(’((’ )
0<j<¢t

= F{O (kio + (-1) & V2k]) = FO (ki ¢ - 2K7).

2w+j-1]
/ ] Kl kic—j
J &

Now we take j # 7 and a;; = 0. From (h6), k,-,gF;N) = Fj(.N)k,-,g for all N € N, hence
we obtain (4.7) when N = 1, and (4.11) when N = ¢.
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Next we take j # i and a;; = —1. From (h6) and (g10) we derive (4.9) when N =1,

and (4.11) when N = ¢:
Ki; 1 r—s K;;0
wary = [ < (e ] )

=&EF (kip+& IK- kit’fl)

[ o] s

Finally we get (4.4), (4.6), (4.8) and (4.10) similarly but from (h5). O

t t _
k,-,gF; ) =F}> = Fj(kig+K;0).

Now we compute relations involving h; ¢. The formulas (4.12) and (4.14) appear in [ 14,
Theorem 3.1].

Lemma 4.2, Leti,j € . We have in Vg:

hi(E; = Ejhi¢+aijl”"E;j, (4.12)
O _ g0 G)
hicE;" = E;7hig +ai,E}7, (4.13)
hi¢Fj=Fihi¢—a; (", (4.14)
h,,gF]@ = F]f‘“h,-,f - aiJ-Ff). (4.15)
Proof. By (3.16), there exist b; € B such that
-1
(Z PLs ki oK O ) KE = koK + ) K2 (4.16)
s€ely =0
Indeed, for each s € I,_1,
s—1 @—7 i T —1 s
1 TK: — ETK: s
ki,s= T l—lé‘: ! éi] L GZBKZZP
[S] £ j=0 f - é": p=0
Using (h3), (4.10) and (3.21),
-1
hicE = ki okl + > b K | ESO
t=0
) -1
=B (ki + aipK K+ ) by g ESOKE = B by + aig B,
t=0

The proof of (4.15) is similar. Next we check (4.12). By a direct computation,
A([hie, E;]) = [hie, E;] ® 1 +K; ® [hi ¢, Ej].
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Thus [£;¢, E;] is (1, K;)-primitive and belongs to the subalgebra generated by K, h; ¢
and Ej, so [h ¢, Ej] = c;jEj+d;j(1 — K;) for some c;j,d;j € B. As E[ 0, we have
that

0=[hie, ES) = > EX ' [hi g, Ej]ESH
! kE]I(
= Z E}{_I(CUEJ' +dij(1 - KJ))E][_k = dij E;c_l(l - Kj)Ef_k
kelp kely
= d;j EZ] Zf 2k Eé’ ]K =dijfEf_]-
kEI[{

Hence d;j = 0. Analogously [h; ¢, Fj] = c[;F; for some c/; € 8. Now

0= [hi,szj - KTI] = (=€) [hie. [Ej Fil] = (cij + ¢} (K - K1),
s0 c{; = —c;;. We consider three cases:
(1) j #i,a;j =0.Then [h; ¢, E;] = 0by (4.6) and (h3). Thus ¢;; = 0.

(2) j #1i,a;j =—1.From (4.9), (4.16) and (h4):

-1
—cijF; = [hie, Fjl = [kioK{, Fj] + th (K7, F]
t=0
-1
= ¢ PR K + Zb,(f” ~- 1)F;K*.
t=0

As the set {F;K? : t € Ip 41} is linearly independent,
cij==¢""bo

where b; € B denote the elements satisfying

(=2 #—j f r—1 -1
1 &K - &K, _
ki,(’—l _ 1—[ i i Z btKiZZ e+l

-1ty e-é -
Since
PN S U i G o AU
(-1 E=eD T eOqy 1-62 O
we have that ¢;; = €~

(3) j =1i. The proof is analogous to the previous case, using (4.4).

Hence ¢;; = % in all the cases, so (4.12) and (4.14) follow. ]
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4.3. The Hopf algebra structure of Vg
Recall that by Theorem 3.10, V% =B[Ki, hi¢:i€l]l ~BrU().

Remark 4.3. The counit on the elements [Kfitl ] takes the following values.

1 ifc=1=0,
8([1(1_11;6]): 0 ifc=0andt #0, @.17)
t [f] if ¢ >0,
(- 1)t[ = 1]5 ifc <0.

In fact, we first note that & ([ i, 1) = £8([5¢]) = &([K1]) by (4.1). The formula for
¢ = 0 holds by (3.5). Then, for ¢ > 0, we use (g10):

Kisel) _ c-p € _; K;;0 e
o[ 5]) = 32 e 5] s[5 = 1]

While for ¢ < 0, we use (g9):
-1 1 Ki;O
7 e ()
v 1=y

([Kl,c ) Z ( 1)] —c(t=j) |~

0<j<t
+1-1
=1 ]
t \4
Theorem 4.4. The Hopfalgebra Vg has a triangular decomposition given by a TD-datum
(V5. Vg, —, =, #) over VO The left action — of Vg on Vg, the right action — of Vi on

Vg and the map 4 : Vg ® VJr — V0 are determined as follows:

M-1 _
ﬂMAEWGmwﬂN[ ]EWN)
J A P

N-1 -
Fi<N>_E§.M>=5ij(-1)M[ Y } FNTM (4.18)
’ 3
K10
Fl.(N)ﬂE;.M)zéM,Néij[ lN ],

of. (4.1), where EM =0 = F™ ifn <0.

Proof. For the first claim, we just need to verify that the conditions of Proposition 2.1 (ii)
hold.

Let V§0 =V Vg and V§0 = V%VZ‘;; these are Hopf subalgebras of Vg by definition.
It is easy to see that the inclusions V% — V;O and V% — V§0 admit Hopf algebra
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sections 7* and 7~ respectively and that
+ _ >0\con* — _con (yy20
Ve =(Vg)" ", Vg =<7 (Vg).

0
Thus V; is a Hopf algebra in ngy D and V§0 ~ V%#V%, respectively Vg is a Hopf algebra

0
in Y Z)\Z; and V§O ~ V%#Vé. Also, by [17, Theorem 4.5 (a)], the multiplication induces

a linear isomorphism Vg ® V% ® Vg =~ Vg. Thus we may apply Proposition 2.1 (ii).
The verification of (4.18) is direct using the formulas in the proof of [23, Theorem 3.5]
and the natural projections @* : Vg — V%, for x € {+,0, —}. In fact, FY EE.M) =

L
w+(Fi(N)EJ(.M)). If i # j, this zero by (h1). Otherwise, we use (4.2):
N M N) (M
FN ~ EM = g (FN EM))

_ K12t-N-M _
-y g %([ : ])S(F;N )
0<t<min{N,M } !

which is zero for N > M by Remark 4.3. If N < M, then

- K;'N-M M-1 -
FN g0 _ g N)s( : ]) - (_1)N[ ]EW N,
14 L N N 12

We can verify the formulas for < and § in a similar way.
We next show by induction that (4.18) completely determines —, <— and §. We will
use that the comultiplication of Vi in the respective Yetter-Drinfeld category is given by

AEN)= Y PN EN @ g,
0<b<N
A(Fi(N)) - Z v—a(N—a)Fi(a) ® Fi(N_a)’
0<a<N
This follows from (4.3).
LetE = EJ(.IM‘) .- 'EJ(.rM’) and F = Fi(lNl) e FiiNS). First, we assume that

iel, N e€Njy.

) _, gD () (M)
F, E, F—EM, F™$E and FYE|

are determined by (4.18) for all r, s < n and prove the same claim for s = r = n + 1.
By (2.10), we have that

1 1
F[(N) (E](M) E) _ ((Fi(N))( )( ) (EJ(M))( ))
1 2 2 3

> ((FM)S = (M) ) < E). @4.19)

(0))
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Hence, (4.19) is determined by (4.18) because of the inductive hypothesis. The same
holds for Fi(N)ﬁ(E](.M)E) since

F.(N)ﬁ(E(.M)E) — ((F.(N))(l)ﬁ(E(.M>)(l))

X (E(.M))(z)

j ((FM) = (E)

J

(=1 (0))ﬁE)

by (2.9). A similar argument works for (FFi(N)) — EJ(.M) and (FFi(N))ﬁEJ(M).
Second, we prove that

F—~E, F~—E and F{E

are determined by (4.18) for all r, s > 0. This is true for F — E and F < E because —
and < are actions. For the others we proceed again by induction on r (or on s) using (2.9);
notice that the initial inductive step r = 1 was proved above. O

Remark 4.5. Here are some particular instances of the first line in (4.18):

1
F— E1€M> = ()M M = 1]EMY,
Fi(@ N Ei(M) =0 if ¢ does not divide M,
&) _ pln) _ -1 (tn=0)
FO < B = (c)y (= 1HE O

Fr—= EM = FO ~ M <0, ifi# j,

0
Remark 4.6. The structure of Vé as an object in “;ﬁy D is as follows: the (left) action of
B
V% on Vg is given by (h3), (4.12) and (4.13), while the coaction 4 : Vg — V% ® Vg is
determined by
AEM)=kN o EMN, iel, NeN.

Analogously, the structure of V; as an object in Y Z) Vo 1s as follows: the (right) action of

V0 on Vg is given by (h4), (4.14) and (4.15); meanwhlle the coaction p : Vg — Vi ® VO
is determmed by

p(F"Yy = FM) @ k7N, iel, NeN.

4.4. The multiply-laced diagrams

The arguments above can be extended to the diagrams of types B, C, F, G. We just discuss
the torus part here.

Let d = (d;);er € N'. Following [18, 6.4] we consider the A-algebra V° that is a
(multiply-laced!) variation of the V studied so far. For the agility of the exposition we do
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not stress d in the notation. This V is presented by the generators analogous to those (3.1)
of V0:

K-
K, K, [ ‘tc} ielceZ teNy (4.20)
with slightly modified relations. Tagging them as in [18], these are:

the generators (4.20) commute with each other, (b1)

K3
KK =1, [ ’ C] =1, (b2)

0

Ki; O [ K5 —¢ t+t K;; 0 ,
[ H ]z * . =0, (b3)
t t i [T+
[Ki;c] ~ v—d;t[Ki§C' +1 (e - [Ki;c]’ > 1, (bd)
t t t—1
Kl’; 0 _

(v —v‘df)[ ) ]:Ki—Kil. (b5)

The algebra V? is related to V° in the following way. For i € I, let le, respectively
V9, be the subalgebra of V', respectively V°, generated by K#! and | %], respectively
K;—’l and [K;;C], c € Z,t € Ny. Then (g6) and Proposition 3.1, respectively (bl) and [18,

Theorem 6.7] imply that there are algebra isomorphisms
Vi=vevie--ev), V'2vievie - eV (4.21)

Lemma 4.7. Let A = A regarded as A-algebra via v — v%. Then V? = Vi0 ®A A as
algebras.

Proof. First we claim that there is an algebra map y; : V¥ — V0 ®4 A given by
K#' > K¥' @ Land [“] > [X9] ® 1. Indeed, the images satisfy (b2) by (g7) and (bS)
by (g5). Taking ¢ = r and y = ¢’ in (g9) and inserting the right hand side in (g9) we
get (b3), while (b4) follows applying (g9) to both sides. The claim is proved and implies
in turn that ¢; is an isomorphism, as it sends a basis to a basis by Proposition 3.1 and [18,
Theorem 6.7]. O

From Lemma 3.2, (4.21) and Lemma 4.7 we see that V? is a Hopf algebra over A with
comultiplication determined by the K;’s being group-likes. Let

K;; 0
ki,t = [ lt :|»

hi,n .

Kzn B Ki_n n_ 1 d; On(s) | ren 0
midm yamy K = | 2 s O I € VY,
s€l,
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t,neN,iel Let U(h) ~ B[t; : i €] as above and let I" = (Z/2¢)" with generators
(gi)ie1- From the previous considerations we conclude:

Proposition 4.8. Assume that €% # 1 for all i € 1. Then V ~ BT ® U(h) as Hopf
algebras via g; — K, t; — h; ¢.
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