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A POLYA-SZEGO PRINCIPLE FOR GENERAL FRACTIONAL
ORLICZ-SOBOLEV SPACES

PABLO DE NAPOLI, JULIAN FERNANDEZ BONDER, AND ARIEL SALORT

ABSTRACT. In this article we prove modular and norm Pdlya-Szegd inequalities
in general fractional Orlicz-Sobolev spaces by using the polarization technique.
We introduce a general framework which includes the different definitions of
theses spaces in the literature, and we establish some of its basic properties
such as the density of smooth functions.

As a corollary we prove a Rayleigh-Faber-Krahn type inequality for Dirichlet
eigenvalues under nonlocal nonstandard growth operators.

1. INTRODUCTION

Symmetrization procedures have became a fundamental tool in the history of
isoperimetric problems, which go back to the works of J. Steiner [23] (1838) and H.
Schwarz [22] (1884). Given a u : R" — RT U {400}, its symmetric rearrangement
or Schwarz symmetrization is the function u* : R — RT U {+oc} defined as the
unique one such that for every A > 0 there exists R > 0 such that

B(0,R) = {z e R": u*(z) > A},
L'({x e R": u™(x) > A}) = L({x € R™: u(x) > A}).

Therefore, the function u* is radial and radially decreasing and whose sub-level
sets have the same measure as those of u. From this it is easily deduced that if
u € LP(R™), then u* € LP(R™) and both functions have the same L” norm. The
case of Sobolev functions is more subtle, and the celebrated inequality named after
G. Pélya and G. Szegé [18] (1951) states that if u € W1P(R™) is nonnegative, then
u* € WHP(R™) and it is satisfied that

/|Vu*|p§/ [VulP.
n Rn

This inequality is crucial in the proof of the Rayleigh-Faber-Krahn inequality, which
asserts that balls minimize the first eigenvalue of the Dirichlet p—Laplacian among
sets with given volume, that is,

M(B) < A (Q), A(Q) = mlin {/ |Vul? dz - [|ul| ro) = 1}
wewy?() LJao

where B is a ball having the same measure as ). We refer the reader to the survey

[24] for more information on the symmetric rearrangement.
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Other applications of the Pdlya-Szegt principle arise in establishing sharp geo-
metric and functional inequalities, such as the sharp Sobolev inequality, Hardy-
Littlewood-Sobolev inequality, Moser-Trudinger inequality, etc. See for instance

[10, 16, 07, 24], etc.

The Pdélya-Szego principle was extended to fractional Sobolev spaces in [2], where
the authors prove that [u*]yys.prn) < [u]we.r@n) for any u € W*P(R") with p > 1
and s € (0,1). Thus, in [5] the Rayleigh-Faber-Krahn inequality was generalized
for p—fractional eigenvalues.

We remark that in the fractional case, this approach is not always very successful
for obtaining sharp geometric and functional inequalities since the reduction to a
one dimensional problem does not always give any evident advantage. As far as we
are aware the only paper that treats a sharp fractional Sobolev inequality is [16]
where, as a corollary of a more general Hardy-Littlewood-Sobolev inequality the
case of the embedding of W*2(R™) into L% (R™) is fully analyzed.

Yet another interesting paper is [I0] where, using this fractional version of the
Pélya-Szego principle, the authors deduce a sharp Sobolev inequality with Lorentz
norms from the sharp fractional Hardy inequality.

It is worth mentioning that recently some rearrangement-free methods have been
developed to deal with problems where a Pdélya-Szego principle is not available.
This is the case, for instance, of functional inequalities in the Heisenberg group.
See [I3 14, [I5]. It is an interesting open problem wether these methods can be
used to obtain sharp geometric inequalities in the context of Orlicz-Sobolev spaces.
We leave these questions to further investigations.

The main goal of this paper is to extend that principle to the more general setting
of fractional Orlicz-Sobolev spaces, thus allowing growth laws different than powers.
However, several definitions of fractional Orlicz-Sobolev have been proposed in the
literature in [4] [9) and [11]. Tt turns out that essentially the same proof of the
Pélya-Szego principle works for all of them. For this reason, we propose here a
more general framework that encompasses these different definitions (see section
below for details).

To be more precise, consider the class of Young functions G : R — R, such
that g = G’, which, basically consists in even, convex and increasing functions. In
addition, we assume G to satisfy the growth condition

(Fo) 1<p§%§p+ vt >0,
for some constants p*. Given two function M, N : R, — R such that
(P) M and N are nondecreasing and M (r), N(r) > 0 for r > 0,
(P) M(r) > min{l,r} and N is continuous,

1 n—ltp o Fn—1
® St s

and any Young function G satisfying (P]), we consider the general fractional Orlicz-
Sobolev spaces defined as

WMNG(R™) .= {u € LE(R") such that @ n,c(u) < oo}
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where the usual Orlicz space LC is defined as
LE(R"™) := {u: R™ — R measurable, such that ®¢(u) < co}

and the modulars ®¢ and ® s n,¢ are determined as

D (u) = / Glu(e) d.

N u(z) —u(y) dz dy
Par,v,G(u) = /R G ( M(lz —y)) ) N(lz —yl)’

In this context we prove a Pdlya-Szego principle for modulars, namely,

Theorem 1.1. Consider an Young function G satisfying (Po) and two increas-
ing function M and N satisfying (P)-(P3). If v € WMNG(R"™), then u* €
WMN.G(R™) and

P nc(u) < Puvalu).

Moreover, this inequality also holds for the Luxemburg’s norm in WN.G(R").

Our proof relies on the symmetrization via polarization approach introduced in
[6], and on the construction in [25]. This technique requires the density of smooth
functions with compact support in our space. We also give a detailed proof of that
property in Section 2.4]

As a direct application of our main result we prove a Faber-Krahn type inequality
for Dirichlet G—eigenvalues and Poincaré’s constants.

The space WN:G(R") is the natural one to define the the general fractional
g—Laplacian operator (—A,)™Y as the gradient of the functional ® s y ¢, which
is well-defined between W:N:¢(R") and its dual space. See (23] for an explicit
formula.

In order to define eigenvalues of this operator we will need to assume an addi-
tional growth condition on M and N, namely,

(Py) iy YCOMEr)?

r—0 rn ’

which allow us to prove in Theorem that the embedding WM-N.¢(R") C
L¢ (R™) is compact (a generalization of the Rellich-Kondrachov theorem to our

setting).
Therefore, as in [2I], we can be considered the Dirichlet eigenvalue problem

(—A)MNy = N\g(u) in Q
(L) {u—() in R™\ Q.

Observe that in contrast with p—Laplacian type eigenproblems, due to the possible
lack of homogeneity, eigenfunctions depend strongly on the energy level: for any
p > 0 there exists A\, > 0 and an eigenfunction u, € WOM N-(Q) normalized such
that ®¢(u,) = p, that is,

M) | gl de = (=8,
where (, ) denotes the duality product and
Wt G(Q) o= {u e WMNERY): u=0ae in R\ Q}.
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Consequently, the first eigenvalue of (ILI)) can be defined as the less value over
all possible values of u, that is,

AMENE Q) = inf{\,(Q) : u > 0}.
We also define
: M,N,G
a, () = inf{Pr n,c(u) :ue W, (Q) and g (u) = p},
and the best Poincaré constant over all possible values of x4 is denoted as

oMNE(Q) = inf{a,(Q) : p > 0.
It is worth of mention that although (Pg) is needed to define A\}"V:9(Q), we can
prescind from it to define a)"™V"(0Q).
As in [21], the quantities \}™V"9(Q) and o"™%(Q) can be proved to be well

defined. Moreover, since the spectrum of () is closed, A""¢(Q) is an eigenvalue

of (1)) as well.

However, a remarkable difference with the p—growth case lays on the fact that

MEN-C Q) may differ from oV"(Q). In fact, it holds that

- +
P MNG M,N.G P M.NG
— o () <X\ (€) < —ay ().

p p
In this context, in Corollaries .11 and we provide for a Faber-Krahn type in-
equality for these constants. Namely, for every 2 C R™ open and bounded we have
that
M,N,G M,N,G
ap (B) <o)

where B is a ball with £"(B) = £™(2). Furthermore, if in addition G’ also satisfies
condition ([Py]), then

AEB) < Q)
for any B ball with £™"(B) = L"(Q).

This paper is organized as follows. In section [2] we collect the basic definitions
and properties of our fractional Orlicz-Sobolev spaces. Section [3] is devoted to
prove our main result. In section 4] we prove our generalization of the the Rellich—
Kondrachov compactness theorem to our setting. Finally in Section[H we give some
applications to the behavior of the Poincaré constant and the first eigenvalue of
(=AM under symmetrization.

2. PRELIMINARIES ON FRACTIONAL ORLICZ-SOBOLEV SPACES

In this section we make a brief overview on the classical Orlicz-Sobolev spaces, as
well as we introduce the general fractional order Orlicz-Sobolev spaces, their main
properties and the associated general fractional g—laplacian operator.

2.1. Young functions. By a Young function G: R — R we understand a function
fulfilling the following properties:

(Go) G is even, continuous, convex, increasing for ¢ > 0 and G(0) = 0;

G(z) G(x)

(Gh) lim =0and lim —= =00
x—0 x T—00 x
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Denoting ¢g(t) = G'(t), if we assume that they are related through the following
growth assumption

tg(t)

G l<p < Z2<pt Vt>0,

(G2) PR G P

then, by [12, Theorem 4.1] G satisfies the Ay condition, i.e.,

(Ag) there exists C > 2 such that G(2t) < CG(t), for any ¢t > 0;

Without loss of generality it can be assumed the normalization condition G(1) =
1. This normalization will be assumed throughout the paper and will not be men-
tioned explicitly.

An immediate consequence of (G3) is the following polynomial growth, both on
G and g.

Lemma 2.1. Assume G is an Young function satisfying (G2) and normalized as
G(1) = 1. Then we have the following polynomial growth

(2.1) <G <t fort>1

(2.2) <Gy <t for0<t<l1
(2.3) p P Tl <gt) < prr 1 fort>1
(2.4) Tl < gty <pttr Tt for0<t<l.

Moreover, the following holds.

Lemma 2.2. Let G be an Young function satisfying (Ga). Then, for 0 <t <1 it
holds that

P pt

(2.5) p—+g<a>tp*—1 < glat) < gl .

The proofs of Lemmas 2] and are elementary. The interested reader can
find a proof in [§].
The complementary function of an Young function G is defined as

G*(a) := sup{at — G(t): t > 0}.
From this definition the following Young-type inequality holds
(2.6) at < G(t) + G*(a) for every a,t > 0.
It is easy to deduce the identity,
(2.7) G (9(1)) = tg(t) — G(),
for every ¢t > 0, see [9, Lemma 2.9]. Now (7)) and (G3) yield that

28) o) < <.

where g*(t) = (G*)'(t). Observe that (Z8]) implies that G* verifies the A, condition.
See [12, Theorem 4.1].

Remark 2.3. Notice that indeed, [I2, Theorem 4.1] entails that (G3) is equivalent
to the fact that G and G* both satisfy the Ay condition.
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2.2. General Fractional Orlicz-Sobolev spaces. In this subsection we study
some basic properties of the space WMN:G(R") defined in the introduction.

The spaces LE(R") and WM-V.G(R") are naturally endowed with the so-called
Luxemburg norms

. U
lull = llull 6 ey 1= inf {2 > 0: @ (X) <1}
and
lullar,n,g = llullws~.c@ny = llulle + [ula,n,6
where

[ulp NG = inf{)\ >0: Py NG (%) < 1}.

Let G be an Young function such that G’ = g and M, N satisfying properties
(@) ([P3). The fractional g—Laplacian is defined as the gradient of the modular
Oy v WMNE(RY) — R and denoted by (—A,)MV.

This operator is well defined and continuous between W:N-G(R") and its dual
space (WM-N.G(R™))". Moreover, it has the expression

Dyru
(29) (-8 u) = [ g(Dasul) e Darodiy
R2n |DMU|
for any u,v € WMN.G(R") where the M — Hélder quotient is defined as
u(z) — u(y)
Daru(a,y) = 2 —1W),
M(lz —yl)
and the measure
dp dx dy
N= 77—
N(|z —yl)

in defined in R?" = R" x R".
We start with the following basic properties on the usual W% and L spaces.

Proposition 2.4 ([I], Chapter 8). Let G be an Young function satisfying (Ga).
Then the spaces LY(R™) and WS (R™) are reflexive, separable Banach spaces.
Moreover, the dual space of LE(R™) can be identified with LS (R™). Finally,
C(R") is dense in LE(R™) and in WL (R™).

In order to deduce similar properties for our general fractional Orlicz-Sobolev, fol-
lowing [19], we observe that the mapping

A WMNDG(RY) - X = LYR™) x LY(R*™, py)

given by A = (u, Dpsu) is an isometry.
For later purpose, it is convenient to observe that the measure py is invariant
under the action of the diagonal translation operator:

@@, y) = ¢z — 2,y — 2).
Moreover, the M —Hélder quotient Dj; commutes with 7., i.e.
m=Dyu(z,y) = Dy (rou)(2, y),
where, as usual, Tu(z) = u(z — 2).

Proposition 2.5. WM:N.G(R") is a separable Banach space. If furthermore, G

satisfies (Ga)), it is reflexive.
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Proof. The proposition will follows if we show that the image of A is closed, hence
WHMN.G(R") is isometrically isomorphic to a closed subspace of the reflexive Banach
space X and the result follows.

In order to do so, assume that (ug, Dpyrug) — (u,¢) in X. Then passing to a
subsequence, we may assume that ur — v and Dyur — ¢ a. e.

Hence Dyjur — Dasu a.e., whence ¢ = Dyru. O

We prove that the general fractional Orlicz Sobolev space contains W% (Q) as
a subspace.

Lemma 2.6. Let u € WHS(R™). Then, for 0 < s < 1 it holds that
P v,c(u) < C(Pa(|Vul) + @6 (u))
where C' depends on G, M, N and n.

Proof. Let us first assume that u € C?(R").
We split the integral

/. (M <)|x —uﬁ)l) =

(U for fo L) (™)

=1 + Is.

Let us bound I;. Given u € C%(R"), observe that for any fixed z € R" and
h € R™ we can write

u(z+h) —u(x) = /1 %u(x—l—th)dt = /1 Vu(z + th) - hdt.
0 0

Dividing by M (|h|) and using the monotonicity and convexity of G we get

¢ <|u(x mh_wuw') =¢ </0 V(e +th) M|<}|LL|> dt)
< /01 e <|Vu(x+th)|%) dt.

Expression ([210) together with (G2)), (%)) and (P3)) allow us to bound I as follows

n< /B// (|Vu:v+th)| |3|fl|))dtdx%

h|P 1
B W/ /OG(|VU($+th)|)dtdxdh
r,«Pf-i-n—l

o N(r)M(r)p~

(2.10)

dr/n G (|Vu(z)|) da.

< nwy
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The integral I can be bounded using again (G2)), (P) and (P5)). Indeed,

1
fa= e N(A)M (AP Jgn G(lu(z + h) — u(z)|) dz dh
1
<C | NG Jan Clule+ WD + Glu(al) dod
< pnTlay
< 2nwnC/1 W/Rn G(Ju(z)|) dx.

In order to prove the Lemma for any v € Wh%(R"), we take a sequence
{urtken C C?(R™) such that up — w in WHE(R™). Without loss of generality,
we may assume that up — w a.e. in R™. Observe that this implies that

(S o () v

Therefore, by Fatou’s Lemma, we obtain that
(I)M7N7g(u) < hkm inf @M,N,G(uk)
—00
< kllﬂl{.lo C (<I>G(|Vuk|) + @G(uk)) =C ((I)G(|Vu|) + @G(u)) .

The proof is now complete. 0

We finish this section stating a Poincaré type inequality for functions in WOM ’N’G(Q)
from where we conclude that [-]a,n.¢ is an equivalent norm to || - [[m.n,¢ In

Wyt (Q).
The proof is completely analogous to [8, Theorem 2.12] and it is omitted.

Theorem 2.7. Let 2 C R™ be open and bounded. Then, there exists a constant C
depending on M, N and the diameter of ) such that

Pe(u) < Pum,n,c(Cu),
for every u € WOM’N’G(Q).

As a corollary we infer the following Poincaré’s inequality for fractional Luxem-
burg type norms. The proof is identical to that of [8, Corollary 2.13].

Corollary 2.8. Let Q C RY be open and bounded. Then
lulle < Clulm,na

for every 0 < s <1 and u € Wéw’N’G(Q), where C' depends on the diameter of €2,
n,pT and p—.
2.3. Examples.

e When M(r) =7%,0<s<1and N(r) =" n > 1 we obtain the fractional
Orlicz-Sobolev spaces defined in [9]. Indeed, (Py) and (%)) easily hold and
(P3) is fulfilled since

' e 1 © pn—1 1
/o N(r)M(r)p~ dr_pf(l_s)’ /1 Wdr_sp—*'
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e When M(r) =7 and N(r) = 7"~!, n > 1 we obtain the Orlicz-Slobodetskii
spaces defined in [I1]. Indeed, (Py)) and (P) easily hold and (P3) reads as
1 n—1+p~ 00 n—1
/7’” _dr =1, / " =t
o N(r)M(r) 1 N(r)M(r)p p-—1
e When M(r) = r*(1+|logr|)?, B> 0, and N(r) = 7" we obtain the family

of weighted Besov Spaces considered in [3]. Indeed, (Py]) and (%)) easily
hold and ([P3) is fulfilled since

L pn—tap” - 1
J RS
o N(r)M(r)p 0 p~(1—3s)

o 1 RS 1
— dr < r Podr=—
1 N(r)M(r)p 1 sp

e When M(r) = r*G~1(r") and N(r) = 1, n > 1 we obtain the Orlicz-
Slobodetskii spaces defined in [4]. Indeed, (Pf) and (P) easily hold and

(P3) reads as
1 n—1+p— 1
/ Tipi dr < / pp-(A=5)=1 g0 — #7
o N(r)M(r)r~ = Jo p~(1=s)

o0 n—1 o0 — _
/ rii dr < / Tn(175—+)7175p dr < oo
1 N(r)M(r)p N

if and only if

—\2
n__7) .
s pt—p
where we have used that G=1(r) > min{r/?" /7" }.

2.4. The density theorem. In this subsection we show that test functions are
dense in W-N.G(R"). Even though we use the standard method of truncation and
regularization, we remark that there are some subtle technicalities in the argument
which lead us to write them down in detail. Indeed, a detailed proof seems to be
missed in the previous works on the subject in the literature.

Proposition 2.9. Let G be an Young function satisfying (G2) and M and N
fulfilling (P)—([Ps). Then C(R") is dense in WM:N.G(R").

As usual, we denote by p € C'2°(R"™) the standard mollifier with supp(p) = B1(0)
and p.(x) = e "p(%) is the approximation of the identity. It follows that {p.}c>0
is a family of positive functions satisfying

pe € CX(R™), supp(pe) = B:(0), / pedx = 1.

Given u € LY(R"™) we define the regularized functions u. € LE(R™) N C*°(R") as

(2.11) us(z) = ux* pe(x).
Moreover, given ¢ € L% (R?", duy), we define
(2.12) be(@,y) = | oz — 2y —2)pe(z)dz,
R'Vl

and observe that if u € WMN.G(R"), then Dyuc(z,y) = (Daru)-(z,y). Also, if
¢, € LE(R*", du), then (¢ +1): = ¢ + 1.
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In this context we prove the following useful estimate on regularized functions.

Lemma 2.10. Let ¢ € LY(R?*" duy) and {¢.}e0 be the family defined in (Z12)).
Then
G- < [ Gl duy
R2n R2n
for all e > 0.

Proof. By Jensen’s inequality

G (162 (2, 9)) —G(

)

< [ Gtz pule) e

¢(x — 2,y — 2)pe(2) dz

R~

Integrating the last inequality over the whole R?" with respect to the measure
uN we get

/]RgnG(|¢5(I’y)|)dﬂN(I,y) S/

R2n

B / . {/ G lolr =2y = z>|>duN<x,y>}pE<z> dz
= [ 6ot duny)

where we have used the invariance of the measure duy with respect to the action
of 7. and the fact that [y, pdz = 1. O

{/ G|z — 2,y — z)|)ps(z)dz} dyin (2. )

As an immediate corollary, we obtain:
Corollary 2.11. Let u € WMN.G(R"™). Then

Dy va(ue) < P na(u).

We set:
RI® = {(z,y) e R*": = # y}.
By the change of variable h = x — y and using polar coordinates, we see that
(P1) implies that px(K) < oo for every compact set K C R?". This means that

un is a Radon measure on R?". Note that in general this is not true for compact
subsets of R?",

Lemma 2.12. LY[R2?" uy) N L>°(R?™) is dense in LE(R*™, uy).
Proof. Given k > 0 and ¢ € LY(R?", i), we define

k if p(z,y) >k
Or(z,y) = o(z,y) if —k<od(z,y) <k
—k if ¢(z,y) < —k.

Observe that |¢x| < min{|¢|, k}, hence, ¢p € LE(R?", un)NL>®(R?"). Also, ¢p — ¢
a.e. as k — oco. Finally, observe that

G(lé — ¢rl) < G(2Ig]) € L' (R*", p).
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So, we can apply the Lebesgue Dominated Convergence Theorem to conclude that

[, Glo=udux +0 as k>,
R2n
and the proof is completed. O

Lemma 2.13. C.(R2") is dense in LE(R?", uy).
Proof. Consider ¢ € L%(R?", ). We may assume that ¢ € L>°(R?") and that

/ G(I6]) duw < 1.
R2n

Given € > 0, we can choose d > 0 such that
€
[ GUehduy <3
R2n K

Ks={(z,y) €R*" : o —y| > &, |2 < 1/5,|y| < 1/6}.

Using then Lusin’s theorem ([20, theorem 2.23 of chapter I1]), which we may since
pn is a Radon measure in R2", we can construct a function v € C,(R2?") such that

uv({(e.y) € K : dla,y) £ b(@,9)}) < soizrs; and [ < 6] Then

where

. 6l = vl dux < GRloloohn ({(r.) € Ks o) # vl ) < 5.
Hence
[ Glo =l duy <
which implies the desired result. O

With this preliminaries we can now conclude the following result:
Proposition 2.14. Let ¢ € LY(R?",duy) and {¢c}eso defined in @IZ). Then
||¢_¢8||LG(R2",d,uN) —0 ase—0.

Proof. Let ¢ € LY(R?" duy) and § > 0. Then, using Lemma I3} there exists
¥ € C.(R2") such that [|¢ — 9| Lo gz guy) < 0.

Let {¢:}es0 and {9 }e>0 be the regularized functions given by ([212]). Observe
that since ¢ € C.(R?"), it follows that the support of ¢. is compact and bounded
uniformly in £ > 0. Moreover, 1. — 1 uniformly. These immediately imply that

% = el Lo@en duy) = 0,
ase — 0.
Therefore, using Lemma 2.10]
¢ — ¢ellLe®en dun)
<o = YllLo®en,dun) + 1Y — Yell Lo @en,auy) + 1¥e — ellLo®en dun)
<20+ |9 — Yell Lo @en dun)
and the result follows. O

From this result we get:



12 P. DE NAPOLI, J. FERNANDEZ BONDER, AND A. SALORT

Corollary 2.15. Let u € WMN-G(R™) and let {u.}c~0 be the regularized functions
defined in 2ZI0). Then

lu —ue|lpm v — 0, ase— 0.
We also need estimates on modulars of truncated functions. We use the following
notations: Let n € C2°(R™) such that n = 1 in B;(0), supp(n) = B2(0), 0 <n <1

in R™ and ||[V7[leec < 2. Given k& € N we define ni(x) = n(%). Observe that
{mr}ren € C2°(R™) and

. 2
O<me <1, ne=1inBk(0), supp(m)=Bz(0), [Vml|< .
Given u € L%(R") we define the truncated functions uy, k € N as
(2.13) Uk = NpU.

In the next lemma we analyze the behavior of the modular of truncated functions.

Lemma 2.16. Let v € WMN.C(R") and {u}ren be the functions defined in

@I3). Then
D nv,a(up) < C(Pan,a(u) + Pa(u))

where C' > 0 is independent of u.

Proof. From (G2) and since n; < 1 we have

G <W) <C (G (H) e (|“(w)]|\|é7[72c|gcw)_—y|7)7k(y)|)> .
Then we get
/Rzn ¢ <%) dpn (x,y) <

C(I)M7N7g(u) +C
R2n

[u(2)|Ink(z) — me(y)|
G( M{jz —g) )d“N(””’y)'

The integral above can be splited as follows.

(L]t ) (e

The monotonicity of G and (22)) allow us to bound I; as follows

ceu@)
hs / . /|| Mz — y)N(z — ) “Y
dh

(2lu(z)]) dz

= Jae MURDN(R) / -
< CPg(u).
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We deal now with I5. Using that [Vn| < 2, (P2) and (Pg)), we get

/ - /|| ¢ (luu)Jl'v?f?a(xx)—Q?)%(y)l) i (@ 9) <
/n /zy<1 ¢ (%%) dpn (z,y)

[hfP
B M(h)p*N(h)

From these estimates the conclusion of the lemma follows. O

<C dhd ¢ (u)

Lemma 2.17. Let u € WMNSR") and {ug}ren be the functions defined in

@I3). Then

llur — U”M,N,G —0 ask— .

Proof. Observe that u; — u a.e. and |up — u| < 2|u| € LE(R"), then by the
dominated convergence theorem we have that ®¢(u — uy) — 0. For the second
part, since

Dyug(z,y) = u(@) Dy (2, y) + ne(y) Dvu(z,y)  ae.
we have that
|u(z)]|z — y| |u(z)]
| Darur (2, y)| < 2==——XB(2,1)(Y) + 25775 XB(z,1)c(y) + [Dyu(z, )]
M (o —y]) T I M (e —y) TP
and from condition (%)), it follows easily that the right hand side of the inequality
above belongs to L% (R, duy ). Therefore, using again the dominated convergence
theorem for Orlicz spaces we get that @y N a(u —ug) — 0. O

Finally, after all these preparatives, the proof of Proposition follows imme-
diately.

Proof of Proposition[2.9. At this point, the proof is a simple combination of Corol-
lary 215l and Lemma 217 O

3. THE POLYA-SZEGO PRINCIPLE

In this section we prove our main result. Throughout this section H C R™ will
denote a closed half-space and Z the reflexion respect to 9H.

Let us begin with the definition of polarization. Polarization is a useful tool for
proving and studying rearrangements.

Definition 3.1. If H C R" is a closed half-space, o : R™ — R"” is the reflexion
with respect to 0H, and u: R™ — R is a measurable function, the polarization of
u with respect to H is the function ug: R™ — R defined by

upg(x) == {max{u(x)m(@)} ifreH

(31) minf{u(x), u(Z)} if x € R™\ H.

Remark 3.2. The following trivial inequalities will be most useful in the sequel.
Namely, for any x,y € H it holds that

(3.2) le—yl=lz-gl, |[z—yl=lz—1l
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(3.3) |z —yl <[z -yl

The following inequality concerning two points rearrangements is useful for our
computations.

Lemma 3.3. [7, Lemma 1] Let G: RT — RT be a strictly increasing convex func-
tion. Then, for all real numbers a, B,7,d € R such that v < a and 6 < 3, it holds
that

G(Ala = BI) + G(Aly = 6]) < G(Aje = 8]) + G(Aly — BI)
where X > 0 is a fized number.

With the help of the following two lemmas we prove that polarized functions
have always modulars less than the original ones.

Lemma 3.4. Let G be a increasing convex function and M be a positive function.
Assume that x,y € H. Then it holds that

up () — un(y) () — um(y) u(z) — u(y) u(@) — u(y)
o () o (i) <e G ) + o (i 5h)
Proof. Consider z,y € H. When u(z) > u(zZ) and u(y) > u(g) using B.I) we get

up () —up(9) = u(x) —u(@),  un(®)—un(y) = ul@) - uly)
and the result follows. When w(z) > u(Z) and u(y) < u(g) we have that

() () =0 (=i )< (i)

)
then applying Lemma B3 with A = M (|z — g|), a = u(z), 8 = uly), v = u(Z),
0 = u(g) we have that
u(z) — u(y) u(z) — u(y) u(z) —u(y) u(z) — u(y)
o (Sr=in) +¢ (=) <0 (e ) +¢ Gre=in)
and the lemma follows.

The remaining cases follow analogously. O

Lemma 3.5. Let G be a increasing convex function and M be a positive function.
Assume that x,y € H. Then it holds that

un (%) — un(y) () — um(y) u(x) — uly) u(@) — u(y)
o (e (M) <6 G i) (i )
Proof. Consider z,y € H. When u(z) > u(Z) and u(y) > u(g), from B.I) we get
up () —un(y) = u(r) —uly),  wn(®)—un(y) = ul@) —u(y)

and the result follows. On the another hand, if we assume that u(x) > u(Z) and
u(y) < u(y), from BI) we have that

ur () —up(y) = w(@) —u(@),  wn(®)—u(y) = ul@) - uly).
In this case, the lemma follows applying Lemma B3 with A = M (|x —y|), o = u(z),

The remaining cases follow analogously. O

Proposition 3.6. Let G be a increasing convex function and M, N satisfying (P -
(P3). Then we have that

Dy n(ur) < Puna(u).
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Proof. We split R™ x R™ into the four regions H x H, H* x H°, H x H°, H° x H.
Using (3.2) we have that
ﬂ)) dx dy

‘ﬁﬁﬂprM””“W‘/Lﬂfﬁgaﬁ{f$~ Nz — o)
[L”prM””“W‘/Lﬂf4%§%;f$w)Nﬁfzw
féwﬁﬂm”mmw‘/ﬂm<W%EY$M)N$?W’

and hence, the expression @ v ¢(upm) can be written as

/], ( ?;f#»Nwiw+G( %;fvawiw

H(T) — UH(y)) 1 ( H(z) — UH@)) 1

+G ( 1+ G — }dw dy.
M(lz —gl) ) Nz —gl) M(lx—gl) ) N(lz—gl)

Now, applying Lemma [B.5] to the first two terms terms in the last expression and

Lemma [34] to the last two ones, we can bound the above expression as

//HXH < I:v_—uz(/lll))) N(le—yl)+G< (()I:v—z(/l)) (I:vl—yl)

)
u(d) —uly)) 1 w(e) @)y 1
+G<MW—%)NW—W+G< M (7 W)wamﬂ“@’

which is precisely @, v ¢ (u). O

Finally, using the construction provided in [25] together with the previous propo-
sition, we prove our main result.

Theorem 3.7. Let G be a increasing convex function and M, N satisfying (P -
@). If u e WMNGR) then u* € WMN.G(R") and

Qo n,c(u”) < Parn,a(u)

Proof. Given u € WMN.G(R") | define uy, as

Ug = u
uk-‘rl = (ukl)Hl"'Hk+17

where { Hy }ren is a dense sequence in the set of closed half-spaces of which 0 is an
interior point.

Observe that by Proposition 229, u belongs to the closure of C2°(R"™), hence by
[25] Section 4.1] it holds that

up — u* strongly in LY (R™)
and passing to a subsequence we will have
ug;, — u* a.e.
The continuity of G implies that
G (Darug, (z,y)) = G (Dyu*(z,y)) ae. in R*™.
Moreover, from Proposition B.6],

Qs n,a(ur;) < Puv,a(u).
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Hence, by Fatou’s lemma, It follows that

Parn,c(u”) < Parn,a(u),

as we wanted to show. O

A Pélya-Szego principle for norms can be easily deduced from the previous result.

Corollary 3.8. Let G be a increasing convex function, M, N satisfying (Pg)—(P3)
and v € WMN.G(R"). Then

W)m,Ne < [ulmnN,c.
Moreover,
lu*(|ar,v,a < |Julla, v, G-

Proof. Given u € WMN.G(R") applying Theorem B.7 to the function u/[u]r n.c
and according to the definition of [-]as,n,¢ we obtain that

U * u* U
Sdynal|| —— =0y Ng|7——— ) <Puncg|—— | <1
[u]m, NG [ulm, N, [u]m, NG

Again, the definition of the Luxemburg norm yilds

*

. u
[u*)m,N,¢ < inf {)\ SV ENRe (7> < 1} < [u]la, NG

Since ||ul|¢ = ||[u*||q, the result follows. O

4. A COMPACTNESS RESULT

In order to obtain the compactness in the embedding of WM:N.G(R") into

L¢ (R™) we will assume the following additional condition on M and N
N(2r)M(2r)P
(Py) lim N@ErMErP 0.
r—0 rn

The following technical lemma provides the equi-continuity of modulars.

Lemma 4.1. Let 0 < s < 1 and G be an Orlicz function. Then,

N (2[R M (2|h[)""

Po(tpu—u) < C

Dy v a(u),

for every u € WMNG(R") and every 0 < |h| < 3, where Tpu(z) = u(z + h) and
C=C(n,p™).

Proof. Condition ([Az) gives that

G(ju(z +h) —u(2)]) < C[G(lu(z + h) = u(y)]) + G(ju(y) — u(z)])]
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for all y € By (). Then

D (Thu —u) = G(lu(z + h) — u(z)|) dx dy

1Bin (@) J B, (2) SR
© / /’m|<+m ())) dd

u(x —u(y)|) dz dy
|h|"o.)n Bn(z) JR"

(lu(y) — u(x)|) de dy
|Mwnﬂhm/}

(I + I»).

<

|h|nwn
Given z € R" and y € By, (z) we have that
[z =yl <I[hl,  |e+h—y| <[z —y[+][h] <2[n]

Then, the integral I; can be bounded as

lu(z 4+ h) —u(y)| dz dy
L = /Bh /n ( Mz £ h =] M(|a:—|—h—y|)>N(|x+h—y|)—N(|x+h_y|)

ju(z + h) = u(y) dz dy
=N 2mﬁéh /n (S e ) sty

< NQR)M 2P ®arn,c(u).

Analogously,
I, < N@IR)M2h)P @ N6 (u).
Finally, inserting the two upper bounds found above in ([@I]) we obtain that

N(2[h]) M (2[h])"

Po(rpu—u) <C
(=) O

O v,e(u)
and the lemma follows. O

If we further assume condition (Pg) on M and N, by using Lemma F1] and the
same arguments that in [0, Theorem 3.1], we can apply a variant of the well-known
Frechet-Kolmogorov compactness theorem to obtain the following compactness re-
sult.

Theorem 4.2. Let 0 < s < 1, G an Orlicz function and M,N satiafying con-
ditions (B)-([Pd). Then for every {un}nen C WMN.G(R") a bounded sequence,
i.e., sup,en(®mn,c(un) + ®a(un)) < oo, there exists u € WMN.C(R™) and a

subsequence {tn, tren C {tn}nen such that u,, — u in Lgc(R”)

4.1. Examples. Condition () is fulfilled in the examples introduced in Section
2.9

e When M(r) =7r%,0<s<1and N(r) =", n > 1 we obtain the fractional
Orlicz-Sobolev spaces defined in [9]. In this case

P _
lim N(2r)M{(2r) =Climr*® =0.

r—0 rn r—0
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e When M(r) = and N(r) = 7"~! n > 1 we obtain the Orlicz-Slobodetskii
spaces defined in [I1]. In this case

P .
lim NQ@r)M@r)P =Climr? ~'=0.
r—0 rm r—0
e When M(r) = r*(1+|logr|)?, B> 0, and N(r) = 7" we obtain the family
of weighted Besov Spaces considered in [3]. Indeed, (Py]) and (%)) easily
hold and ([P3) is fulfilled since

lim N(2r)M(2r)P
r—0 rn
e When M(r) = r*G~1(r") and N(r) = 1, n > 1 we obtain the Orlicz-
Slobodetskii spaces defined in [4]. Indeed, (Pf) and (P%) easily hold and
(P3) reads as

= Clim r*? |log(1 +7)°?" =0.
r—0

N(2r)M (2r)P - - _ np
lim NQ@r)M@r)? =Climr*? ~™(G7'{™)? < Clmr? ~"re»t =0
r—0 rm r—0 r—0

if and only if

n _

s pr—p”
where we have used that G=1(r) < max{r!/?" rl/P"}.

)

5. APPLICATIONS TO POINCARE’S CONSTANTS AND NONLINEAR EIGENVALUE
PROBLEMS

As a corollary of the Pdlya-Szegod principle stated in Theorem B.7 we obtain
a Faber-Krahn type inequality for the Poincaré inequality in WOM ’N’G(Q) if G is
assumed to satisfy the growing condition (G2)).

Corollary 5.1. Let G be a Young function satisfying (Ga)) and M, N satisfying
(P —([Ps) For every Q C R™ open and bounded we have that

of (B) < of' (2)
where B is a ball with L™(B) = L™(Q).

Under some extra convexity assumptions on G, M and N, a Faber-Krahn in-
equality holds for the principal eigenvalue of (—A,)*Y. Precisely,

Theorem 5.2. Let G be a Young function and M, N satisfying (P)—(P3). Assume
moreover that h(t) := tg(t) is convex. If u € WMN-G(R™) then we have that

(=2g)" N, ) < (=2g)" N, u)

Proof. In view of ([Z9) we can write

(=80 Vs uir) = [ g (Darunl) Dasusl diew

— [ 1 (Dasun) du.
]RZn

Hence, since h is continuous and convex, by Proposition we obtain that
(=AM Nug, up) < (—Ag)MNu, u).

Then, proceeding as in Theorem [3.7] the result follows. O
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Corollary 5.3. Let G be an Young function with g = G’ such that h(t) = tg(t)
is convex and M, N satisfying (P)-([P4). For every Q C R™ open and bounded we
have that

A (B) < A7 (2)
where B is a ball with L™(B) = L™(Q).
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