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In this work we propose an optimization model for the design of a biotechnological
multiproduct batch plant. A first level of detail posynomial model is constructed for
each unit, as well as decisions regarding the structural optimization of the plant. A
particular feature of this model is that it contains composite units in which
semicontinuous items operate on the material contained by batch items. This occurs
in the purification steps, in particular with the microfilters operating between retentate
and permeate vessels, and with the homogenizer and ultrafilters operating on the
material contained in a batch holding vessel. Also, the unit models rely on batch
operating time expressions that depend on both the batch size and the size of
semicontinuous items. The model takes into account all of the available options to
increase the efficiency of the batch plant design: unit duplication in-phase and out-
of-phase and intermediate storage tanks. The resulting mathematical model for the
minimization of the plant capital cost is a mixed integer non-linear program (MINLP),
which is solved to global optimality with an implementation of the outer approximation/
equality relaxation/ augmented penalty (OA/ER/AP) method. A plant that produces
four recombinant proteins in eight processing stages is used to illustrate the proposed
approach. An interesting feature of this example is that it represents an attempt to
standardize a plant for the production of both therapeutic and nontherapeutic proteins;
the model applied is generic and can thus be applied to any such modular plant. Results
indicate that the best solution in terms of minimal capital cost contains no units in
parallel and with intermediate storage tank allocation.

Introduction
There has been an increased interest in the develop-

ment of systematic methods for the design of batch
processes in specialty chemicals, food products, and
pharmaceutical industries (Reklaitis, 1992). Most pro-
cesses in the modern biotechnology industry correspond
to batch plants, and with the rapid development of new
products (i.e., both therapeutic and nontherapeutic pro-
teins) there is an increased need for the use and estab-
lishment of modular and/or existing plants to synthesize
and separate a variety of both more established and novel
recombinant proteins. In addition, operation scheduling
has been recently recognized as a necessary tool for the
efficient design of biotechnological processes (Crougham
et al., 1997).

The main host for recombinant proteins for many years
has been Escherichia coli. However, the developments
with yeast cells have grown at a very rapid pace, which
has resulted in several important commercial products

such as insulin, hepatitis B vaccine, and also, more
recently, chymosin. The fact that many recombinant
proteins made in yeast can be made to be secreted out of
the cell and that yeast allows for at least partial glycosi-
lation is an added bonus for this host. Therefore, in this
paper we are exploring the use of the tools of process
design optimization to investigate the behavior of a
multiproduct batch plant to be used for the production
of four recombinant proteins synthesized in yeast.

Robinson and Loonkar (1972) studied the problem of
designing multiproduct plants operating in single product
campaign mode and with a single unit in each processing
stage. Sparrow et al. (1975) extended the nonlinear
programming model to include both the design of discrete
equipment sizes and the selection of the number of
parallel units, by solving it through the use of heuristics
and branch and bound. The same problem was further
formulated by Grossmann and Sargent (1979) as a mixed
integer nonlinear programming (MINLP) model. Knopf
et al. (1981) and Yeh and Reklaitis (1987) accounted for
the presence of semicontinuous units. Voudouris and* e-mail: juasenjo@cec.uchile.cl.
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Grossmann (1992) proposed reformulations of the previ-
ous design models where discrete sizes are explicitly
accounted for.

Most of the unit models in the literature on batch
process design are based on expressions that relate the
batch sizes linearly with the equipment sizes. Also, the
processing times are usually expressed as nonlinear
functions of the batch size. Given certain restrictions on
these mathematical expressions, the models can be
referred to as posynomials, which possess a unique
optimum (Grossmann and Sargent, 1979). Salomone and
Iribarren (1992) proposed posynomial models in which
the constants are obtained as a result of the optimization
of the process decision variables with simplified models.
Salomone et al. (1994) generalized the approach by
allowing the process parameters to be generated from
either experimental data and/or dynamic simulation.

In this work we propose an optimization model for the
design of a biotechnological multiproduct batch plant. A
first level detailed posynomial model is constructed for
each unit of the plant. A particular feature of this model
is that it contains composite units where semicontinuous
items operate on the material contained by batch items.
This occurs in the purification steps, in particular with
the microfilters operating between retentate and perme-
ate vessels, and with the homogenizer and ultrafilters
operating on the material contained in a batch holding
vessel. For these units we generalize the approach in
Salomone et al. (1994), which uses batch operating time
expressions that depend on both the batch size and the
size of semicontinuous items, extending it to allow more
than one batch unit per stage. In the posynomial models
presented in the literature, time is only allowed to depend
on batch sizes. The model presented is general, it takes
into account all the available options to increase the
efficiency of the batch plant design: unit duplication in-
phase and out-of-phase and intermediate storage tanks.

The outline of this paper is as follows. First, we
describe the protein production plant in terms of the
products, units, and their topology. Then, unit models
are described, as well as the parameters and data
generated from the plant information. On the basis of
the unit models we propose an optimization model for
the design of the multiproduct batch plant. We briefly
describe the solution method and illustrate the model
with an example problem in which parallel units and
intermediate storage tanks are considered.

Process Description

Products. Figure 1 shows the flowsheet of a multi-
product batch plant for the production of recombinant
proteins. Although there are differences in most process
flowsheets for recombinant proteins depending mainly
on the product characteristics, we have made an attempt
to “standardize” such a process. We have even included

a liquid-liquid extraction step as an initial separation/
purification stage. This separation has been very suc-
cessful in the initial purification of many proteins and
enzymes, including hydrophobic ones (chymosin and
R-amylase) (Hayenga et al., 1991; Schmidt et al., 1994),
recombinant ones such as IGF-1 (Hart et al., 1994,
Andrews et al., 1991) ,and recombinant protein particles
synthesized in yeast (Andrews et al., 1995). The products
involved in the plant are insulin, hepatitis B vaccine,
chymosin, and a cryophilic protease.

Human insulin is a therapeutic protein used in the
treatment of diabetes. Hepatitis B vaccine is an engi-
neered recombinant protein that has gained tremendous
acceptance and is produced by yeast fermentation (in
small plants) worldwide. Chymosin is the bovine rennet
protease used for clotting casein in the cheese industry
and has successfully been cloned in several different
microorganisms including yeasts. A cryophilic protease
is presently under development. More than one such
protease has been extracted from marine sources, and
they are presently being cloned in different microorgan-
isms including yeasts (Andrews et al., 1999). The aim is
to produce proteases with high activity at low tempera-
tures to be used in detergents and as wound debriding
agents.

Insulin and hepatitis B vaccine are therapeutic pro-
teins that will require further purification steps. This
common multiproduct plant will produce technical grade
insulin and vaccine. Chymosin is a food product, which
will require much less purification. The same is true for
the cryophilic protease to be used in detergents and as a
wound debriding agent. An estimation of production
targets and product prices for the products is shown in
Table 1, based on published data (Datar and Rosen, 1990;
Petrides et al., 1996; Andrews et al., 1999).

Process. All proteins are produced as the cells grow
in the fermenting stage. Because the vaccine and the
protease have been considered to be intracellular, the
first microfiltration step is used to concentrate the cell
suspension, which is afterwards sent to the homogeniza-
tion stage for cell wall disruption to liberate the intrac-
ellular proteins. The second microfiltration stage is used
to remove the cell debris from the solution of proteins.

The ultrafiltration stage prior to the extraction is used
for concentrating the solutions in order to minimize the
extractor volume. In the liquid-liquid extractor, salt
concentration is manipulated to first drive the product
to a poly(ethylene glycol) (PEG) phase and back again
into aqueous saline solution. In this process, many of the
proteins other than the product are removed (Huenupi
et al., 1999).

Ultrafiltration is used again for concentrating the
solution before the chromatographic step in case this is
required, and finally the last stage is chromatography
in which selective binding is used to further separate the
product of interest from other proteins.

Figure 1. Flowsheet of the batch plant for the production of proteins.
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Insulin and chymosin are extracellular. They are
present in the permeate from the first microporous
filtration membrane unit where the cells are removed.
To reduce the amount of valuable product lost in the
retentate, extra water is added to the cell suspension.
The filtration operation with make up of water is also
called diafiltration and dilutes the solution of proteins.

These extracellular products skip the homogenization
and microfiltration (for cell debris removal) stages, but
then ultrafiltration is necessary to concentrate the dilute
solution prior to extraction. The final steps of extraction,
ultrafiltration, and chromatography are similar to those
of the intracellular products.

Units. The following are the units used in each
processing stage.

Fermentors. All products are proteins produced by
genetically engineered Saccharomices cerevisiae (baker’s
yeast). Maintenance of the appropriate recombinant
strains, cell propagation, and inoculum preparation are
similar in all four cases; hence, this has not been included
in the present evaluation. Such a simplification can be
well justified. Therefore, the first stage is fermentation
for the production of yeast and the recombinant protein.

Microfilters. These are usually tangential flow filtra-
tion units that use relatively large cross sectional areas.
They are used here to separate cells or cell debris from
the liquid that is able to cross the membrane orifices and
is called permeate. The cells or debris remains in a
concentrated suspension, which is known as retentate
(Asenjo, 1990a; Asenjo and Patrick, 1990; Zeman and
Zydney, 1996). This unit is used in place of conventional
filters that produce a cake of solids. The disadvantage of
the conventional filters is that the solids involved in the
process are quite compressible, which makes pressure
drop through the cake ineffective to accelerate the
filtration. Another alternative is the use of a centrifuge;
however, there are may reasons to choose a microfiltra-
tion unit for this purpose (Asenjo and Patrick, 1990).

Homogenizer. These units break cell walls by shear
stress produced by pressure drop. The breakage is
produced by forcing the flow of a concentrated cell
suspension through a valve with a very large pressure
drop over a very narrow gap (Asenjo, 1990a; Asenjo and
Patrick, 1990). This is used to liberate the intracellular
proteins or protein particles. This would be the case for
the vaccine and the protease.

Ultrafilters. These units are similar to microfilters,
but filtration membrane pores are much smaller. They
are used to separate the proteins (in the retentate) from
smaller size molecules and the liquid in which they are
dissolved. The objective of these dewatering stages is to
reduce the size requirement of the expensive purification
stages such as extraction and chromatography.

Extractor. These are stirred tanks in which two
nonmiscible liquids are mixed so that the products
originally in one phase distribute between both (and
preferentially partition to the other phase while the main
contaminants do not). Afterwards the stirrer is stopped
to allow droplets of dispersed phase to settle out. In this
particular case, we contact two aqueous phases: a saline

phase and a PEG-rich phase. This aims to separate the
protein of interest from others in solution.

The following consecutive steps obtain the purification.
To the aqueous mixture of proteins are added a phase-
forming salt-rich water phase (sulfate or phosphate) and
a polymer-rich water phase . In many cases a salt that
will induce partition of the product protein (e.g., NaCl)
into the other (PEG) phase is also included in the salt-
rich water phase. Both phases are vigorously mixed for
a few seconds, and as surface tension between them is
very small a good dispersion is quickly obtained (Mistry
et al., 1996). Settling separates the phases and the saline
solution (sulfate or phosphate phase) with most of the
contaminating proteins and a large fraction of the NaCl
is discarded. The PEG solution with the protein of
interest is mixed with a new saline solution (sulfate or
phosphate), with no NaCl, that will allow the back-
extraction of the protein into the salt phase (Huenupi et
al., 1999). The phases are separated as a saline phase
that contains the purified product and a PEG phase that
is recycled.

Chromatography Column. This purification stage is
based on the selective binding capacity of column packing
that depends on each particular protein. The column is
first fed with the solution containing the protein of
interest, which is bound to the packing. Then the column
is fed with an eluent stream with a different salt
concentration or pH to recover the product. Finally, a
washing regeneration stream is passed through the
column to return the packing to its initial state.

Stage Models
In this section we describe the unit models from a

conceptual standpoint and also the procedure to derive
the data needed for solving the mathematical model.
These data are summarized in Tables 2 and 3. Most of
the separation processes information is taken from
Asenjo (1990b) and Asenjo and Patrick (1990), and the
posynomial modeling approach is taken from Salomone
and Iribarren (1992).

The general batch process literature (Biegler et al.,
1997) describes batch stages j through a sizing equation
and a cycle time that are applied for a product i as
follows:

where Vj is the size of stage j, e.g., m3 of the vessel; Bi is
the batch size for product i, e.g., kg of product exiting
from the last stage; Sij is the size factor of stage j product
i, i.e., the size needed at stage j to produce 1 kg of final
product i; and Tij is the time required to process a batch
of product i in stage j.

Table 1. Product Prices and Demands

product name
production
(kg/year)

price
(dollars/kg)

1 insulin 1500 8000
2 vaccine 1000 7500
3 chymosin 3000 1000
4 protease 6000 500

Table 2. Size Factors Sij (r, retentate; p, permeate)

Sij (m3/kg)
stage

j unit insulin vaccine chymosin protease

1 fermentor 1.250 0.625 0.415 0.3125
2 microfilter I r: 1.25

p: 2.5
r: 0.625
p: no

r: 0.415
p: 0.830

r: 0.3125
p: no

3 homogenizer no 0.155 no 0.08
4 microfilter II no r: 0.155

p: 0.31
no r: 0.08

p: 0.16
5 ultrafilter I 2.50 0.31 0.830 0.16
6 extractor 0.40 0.20 0.135 0.10
7 ultrafilter II 0.40 0.20 0.135 0.10
8 chromatographer 0.05 0.05 0.05 0.05

Vj g Sij Bi (1a)

Tij ) constant (1b)
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Consider the fermentor and the insulin product as an
example. If we estimate a final concentration of 50 kg
dry biomass/m3, that 0.4 of this biomass is proteins and
0.05 of these proteins is insulin, and an overall yield
estimate of the process of 0.8 (0.8 of the insulin produced
in the fermentor exits the chromatographic column), then
the size factor for the fermentor for producing insulin can
be estimated as

Similarly, vaccine, chymosin, and cryophilic protease
were estimated to be 0.1, 0.15, and 0.2 of total proteins
of the biomass, respectively.

The batch stage description is completed by estimating
a processing time Tij for stage j when producing product
i. For the fermentor, we estimate Tij ) 24 h for all
products, which includes time for charging, cell growth,
and discharging.

This model of batch stages given by constraint 1 is the
simplest one. Its level of detail suffices for the fermentor
and the extractor. These units are truly batch items that
hold the load to be processed and whose operations are
governed by kinetics, and hence, the operating time does
not depend on the batch size.

As a first approximation for the extractor, we take a
phase ratio of 1 for all products. Therefore, the required
extractor volume is twice the inlet batch volume, while
the inlet and outlet aqueous saline batches are of the
same volume. It is also assumed, as a result of prelimi-
nary balances, that this operation reduces the total
amount of proteins to about twice the amount of the
target protein. With respect to the kinetic effects we take
as first estimates (Mistry et al., 1996) the following
times: 15 min stirring to approach phase equilibrium,
30 min settling to get almost complete disengaging of the
phases, and 20 min for charging and discharging.

A special consideration must be done in the case of the
microfiltration, homogenization, and ultrafiltration stages.
Although the mathematical model considers them batch
stages, their corresponding equipment consists of holding
vessels and semicontinuous units that operate on the
material that is recirculated into the holding vessel. The
batch items are sized as described before. For example,
for the homogenizer processing cryophilic protease, we
estimated that the fermentor broth is concentrated 4
times up to 200 kg/m3 at microfilter 1 and considered a
yield of 1 because the intracellular protease is fully
retained at the microfilter. Then the size factor of the
homogenizer vessel is 4 times smaller than the fermen-
tors, i.e., Sij ) 0.08 m3/kg protease.

The sizing equation for semicontinuous items can also
be found in the general batch processes literature (Rek-
laitis et al., 1983):

where Rj is the size of the semicontinuous item k, usually
a rate of processing. For example, in the case of the
homogenizer, it is the capacity in cubic meters of suspen-
sion per hour, but in the case of the filters Rj is their
area of filtration Aj (m2). Bi is again the batch size, θij is
the operating time that the semicontinuous item j needs
to process a batch of product i, and Dij is the duty factor
(a size factor for semicontinuous items), i.e., the size
needed at stage j to process 1 kg of product i in 1 h. For
example, if we adopt three passes through the homog-
enizer, its duty factor is the vessel size factor 0.08 m3/kg
× 3, i.e., Dij ) 0.24 m3/kg. The meaning of a capacity of
0.24 m3/h is that it allows 1 kg of final product cryophilic
protease to be processed in 1 h.

The general batch processes literature considers semi-
continuous units to work in series with batch units so
that their operating time are the times for filling or
emptying the batch units. However, in the process
considered, pumps are the only semicontinuous units,
which transfer batches between the units. As the pumps’
cost does not have a relevant impact on the plant design,
they were not explicitly modeled. The times for filling
and emptying batch items were estimated and included
in the batch cycle times.

On the other hand, the process does have special
semicontinuous units with an important economic impact
on the cost. They are the homogenizer and ultrafilters,
but their operating time is the batch processing time of
the respective stage. These types of aggregated units are
shown in Figure 2. Their mathematical model has been
introduced by Salomone et al. (1994). A size factor for
the batch item and a time expression for the stage that
depends on both the batch size and the size of the
semicontinuous item are as follows:

where Rj refers to the size of the semicontinuous item
that operates on the batch size at stage j. Tij

0 and Tij
1 are

appropriate time factors that take into account contribu-
tions to the total cycle time of the stage that are either
fixed amounts of time or proportional to the batch size
and inversely proportional to the size of the semicon-
tinuous item.

For the homogenizer, Rj is its capacity, Tij
1 the duty

factor of the homogenizer itself, and Tij
0 includes the

estimated times for filling and emptying the homogenizer
holding vessel.

In the case of ultrafilters, a fixed permeate flux model
was considered with a rate of 20 L/m2 of membrane

Table 3. Time Factors Tij (Bi: kg)

Tij (h)stage
j unit insulin vaccine chymosin protease

1 fermentor 24 24 24 24
2 microfilter I 12.5 A-1 Bi 2.5 A-1 Bi 4.15 A-1 Bi 1.25 A-1 Bi
3 homogeneizer no 0.465 cap-1 Bi no 0.24 cap-1 Bi
4 microfilter II no 3.1 A-1 Bi no 1.6 A-1 Bi
5 ultrafilter I 105 A-1 Bi 5.5 A-1 Bi 35 A-1 Bi 3 A-1 Bi
6 extractor 1.5 1.5 1.5 1.5
7 ultrafilter II 18 A-1 Bi 8 A-1 Bi 4.75 A-1 Bi 3 A-1 Bi
8 chromatographer 0.5 0.5 0.5 0.5

Sij ) m3

50 kg × 0.4 × 0.05 × 0.8
) 1.25 m3/kg (2)

Rj ) Dij

Bi

θij
(3)

Vj g Sij Bi (4a)

Tij ) Tij
0 + Tij

1 Bi

Rj
(4b)
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area/h (Asenjo, 1990a). In this case, the size of the
semicontinuous item Rj is the filtration area. Tij

0 is again
the time for filling and emptying the retentate holding
vessel, and Tij

1 is the inverse of the permeate flux times
the ratio (m3 permeate/kg of product). This ratio is
estimated from a mass balance taking into account that
the ultrafilters are used for water removal from solutions
up to 50 g/L of total proteins. Ultrafilters are used to
reduce the volume required at the liquid extractor and
the chromatographic column. The upper bound on con-
centration is a constraint that avoids protein precipita-
tion.

The microfilter model is quite similar to that of the
ultrafilter, but there are two batch items associated to
them instead of one, the retentate and the permeate
vessels, plus the semicontinuous item area of filtration.

For microfilter 1 a fixed permeate flux of 200 L/m2 h
is adopted. For extracellular insulin and chymosin, we
estimate a total permeate (feedwater plus make up
water) twice the feed, while for intracellular protease and
vaccine we estimate it in 75% of the feed (the retentate
is concentrated four times).

For microfilter 2 a fixed permeate flux model is also
used. In this case, the flux is smaller than the one in
microfilter 1 because the pore size to retain cell debris is
smaller than the one for whole cells. As a first estimation
we take 100 L/m2 h and a total permeate (feed plus make
up water) twice the feed.

With respect to the chromatographic column, an ad-
sorptive type chromatography is considered, with a
binding capacity of 20 kg/m3 of column packing. The size
factor of this unit is the inverse of that binding capacity.
As a first approximation, a fixed total operating time of
0.5 h was estimated for loading, eluting, and washing
regeneration.

Finally, the stage model is completed with a cost model
that expresses the cost of each unit as a function of its
size, in the form of a power law. These expressions are
summarized in Table 4, with most of the cost data taken
from Petrides et al. (1995).

Optimization Model for the Design of the
Multiproduct Batch Plant

In this section, we describe the mathematical optimi-
zation model for designing the multiproduct batch plant.
The model includes the stage models described in the
previous section plus additional constraints that are
explained in this section. The plant consists of M batch
stages (in our case 8 batch stages). Each stage j has a
size Vj (m3), and more than one unit can be installed in
parallel. They can work either in-phase (starting opera-
tion simultaneously) or out-of-phase (starting times are
distributed equally spaced between them).

The duplication in-phase is adopted in case the re-
quired stage size exceeds the specific upper bound. In this
case Gj units are selected, splitting the incoming batch
into Gj smaller batches, which are processed simulta-
neously by the Gj units. After processing, the batches are
added again into a unique outgoing batch. Otherwise,
duplication out-of-phase is used for time-limiting stages;
if a stage has the largest processing time, then it is a
bottleneck for the production rate. Assigning Mj units at
this stage, working in out-of-phase mode, reduces the
limiting processing time and thus increases the produc-
tion rate of the train. For this case, the batches coming
from the upstream stages are not split. Instead, succes-
sive batches produced by the upstream stage are received
by different units of stage j, which in turn pass them at
equally spaced times onto the downstream batch stage.

The allocation and sizing of intermediate storage has
been included in the model to get a more efficient plant
design. The goal is to increase unit utilization. The
insertion of a storage tank decouples the process into two
subprocesses: one upstream from the tank, and the other
downstream. This allows the adoption of independent
batch sizes and limiting cycle times for each subprocess.
Therefore, the previously unique Bi is changed to batch
sizes Bij defined for product i in stage j. Appropriate
constraints adjust the batch sizes among different units.

The objective is to minimize the capital cost of the
plant. The decision variables in the model are as fol-

Figure 2. Flowsheet of the proteins batch plant showing the aggregate units.

Table 4. Cost of Equipment (U.S. dollars)

unit size cost

fermentor Vj (m3) 63400 V0.6

micro- and ultrafilters Vretentate (m3)
Vpermeate (m3)
Afilter (m2)

5750 Vr
0.6

5750 Vr
0.6

2900 A0.85

homogenizer Vholding (m3)
Cap (m3/h)

5750 V0.6

12100 cap0.75

extractor Vextr (m3) 23100 V0.65

chromatography Vchrom (m3) 360000 V0.995
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lows: at each batch stage the number of parallel units
in-phase and out-of-phase and their size, and the instal-
lation or absence of intermediate storage between the
batch stages and their size. The plant is designed to
satisfy a demand of Qi (kg) of each product i, for the P
products considered, within a time horizon H (h).

In summary, the objective function to be optimized is

where aj and Rj, cj and ηj are appropriate cost coefficients
that depend on the type of equipment being considered.
VTj is the size of the storage tank allocated after stage j.

The size of each unit has to be large enough to be able
to process every product:

where Sij is the size factor for product i in stage j. In case
of parallel units working in-phase, the division of Bij by
the number of units Gj takes into account the reduction
in the batch size to be processed by these units.

The operating time Tij to process product i at stage j
has the general following form:

where Tij
0 and Tij

1 are appropriate constants that depend
on both the product and the stage. Expression 7 accounts
for a fixed and variable contribution to the total operating
time. The last term in eq 7 depends on both the batch
size and the size of the semicontinuous item associated
to this batch stage, as was already discussed in the
previous section.

The limiting cycle time for product i in the subprocess
h, TLh

i, is the largest processing time in this production
train:

where Jh is the set of units which conform the subprocess
h.

The division by the number of units in parallel working
out-of-phase, Mj, takes into account the reduction in the
cycle time of this stage, due to the operation of Mj units
that alternatively process the consecutive batches.

To avoid accumulation of material, the processing rate
of both subprocesses downstream and upstream of the
storage tank must be the same:

Constraint 9 equalizes the production rate upstream
and downstream of the storage tank. To express 9 in a
simpler form, the inverse of the production rate of product
i (Ei), is defined as

Expression 10 is used to replace TLi
h in constraint 8,

dropping constraint 9.
The production constraint is posed as follows: during

the time horizon H the plant must produce the target
production quantities Qi of each product i. The number
of batches of each product i to be produced during time
H is Qi/Bi, and the production of each batch demands a
time TLi. The following constraint holds:

The size of the storage tank VTj, allocated after batch
stage j, is given by the following expression (Modi and
Karimi, 1989):

where STij is the size factor corresponding to the inter-
mediate storage tank, with identical definition to the
batch stages.

As no a priori tank allocation is given, binary variables
yj are used to select their allocation. The value of
variables yj is 1 if a tank is placed in position j, or zero
otherwise. Constraint 12 is generalized to size the tank
only if it exists:

where Fj is a constant value sufficiently large such that
when yj is 0 (the tank does not exist), the constraint is
trivially satisfied for any value of VTj. In particular, the
cost minimization will drive VTj ) 0. When the tank
exists (yj ) 1), the term with Fj vanishes, and the original
constraint (12) holds.

If the storage tank does not exist between two consecu-
tive stages, then their batch sizes are constrained to be
equal. Otherwise, this constraint is relaxed. This effect
is imposed by the following constraints (Ravemark, 1995):

where Φ is a constant value corresponding to the
maximum ratio allowed between two consecutive batch
sizes.

In summary, the multiproduct plant design model that
includes the options of parallel units in-phase and/or out-
of-phase and provision of intermediate storage, consists
of the objective function 5 subject to constraints 6, 8, 11,
13, and 14, plus the upper and lower bounds that may
apply.

An important feature of the model is that both the
objective function and the constraints are posynomial
expressions that possess a unique local (and thus, global)
solution (Grossmann and Sargent, 1979).

This basic model has been adapted to handle the
particular feature of the composite stages (homogenizer,
ultrafilters, and microfilters). In this case, constraint 6
is applied not to a general batch stage size but to each of
the items that compose it. So in the case of microfilters,
constraint 6 applies to both the retentate and the
permeate vessels. A new parameter SRij was introduced
to represent the size factor of the retentate vessel, while

Min Cost ) ∑
j)1

M

MjGjajVj
Rj + ∑

j)1

M

VTj
ηj (5)

Vj g
SijBij

Gj
∀i ) 1, ..., P; ∀j ) 1, ..., M (6)
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Sij was left for the permeate vessel. Also in this case, the
objective function must account for all the stage compo-
nents. The notation aj and Rj was left for the cost
coefficients of the permeate vessel, bj and âj for the
retentate vessel, and dj and γj for the filtration area. A
similar approach was implemented for the ultrafilters
(retentate vessel and ultrafiltration area) and homog-
enizer (holding vessel and the homogenizer itself).

Model Solution Algorithm
The problem has been executed with different alterna-

tives to evaluate the options included in the model. Given
that the problem modeled has nonlinear objective func-
tion and constraints as well as 0-1 binary variables, the
resulting mathematical model is a mixed integer non-
linear program (MINLP). This model includes 104 binary
variables and has been convexified using the transforma-
tions proposed by Kocis and Grossmann (1988). The
MINLP model has been solved using DICOPT++, which
is included in the GAMS optimization modeling software
(Brooke et al., 1992). The algorithm implemented in
DICOPT++ relies on the outer approximation/equality
relaxation/augmented penalty (OA/ER/AP) method that
was proposed by Viswanathan and Grossmann (1989).

The OA/ER/AP solution method consists of the decom-
position of the original MINLP problem into a sequence
of two subproblems: a nonlinear programming (NLP)
subproblem and a mixed integer linear programming
(MILP) subproblem also known as the Master problem.
At each iteration of the algorithm one NLP subproblem
and one Master subproblem are solved. For the NLP
solution the binary variables are fixed, and the value of
the objective function obtained is an upper bound for an
MINLP minimization problem. The Master subproblem
is generated by the cumulative linearization (outer
approximation) of the nonlinear equations at the NLP
solution point. The Master subproblem solution provides
the binary variable values for the following iteration. The
objective function value is a lower bound for an MINLP
(convex) minimization problem. The method stops when
the upper and the lower bound difference is less than or
equal to the specified tolerance.

Computational Results
The model developed has been solved with DICOPT++

using the data shown in Tables 1-5. A horizon time of
6000 h has been considered.

Figure 3 shows the optimal solution when no interme-
diate storage tanks are considered in the model. Table 6
summarizes the optimal sizes and number of parallel
units obtained. For this case, five parallel units out-of-
phase have been selected for the fermentor. This unit has
the limiting cycle time for all products. For the chro-
matographic column two parallel units in-phase have
been allocated. The reason is that the batch sizes
obtained for the batch units in the previous stages are
greater than the upper bound capacity of the chromato-
graphic column. The selection of parallel units allows the
reduction of the idle time for the stage. Table 7 shows
the idle times obtained by solving the model without
allowing units in parallel. Table 8 summarizes the idle
times corresponding to the optimal solution of Figure 3.

Table 5. Intermediate Storage Cost Coefficients and Size
Factors

STi,j size factor for product i in stage j

unita insulin vaccine chymosin protease

fermentor 1.25 0.625 0.415 0.3125
microfilter I 2.50 0.155 0.83 0.08
homogenizer 2.50 0.155 0.83 0.08
microfilter II 2.50 0.31 0.83 0.16
ultrafilter I 0.40 0.20 0.135 0.10
extractor 0.40 0.20 0.135 0.10
ultrafilter II 0.05 0.05 0.05 0.05
chromatography 0 0 0 0

a Tank cost coefficients: cj ) 5750; ηj ) 0.6.

Figure 3. Protein production plant design without intermediate storage.
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This table shows a considerable reduction in the idle
times when compared to the solution without units in
parallel.

Figure 4 shows the optimal solution considering both
units in parallel and the allocation of intermediate
storage tanks. Table 9 presents the sizes for the units.
Three tanks have been selected: the first after the
fermentor, the second after the first ultrafilter, and the
third after the second ultrafilter. The plant investment
cost has been considerably reduced (41%). No units in
parallel have been allocated in this case. The major
reductions in cost are for the fermentor and the chro-
matographic column. Table 10 shows the idle times for
this case. In comparison with Table 8 significant reduc-
tions can be observed. The key for this solution is the
reduction in cost of the chromatographic column. The
provision of intermediate storage previous to this unit
decouples the plant operation. This decoupling allows the

chromatographic column to work almost full time for all
products. It is also obvious that the installation of storage
tank, much cheaper than the column, allows a reduction
in size and thus in the column capital cost.

In this paper we do not take into account operating
costs, as this corresponds to a different hierarchical level.
Here we have implemented a constant size and time
factor model. To obtain constant factors we have found
reasonable values for every process variable so as to cover
the degrees of freedom of the process. This model is
posynomial and easy to solve, its solution is guaranteed
to be a global optimum, etc. The next step in the
hierarchy would be to implement process performance
models, i.e., the size and time factors will not be constants
but functions of the process variables. This model is much
harder to solve, and there is yet no global optimization
algorithm developed for it. The process performance
models would permit the inclusion of the economic impact
of process variables. Operating cost is one of such
impacts. For example, both the capital and operating
costs of the ultrafiltration steps depend on the extent of
concentration, but with the constant factors model this
is not taken into account. With this model we can
optimize batch sizes (which also means distribution of
the horizon time among products) and capital costs due
to idle times and volumetric underutilization of units
(duplication and storage are the decision variables).
Usually the economic impact of this structural optimiza-
tion is much larger (in the order of a 40-50% cost
reduction with respect to a reasonable but not optimal
structure) than the optimization of the process variables.
The optimization of process variables has an impact on
the order of a 10-20% cost reduction with respect to
reasonable but not optimal values for the process vari-
ables. This is the reason it is left as a posterior optimiza-
tion in the hierarchy.

Table 6. Optimal Solution Problem without Intermediate Storage Tank (r, retentate; p, permeate); Total Cost:
$1,401,003

stage 1 2 3 4 5 6 7 8

Vj 4.496 p: 8.992
r: 4.496

1.151 p: 2.302
r: 1.151

8.992 2.167 1.463 0.360

Rj A: 14.741 cap: 0.973 A: 7.547 A: 99.784 A: 14.387
Mj 5 1 1 1 1 1 1 1
Gj 1 1 1 1 1 1 1 2

Table 7. Idle Times in Plant with No Duplication of
Units and No Intermediate Storage Tanks

unit

product 1 2 3 4 5 6 7 8

insulin 0 0 0 22.2 0 23.5
vaccine 0 13.85 0 0 20.59 22.2 2.63 23.5
chymosin 0 0.53 0.45 22.2 5.31 23.5
protease 0 16.21 5.48 5.36 21.07 22.2 12.08 23.5

Table 8. Idle Times in Plant with Parallel Units and
without Intermediate Storage Tanks

unit

product 1 2 3 4 5 6 7 8

insulin 0 0 0.02 3.00 0 4.30
vaccine 0 2.33 0.11 0.10 3.40 3.00 0.50 4.30
chymosin 0 0 0 3.00 0.92 4.30
protease 0 2.33 0 0 3.37 3.00 1.50 4.30

Figure 4. Protein production plant design considering units in parallel and intermediate storage tanks.

Table 9. Optimal Solution Problem with Intermediate Storage Tank (r: retentate; p: permeate); Total Cost: $828,073

stage 1 2 3 4 5 6 7 8

Vj 22.496 p: 9.020
r: 4.510

1.074 p: 2.148
r: 1.074

9.020 0.811 0.547 0.075

Rj A: 14.731 cap: 0.999 A: 7.880 A: 99.391 A: 16.194
VTj 27.006 2.014 0.345
Mj 1 1 1 1 1 1 1 1
Gj 1 1 1 1 1 1 1 1
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Conclusions

An optimizaton model for the design of a biotechno-
logical multiproduct plant has been developed, which
combines a first level of detail posynomial model for the
unit stages, as well as decisions concerning the structural
optimization of the plant.

A particular feature of the posynomial unit model is
that it takes into account composite units where semi-
continuous items operate on the material contained by
batch items. This occurs with the microfilters operating
between retentate and permeate vessels and with the
homogenizer and ultrafilters operating on the material
contained in a batch holding vessel. For these units we
generalized the approach in Salomone et al. (1994), which
uses batch operating time expressions that depend both
on the batch size and on the size of semicontinuous items,
extending it to allow more than one batch unit per stage.
In the posynomial models presented in the literature,
time is only allowed to depend on batch sizes.

The model presented is general, and it considers all
the available options to increase the efficiency of the
batch plant design, such as unit duplication in-phase and
out-of-phase and intermediate storage tanks. An attempt
has been made to “standardize” a potential multiproduct
batch plant for the production of recombinant proteins
(therapeutic and nontherapeutic). Although it is difficult
to select such a standard process, the model developed
is generic and can be applied to any such modular plant,
i.e., including a precipitation stage instead of a liquid-
liquid extraction.

The resulting mathematical model for the minimiza-
tion of the plant capital cost is a mixed integer non-linear
program that was solved to global optimality. Results
were obtained for a plant that produces four recombinant
proteins in eight processing stages. Solutions when no
intermediate storage is provided indicated that units in
parallel in- and out-of-phase are required to fulfill the
product demands. Moreover, if allocation of intermediate
storage tanks is allowed, it results in a significant
reduction in the plant cost (41%) when compared to the
previous case, simply by eliminating the need for parallel
units.

The level of detail of posynomial models allows opti-
mization of the plant structure and the batch sizes, but
does not include the influence of process variables such
as the concentration of biomass in the fermentor, the
concentration in the ultrafiltration units. or the number
of passes in the homogenizer. The next level of hierarchi-
cal approach would be to include process performance
models to predict the size and time factors as well as
operating costs as a function of the process variables.
Successive levels in the hierarchy are of increasing detail
but of decreasing economic impact: the optimization of
process variables will typically render additional savings
in the order of 10-20% as compared with the reasonable
but not optimal values adopted here to compute the
constant factors. On the other hand, the optimization
problem addressed in this paper has a larger economic

impact, on the order of 40-50% cost reduction with
respect to a reasonable but not optimal structure.
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Notation
aj Cost coefficient for a batch unit in stage j.
bj Cost coefficient for the retentate vessel of a batch

unit at stage j.
Bij Batch size of product i in stage j.
cj Cost coefficient for an intermediate storage tank

allocated in position j.
dj Cost coefficient for the semicontinuous unit

associated to a batch unit at stage j.
Ei Inverse of production rate of product i.
Gj Number of batch units in parallel in-phase in

stage j.
H Net available production time for all products.
Jh Set of units that compose subprocess h.
M Number of stages in the plant.
Mj Number of batch units in parallel out-of-phase

in stage j.
P Number of products.
Qi Production requirement of product i.
Rj Size of semicontinuous item j; Aj area in case of

filters, Capj capacity in the homogenizer
Sij Size factor for product i for a batch unit at stage

j.
SRij Size factor for product i for a batch unit at stage

j in the retentate vessel.
STij Size factor for product i for an intermediate

storage tank in the location j.
Tij Processing time of product i at batch stage j.
Tij

0 Coefficient in the expression for Tij.

Tij
1 Coefficient in the expression for Tij.

TLi Limiting cycle time of product i.
Vj Size of a batch unit at stage j.
VTj Size of the intermediate storage tank allocated

in position j.
yj Binary variable that indicates if a tank is al-

located in position j.

Greek letters

Rj Cost exponent for a batch unit at stage j.
âj Cost exponent for the retentate vessel of a batch

unit at stage j.
γj Cost coefficient for the semi-continuous unit

associated to a batch unit at stage j.
ηj Cost exponent for an intermediate storage tank

allocated in position j.
Φ Maximum allowed ratio between consecutive

batch sizes.
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