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SUMMARY

The work focuses on the numerical resolution of the discontinuous material bifurcation problem as a
relevant ingredient in computational material failure mechanics. The problem consists of finding the
conditions for the strain localization onset in terms of the so-called bifurcation time, localization directions
and localization modes. A numerical algorithm, based on the iterative resolution of a coupled eigenvalue
problem in terms of the localization tensor, is proposed for such purpose. The algorithm is shown to
be always convergent to the exact solution for the symmetric case (major and minor symmetries of
the tangent constitutive operator). In the unsymmetric case (only minor symmetries), the solution is no
longer exact, although it is shown that using the symmetric part of the localization tensor in the proposed
algorithms provides enough accurate solutions for most of cases. Numerical examples illustrate the benefits
of the proposed methodology in terms of accuracy and savings in the computational cost associated with
the problem. Copyright q 2010 John Wiley & Sons, Ltd.
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1. MOTIVATION

The discontinuous material bifurcation problem (DMBP) is a classical one in solid and computa-
tional mechanics [1–5] as a relevant element of computational material failure mechanics problems.
In the early work of Hill [2] the strong ellipticity character of the, at that time termed, acoustic
tensor was associated with the existence of discontinuous acceleration propagating waves. Later
on, the works of Rice [6] and Rudnicki and Rice [7], among others, linked that condition to the
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ON THE NUMERICAL RESOLUTION OF THE DMBP 787

onset of strain localization in dynamic or quasistatic problems in terms of the singularity of the,
then termed, localization tensor.

The analytical solution of the problem, for specific non-linear material models, has been treated
in many works. The problem statement for elastoplastic models can be found, for instance, in
Runesson and Mroz [8] and its specific solutions for plane stress and plane strain problems in [5].
A very comprehensive analysis of the bifurcation problem for associative and non-associative
plasticity models is presented in the work of Bigoni [1]. Solutions of the DMBPs for other
constitutive settings, like isotropic continuum damage models, have also been provided in the
literature. For instance in Oliver and Huespe [9], exact and approximate solutions for isotropic
and anisotropic damage models were derived. Geometrical and analytical solutions of the problem
for different families of constitutive models had been previously provided in Benallal and Comi
[10] and in Iordache and Willam [11]. However, a general analytical (closed-form) solution of the
problem is not available due to the high non-linearity of the resulting equations. In consequence,
numerical strategies appear as a suitable alternative.

The first numerical solution of the DMBP seems to be the one provided, for symmetric material
models, by Ortiz et al. [3]. There, a discrete sweep in the localization directions’ solution space
was done in order to identify those regions candidate to contain the minimum of the determinant
of the localization tensor. Subsequently, an iterative procedure to solve a non-linear eigenvalue
problem inside those restricted regions was used to find the exact solutions. Years later Mosler [12]
proposed an alternative algorithm based on a sweep procedure to find that localization direction,
minimizing the determinant of the localization tensor on a discrete domain of the space, which,
in a second stage, is taken as the initial value of an iterative Newton’s method to find the exact
minimum in the continuous space.

A very common statement of the discontinuous bifurcation problem reads

FIND n≡arg min‖n‖=1
det(Q(n)) (1)

where Q(n) is the, second-order, localization tensor and n(�,�) is a normal unit vector living
in the Euclidean space, which can be described (for the general 3D problem) in terms of two
parameters, i.e. the two angles (�,�) of the classical spherical curvilinear coordinates (r,�,�). In
Figure 1, a display of the typical chart det(Q(n(�,�)) is presented. There, it can be checked the
high non-linearity of the problem in Equation (1) and the difficulties that one has to face when
trying to solve the problem via direct linearization (Newton–Raphson) procedures and, therefore,
why sweep procedures appear, at a first glance, as a suitable alternative.

However, these procedures are computationally very expensive if one aims at making them
reliable and accurate. Indeed, when a sweep method is being used as a part of a numerical strategy
to solve the problem, the discrete version of Equation (1) reads

FIND (�,�) ≡ argmindet(Q(n(�i ,� j ))

�i ∈ {0,��,2��, . . . ,n���}; ��=2�/n�

� j ∈ {0,��,2��, . . . ,n���}; ��=2�/n�

(2)

where n� and n� are, respectively, the selected number of sampling points in the � and � directions.
In general, a very fine sweep (large n� and n�) has to be used in order to ensure the identification
of the zone containing the solution of the problem.
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Figure 1. Display of det(Q(n(�,�)) in terms of the spherical coordinate angles �,� (in degrees).

For instance, if, typically, one takes n�=n�≈103 this implies 106 evaluations of det(Q(n(�i ,� j )).
Since, in the context of the finite element method, this has to be done for every Gauss point and
at every time step, the repercussion of resolution of Equation (2) on the computational cost can
be enormous. Not to mention the difficulties that are found to assess the minimum values of the
sweep parameters to ensure that a global minimum is reached.

In summary, neither analytical solutions nor Newton linearization or sweep-based numerical
procedures provide fully robust, reliable and cost-affordable solutions of the DMBP, and this
motivates the present work. The goal is, then, to obtain robust, accurate, reliable and cheap
numerical solutions of the DMBP, which are available for most of the cases raised in computational
material failure mechanics.

2. THE DISCONTINUOUS MATERIAL BIFURCATION PROBLEM

For the infinitesimal strain, rate independent, case the problem can be stated as follows: consider
a body B whose material is ruled by an inelastic constitutive equation characterized by the
fourth-order tensor C(e(x, t) (the in-loading tangent constitutive operator) defining the incremental
evolution in the material point x∈B at time (or pseudo-time) t ∈[0,T ]:

ṙ=C : ė (ṙi j =Ci jkl ėkl , i, j,k, l∈{1,2,3}) (3)

where r and e stand, respectively, for the stress and strain second-order tensors, and the upper dot
means differentiation with respect to time. The tangent constitutive operator C in Equation (3) is
assumed to be endowed with minor symmetries, i.e.

Ci jkl =C jikl =Ci jlk, i, j,k, l∈{1,2,3} (4)
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Figure 2. Discontinuous material bifurcation problem.

and, in a first stage, let us also assume that C is also endowed with major symmetries, i.e

Ci jkl =Ckli j , i, j,k, l∈{1,2,3} (5)

Let S be a material (fixed in time) surface in B, with unit normal n, splitting the body into two
parts B+ and B− so that n points to B+ (see Figure 2). Let us define, at any material point x∈S,
the localization tensor as

Qt (n)≡Q(n, t) :=n·C ·n (6)

which, in virtue of the major symmetries of C, is a symmetric second-order tensor: (Qi j =
Q j i ; i, j ∈{1,2,3}) and, being symmetric and real-valued, possesses three real eigenvalues.

Consider the first appearance in B, at the bifurcation time termed now, tB ∈[0,T ], of a space-
discontinuous rate-of-strain field of the form

ė(x, tB)= ˙̄e(x, tB)+HS�̇(m⊗n)sym ∀x∈B (7)

where ˙̄e(x, tB) is a spatially continuous strain , HS(x) is a step (Heaviside’s) function placed
on S(HS(x)=1, x∈B+ and HS(x)=0, x∈B−) and superscript (•)sym stands for the
symmetric part of (•).

Equation (7) defines the jump ė in the rate-of-strain field:

ė(x, tB) ≡ ė(x+, tB)− ė(x−, tB)= �̇(m⊗n)sym

∀x+ ∈ (S∩�B+), ∀x− ∈(S∩�B−)
(8)

in terms of the rank-one second-order tensor (m⊗n)s , where m(x) is a unit vector characterizing
the mode of the discontinuity, and �̇ is a scalar describing the intensity of the jump.

Consider now the conditions for which the discontinuous rate-of-strain fields in Equations (7)
and (8), once inserted into the constitutive equation (3), are compatible with the traction continuity
condition

n·�ṙ�(x, tB)≡n· ṙ(x+, tB)−n· ṙ(x−, tB)=0 (9)

Substitution of Equations (3) and (8) into (9) leads, after some algebraic manipulation, to

n·�ṙ�= �̇n·C :(m⊗n)sym= �̇(n·C ·n) ·m=0 (10)
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where the minor symmetries of C in Equation (4) have been considered. Discarding the solution
�̇=0, which does not lead to any strain jump, Equation (10) can be equivalently written as

Q(n, tB) ·m = 0

QtB (n)≡Q(n, tB) = n·C(x, tB) ·n (11)

where the localization tensor Qt (n) in Equation (6) is considered. Thus, Equation (11) imposes the
singularity of Q(n, tB), and, equivalently the null value of one of its eigenvalues, as the necessary
and sufficient condition for the material bifurcation at point x and time tB . Since Q(n, tB) is
singular, an equivalent condition is

det(Q(n, tB))=0 (12)

Now, let us assume the following hypotheses commonly accepted in material modeling [1]:
(H1) A continuous deformation evolution along time, so that C(t), and Qt (n) exhibit also a

continuous time evolution of all their properties.
(H2) At the initial time, t=0, Q0(n) is symmetric and positive definite. Therefore:

m·Q0(n) ·m>0 ∀m,n∈I :={m∈R3|‖m‖=1} (13)

The above conditions correspond to a typical elastic/inelastic behavior for an initially elastic
material deforming along time. The goal of the analysis is, then, the detection of the first bifurcation,
for a given material point x∈S at the bifurcation time tB , and the possible propagation directions
n(x, tB). Equations (11) and (12) are the departure point of most of the analytical and numerical
solutions of the DMBP [3, 12]. The problem can be stated as follows:

PROBLEM(I) :
GIVEN C(x, t) x∈S, t ∈[0,T ]
FIND the first t≡ tB ∈[0,T ] and all n∈I

FULFILLING :
QtB (n) ·m=0 for some m∈I

(14)

whose solution is the bifurcation time t (I)B ≡ tB and a set of unit vectors n(I) ≡n defining the
localization (propagation) directions n(I). Associated with them, there is a set of localization modes
m(I) as the normalized eigenvectors of Q

t (I)B
(n(I)).

2.1. Equivalent minimization problem

Consider the following alternative problem:

PROBLEM(II) :
GIVEN C(x, t), x∈S, t ∈[0,T ]
FIND the first tB ∈[0,T ] and all n,m∈I

FULFILLING :
�t =0

(15)
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where �t stands for the minimum, among all possible values of n∈I, of �min
t (n), the smallest

of the three real eigenvalues of Qt (n). Since Qt (n) is symmetric, Rayleigh’s minimum principle
[13, 14] states that

�min
t (n) = min

m∈I
�t (n,m)

�t (n,m) := m·Qt (n) ·m
(16)

where �t (n,m) is Rayleigh’s quotient, and then

�t :=min
n∈I

�min
t (n)=min

n∈I
(min
m∈I

�t (n,m))︸ ︷︷ ︸
�min
t (n)

= min
n,m∈I

�t (n,m) (17)

Again, the solutions of Problem (II) are the bifurcation time, t (II)B ≡ tB , and a set of unit vectors,
defining the bifurcation directions, n(II), and the localization modes,m(II), which are the minimizers
of �t (n,m) in Equation (17).

Remark 2.1.1
For the considered symmetric case it can be readily proven that Problems (I) and (II) are equivalent.
The proof follows from the following reasoning:

(1) Since, at t=0, Q0(n) is symmetric and positive definite (hypothesis H2 above) its three
eigenvalues are positive, and, in particular, the smallest eigenvalue �min

t is positive. Owing
to the assumed continuous evolution of Qt (hypothesis H1), in the subsequent immediate
evolution of Qt , �min

t remains positive.

(2) The first time, t (I)B , that Equation (14), Q
t (I)B

(n(I)) ·m(I) =0, is fulfilled, Q
t (I)B

(n(I)) must be

singular and, therefore, its smallest eigenvalue �min
t (I)B

(n(I)) becomes, also for the first time,

null at t (I)B . Then, the minimum eigenvalue is �t ≡�
t (I)B

=0 in Equation (15). Therefore,

t (I)B ,n(I),m(I) are solutions of Problem (II).

(3) Conversely, the first time, t (II)B , that the minimum eigenvalue of Q
t (II)B

(n(II)) becomes null

(�
t (II)B

=0 in Equation (15)), the corresponding localization tensor Q
t (II)B

(n(II)) becomes

singular and, then, Equation (14) is satisfied for the first time (Q
t (II)B

(n(II)) ·m(II) =0). There-

fore, t (II)B ,n(II),m(II) are solutions of Problem (I).

In virtue of this, in the subsequent developments, the DMBP will be stated on the basis of the
minimization problem (II) and Equations (15) and (17).

2.2. Discontinuous bifurcation analysis

An interesting property of Problem (II) stemming from the minor symmetries of C (see
Equation (4)) is as follows:

m·Qt (n) ·m=n·Qt (m) ·n ∀n,m∈R3 (18)
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Figure 3. Symmetry of the solutions of the DMBP.

which can be readily proven by substituting Equation (4) into Equation (18). Therefore,
Equation (18) states that Rayleigh’s quotient �t (n,m) in Equation (17) is symmetric with respect
to the arguments (n,m), e.g. �t (n,m)=�t (m,n). Combining Equations (16), (17) and (18) one
arrives to

�t = min
n,m∈I

�t (n,m)= min
n,m∈I

�t (m,n)=min
n∈I

�min
t (n)=min

m∈I
�min
t (m) (19)

Equation (19) proves that if the couple (n̂,m̂) are the arguments minimizing the function �t (·, ·)
so does the symmetric couple (m̂, n̂), and �t attains the same minimum value, �t , at both points.
Figure 3 sketches that situation, for the simplest 2D case when n(�),m(�) can be parametrized in
terms of a single angle, and �̃t (�,�)≡�t (n(�),m(�)) is plotted in a Cartesian chart.

Therefore, except for the specific case n̂=m̂, the solution of Equation (19) will consist in
general of two conjugate solutions, in terms of the propagation directions and the corresponding
discontinuity modes: (n1,m1)≡(n̂,m̂) and (n2,m2)≡(m̂, n̂).

Then, we will consider a strategy for solving the DMBP in the following two steps:

(1) Find the minimizers, n̂(x, t) and m̂(x, t), and the minimum, �t (x), at a generic time t ∈
[0,T ], ∀x∈B, and

(2) Determine, for every material point x∈B, the bifurcation time, tB(x), which is the first
solution of Equation (15), i.e. �tB (x)=0.

In the next section, a numerical algorithm for achieving the solution of the DMBP, based on these
two steps, is presented.
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3. A NUMERICAL ALGORITHM FOR DETERMINING THE PROPAGATION DIRECTIONS
AND THE BIFURCATION TIME

Back to Problem (II), in Equations (15) and (17), since �t (n,m) is a smooth function its solution
can be obtained, in a first stage, by finding the stationary points of the Lagrangian:

L(n,m,�,	) ≡m·Qt (n) ·m−�(n·n−1)−	(m·m−1)

= n·Qt (m) ·n−�(n·n−1)−	(m·m−1), m,n∈R3 (20)

where Equation (18) has been considered. Imposing stationarity, it results

�L(n,m,�,	)

�n
= 0⇒Qt (m) ·n−�n=0

�L(n,m,�,	)

�m
= 0⇒Qt (n) ·m−	m=0

�L(n,m,�,	)

��
= 0⇒‖n‖=1

�L(n,m,�,	)

�	
= 0⇒‖m‖=1

(21)

On the other hand, from Equations (21) and (18):

�=n·Qt (m) ·n=m·Qt (n) ·m=	 (22)

Equations (21) and (22) prove that the stationary points of the Lagrangian L(n,m,�,	) are
solutions of the coupled eigenvalue problem:

Qt (m) ·n=�n

Qt (n) ·m=	m

}
(�=	) n,m∈I (23)

where �(=	), and n are, respectively, (real) eigenvalues and eigenvectors of Qt (m). Conversely,
	(=�), andm are, respectively, (real) eigenvalues and eigenvectors ofQt (n). Solutions of Equations
(23) are stationary points ofL(n,m,�,	), this beingminima, maxima or saddle points of �t (n,m).

In the second stage, we seek the absolute minimum �t of �t (n,m) in Equation (17) among the
solutions of Equation (23) at the generic time t . Considering Equation (17), now we restrict the
solutions of the eigenvalue problem (23) to the smallest of the three eigenvalues �min

t and 	min
t i.e.

Qt (m) ·n=�min
t n

Qt (n) ·m=	min
t m

}
(�min

t =	min
t ) n,m∈I (24)

For subsequent developments, eigenvectors n and m, fulfilling Equations (24), are termed as
conjugate. In Section 3.1 an iterative algorithm for the solution of Equations (24) will be presented,
which is non-increasing in terms of the obtained iterative values of �t (n,m) and, therefore, at
convergence (when �min

t =	min
t ) provides minima stationary points of that function. On the other

hand, geometrical interpretations [9] of the existing analytical solutions of the DMBP show that
there are only one or two local minima, which are also global minima (see Figure 3). Therefore,
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the obtained stationary points are global minima and, then, solutions of Problem (II) and of the
original Problem (I).

At this stage, Problem (II) in Equations (15) can be equivalently rephrased as

PROBLEM(III) :
GIVEN C(x, t), x∈S, t ∈[0,T ]
FIND the smallest tB ∈[0,T ] and all n,m∈I

FULFILLING :
�tB =�min

t (m)|t=tB =	min
t (n)|t=tB =0 (25)

where �min
t =	min

t and (n,m) are the solutions of the coupled eigen-problem in Equations (24).

3.1. Determination of the propagation directions and the bifurcation time

Determination of the entities of interest of the DMBP is done in the following two steps:

STEP 1: On the basis of the problem in Equation (25) the iterative algorithm in Box 1 is
proposed to find the candidate propagation directions, n, and bifurcation modes, m,
at every generic time t ∈[0,T ]:

Box 1. Iterative algorithm for finding the candidate propagation directions and bifurcationmodes.

DATA: t, e(0), 
min,(0) =∞, i=1
1. SOLVE: Qt (e(i−1)) ·e(i) =
min,(i)e(i); e(i) ∈I

2.

IF|
min,(i)−
min,(i−1)|�Tol THEN

n=e(i−1); m=e(i); �min
t �	min

t =
min,(i)

EXIT

3.
i= i+1

GO TO 1

where e(0) ∈I is any initial guess for the eigenvector, 
min,(i) stands for the smallest of the three
eigenvalues of Qt (e(i−1)) and superscript i indicates the iteration number. Notice the alternate
characters of the eigenvalues e(i−1) and e(i) obtained with the algorithm in two consecutive
iterations, which, at convergence, provide the eigenvectors n and m in Equations (24) (see also
Figures 4 and 8).

Remark 3.1.1
The algorithm in Box 1 has the following properties:

(1) At convergence, it provides one eigenvalue , �min,(i) ≈�min,(i−1) =�min, and two conjugate
eigenvectors (n,m) fulfilling Equation (25) (as it is evident by inspecting the algorithm).

(2) Along the iterations, it provides a sequence of non-increasing values �min,(0)��min,(1)� · · ·
�min,(i)��min,(i+1) · · ·
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Proof
At iteration (i+1)

�min,(i+1) =n(i+1) ·Qt (n(i)) ·n(i+1)�x ·Qt (n(i)) ·x ∀x∈I (26)

since �min,(i+1) and n(i+1) are, respectively, the minimum eigenvalue and the corresponding eigen-
vector of Qt (n(i)), which is a symmetric real-valued second-order tensor. Thus, Equation (26)
follows from Rayleigh’s principle. At iteration (i):

�min,(i) =n(i) ·Qt (n(i−1)) ·n(i) =n(i−1) ·Qt (n(i)) ·n(i−1) (27)

where the property in Equation (18) ( for n≡n(i)and m≡n(i−1)) has been considered. Applying
Equation (26) for x≡n(i−1) and taking into account Equation (27) results in

�min,(i+1)�n(i−1) ·Qt (n(i)) ·n(i−1) =�min,(i) ⇒�min,(i+1)��min,(i) (28)

(3) At convergence �min(n) reaches a minimum in I because of the previous non-increasing
character. This minimum will be, in general, achieved for two conjugate directions (n,m)

as stated by the symmetry in (n,m) of the problem in Equations (24) and (25) solved by
the algorithm.

STEP 2: The first time t at which the �min
t returned by the algorithm is zero is the bifurcation

time tB ≡ t , and the corresponding conjugate couples (n,m) and (m,n) define the
propagation directions and bifurcation modes. The issue of discrimination between
them is out of the scope of this work. Solutions with only one propagation direction
are detected by checking the similarity of n,m∈I through

|n·m−1|�Tol⇒n≈m (29)

where Tol is the specific tolerance.

4. UNSYMMETRIC CONSTITUTIVE OPERATOR CASE

Let us now consider the case where the tangent constitutive operator C(x, t) does not possess the
major symmetry properties referred to in Equation (5). Repercussions of this fact are:

(I) The localization tensor Qt (x)=n·C(x, t) ·n in Equation (6) is no longer symmetric. There-
fore, it can be decomposed as

Qt = Qsym
t +Qskew

t

Qsym
t = 1

2 (Qt +QT
t ), Qskew

t = 1
2 (Qt −QT

t )
(30)

where Qsym
t and Qskew

t stand, respectively, for the symmetric and the skew-symmetric parts
of Qt .

(II) The eigenvalues of Qt can be now complex. Since Qt is still real valued, there will be
either three real eigenvalues or one real and two complex-conjugate eigenvalues.
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Figure 4. Application of the proposed algorithm for a symmetric J2 plasticity model (n stands for the
number of iterations required by the algorithm).

(III) The property in Equation (16) still holds for Qsym
t . In fact, from the decomposition in

Equation (30)

m·Qt (n) ·m=m·Qsym
t ·m+m·Qskew

t ·m︸ ︷︷ ︸
=0

=m·Qsym
t ·m ∀m∈I (31)

and Equation (16) reads as

min
m∈I

m·Qt ·m=min
m∈I

m·Qsym
t ·m=�min

sym (32)

where �min
sym stands for the minimum of the three real eigenvalues of Qsym

t . Consequently, now

Problem (II) in Equation (15) is exactly equivalent to Problem (I) formulated in terms of Qsym
t ,

since the reasoning in Remark 2.1.1 can now be repeated in terms of Qsym
t . i.e.

PROBLEM (III) :
GIVEN C(x, t), x∈S, t ∈[0,T ]
FIND thefirst tB ∈[0,T ] and all n∈I

FULFILLING :
Qsym

tB (n) ·m=0 for some m∈I (33)

Also, the algorithm for solution of this problem is the one in Box 1 but substituting Qt by Qsym
t .
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DOI: 10.1002/nme



ON THE NUMERICAL RESOLUTION OF THE DMBP 797

However it is clear that, for this unsymmetric case, the solution of the original DMBP in
Problem (I) is only approximated by the solution of Problem (III) in Equation (33). Therefore, as
for the application of the algorithm in Section 3.1 two options appear:

I. Apply the algorithm in Box 1, but substituting Qt by Qsym
t . In this case the algorithm

still possesses the decreasing property displayed in Remark 3.1.1, and it will converge to a
minimum of �min

sym. The obtained values in terms of the bifurcation time tB and the propagation
directions and bifurcation modes (n,m) will be only approximate.

II. Apply the algorithm as it is in Box 1 (in terms of Qt ). In this case, due to the unsymmetric
character of Qt , the decreasing character of the algorithm cannot be proved anymore and, at
convergence (if any), the stationary point (minimum) character of the obtained �min cannot
be guaranteed. Therefore, the obtained bifurcation time tB will be approximate but the
propagation directions, and bifurcation modes (n,m), if obtained, will fulfill exactly the
original equation (11).

In the next section, the assessment of the behavior of both options (which are equivalent for
symmetric models) is addressed by means of numerical simulations.

5. NUMERICAL VALIDATION

The numerical experiments are performed by selecting generic fourth-order tensors, C, having, at
least, minor symmetries, such that they are representative of the constitutive tangent operators for
different material models.

A generic structure of C is then defined as follows:

C = Ce− 2	

�
[s⊗s+�(s⊗1)+��(1⊗s)+��(1⊗1)]

Ce = �(1⊗1)+2	I
(34)

where Ce is the elastic constitutive tensor, � and 	 being the Lamè’s parameters, 1 and I are, respec-
tively, the second- and fourth-order symmetric unit tensors, s=dev(r)/‖dev(r)‖ is a deviatoric-
stress unit tensor and �,�∈[0,1] are two scalar coefficients to be defined later. In addition, the scalar
coefficient � is related with the hardening/softening modulus of the inelastic constitutive relation.

Inspection of Equation (34) shows that classical tangent constitutive operators for symmetric and
non-symmetric plasticity models can be recovered by means of appropriated choices of parameters
� and �. Indeed, by choosing �=0 expression (34) corresponds to a symmetric J2-type plasticity
tangent constitutive operator. Alternatively, with �=1 and �∈[0,1], it corresponds to the tangent
constitutive moduli of a Drucker–Prager-type (DP) plastic model, which is associative if �=1
(then possessing major symmetries) or non-associative with � �=1 (with only minor symmetries).

5.1. Symmetric 2D problem: J2 plasticity model

In Figure 4 the scaled minimum eigenvalue, �min/�max(�max=max−�/2<�<�/2[�min(�)]) of the
localization tensor‡ Q(n(�))=n·C ·n with a coefficient: �=0, (symmetric J2 plasticity model,

‡For the sake of simplicity, subindex t in the localization tensor Q will be from now on omitted.
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plane strain), obtained with a fine sweep procedure is displayed as a function of the angle, �,
formed by the normal vector n with the horizontal direction.

Superposed on the same plot, the iterative sequence of points (�min
alg /�max)−�alg (circle–square

sequence) supplied by the numerical algorithm of Box 1 is displayed until convergence at iteration
n=21.

In this case, the major symmetry of C is preserved. Therefore, the algorithm provides the exact
minimum eigenvalue ofQ in 21 iterations using the convergence criterion in Box 1, with Tol=10−8.
There, the two solutions of this problem, for angles �=−45.00◦ and �=0.18◦, corresponding to
the same value of �min

alg , can be observed.

5.2. Unsymmetric 2D problem: DP plastic model

Now, the unsymmetric elastoplastic DP (plane strain) model is considered using the coefficients:
�=1.5 and �=0 in Equation (34).

In Figure 5(a), the evolution of �min/�max, in terms of the angle �, using the proposed algorithm
for the complete localization tensor, Q(n), is plotted. In Figure 5(b) the evolution of �min

sym/�max,
now for the symmetric part of the tensor Qsym(n) according to the definition in Equation (30), is
also plotted.

There it can be observed that, in the first case the sequence converges to the value: �min
alg /�max=

0.03 (�alg=−45.4◦), which does not match the exact minimum of the problem (computed with a
fine sweep procedure as �min

exact/�
max=−2.29e−4 and �min

exact=−33.0◦). However, as anticipated, in
the second case (Figure 5(b)) the sequence converges to the minimum of the symmetric problem
depicted in the curve:�min

alg,sym/�max=−38.0e−4, (�min
sym=−31.2◦). In Figure 5(c) and Figure 5(d),

the previous results are superposed in order to compare both cases. There it can be checked that,
as for the options considered in Section 4, the use of Qsym(n) in the proposed algorithm provides
a more accurate solution of the exact problem than using Q(n). A deeper exploration of this fact
is done through the accuracy analysis in the next section.

5.3. Accuracy analysis

The accuracy of the proposed numerical algorithm for unsymmetric cases is now studied by
applying it to an alternative general structure of the fourth-order tensor C defined by the following
expression:

C=Ce− 2	

�
(P⊗R)=Ce− 2	

�

⎡
⎢⎢⎢⎣ (1−�)s+�1

‖(1−�)s+�1‖︸ ︷︷ ︸
P

⊗ (1−�)s+�1
‖(1−�)s+�1‖︸ ︷︷ ︸

R

⎤
⎥⎥⎥⎦ (35)

where the symbols: Ce,s,1,	,� have the same meaning as in Equation (34). Second-order tensors
P and R are entities here defined as a convex combination of tensors s and 1, with scalar parameters
�,�∈[0,1], as shown in Figure 6.

The choice of P and R is arbitrary; however, they represent the response of many materials
exhibiting a particular type of non-associative plasticity, where the coaxiality of tensor P and R is
preserved, see for example Bigoni [1]. Inclusion of the hydrostatic terms �1 and �1, in P and R,
accounts for the pressure sensitivity and dilatancy of the material plastic behavior. The variation
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Figure 5. Application of the algorithm in Box 1 for an unsymmetric Drucker–Prager plasticity model: (a)
results with the total localization tensor, Q(n); (b) results with its symmetric part Qsym(n); (c) comparison
of the results obtained with the total and symmetric parts of the localization tensor; and (d) close-up of

the region corresponding to the minimum eigenvalues in (c).

of the �,� parameters provides a set of tensors C ranging from fully symmetric ones (�=�) to
non-symmetric (� �=�).

The presented accuracy analysis consists of plotting, in the plane �,�, the contour lines of
the relative errors of the algorithmically detected minimum eigenvalues, �min

alg , with respect to the

detected minimum eigenvalue of Q, �min
exact, detected via a fine sweep procedure. Their difference

is normalized with respect to �max
exact= max

−�/2<�<�/2
[�min

exact(�)], i.e

error� = �min
exact−�min

alg

�max
exact

(36)
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Figure 6. (a) Convex combination of the tensor s and 1 defining the fourth-order tensor C of expression
(35); (b) Haigh–Westergaard space; and (c) �,� plane and classes of material models that can be

represented by expression (35).

A similar error analysis is done relating the minimum eigenvalue of the symmetric part of Q,
�min
alg,sym, with �min

exact.
Furthermore, the numerical study includes the evaluation of the error detected in the angle,

�alg, that corresponds to the minimum obtained algorithmic eigenvalue, �min
alg . This error is

determined as

error=��=�exact−�alg (37)

where �exact is the angle (in degrees) corresponding to the minimum eigenvalue �min
exact of the tensor

Q detected by a fine sweep procedure. Identical analysis is performed with the angle �alg,sym
corresponding to the symmetric tensor Qsym.

Figure 7 shows the results obtained in a plane strain setting and choosing a uniaxial stress state
to define tensor s. However, the results and conclusions that can be extracted from these figures
are rather independent of the selection of tensor s.

As for the options stated in Section 4, about the two possible entries in algorithm in Box 1
(Q or Qsym) for the case of an unsymmetric constitutive tensor C, the answer to the question of
which one is the most accurate can be readily given: in fact, it is clear from the figure that the use
of Qsym translates into very reduced absolute errors in the localization direction in comparison
with those obtained with the entry Q, and the same conclusion can be stated for the minimum
eigenvalue. Then, from this accuracy study, the use of Qsymas entry in the proposed algorithm
is recommended as an approximate, but sufficiently accurate in most of cases, way to extend the
proposed procedure to unsymmetric cases.

5.4. Illustrative cost analysis

An illustration of the savings in computational cost provided by the proposed iterative algorithm,
in front of other brute-force (typically a sweep procedure) methods, is given in this section. Since
the three-dimensional case is the most demanding one, a full 3-D analysis is performed on a
fourth-order tensor C, whose structure is defined by Equation (34) with �=0. and �=8 (additional
data are given in Figure 8). Thus, the tensor C corresponds to the tangent operator stemming from
a J2 plasticity model.

In Figure 8(a), the determinant of the (in this case symmetric) localization tensor Q as a function
of the unit normal n defined via the spherical coordinates (�,�), the zenital and azimuthal angles,
is plotted. The contour levels of the same function are depicted in Figure 8(b), where a sequence of
points provided by the iterative algorithm (circle–square sequence) for an arbitrarily defined initial
point (point 1 in Figure 8(b)) are represented. For this case, the algorithm requires 11 iterations
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Figure 7. Error analysis of the proposed numerical algorithm. (a) and (b): error contour plots (in degrees)
in the algorithmic determination of the angle associated with the minimum eigenvalue of Q, obtained
with the complete localization tensor, �alg, and its symmetric part �alg,sym; (c) and (d) contour plots of
the relative error in the algorithmic determination of the minimum eigenvalue, obtained with the complete

localization tensor, �min
alg , and its symmetric part �min

alg,sym.

to supply a solution with an angle error less than 1◦ in both the coordinates (�,�). Figure 8(c)
displays a zoom of the region where the final points of the iteration sequence are located, and also
their coordinates.

In Table I, the comparison of the computational cost, required to determine the minimum value of
the det(Q), is shown when using either a brute-force procedure (double sweep in the representative
plane �−� with angle increments of 1, 2 and 5◦) or the proposed iterative algorithm. In order to
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Figure 8. Solution of the DMBP for a localization tensor stemming from a symmetric J2 plasticity model
(expression (34) with �=0, �=8. (a) Plot of the normalized det(Q) vs the angles (�,�) defining the
normal vector; (b) contour plots of the det(Q) and sequence of points produced by the algorithm; and (c)

zoom of Figure (b) in the minimum zone.

make the accuracy of both methods consistent, the convergence tolerance in the iterative algorithm
is set as the corresponding angle increment in the sweep procedure. Also, since the computational
cost (depending on the total number of iterations) in the iterative procedure could depend on
the initial guess, 1000 trials with random choices of the initial iteration point were run, then the
averages in computational cost and number of iterations were computed. All values were obtained
using Matlab.

As it can be seen there, even for large admissible errors in the localization directions (i.e.
��=5◦) the computational cost can be reduced by the proposed algorithm by a factor of 67.6. As
slightly finer accuracies in the localization direction are aimed (i.e. ��=1◦), the corresponding
computational cost with the brute-force method becomes unaffordable. We recall that the compu-
tational cost devoted to solve the DMBP can have relevant repercussions on the total computation
cost of the problem, since the algorithm should be in general applied at every converged time step
and at every gauss point.
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Table I. CPU cost analysis using Matlab code. Relative CPU cost between the brute-force and the proposed
algorithmic procedures when choosing different error tolerances in the angle determination.

Algorithmic procedure
Max error Brute-force (average of 1000 trials)
tolerance (sweep) procedure CPU time ratio:
��(◦) CPU time CPU time Number of iterations sweep/algorithm procedures

1 3.62 0.0055 15.4 743
2 0.820 0.0027 11.5 327
5 0.135 0.0020 9.4 67.6

6. CONCLUDING REMARKS

Along this work the numerical resolution of the DMBP has been addressed. From it, the following
conclusions can be obtained:

(1) For the case of symmetric constitutive models (major symmetries), and based on the conju-
gacy property of Rayleigh’s quotient of the localization tensor (Equation (18)), the solution
of the problem has been associated with a coupled eigenvalue problem (Equation (24)).
The solution of this problem consists of two unit vectors providing (in general, two) candi-
date solutions (n,m and m,n) of the localization directions and the associated localization
modes, at a typical time of the analysis, for the considered material point.

(2) The algorithm also provides the minimum (common) eigenvalue of the localization tensor
along all possible localization directions. Thus, the first time that this eigenvalue becomes
negative defines the bifurcation time. This bifurcation time, together with the associated
localization directions and modes, constitute the solution of the DMBP.

(3) An iterative algorithm has been derived to numerically obtain such solutions (see Box 1).
For the symmetric case, the algorithm is proven to provide non-decreasing values of the
associated eigenvalues, thus ensuring its convergence regardless the high non-linearity of
the problem.

(4) For the unsymmetric problem, the algorithm is no longer exact. However using the symmetric
part of the localization tensor as entry, the algorithm has proven to provide enough accurate
solutions for the most common cases.

(5) At any rate, the computational savings provided by the proposed procedure in comparison
with brute-force procedures based on sweep methods are huge even when considered in the
context of the complete non-linear solid mechanics problem.
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