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Abstract—We consider the problem of estimating a signal which
has been corrupted with structured noise. When the signal of in-
terest accepts a sparse representation, only a small number of mea-
surements are required to retain all the information. The measure-
ments are mapped to a lower dimensional space through a projec-
tion matrix. We propose a method to optimize the design of this
matrix where the objective is not only to reduce the amount of data
to be processed but also to reject the undesired signal components.
As a result, we reduce the computation time and the error on the
estimation of the unknown parameters of the sparse model, with
respect to the uncompressed data. The proposed method has tun-
able parameters that can affect its performance. Optimal tuning
would require a comprehensive study of parameter variations and
options. To avoid this learning burden, we also introduce a variant
of the algorithm that is free from tuning, without significant loss
of performance. Using synthetic data, we analyze the performance
of the proposed algorithms and their robustness against errors in
the model parameters. Additionally, we illustrate the performance
of the method through a radar application using real clutter data
with a still target and with a synthetic moving target.
Index Terms— Projection matrix optimization, sparse models,

compressive sensing, radar.

I. INTRODUCTION

I N several signal processing applications, such as communi-
cations [1], radar [2] and brain source localization [3], the

observed data can be represented as the contribution of three
sources: the signal of interest , the interference and the noise
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, i.e. . A sparse representation of the signal of
interest results when it is expressed as a linear combination
of a set of predetermined signals that forms an over-complete
dictionary, . Sparse signals are particularly suited to
be compressed [4]; hence, we only need a reduced number of
corrupted measurements in order to recover the useful informa-
tion. The set of compressed measurements can be obtained by
projecting the signal on a lower dimensional space through a
projection matrix .
Finding the sparse solution is a non-convex optimization

problem because the solution is constrained to minimum
norm. A common procedure to circumvent this difficulty
consists in using the norm as a surrogate measure of spar-
sity, e.g. basis pursuit denoising (BPDN) [5], Orthogonal
Matching Pursuit (OMP) [6] and Dantzig selector (DS) [7].
These methods only ensure a sparse solution if the joint effect
of the dictionary and the projection matrix satisfies the
restricted isometry property (RIP) [4]. It has been shown that
random Gaussian matrices satisfy this condition [8]. However,
for general matrices this condition is not easily attained [9]
and is expensive to compute. Additionally, there exists another
class of methods for solving the sparse inverse problem which
applies statistical models and tools, such as automatic relevance
determination (ARD) [10], automatic double over-relaxation
(ADORE) [11], Fast Bayesian Matching Pursuit (FBMP) [12],
Sparse Bayesian Learning (SBL) [13]. In a previous work, we
developed a method, casted in the latter class, that combines the
expectation maximization (EM) algorithm with a decision test
[14]; herein referred to as Enhanced Sparse Bayesian Learning
(ESBL). This algorithm exploits the structured representation
of the interference for better denoising of the sparse signal.
In this paper, we devise a method for designing an optimal

projection matrix. In this context, optimality refers to the fact
that the resulting matrix not only compresses the measurements
but also improves the estimation results by rejecting the unde-
sired signals.
Previous works addressed the construction of the projection

matrix through different strategies and in different scenarios.
In the case of a noise-free data, [15] introduced an iterative
algorithm based on shrinkage, named optimized projection,
that minimizes an average measure of the mutual coherence of
the effective dictionary . Still in the noiseless case, [16]
constructed the projection matrix based on Multidimensional
Scaling which enforces pairwise distances between new atoms
in the effective dictionary to match as well as possible the
original atoms in original dictionary . Similarly, in [17] the
target of its algorithm is to make the Grammatrix
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as close as possible to the identity matrix. More specific con-
structions are introduced in [18] based on graph coding theory
which guarantees recovery; and in [19] based on BCH codes
which offers a construction of binary sampling matrices.
Extending the scenario to include interference sources and

noise, [20] analyzed the MIMO radar application and proposed
two construction methods, the first minimized a linear combi-
nation of the coherence of the sensing matrix and the inverse of
the signal-to-interference ratio and the second enforced a struc-
ture on the projection matrix to enhance SIR while maintaining
a coherence similar to Gaussian matrices. Other works which
targeted specific applications, imposed additional structure on
the projection matrix resulting in block sparsity. [21] used an
equiangular tight frame instead of the identity matrix to ap-
proximate the Gram matrix of the equivalent dictionary; and
[22] minimized a weighted sum of inter-block coherence and
sub-block coherence. Furthermore [23] extended [17] for sig-
nals with a Gaussian mixture model.
More related to our work is [24], which used a similar model,

encompassing signal of interest, interference and noise, but
used a two step process. First, it applied a projection on the
orthogonal space of the interference and then solved the inverse
problem with a Gaussian random matrix using Compressed
Sensing. Similarly [25] minimized the mutual information
between the signal and the measurements but applied the
projection matrix only to the signal, not the interference.
In our work, we propose a Bayesian approach for the optimal

design of the projection matrix. We select a matrix that mini-
mizes the estimation error of the parameters of interest given the
compressed measurements. This is achieved through the mini-
mization of the trace of the posterior covariance, resulting in
a highly concentrated posterior distribution. To avoid the ex-
cessive burden of optimizing entry by entry of the projection
matrix, we propose a structured compression matrix to reduce
the number of degree of freedom. We show that the proposed
design of the projection matrix combined with the ESBL algo-
rithm [14] reduces both computation time and estimation error.
To the best of our knowledge, no other algorithm for solving
the inverse sparse problem separates the source of contamina-
tion into structured interference and unstructured noise. Hence,
conventional sparse methods do not take full advantage of our
design procedure.
In the next section we present the data model used in this

paper and formulate the optimization problem. In Section III we
analyze the cost function in order to make the problem solvable,
find its optimal solution when an energy restriction is used, and
propose a parameter-free suboptimal solution. In Section IV we
provide several simulations to analyze the performance of the
proposed algorithm. We show results for a fixed value of the
energy restriction and an automatic selection of its value, we
analyze the robustness of our method when the statistics of the
problem are not precisely or accurately known and we analyze
the behavior of the method with varying sparsity of the signal.
In Section V we show an application of the method to real radar
data with a static target and then we apply the method to a
moving synthetic target over real radar clutter. We conclude in
Section VI.

Notation: We adopt the following notation. A scalar variable
is denoted , a vector is and a matrix is . The vectors
and represent the th column and th row of matrix , re-
spectively. The scalar is the th entry of matrix , and
is th the element of vector . The identity matrix of size is .
The conjugate transpose of a complex vector and matrix is
and . The trace of a square matrix is . The operator
denotes the Kronecker product. is the Frobenius norm of
matrix .
The random vector is a circularly sym-

metric complex Gaussian vector of dimension with mean
and covariance .

II. PROBLEM FORMULATION

A. Model Assumptions

We consider the following noise-free linear model,

(1)

where is the vector of noise-free observed data,
is the vector representing the signal of interest, with

. Each is a vector representing one of the
interference sources. and are the and
matrices of linear regressors, which are fixed for the applications
treated in this paper. These variables can be compacted into

and . In this work, we assume
that the sparsity of the vector is lower than
and thus, it can be further compressed and fewer measurements
could be taken to estimate . This operation is represented by
a projection matrix , where is chosen such that

. If there is no prior information on the sparsity of
the signal then we should set . Then the model for the
compressed measurements can be expressed as

(2)

where is the vector of compressed measurements and
represents not only the noise introduced by the system but also
any modeling errors that may be present. A classic approach to
compressed acquisition is to simultaneously optimize the pro-
jection matrix and the dictionary [17]. However, in several
applications the dictionary is constrained by physical con-
siderations and must be kept fixed. Hence, we will optimize the
projection matrix alone.
The motivation for our procedure are applications to radar

and communications systems, such as that described in
Section V where the information involved is typically repre-
sented by complex data. However, the proposed method to
build the projection matrix is not limited to radar or spatial ap-
plications. The problem is general enough to be used in a larger
range of applications which share the model (1), as seen in [1]
and [3] for example. Additionally, the use of Gaussian priors is
also common in Bayesian frameworks of sparse problems [13],
[26]. Hence, we assume that all random variables involved in
the signal model (2) follow zero-mean circularly symmetric
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complex Gaussian distributions. The case of real random vari-
ables can be enclosed within the more general complex ones.
Furthermore there exists statistical independence among inter-
ferences, among the noise and between them. The covariance
matrices for , and are , and , respectively.
Thus the probability density distributions are

A generalization of the previous problem arises when several
measurements or snapshots are available. This new problem is
known as sparse representation of multiple measurements vec-
tors (MMV) [27]. Thus, considering a sequence of snapshots,
the data output becomes

(3)

where matrices , , , and are built using the re-
spective vectors from (2) as their columns. For instance

. Assuming the data can be represented by
the same elements of the dictionary, the matrix has a small
number of nonzero rows. The goal is to estimate the columns
of under the condition of common sparsity profile and statis-
tical stationarity of the interference and noise across different
snapshots. All matrices in (3) are complex.
We remark that the optimization procedure to construct the

projection matrix will be based on the statistics of one snap-
shot and then applied to the whole sequence to solve the inverse
problem.

B. ESBL Algorithm
We provide a brief description of the ESBL algorithm whose

details can be found in [14]. Similar to the SBL method, this is
an iterative algorithm that solves the sparse inverse problem de-
picted by (3). It not only computes a point estimate of through
the posterior mean but also estimates the nuisance parameters

, and . Each iteration of the algorithm consists of two
steps. In the first step the EM algorithm is used to find estimates
of the model parameters and , which results in a non-sparse
matrix. The second step of the algorithm implements a decision
test, with a threshold determined by the false alarm probability

, to prune the statistically insignificant components of this
point estimate.

C. Problem Statement
The goal is to find the projection matrix that minimizes the

reconstruction error for , assuming that the statistical param-
eters of the signal, interference and noise are known. In order
to minimize this error we want to find a scalar cost function
that measures the spread of the posterior distribution. Under the
Gaussian assumption, the covariancematrix is directly related to
the so-called confidence ellipsoid that encloses the values whose
probability exceeds a threshold. The ellipsoid axis lengths are
proportional to the eigenvalues of the covariance matrix [28,
Ch. 7.5]. Thus, a classic option is to use the determinant of the
posterior covariance , which minimizes the volume of the
confidence ellipsoid. Another option is to use the the trace of

that matrix, that minimizes the sum of the length of the axes.
With the latter measure we obtain a closed form solution to the
problem and provide a significant gain on the performance, as
shown through simulations in Section IV and in a real applica-
tion in Section V. Therefore, we adopt the trace of the posterior
covariance , leading to a highly concentrated posterior dis-
tribution. The problem can be stated as

(4)

where the constraint is introduced to bound the energy of .

III. PROPOSED SOLUTION

A. Cost Function
In order to find the optimal solution to (4), we first analyze the

cost function and find the right expression to work with. From
(2) we obtain the covariance of the compressed measurements

where

(5)

and then the posterior covariance is [29, Thm 10.3]

(6)

Applying the Woodbury identity [30, eq. 145]

(7)

Defining , a matrix of rank , and applying
one of the Searle identities [30, eq. 154] we obtain

(8)

The minimization problem (4) cannot be easily solved for
an arbitrary matrix . Inspired by the procedure introduced in
[31], we restrict our solution space to matrices with a de-
fined structure. This restriction space is spanned by the eigen-
vectors of matrix , which we set equal to eigenvectors of the
covariancematrix . Ideally, the eigenvectors of should come
from the signal space by means of however, this makes the
problem untractable and we compromise by projecting into the
signal-plus-interference space. As a result the solution is no
longer optimal for problem (4) and we obtain a sub-optimal
. In coming Sections, it is shown by means of simulations

and radar real data, that this procedure, despite its sub-opti-
mality, provides great performance gains over a random pro-
jection. Thus we take the eigendecomposition of and ,

(9)

where is the matrix of eigenvectors of and
is the diagonal matrix of eigen-

values of ; is the matrix of
eigenvalues of and is the matrix of eigenvectors
of . From the previous discussion, the eigenvectors of will
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be a subset of the columns of , which will be defined by the
sub-optimal solution to the problem in the next section. From
here on, for simplicity and without loss of generality, they will
be assumed to be the first columns of . With these consid-
erations we can rewrite (8) as

(10)

Since

(11)

then using, once again, a Searle identity [30, eq. 154]

(12)

where

(13)

is a diagonal matrix with elements

(14)

With this definition, we can rewrite the cost function as

(15)

where and is the th column of
the matrix . Notice that we have transformed a mini-
mization problem over matrices to one over a vector of
size , containing the eigenvalues of .

B. Restricted Optimal Solution
Taking into account the restriction on the solution

space mentioned in the previous section, and the fact that
, we define a modified

problem described by

(16)

We prove in the Appendix that the optimal eigenvalues of for
the previous problem are

(17)

where is the number of nonzero eigenvalues defined by the
optimization process described in the Appendix. Finally, the op-
timal projection matrix can be obtained from using
the optimal eigenvalues and their corresponding eigenvectors
from ,

(18)

We remark that the energy restriction impacts the value of
and may be used as a tuning parameter affecting the behavior of
the algorithm.
Notice that the optimization procedure needs the value of ,
and as input parameters. The assumption of knowing these

parameters is not uncommon in the literature [23], [25], [32],
[33]. In real applications their true values are not known. How-
ever, they can be roughly determined from previous snapshots
with suitable estimation algorithms. In Section IV-C we analyze
the sensitivity of the optimizationwith respect to the parameters.

C. Automatic selection of
If the application does not require an energy constraint on

the rows of the matrix, then we have a new degree of freedom.
In this section we introduce a heuristic methodology to choose
a quasi-optimal value for the constraint and consequently ,
the number of eigenvalues used.
Fig. 1 shows the optimal values of , obtained as solution

of (16), as the constraint is varied in a typical scenario for
the problem. The optimal value for this constraint should be
infinite but as increases, this translates to larger numerical
errors in the algorithm and therefore poor performance. It can
be appreciated that there are threshold values of for which the
size of the optimal matrix increases. These threshold values
of , noted as , can be calculated as follows. For a fixed
value of , set the eigenvalues to zero and
compute the required value of needed to nullify , from
(17)

(19)

and consequently, for each using (19) in (17), the required
eigenvalues are

(20)

The analytical expression of the cost function results

(21)

whose value when is and when is
.

Additionally, we also illustrate in Fig. 1 the behavior of the
cost function (21) as increases, leading to an infinite optimal
value for , as mentioned before. Therefore, we have a tradeoff
between choosing a lower , in order to compress the signal,
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Fig. 1. Optimal value for different values of the energy constraint , and its
corresponding cost.

and a higher , in order to decrease the value of the cost func-
tion. The latter results in larger values for which introduces
numerical errors in the procedure.
We introduce a heuristic method to resolve that tradeoff. In

Fig. 1 there are two groups of points, the first one has low
values of and and the other has extremely high values of
, which we would like to avoid. Thus, we should choose the

largest of the first batch. In order to achieve this automati-
cally, we propose the use of Multivariate Adaptive Regression
Splines (MARS) [34] to fit a linear piecewise function to these
points, obtain the breaking point and choose that value of . The
details of this procedure exceed the scope of this paper but they
can be found in the previous reference. The results are shown in
the next section.

IV. PERFORMANCE ANALYSIS

A. Fixed Value of E
To compute the empirical performance, we propose the fol-

lowing example of the model (2). The lengths of the vectors ,
and are , and , respectively. There

are sources of interference and the data is observed
independent times.

The use of random dictionaries is a frequent approach in
sparse signal processing [13], [35], [36]. Since many real appli-
cations measurements can usually be modeled as random, these
random dictionaries represent a wide range of phenomena.
Therefore, we use random dictionaries as fair indicators of
the procedure’s performance. Matrices and are randomly
generated only once, at the beginning of the simulation, with
entries distributed as and normalized with their
Frobenius norm. The sparse vector has a single nonzero
component, thus . The signal power is . The
interference components covariance is . Then
the interference power is . The measurement
noise power is . For evaluating the performance
empirically, we computed 500 runs of Monte Carlo simulations
in which the support of is randomly selected for each run. We
estimate using the ESBL algorithm at different signal-to-in-

Fig. 2. Estimation relative error as a function of the SIR using a fixed value of
using no projection, optimized projection and a random projection.

terference ratios, which we define as
for a false alarm rate of 10 .
For the compression, we start with a value of 30 and an

energy restriction . The parameters , and
are assumed to be known in the simulations but they could be
approximated using training data or previous estimations, as
shown in the next section. Additionally, we include the use of
a random matrix to compare its performance to that of the
optimal one proposed. In this random matrix each entry has a
complex Gaussian distribution normalized to
satisfy the energy restriction and with the same dimensions as
the optimized one to have a fair comparison.
Using the ESBL algorithm with the optimal projection we

obtain a gain of 12 dB for an estimation error of 10 over
the uncompressed case, as shown in Fig. 2, even though we
used fewer observations, between 10 and 15, than the 30 original
ones. Additionally, we can appreciate that a random choice of
the projection matrix aggravates the corresponding estimation
error.
Fig. 2 also includes the performances for algorithms by Lu

[24], Carson [25] and Duarte[17]. The orthogonal projection al-
gorithm by Lu behaves practically as if using a random matrix
since the number of interferers is high in relation to the measure-
ments. As explained in their paper, the orthogonal projection
suppresses the signal of interest as well as the interference in this
scenario. While the model (1) considered in this paper applies
the projectionmatrix to the signal of interest and the interference
terms, Carson’s algorithm designs the projection matrix based
on the model , i.e. applying the projection only to
the signal of interest. Not projecting the interference results in a
behavior similar to uncompressed case. Finally, Duarte’s algo-
rithm does not take into account the interference, and behaves
poorly at low SIR and improves as the interference is no longer
significant, although not as much as our algorithm.

B. Automatic Selection of E
For this modification we use the same parameters as in the

previous section but in this case the energy restriction is au-
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Fig. 3. Estimation relative error as a function of the SIR for different sparsity
values , with a fixed value and automatic selection of .

Fig. 4. Estimation relative error, , as a function of the SIR when
using automatic selection of .

tomatically determined by the procedure explained before. The
results are shown in Fig. 3, where we analyze three levels of
sparsity for the signal from 1 to 3. For we obtain a
better performance than fixing . For higher sparsity
levels and we lose a little performance but we gain
independence from choosing the wrong parameter , which is
the goal of the modification. On the other hand, the cost of this
independence translates into a higher number of measurements
but still smaller than the original.
We also analyzed the behavior of the optimal projection ma-

trix in combination to other sparse algorithms rather than ESBL.
Fig. 4 shows that the proposed projection procedure improves
the behavior of all algorithms and that the best performance is
achieved by applying the optimal projection matrix to the ESBL
algorithm. Moreover, as shown in Fig. 5, this combination ob-
tains the largest gain over the uncompressed case. This is the

Fig. 5. Gain using the optimal matrix for different algorithms as a function of
the SIR when using automatic selection of .

Fig. 6. Average running time for raw and optimized data.

result of being the only algorithm that exploits the interference
information in the estimation process.
In Fig. 6 we illustrate the time required by the method, with

and without compression, to solve the problem. Since the di-
mension of the input to the estimation algorithm is reduced, it
operates faster resulting in a shorter runtime. Even tough OMP
is the fastest algorithm, its performance, shown in Fig. 4, is not
acceptable. The overhead of computing the eigenvalues to de-
sign the optimal matrix is negligible.
Fig. 7 shows the estimation error for different values of the

signal’s sparsity level . As expected, when the sparsity in-
creases the estimation error is worse. For we obtain a
considerable gain over the uncompressed case but for the
performance is lost.

C. Robustness
In most practical cases the statistical parameters , , ,

will be unknown and will need to be estimated. This will result
in estimation errors affecting the optimality of the method and
potentially degrading its performance. We analyze several esce-
narios of possible sources of discrepancies in the estimation.
First, we analyze the lack of precision in the estimation of

the support of ; that is, it is not as concentrated on the true
support as it should be. This imprecise estimation is based on
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Fig. 7. Estimation relative error, , as a function of the sparsity
of the original signal.

Fig. 8. Estimation relative error as a function of the SIR when the estimation
of is not precise, with a range of 0.5 to 1.5 for the standard deviation.

a Gaussian distribution with a standard deviation from the true
value in the range of 0.5 to 1.5 support elements. The results are
shown in Fig. 8, where each solid line corresponds to a different
value of the standard deviation. It can be appreciated that we
still have a noticeable gain over the uncompressed case for this
range of values. There is an unexpected behavior for low SIR,
where there seems to be a gain due to the imprecision but we
suspect that it should be mostly due to the near optimality of the
procedure.
Second, we analyze the case when is not accurately esti-

mated, that is the support of is not correct. Using a bias from
1 to 6 support elements, the results shown in Fig. 9 indicate that
we have a small performance degradation if the support is not
correct but it does not strongly depend on the amount of bias.
However, we can still obtain a much better performance than
that obtained by using no compression.
Third, we explore the lack of precision in the estimation of
, by adding a scaled randomGaussian matrix to its true value.

For each scale factor, ranging from 0.1 to 1, we obtain a different
solid line in Fig. 10. The degradation is large for small values
of SIR, indicating that a precise estimation of the interference
properties is critical in this regime but we still have an accept-
able performance at mid-level to high SIR.

Fig. 9. Estimation relative error as a function of the SIR when the estimation
of is not accurate, with a range of 1 to 6 for the bias.

Fig. 10. Estimation relative error as a function of the SIR when the estimation
of is not precise, with a range of 0.1 to 1 for the standard deviation.

Fig. 11. Estimation relative error as a function of the SIR when the estimation
of is not precise, with a range of 0.5 to 5 for the standard deviation.

Finally, we show in Fig. 11 that errors in the estimation of
have practically no effect on the performance since the noise

level is insignificant against the interference level in the pro-
posed scenarios.

V. REAL RADAR DATA

A. Fixed Target

We evaluate the optimized method using radar data collected
by the McMaster University IPIX polarimetric radar [37]. We
processed the dataset stare1 recorded onNov. 11, 1993. The data
corresponds to a beachball wrapped with aluminum foil floating
on the sea surface in mild weather (wave height was 0.67 m
and wind speed was 21 km/h). A detailed account of casting the
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Fig. 12. Radar images in range and time domain for (a) Original raw data from different polarimetric channels, (b) reconstructed data with no compression,
(c) reconstructed data using optimal compression and (d) reconstructed data using Duarte’s Algorithm, for a still target.

radar model into (1), including the design of the matrices and
, is contained in [38].
We generated the overcomplete dictionary by allowing the

presence of a target in each of the 54 range cells which form the
radar footprint. Each target is represented using Krogager’s de-
composition of the scattering matrix [39]. For each range cell,
we consider nine components: a sphere, left and right helix, and
six diplanes with different orientations. This configuration re-
sults in a signal vector of length . On the other hand,
we have four polarizations for each range cell resulting in

measurements. The initial value of the clutter covari-
ance and noise variance are estimated from the first snap-
shot using the concentrated MLE [40] and the signal covariance

is set to the identity matrix. After this first set, the previous
outputs of the ESBL algorithm are used as estimates in the op-
timization procedure for the next snapshots.
We first show in Fig. 12(a) the energy for different polari-

metric channels of the raw radar data in a logarithmic scale. It
is possible to locate the target at approximately 2.7 km, which
corresponds to range cell 47; additionally, this figure shows that
the maritime clutter generates reflections almost as strong as
the target, specially in the VV channel. In Fig. 12(b) we show
the radar image reconstructed from the same dataset using the
ESBL algorithm with a probability of false alarm of

and no projection matrix applied. The target response re-
mains unchanged; the clutter amplitude is now 20 dB weaker
than the target. However, residual clutter is still present after the
processing. In Fig. 12(c) we apply the optimal projection pro-

posed, resulting in an even better rejection of the clutter, most
of it is now at least 30 dB weaker than the target, as suggested
by the previous performance simulations. We also processed
the real data using the algorithms previously mentioned in the
simulations by Lu [24], Carson [25] and Duarte [17]. The first
two failed to correctly estimate the target in most snapshots, de-
spite the use of interference information by Carson’s algorithm,
and are not included. The best performance of the alternatives
is achieved by Duarte’s algorithm, shown in Fig. 12(d). Since
this algorithm does not exploit prior interference information,
it cannot efficiently reject clutter and it also degrades the target
signature when the signal is weak.
As mentioned before, we start with measurements.

The procedure takes a set of 10 snapshots, computes the op-
timal projection matrix and applies it to these measurements.
For this specific dataset, the size of the inverse problem is then
reduced from 216 to somewhere in the range of 20 to 120 com-
pressed measurements as shown in Fig. 13. Notice that we ob-
tain a better compression and clutter rejection when the target
signal is stronger. This reduction translates into a much smaller
computing time of the ESBL algorithm. Fig. 14 shows that ap-
plying the optimal projection matrix reduces to 1/3 the com-
puting time in this case.

B. Moving Synthetic Target
We analyze the performance of the algorithm when dynamics

are present in the scenario contrary to the previous case of a
static target. Due to the unavailability of real data of moving
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Fig. 13. Mean number of measurements after projection for each set of snap-
shots.

Fig. 14. Comparison of the Computing Time for real radar data processing.

targets we simulate their behavior and add a moving synthetic
target over real data of sea clutter from the same IPIX polari-
metric radar. The dataset used was stare4 recorded on Nov. 12,
1993, consisting of only sea clutter data and no real target as
in the previous section. The target added has a scattering ma-
trix corresponding to a diplane on the VV polarimetric channel;
moves at 22.5 m/s away from the radar during the 10 seconds
of observation time; and has an approximate power of 10 dB
over the clutter. Fig. 15(a) shows the polarimetric channels for
the raw data in this scenario. Fig. 15(a) shows the reconstructed
image after applying the ESBL algorithm and no compression
revealing noticeable clutter in some regions. The proposed al-
gorithm provides better rejection of the undesired clutter in the
scene, as shown in Fig. 15(c), even though the target is moving
and therefore the estimations of the covariances are not precise.
Duarte’s algorithm performs well but still presents high clutter
levels in some regions, as shown in Fig. 15(d) and uses larger
computing times.

VI. CONCLUSIONS

In this paper, we introduced a method to optimally compress
the measurements from a sparse linear model with structured
noise. Compression is achieved by projecting the contaminated
signal on a lower dimensional space. In order to design the pro-
jection matrix, we proposed to minimize the trace of the condi-
tional covariance of the sparse signal conditioned to the com-
pressed data. This method resulted in an inverse water-filling

procedure for building the projection matrix. The algorithm pre-
sented outperforms in simulations other current methods for de-
signing the projection matrix.
To demonstrate the performance of the algorithm in a real sce-

nario we processed real polarimetric radar data that correspond
to a target in the presence of strong sea clutter. In this case the
algorithm proved to have a better rejection of clutter compared
to the non optimized case, despite using fewer measurements.

APPENDIX
PROOF OF OPTIMAL

To solve the problem (16), we introduce the Lagrangian

(A.1)

Using the Karush-Kuhn-Tucker conditions [28], at the optimal
point we have, for ,

(A.2)

We remove using the first condition on the Lagrangian

(A.3)

then the optimal solution conditions reduce to

(A.4)

(A.5)

(A.6)

(A.7)

(A.8)

Then we need to find the partial derivative of the conditional
covariance

(A.9)

Now we have two conditions for . If then by (A.5)
and by (A.6), . Thus

(A.10)
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Fig. 15. Radar images in range and time domain for (a) Original raw data from different polarimetric channels, (b) reconstructed data with no compression,
(c) reconstructed data using optimal compression and (d) reconstructed data using Duarte’s Algorithm, for a moving target.

On the other hand, if then must be zero. To prove
this, assume that is positive, then

(A.11)

and

(A.12)

which violates the optimality of the solution in (A.6). Thus,
must be zero. In summary, the optimal eigenvalues for are

(A.13)

This is an inverse water-filling type of solution where the en-
ergy constraint is distributed among the eigenvalues whose cor-
responding values of are larger than , as shown in Fig. 16.
Assuming that the first optimal eigenvalues are nonzero,
we use (A.13) in (A.8) and find the Lagrange multiplier

(A.14)

In order to find , first we assume that the are in decreasing
order, then we start with and we compute and . If

Fig. 16. Inverse water-filling solution for the eigenvalues of based on the
relationship of and .

is negative then the optimal value of was lower and we try
with . This process is repeated until is positive.
Then the rest of the eigenvalues can be computed with the
right value of and , according to (A.13).
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