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ABSTRACT. In this paper we prove the existence of best multipoint
local ¢—approximation to a function f in an Orlicz space L? from
an N —dimensional space Sy for a suitable integer N. The concept
of ¢p—balanced integer is considered since we deal with different
speed of approaching the data on each of the real points 1, ..., ;.

INTRODUCTION

The best multipoint local approximations of a given data has been
studied by several authors. In [1] Beatson and Chui considered the
uniform norm when n = 2. In [6] Marano studied this pro-blem in L?,
where the same speed at each point was assumed. This problem was
also considered by Chui et al. in [2], and in this case, they introduced
the concept of balanced point in LP, where a different speed of conver-
gence is considered at each point and where this fact also depends on p.
In [3] Favier studied the best local approximation by polynomials using
the Luxemburg norm in an Orlicz space. In this article we study the
best local approximations in Orlicz spaces with a generalized concept
of balanced points which depends, also in this case, on the function ¢.

We now introduce some notation. Let X be a bounded open set in
R and f : X — R be a sufficiently smooth function. We consider
a finite measure space (X, A, m), where m is the Lebesgue measure
and denote M = M (X, A, m) the system of all equivalence classes of
Lebesgue measurable real valued functions.

For each convex function ¢ : Ry — Ry, with ¢(x) = 0 if and only
if x =0, define

LY(X)={feM: /qu(a\f(x)\)d:c<oo, for some a > 0}.

This function spaces L? is called the Orlicz space determined by ¢.
The spaces L? can be endowed with the following norm

£l = insin> 0+ [ oK <1y,
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called the Luxemburg norm. The spaces (L?,||.||,) are Banach spaces
(see e.g. [4]).

In this article we will use the following conditions. We say that the
function ¢ satisfies the Ay condition if there exists a constant M >
0 such that ¢(2x) < M¢(z) for x > 0 and we say that ¢ satisfies
the A" condition if there exists a constant C' > 0 such that ¢(xy) <
Co(z)p(y) for z,y > 0. There is some property about these conditions,
for example, A’ condition imply As condition, furthermore it is well
known that if ¢ satisfies the Ay condition then the L? space can be
defined as

LYX)={f : /X(b(a|f(x)|)dx < 00, for any a > 0}.

We assume in this article that the convex function ¢ satisfies the A’
condition. For a detailed study of Orlicz spaces the reader is referred
to [4].

Given n real points {z1, ..., x,} we define for § > 0 a net of measu-
rable sets Vi, = Vi(§), k =1, ...,n, where Vi(6) = xp + 1(0) Ax(J) and
Ay, = Ai(0) is a measurable set with measure 1 and g, = €;() \, 0 as
0 — 0. We point out that the sets A, are uniformly bounded for all
0> 0.

For each 0 > 0 the function f will be approximated on the set V =
V(8) = J Vi by a function from a subspace Sy of L?. Denote gs € Sy
so that

[ @) - gstaas < [ o(17) ~ n)a,

for all h € Sy. Such a function gs is called the best p—approximation
of f from Sy.

Given f, Sy, ¢ and the n—tuples < x >:=< x1,...,x, > and
< Vi >=<Vp,...,V, >, if we consider a net of best p—approximation
functions {gs} and it has a limit in Sy as § — 0 then this limit
is called the best local ¢p—approximation of f from Sy. Under certain
conditions the best local p—approximation can be obtained by Hermite
interpolation and it can be calculated explicitly without having to find
the elements of the net {gs}. This result will be presented in sections
3.

Now we make an assumption on the n—tuple < ¢, > which will
guarantee us that the terms of the form ¢(e¢)e can be compared with
each other as functions of § which is a weaker condition to those in [2]
for the LY case. However in our case it depends also on ¢. Namely,
for any «, 3 > 0 and any j, k such that 1 < j,k < n, we assume that
either qb(gf) gj = O(¢(e}) ex) or ¢(ef) e = O((;S(ef) g;) or both.
Given a n—tuple of functions < ¢(e;*) e > where oy, > 0 is a positive
real number, gzﬁ(é?j) €; is said to be maximal if for all k, 1 < k < n,

d(ep*) er = O(o(e;”) ;) . We denote it by maz{d(ey*)er}-
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Remark 1. The assumption over the n—tuple < g, > imply the e-
xistence of max{p(e;*)er} for any n—tuple < aj > of positive real
numbers.

We assume that f and Sy are in PC™(X), where PC™(X) is the
class of functions with m — 1 continuous derivatives and with piecewise
continuous m' derivative. The space Sy is assumed to be fully inter-
polating at the set < z;, >, that is if Sy € PC™(X) and iy, ..,4, are
nonnegative integers with i, < m and Y ,_, iy = N then there exists
a unique g € Sy such that ¢V (zy) = ajp, 0 < j <ip—1,1 <k <n,
where a;;, are an arbitrary set of real numbers.

1. PRELIMINARY RESULTS

In this section we prove two Lemmas, which will be used to obtain
the main results. This pattern follows the way used in [2] for the L?
case.

The following Lemma provides an order of the error [i, ¢(|f — g|)dx

when ¢ € Sy and satisfies fU)(2;,) = ¢ (24),0 < j <ip—1,1 <k < n.

Lemma 1.1. Let iy, .., i, be nonnegative integers. Suppose h € PC™(X),
where m = max{iz}, and hW(x) =0, 0 <j <i-1, 1 <k <n. Then

/V s(h)dz = O(maz{d(=)ex}).

Proof. Approximating h by the Taylor polynomial about z;, we have

O (2 .
nwy =3 ) oyt R,

g!

J=0

where Ry(z) = h(lfk)!(é) (x — xp)™, with ¢ between z and zy. It means
Ri(x) = O((x — x)™). Since hW(x,) = 0, 0 < j < i — 1, we have
h(z) = O((z — xg)*), © € V;. Thus, by the Ay condition on ¢ and
setting

T — Xy = €Y, We obtain ka o(|h(x)]) dz < Mka O(|x — xp|*) do <
M [, ex D [y|*) dy < M'expp(eiF), since Ay are uniformly bounded
for all § > 0. Finally there exist constant M and M’ such that

/V¢(yh|)da: < MY (e)er < M maz{p(ef)ex},
o k=1
/V s(h)dz = O(maz{d(e*)er}),
as required. Il

We now cite the Lemma 3 stated in [2] which will be used in the
sequel.
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Lemma 1.2. Let A be a family of uniformly bounded measurable sub-
sets of the real line with measure 1. Let P(x) = ¢y + c1x + ... + cpa™
be an arbitrary polynomial of degree m. Then there exists a constant
M (depending on m) such that for all P(x) and all A € A,

ek < M {[P(2)]] 1,4y
1<p<oo, 0<Ek<m.
As a consequence of this Lemma we obtain a similar result in L®.

Corollary 1.3. Let A be a family of uniformly bounded measurable
subsets of the real line with measure 1. Let P(z) = co+c1x+ ...+ cpa™
be an arbitrary polynomial of degree m. Then there exists a constant

M (depending on m and ¢) such that for all P(x) and all A € A,
ollexd) < M1 [ 6(1P(@)e

0<k<m.

Proof. In the following proof the constant M can be different in each
occurrence. We know there is a constant M such that for all P(x) and
all Ae A, |ex] <M [, |P(x)|dz, 0 < k < m, then

Sllen)) < Mo(M)o ( / |P<x>rdx> ,

since ¢ is an increasing function which satisfies the A’ condition. Now,
using the Jensen’s Inequality we obtain

o) < M [ o(P@))dz, 0 <k <m,
A
for all A € A. This completes the proof. U

2. ®—BALANCED NEIGHBORHOOD IN L¢

The following definition generalizes a concept given in [2] for the L?
space.

Definition 2.1. Given the n—tuple < €, >; an n—tuple < i, > of
nonnegative integers is said to be ¢p—balanced if for each j such that

’ij > 0,
gz5< i1_1> max{%} = o(1).
e’ €j

J

If <4, > is ¢p—balanced, then ) ;_, i; is said to be a ¢—balanced
integer.
The n—tuple < V, > is said to be ¢—balanced neighborhoods if the
dimension N of the space Sy is a ¢—balanced integer.

Remark 2. If ¢(x) = 2P, 1 < p < oo the last definition of ¢—balanced
is equivalent to those considered by Chui et al. in [2].
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Example 2.2. Let ¢(z) = 2*(1 + |Inz|) with ¢(0) = 0. This convex
function satisfies the A’ condition and < €1,e9 >=< 6,e"'/° > . In this
case any integer N 1s a ¢—balanced integer.

Remark 3. To each ¢p—balanced integer there corresponds exactly one
¢—balanced < i, >. In fact, since ¢ satisfies the A’ condition and
we suppose < i >#A< i, > with Y7 i = >, 1) and < i > is
¢—balanced, then there exist j,! with i; <} and 4; <4, such that

i) i—1
¢ '/1 - qb(gl )81 Z ¢ ]' ¢(€l )6[ Z M 1 - ’
S 5 s L e
¢ E;l_l €l

j J
and the last expression tends to infinite, so < 4;, > is not ¢—balanced.

In [2] it was given an algorithm which generates all balanced inte-
gers in LP spaces. Now, we will present an algorithm that inductively
generates all the integers m which can be ¢—balanced in L?, that is, it
generates a n—tuple < i,(gm) > such that Y, z',gm) =m.

Beginning with the ¢—balanced n—tuple < i,(fo) >=< (0 > correspon-

ding to the ¢—balanced integer 0 and given < z‘,(j”) > determine a

;(m) (m) (m)
maximal element of < ¢(g,* e >, say ¢(e e = mar{p(c) )ex}

and define i,(CmH) = i,gm) for k # kx and i,(cmﬂ) = i,(cm) + 1 for k= kx.

Remark 4. The algorithm reduces, at each step, the largest value of
o(eF )er changing i), by i + 1.

Lemma 2.3. a) The above algorithm generates all p—balanced < iy, >.
b) If a n—tuple < i,(cm) > generated by the algorithm (m > 1) is
S(m=1)

¢—balanced, then there is a unique mazximal element of < ¢(ef  )ex >.

Proof. First we will prove a). Suppose that < i, > is ¢—balanced

with > 4 = m and < i;m) > as obtained by the algorithm is not

¢—balanced. Then, there exist indices r, s with i'"™ > i, and 4, > i{™

such that, using the ¢p—balanced integer definition,

i _q

(e,

A=)

€s

Jer = 0(g(e)er) = O (maz{g(ejf)er}) = o ( - ) ,

and from the A’ condition on ¢, the last expression is an o(¢(g~1)e,),
S0
(m) (m)

dler ey = o((e )ey).
(m

. . . (m) _ .
Since i™ > 0 at some previous step ¢(er ~!)e, was maximal of
(m”)

i . .(m) -(m)
< d(eff e > with m’ < m, so ¢p(e7 Ve, = mazx{p(e} )ep} be-
cause the exponents are non-decreasing at each step of the algorithm.
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Thus for any k
i i1

oe) Jew =0y e,
which is a contradiction. )
Now we will prove b). If max{¢(s;*  )ei} is not unique then < z',(cm) >

cannot be ¢—balanced because if the index j and s gives a maximal

.(m—1)

(
element of < @(e}*  )e, > then there exist two constant M, N such
that

.(m—l)

w5y
o e,

Suppose that i,im) = i,(fm_l) for k # s and il(gm) = il(cm_l)

i™ < 0 and then

+ 1 for k = s, so

by the A’ condition. This show that < z',(gm) > cannot be ¢—balanced.
OJ

Remark 5. The reverse hand of the Lemma 2.3 does not hold.

We take ¢(x) = 2*(|Inz| + 1) with ¢(0) = 0 and < g, >=< §,0* >
then, in the first step, the algorithm generate ’

< 1,0 > with a unique corresponding maximal element max{¢(c}*)er} =
é(el)e1, however the bi-tuple < 2,0 > is not ¢—balanced.

We point out that the last Remark shows a difference with the LP
case.In [2] it is proved the reverse hand of this Lemma for the L? case
assuming a stronger condition on the n—tuple < g >.

3. BEST LOCAL ¢p—APPROXIMATION IN ORLICZ SPACES WITH
¢»—BALANCED NEIGHBORHOOD.

We now come to the main result concerning to the behavior of a net
{gs} of best p—approximations. For this purpose we set the following
three Lemmas.

Lemma 3.1. Given < ¢, > and < i, >, define m = max{iy}. Let
f e PC™(X) and Sy C PC™(X). If we consider a net {gs} of best
¢—approximation such that

1) Awmm—wquem
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then the net of functions
9—9s
fX |g - 95|dx7

where g € Sy interpolate f9)(xy), 0 < j <ip—1, 1 <k < n, satisfies
the following properties
i) fX o(|hs|)dx > A > 0,

it) [, ¢(|hs|)dx = o (maz{¢(e) )sk})

Proof. Property i) follows using the Jensen’s Inequality and property
i1) is a consequence of the hypothesis. In fact, since ¢ satisfies the A,
condition

/ ¢<|gé|>deM( [ ollgs = ahas+ | ¢<|g|>dx),

so, using (1) we obtain

2) /X o(lg — gs)dz — oo,

as 0 — 0, or

hs =

/ 19— gsldz — oo,
X

as 0 — 0, because if there were exist a sequence {ds} such that

Jx 19 — 95, s, then ||g — gs.]lo0 < M for all §, since
the norms are equivalent, and so [, ¢(|g — gs,|)dz < M’, which is a
contradiction.

On the other hand, by the A, condition on ¢ and Lemma 1.1

/ng — gal)de < M/V¢<|g [ + M/wa — gsl)da
=0 (mam{qﬁ(s?)ek}) ,

then, since ¢ is a convex function

/¢ (|hs|)dx < m/ o(lg — gs|)d (max{¢(8k )5k})

as required. Il

Lemma 3.2. Given < ¢, > set a ¢p—balanced n—tuple < 1 > such
that N =37 _ i), and define m = max{i}. If f € PC™(X),

Sy € PC™(X) and given § > 0 set {gs} for a net of best p—approximation
of f, then there exists M > 0 such that

| ollash do < .
X
for all § > 0.
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Proof. Suppose {0, } is a sequence such that

/ &(195,1)dz —> oo,
X

as 0, — 0. Let g be a fixed function in Sy interpolating the derivatives
f0(xy), 0 <j <i-1, 1 <k < n and define
g — gs.,
fX ’g - 95r|dx7
then, using Lemma 3.1, we have
i) [ @(lhs,|)dz > A >0, for all ,.
ii) [, ¢(|hs,|)dz = o (maz{d(e}*)ex}).

Expanding hs, using Taylor polynomials we obtain for each k

ir—=1 7 ()
hi’(x
h(ST(l') _ Z JTj(! k)

Jj=1

hs, =

r

(l’ - xk)j + R(ST(.%'),

where Rs, (z) = O((xz—x,)%) uniformly in 6,. In fact, since 1R |l L1 ixy <
1 for all 4, and using the fact that the norms are equivalent in Sy, we
can choose the norm | hs, | = sup,ex{|hs. (z)| + ..... + \hgi’“)(:cﬂ} to
show the statement.

This uniform bound of R, (x), leads to

(| Rs, (w)])dz = O(ero(e)t)),
Vi
for all r, taking x — xp = e,y and using that the sets Ay are uniformly
bounded. Thus, using property ii) we obtain

/ <|Z1 oo (T) 0y |)dm

ig—1 (J
(\Zh —:ck>f'+R5T<x>\) de+M | (|Rs,(x)])da

Vi

— M [ o(lhs )z + O(exs(c)) < M /V o(1hs, )z + O(er(el)

=0 (max{qﬁ(s?l)gl}) + O(é‘k(?(@;f)),

if we substitute x — z, = e,y again we obtain

K <|Z |> =0 (mar( )

for 1 < k < n. From Corollary 1.3

o[ 5] <o (s {2222}).
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j=0,...4—1, 1<k <n, using that ¢ satisfies the A’ condition, for
each k we get

o) < 216 (o) 0 (e {221},

for 5 = 0,..,7; — 1. Finally, since N is a ¢—balanced integer and ¢ a
strictly increasing function, we obtain

i) () = o(1),
0<j<it—1, 1<k <n,and when 9§, — 0. Now, since hs, € Sy
we get hs, = Zf\il as, ih; where {hy,...,hn} is a basis of Sy. So hs,

is uniquely determined by the N values h((;]r ) (), 0 < j < ip — 1,
1 < k < n, using the fixed linear transformation

hi(z1) . . hy(z)
~ (in—.l) R (in*.l)
hl (-Tn) C th (xn)

Then hs, — 0 as 9, — 0, thus
Jim [ o(lhg )z = 0

which contradicts property 7). Thus gs must be bounded for all § and
the proof of the Lemma is complete. O

Lemma 3.3. Giwen < ¢, > and a ¢—balanced n—tuple < i, > such
that N =% ,_, iy, define m = max{iy}. If f € PC™(X),
Sy € PC™(X) and {gs} is a net of best p—approximation, then for

each k |
ol1(F = 90 (au)l ) = 0 (mar { XYY,

€k
0<j<iu-—1

Proof. For each k, expanding f—gs using Taylor polynomials, we obtain

S = g5)D (4
- g)w) = Y Lt

Jj=1

(v — zp)” + Rs(x).

We may use the above analysis to show that Rs, () = O((x — xy)™)
uniformly in 6. In fact, it follows from Lemma 3.2 that [, ¢(|gs|)dx <
M for all 6, thus ||gs||, < M for all § and using that the norms are equi-
valent in Sy, we can choose again the norm |[|hs, || = sup,cx {|hs, (z)] +

..... + |h((51’“)(x)|} to prove the statement.
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These uniform bound of Rs (x) and since the sets Ay are uniformly
bounded, substituting x — x, = £y, leads to

(3) y O(|Rs(w)])dz = O(¢(e}! )ew)-

On the other hand, using a fixed g € Sy which interpolates the deriva-
tives f0)(xy), 0 < j < i-1, 1 <k < n, from Lemma 1.1 we obtain

/ o(If — gol)dz = O (maz{o(=¥)ei}) |

thus, using (3) and the A, condition, we obtain for each k

zkl

(] (1 A
/ <| > U= g(; )(1' - $k)]|) de <M | o(|f — gs)dz

Vi

+M [ o(|Rs(z)|)dx = O (max{(b(éél)gl}) + O(ekd)(g?))

= O (maz{e(c])z}) ,

and finally if we substitute z — x; = €,y then for each &

R )

Now we conclude from Corollary 1.3 that

o1 = ) ) = 0 (mar { XD

€k

0 <7 <ip—1, for each k. O
Now we present the following result.

Theorem 3.4. If N is a ¢p—balanced integer with ¢—balanced < iy >
and f € PC™(X), Sy C PC™(X), (m = maxz{iy}), then the best local
o—approximation of [ from Sy is the unique g € Sx defined by the N
interpolation conditions

f(j)(xk) _ g(j)(xk),
0<j<ix—1, 1<k<n
Proof. From Lemma 3.3
617 = 99 an)ell) = 0 (mae { 2L

0<j<ir—1, 1<k <n.Using the A’ condition and the ¢—balanced
integer definition we have for each k

(7 = 7)) = () 0 (e { #21) —op,
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0 < j < i — 1, thus, since ¢ is a strictly increasing function with
¢(z) =0 if and only if x =0

Jim g5 (1) = f9 (@),
0<j<iu—1,1<k<n. Now we will do a similar analysis as above
. As gs is uniquely determined via a fixed linear transformation with
rank N from the N values ggj)(xk), 0<j<ixl, 1 <k <n, then gs
must converge to the unique g satisfying

gV (@) = f9 (),
0 <j7<i—1, 1<k < n. This g is by definition the best local

¢—approximation of f from Sy.
O
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