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This paper proposes a family of Lie group time integrators for the simulation of flexible
multibody systems. The method provides an elegant solution to the rotation parametriza-
tion problem. As an extension of the classical generalized-a method for dynamic systems,
it can deal with constrained equations of motion. Second-order accuracy is demonstrated
in the unconstrained case. The performance is illustrated on several critical benchmarks
of rigid body systems with high rotation speeds, and second-order accuracy is evidenced
in all of them, even for constrained cases. The remarkable simplicity of the new algo-
rithms opens some interesting perspectives for real-time applications, model-based con-

trol, and optimization of multibody systems. [DOI: 10.1115/1.4001370]

1 Introduction

The numerical simulation of articulated systems including rigid
bodies, nonlinear force elements (e.g., springs and dampers), as
well as flexible components requires advanced modeling strate-
gies; see Ref. [1]. The absolute coordinate method appears to be
well-suited for the integrated modeling of complex flexible multi-
body systems; see Ref. [2]. Still, an inherent difficulty of this
approach comes from the need to treat large rotation variables in a
consistent way. This paper considers some adaptation of Lie group
time integrators, which have been initially developed in applied
mathematics by Crouch and Grossmann [3] and Munthe-Kaas
[4,5], in order to provide a more natural answer to the rotation
parametrization problem in multibody dynamics.

The Lie group nature of rotational fields already played a major
role in the development of geometrically consistent models for
mechanical systems with large rotations; see Refs. [6-9]. In those
contributions, dynamic problems were solved using integration
algorithms based on the Newmark scheme [10] and on the Hilber-
Hughes-Taylor (HHT) scheme [11]. The generalized-a& method
described by Chung and Hulbert [12], which will be exploited in
the present paper, is a further extension of the Newmark algorithm
and it includes as special cases most popular algorithms in struc-
tural dynamics. An optimal design of the generalized-a method
allows to combine second-order accuracy and the ability to filter
spurious high frequency modes arising in finite element models.
This method is also able to solve dynamic problems with kine-
matic constraints, as shown by Cardona and Géradin [9] and Ar-
nold and Briils [13]. Lunk and Simeon [14], Jay and Negrut [15],
and Arnold [16] combined the generalized-a method with an in-
dex reduction technique in order to solve systems of differential-
algebraic equations.

Crouch and Grossmann [3] and Munthe-Kaas [4,5] addressed
some generalizations of classical Runge—Kutta and multistep
time-integration schemes to solve differential equations on Lie
groups. From a mathematical viewpoint, a Lie group G is a dif-
ferentiable manifold for which the product (or composition) and
inversion operations are smooth maps. A differential equation on a
Lie group G is then a differential equation whose solution remains
on G for any initial condition on G. For instance, the rotational
dynamics of a rigid body can be described as a differential equa-
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tion on SO(3), the group of proper orthogonal linear transforma-
tions. Some applications of Lie group time integrators in rigid
body dynamics have been considered by Celledoni and Owren
[17] and by Bottasso and Borri [18]. It is remarkable that Lie
group time integrators do not require a priori the definition of
local generalized coordinates. In other words, a Lie group integra-
tor includes in its algorithmic structure an intrinsic and consistent
strategy for the parametrization of the configuration manifold.

The present work concerns the numerical simulation of flexible
multibody systems modeled according to the absolute coordinate
method in a finite element context; see Ref. [2]. The motion being
described using nodal translation and rotation variables, the sys-
tem evolves on the Lie group defined by a multiple Cartesian
product of R3 and SO(3). In this formulation, the interconnections
between the various bodies of the multibody system are modeled
using nonlinear kinematic constraints. As a consequence, the mo-
tion of the system is restricted to a submanifold of the Lie group.
In other words, the equations of motion have the structure of a
differential equation on a Lie group with algebraic constraints.

We propose a new family of Lie group time integrators, which
tries to inherit the favorable accuracy and stability properties of
the generalized-a method and which can be used for the simula-
tion of complex multibody systems. This rather broad family in-
cludes as special cases the classical generalized-a method for the
analysis of dynamic systems on a linear space by Chung and
Hulbert [12], the algorithm by Simo and Vu-Quoc [6], as well as
the geometric algorithm studied by Briils and Eberhard [19].

Recent research efforts lead to the development of structure-
preserving time-integration schemes such as variational integra-
tors or energy-preserving schemes; see, e.g., Refs. [7,18,20-27].
The design of those algorithms usually requires a deep investiga-
tion of the internal structure of the dynamic system. In contrast,
the algorithms studied in this paper are not designed to preserve
exactly energy or other first integrals; however, since they only
exploit the Lie group structure of the problem, they can be imple-
mented in a more generic way. In the work by Betsch and Stein-
mann [22], specific redundant coordinates are used in order to
overcome the rotation parametrization problem. As opposed to
this strategy, which tends to increase the number of coordinates
and kinematic constraints, the parametrization naturally induced
by our Lie group formulation is based on a minimal number of
rotation parameters.

The resulting simplicity of the proposed algorithms is attractive
from several points of view: possible implementation in an exist-
ing industrial simulation code, easier code maintenance and im-
proved efficiency with perspectives for real-time applications, op-
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timization, and model-based control. In addition, a simplified code
may render possible the implementation of an exact linearization
for a semi-analytical sensitivity analysis, which would otherwise
be cumbersome; see Ref. [19].

Using several critical benchmarks with large rotation speeds
and kinematic constraints, this paper shows that the new and sim-
pler Lie group methods can compete with the classical “linear”
generalized-« scheme from the viewpoints of accuracy, stability,
and conservation of energy. Hence, these new methods are prom-
ising candidates for the development of robust, efficient, and open
simulation software for flexible multibody systems.

The paper is organized as follows. In Sec. 2, the equations of
motion of a flexible multibody system are described according to
the Lie group formalism. The new family of time integrators is
presented in Sec. 3, and some implementation issues are discussed
in Sec. 4. Section 5 presents some examples of dynamic systems
with large rotations, which can be simulated using the proposed
approach. Second-order accuracy of the algorithms is demon-
strated in the unconstrained case in Sec. 6. Some numerical results
for dynamic systems with large rotation speeds are reported in
Sec. 7. Three examples are presented with comparisons to analyti-
cal solutions given by Romano [28,29]. Two more examples are
solved and compared with reference solutions computed numeri-
cally with small time steps. Finally, in Sec. 8, conclusions of the
study are drawn.

2 Equations of Motion

We consider a flexible multibody system whose dynamics
evolves on an n-dimensional manifold G with a Lie group struc-
ture (see Ref. [30] for mathematical details about Lie groups). In
an absolute coordinate formulation, an element g € G is composed
of several subsets of absolute nodal translations and rotations, a
priori considered as independent variables. The composition op-
eration G X G— G 1is written as

Gt =91°9>2 (1)
with ¢1,9>,¢, € G and the identity element e is such that goe
=e°q=q, VqeG. T,G denotes the tangent space at a point g
e G and the Lie algebra is defined as the tangent space at the
identity g=T7,G. The Lie algebra is a vector space, which is iso-
morphic to R” by an invertible linear mapping

ﬁ:]ﬁ”ﬂg, V>V (2)

A tangent vector at any point ¢ can be represented in the Lie
algebra using the left translation map L,. Indeed, L, is a diffeo-
morphism of G defined as:

L;G—G, y—qey (3)
and its derivative defines a diffeomorphism between 7,G and
T,yG. In the particular case y=e, we thus have a bijection be-
tween T,G=g and T,G as follows:

DL,(e):g — T,G, W DL,(e) - W (4)

where DLq(e)wi" is the directional derivative of L, evaluated at
point e in the direction W € g. Hence, a tangent vector W € g de-
fines a left invariant vector field on G, which is constructed by left
translation of W to the tangent space at any point of G.

In a multibody system, the nodal translation and rotation vari-
ables are generally not independent but they have to satisfy a set
of m kinematic constraints ®:G — R, which restrict the dynam-
ics to the submanifold N of dimension n—m defined as:

N={q € G:®(q) =0} (5)

Using classical principles of mechanics [2], the equations of mo-
tion of a flexible multibody system have the following index-3
differential-algebraic structure:

G=DL,(e) -V (6)
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M(q)v +g(q.v.1) + BT(g)A =0 (7)

D(q)=0 (8)

where g € G represents the configuration of the system, v e R” is
the velocity vector, and A € R is the vector of Lagrange multi-
pliers associated with the constraints ®. M is the n X n symmetric
mass matrix, g is the vector of external, internal, and complemen-
tary inertia forces, and B is the m X n matrix of constraint gradi-
ents such that

D®(g) - w=B(g)w, VweR" 9)

In the above equation, D®(q) - W is the directional derivative of ®
evaluated at point ¢ in the direction of the tangent vector defined
by left translation of W.

The equations of motion (6)—(8) represent the dynamics of a
general class of flexible multibody systems, e.g., using the finite
element approach described in Ref. [2].

3 Formulation of Lie Group Time Integrators

Inspired by the index-3 formulation of the generalized-a time-
integration scheme for classical systems of differential-algebraic
equations [13], as well as by the work of Crouch and Grossmann
[3] and Munthe-Kaas [4,5], we propose a family of Lie group time
integrators based on the following discretized set of equations:

M(q1)V,s1 + (Gt Va5 turt) + B (@)X =0 (10)
D(q,11) =0 (11)

Gns1 = PG Vi 8y 11) (12)

Vi1 =V, + (1= y)ha, + yha,,, (13)

(1= a,)a,, + a@,a,= (1 - a)v,, +av, (14)

h=t,,;—t, is the time step size, and the particular form of Eq. (12)
makes this formulation applicable to dynamic systems on Lie
groups. Indeed, ¢;,: G X R"XR"XR"— G is a discrete time map-
ping, which may be defined in several ways; e.g.,

(G Vs 8,41) = g, 0 exp(hV, + h2(0.5 - B)a, + Bh*a,.)

(15)
O (G VB 8,41) = g, 0 exp(hV,) o exp(h*(0.5 - B)a, + Bh*a,.,)
(16)

(s Vi As8,01) = G, © exp(hV,,) o exp(h3(0.5 - B)a,)
oexp(Bh*a,,,) (17)

where exp:g— G is the exponential operator of the group [30].
The complete algorithm thus involves four parameters B, y, «,,,
and ay, which should be selected as usual in order to obtain suit-
able convergence and stability properties.

Given some initial values ¢(0) and v(0) at time 7,=0 and as-
suming that the kinematic constraints are satisfied at position and
velocity level

®(qp) =0, d’(QO?"O) =0 (18)

the step-by-step recursive procedure is initialized by solving the
equations

90=q(0) (19)

vo=v(0) (20)

M(qo)Vo + 2(40,¥0,0) + B (g0)N =0 21
D (g0, v, V0) =0 (22)
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(23)

where Eq. (22) represents the second time derivative of the kine-
matic constraints.

aoz‘.’o

3.1 Remarks
Scheme.

Concerning the Proposed Integration

1. The equations of motion are enforced exactly at time n+1
and there is no weighted combination of forces between time
n and time n+1. This is especially important to guarantee
the consistency of the algorithm when the mass matrix is not
constant; see Ref. [13].

2. The variable a, is an acceleration-like variable, which is
different from the true acceleration v,,,; at time ¢,,;.

3. N, is not involved in the computation of step n+1; i.e., we
may say that the Lagrange multipliers have “no memory.”

4. The derivative ¢ € T,G is never explicitly evaluated in the
numerical procedure. The algorithm only relies on tangent
vectors in the Lie algebra g. Linear combinations of tangent
vectors in the Lie algebra make perfect sense.

5. Nonlinearities are present not only in the equations of mo-
tion, but also in the integration formulas.

6. An analytical expression of the exponential map can be
used, as will be discussed later in this paper.

7. Other variants of the algorithm may be obtained if the ex-
ponential map is replaced with another g— G mapping op-
erator, e.g., the Cayley transform.

8. The proposed algorithm includes the classical generalized-a
algorithm as a special case. Indeed, the vector space R" is a
particular case of a Lie group with the following composi-
tion and exponential operations:

q°q@=9;tq (24)

exp(q) =q (25)

for q;,q,,q € R". The identity element is the null vector 0.
In a vector space, the configuration space can be identified
with the tangent space at any point, and Eq. (6) becomes
simply

q=v (26)

Consequently, the proposed algorithm degenerates into the
classical generalized-« algorithm described in Ref. [13]. All
integration formulas are then linear, and the three variants
defined by Egs. (15)—(17) cannot be distinguished anymore.

4 Implementation

This section presents a Newton—Raphson algorithm, which
solves Egs. (10)—(14) for all variables at time step n+1, starting
from given values ¢, v, v,, and a,. The linearization of the set of
nonlinear equations (10)—(14) is described below.

First, the linearization of Egs. (10), (11), (13), and (14) is
achieved without difficulty. Let us define the residual vector r as
follows:

r(g.v.\,v,t) = M(q)v + g(q,v,t) + BT(g)\ (27)

and the tangent stiffness and damping matrices K; and C, such
that

Dir(g.v.AV,0) - Aq = K,Aq (28)
D,r(q,v,N\,V,1) - Av=D,g(q,v,t) - Av = C,Av (29)

where D; (D,) indicates the directional derivative with respect to
the first argument ¢ € G (to the second argument v € R"). The
linearization of Egs. (10), (11), (13), and (14) follows immediately

Ar= MAV)H] + CZAVnJrl + KIAanrl + BTAAVHI (30)

A® =BAq,,, (31)
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Av,,; = yhAa,, (32)

(1-a,)Aa,,=(1- a_f)A"’nH (33)

Second, the linearization of the mapping ¢, in Eq. (12) requires
a more detailed study. We rewrite Egs. (15)—(17) as

@)

‘pﬁla)(qn’vmamanJrl) = (Pi:fk)(qmvman) ° exp(¢hx (Vmaman+l)) ’

a=1, 2, or 3 (34)
with the mappings ‘PE,‘Q and <p§1‘;) defined consistently as
10 (g Vi) = 4, (35)
i (Vo) = hv, + H(0.5 - Pa, + ha,,,  (36)
€1(qsV1r2,) = 4,0 exp(hV,) (37)
O (Vo)) = (0.5 = Bla, + B8, (38)
(@ Vioa,) = g, 0 exp(hV,) o exp(2(0.5 - pa,)  (39)
@ (Vs ys,1) = B2 (40)

Using those mappings, ¢,,; can be evaluated by four successive
operations as follows:

4" = ¢(q,.V,.3,) (41)
X = @ (V,8,8,,1) (42)
Gine *= €xp(X) (43)
Gn1 =G ° Gine (44)

with the intermediate variables ¢*,g;,. € G and x € R"”. One ob-
serves that ¢* is computed explicitly from the known variables at
time step n whereas the increment x implicitly depends on a,,,;.
One also notes that <p§1‘;) only involves linear operations. The lin-
earization of the first two relations (41) and (42) is straightforward
considering the special form of the operators @2‘;) and (pzi) in Eqgs.
(35)—(40) as follows:

DL(e) - Aq*=0 (45)
Ax = Bh’Aa,,, (46)

and Eq. (45) yields Aq*=0. The linearization of Eq. (43)
DL, (e) - Agj,. =D exp(X) - AX (47)

defines a linear relation between the vectors Ax and Agq;,. € R”,
which is written in compact form as

Aqinc = T(X)AX (48)

where T(x) is the n X n tangent operator of the exponential map
[5]. Finally, developing the linearized form of Eq. (44)

DL, (€)-Adyy=DL(qid) - (DL, (¢)-Ady)  (49)
and obsery_in\g_/ that its right-hand-side is equal to
DL oy, (€)-Aqiye, we obtain

Aqi1 = Ay (50)

If the variables Aq,,;, Av,,;, AvV,,;, Aa,,;, and Aq;,. are
eliminated from the linearized equations (30)—(33), (46), (48), and
(50), we obtain the linearized form

PR

with the (n+m) X (n+m) tangent matrix

(51)
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S/(q.x,v,V,\ 1)
M(q)B' +C(q.v.0)y +K/(q.v.V.\,)T(x) B'(q)

(52)
B(¢g)T(x) 0
and the algorithmic parameters
1= X Y
B=——— y=— (53)
Br(1 - ay) Bh

The following algorithm (a=1, 2, or 3) computes all system
variables at time step n+1 based on their value at time step n:

Function SolveTimeStep (g,,V,,V,,a,)

Vn+1 =0
An+l =0
A= (ajvn_ aman) / (1 - am)

Viel? —V +h(1 Y)a;1+’)/han+l

q —90,5 (¢¥,.8,)
X:i= Qohx (Vman’an+l)
for i=1 10 i,y

Q1= q"oexp(X)

|:r(Qn+1 > Vil s}\n+l vvn+l vtn+l)
res:=
(I)(qn+l)

if ||res|| <tol
break
end

St:= St(qn+1 > X5 Vel svn+1 ’}\n+1 ’tn+1)

Ax .
AN =-§, res

x:=X+Ax

. ’
Vs =V HY Ax
. _ ,
Vie1*= Vil +IB Ax

A=Ay +AXN
end
A=At (1 - le)/ (1 - am)vn+1

return gy,.1, Vue1» Vot ’An+l > Ant]

5 Examples

5.1 Example 1: Motion of a Single Rotating Body. The mo-
tion of a rotating body fixed to the ground by a spherical joint is
represented by the 3 X 3 rotation matrix R, which belongs to the
group of proper orthogonal linear transformations SO(3). The
composition operation is the matrix product

Rl °R2=R1R2 (54)

and the identity element is the 3 X3 identity matrix I3. At any
point R, the tangent space is noted TgSO(3) and the Lie algebra
50(3)=T13S0(3) is the set of skew-symmetric matrices

503)={Q:Q+0Q7=0} (55)

The Lie algebra can be identified to R3 since any matrix €
eso(3)

a=-{0, o -9, (56)

can be represented by the 3 X 1 axial vector Q=[Q, Q, Q;]". The
tangent space TrSO(3) is thus isomorphic to R3 and we have

031002-4 / Vol. 5, JULY 2010

Fig. 1

Heavy top

R=DLg(I;) - Q =RQ (57)

The equations of motion of the rotating rigid body are written
as

JO+ O XJO-CR,)=0 (58)

where J is the 3 X3 symmetric inertia tensor around the fixed
point, € R? is the material angular velocity, and C is the applied
torque in body coordinates. In the particular case of a heavy top
(see Fig. 1), the gravity torque is computed as

C(R)=XR"my (59)

where 7y is the 3 X 1 vector of gravity acceleration, m is the mass
of the top, and X is the 3 X 1 material position vector of the center
of gravity with respect to the fixed point.

Clearly, Egs. (57) and (58) are special cases of Egs. (6) and (7)
with

M=] (60)
g(R,Q,1)=Q X JOQ - C(R,?) (61)
C(0)=0]-J0 (62)
K,- 50 =— DC(R,1) - 50 (63)

In the heavy top case, the last equation becomes
K,=- XR7my my (64)

For SO(3), the exponential operator can be computed using the
analytic Rodrigues formula
sin¢~ 1-cos ¢~
b+ ——
é ¢

where ¢=|¢] and the vector ¢ e R? is the so-called Cartesian
rotation vector. The exponential map admits the series expansion

v ¥

(65)

exp(¢h) =15+

exp(h) =1L, + Pl o1 + - (66)
and the tangent operator is given by the formula
-1~ sin bl
T(¢) = I;+ ¢2 +(1——¢)l/l—;ﬁ (67)
¢ ¢ )b

Hence, the proposed Lie group time-integration algorithm can be
used to solve the equations of motion (58). In the case a,,=ay
=0, the integration algorithm with the discrete operator <ph) is
equivalent to the algorithm proposed by Simo and Vu-Quoc [6].

5.2 Parametrization-Based Time-Integration Algorithm.
In the following numerical investigations, the performance of the
new Lie group time integrators will be compared with a more
classical integration algorithm based on an incremental parametri-
zation of the equations of motion. This algorithm, presented in
Ref. [9], is summarized below.

Even though it is not possible to find a global parametrization
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of SO(3) with a set of three coordinates, it is possible to use a
local coordinate chart for limited rotational amplitudes around a
fixed reference rotation R If we consider the natural parametri-
zation of SO(3) using the Cartesian rotation vector ¢ e R>, the
current rotation at time 7 is computed from ¢(z) using

R(1) =R exp(h) (68)
At velocity level, we have the relation
Q) =Ty (69)

where the tangent operator T(y) was already defined in Eq. (67).
Due to the existence of singularities, the validity range of this
parametrization is limited to ¢ € |-27, 2.

Introducing Eq. (69) in the equation of motion (58) leads to the
parametrized form of the equations of motion

M() i+ g(s,4p,1) =0 (70)
with
M(¢) =TT () JT() (71)
g ) =T (WIT(P P+ (T(P)h) X JT(P) )
— C(Rye exp(#h),1)) (72)

The dynamics of the system is thus described in the vector space
IR3 and it can be solved using the classical generalized-a method
(we recall that it is a special case of the Lie group method de-
scribed in this paper). The detailed expressions of the tangent
matrices C, and K, can be found in Ref. [2], but they are not
reproduced here for reasons of space.

The coordinate system can only be used locally for limited
rotations around the reference point. In order to deal with large
rotational amplitudes without singularity problems, a usual tech-
nique is to change the reference R, during the integration proce-
dure. At time 7, , one can move from an old reference to the new

one Rr:=R,,, 1, provided that the values of ,,, zlln+1, tﬁ,,ﬂ, and
a,,; are mapped to the new coordinate chart according to the
following algorithm [8]:

Do = T ) Par + Tt Y P (73)
1 = T( W) + T(Wrs Y)Y (74)
Bt = T(W) P (75)

B0 =0 (76)

The update for acceleration-like variables in Eq. (74) is required
for the consistency of the algorithm. A pragmatic approach is to
implement the above update procedure at the end of each time
step, so that the current local coordinate system is systematically
centered on the total rotation at the preceding time step.

5.3 Example 2: Heavy Top With Kinematic Constraints.
Even though the problem is the same as in Example 1, the fol-
lowing example relies on a differential-algebraic formulation of
the dynamic system. According to the absolute coordinate formu-
lation, the equations of motion of a rotating top about a fixed point
are written as [2]

mX—N=my (77)
JO+O X JO+XRA=0 (78)
—-x+RX=0 (79)

Journal of Computational and Nonlinear Dynamics

The vector x represents the position of the center of mass in the
inertial frame and X represents the position of the center of mass
in the body-fixed frame. m is the mass of the top and the inertia
tensor J is now defined with respect to the center of mass (and not
with respect to the fixed point as in Example 1). The third equa-
tion is a set of three algebraic constraints and A is the associated
3 X1 vector of Lagrange multipliers.
The set R3 X SO(3) with the composition operation

X, X, X|+ X,

R ] [R] LRR,
defines a six-dimensional Lie group denoted as G4. The exponen-
tial map and the tangent operator are constructed in a straightfor-
ward way by using independently their definition in R for the
translation variables and their definition in SO(3) for the rotation

variables. Due to the constraints, the motion is restricted to a
three-dimensional submanifold of Gg, and we have

[m13 0] [ -my ] 0 0
M: . g: N Ct= —_ ~ N
0 J Q X JQ 0 QJ-JO

0 0 B
K,=[0 XFX} B=[-L -RX]

Let us remark that the Lie group G4 should not be confused
with the special Euclidean group SE(3), which is also isomorphic
to 33X SO(3), but whose composition operation is defined by the
product of homogeneous transformation matrices of the form

0;x; 1

6 Consistency of the Method in the Unconstrained
Case

(80)

(81)

(82)

Let us consider a dynamic system on an n-dimensional Lie
group G=R3X --- XR3X 80(3) X --- X SO(3) without any kine-
matic constraint. The local error of the time-integration algorithm
is analyzed in a local coordinate system x=pu"!(g), where u is an
invertible coordinate mapping R"— G. If the exact solution is
denoted by (x(7),v(z)) and the numerical solution after one time
step (x;(h),v,(h)), the algorithm is consistent of order 2 provided
that the local errors at position and velocity levels satisfy x(h)
—x,(h)=0(h?) and v(h)-v,(h)=0(h?), respectively. For conve-
nience, the analysis will be performed in the canonical coordinate
system centered on q; i.e., u is defined by

m(x) = o © exp(X) (83)
with the properties x(0)=0 and w(0)=g,.

THEOREM. Using the canonical coordinate system x=u~'(q)
centered on qq, the local errors of the time-integration algorithm
verify

x(h) = x,(h) = O(R*),  v(h) = v,(h) = O(h") (84)
provided that the algorithmic parameters satisfy the standard
second-order condition
(85)

Proof. First, we consider the Taylor series expansion for the
exact solution

y=05+a;-a,

dx h? d’x
x(h) = hE(O) + Eﬁ(o) +0(h) (86)
d hd*
v(h) = v(0) + hﬁm) + Ed_hvz(o) + 0 (87)
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Fig. 2 Rotating body with spherical ellipsoid of inertia and follower torque. Error norm evaluated at t

=0.42:0.02:0.6 s.

The relation between X and v is given by

T(x)x=v, TEX+TExx=v (88)

We have T=diag(Tianss - - - » Tiranss Trots - - - » Trop)s With Tiane=I3
the tangent operator for translation variables and T, the tangent
operator for rotation variables as defined in Eq. (67). We have

T(0)=1I,. Moreover, observing that T,,(0)=-0.5%, we also get
T(0)%=0, so that Eqgs. (86) and (87) become

x(h) = hv(0) + 0.5h>v(0) + O(h%) (89)

v(h) = v(0) + hv(0) + 0.52%%(0) + O(1) (90)

Second, we develop Taylor series expansions for the numerical
solution. Let us observe that

a;=vo+h(l+ a, — a)Vy+ O(h?)

1)
(92)

At position level, depending on the selected algorithmic variant,
we have

ay= Vo + h(a,, — ay)Vy+ O(h?)

exp(x(D) = exp(h¥y + .55V + O(h)) (93)
exp(xD) = ~ 25 3
p(x;”) = exp(hvy) © exp(0.5h°Vy + O(h”)) (94)

exp(x}?) = exp(h¥y) o exp(12(0.5 = B)¥g + O()) o exp( BV,

+0(h?)) (95)

and those three formulas only differ in the treatment of rotation

variables. From Eq. (93), we immediately get for the first variant

x,(h) = kv + 0.5V + O(h?) (96)

This result is also verified for the two other algorithmic variants

using the series expansion of the exponential map for SO(3); see
Eq. (66). At velocity level, the numerical solution satisfies

vi(h) =vo+hv+ ((1 = Y, — ap) + /1 + a,, - df))thO +0(I)

97)

The conclusion follows from a comparison of Egs. (89) and (90)
and Egs. (96) and (97).

7 Numerical Results

This section compares the performance of three different algo-
rithms.

031002-6 / Vol. 5, JULY 2010

(1) “geoml” is the geometric Lie group algorithm with the
discrete operator (pﬁﬁ.

(2) “geom2” is the geometric Lie group algorithm with the
discrete operator cpf).

(3) “linear” is the classical generalized-« algorithm used with
an incremental parametrization of the rotation field as de-
scribed in Sec. 5.2.

For all methods, the algorithmic parameters are selected ac-
cording to the formulas described by Chung and Hulbert [12] as
follows:

P 2p.,—1 1
afzp +1, o, = p 1 s ﬁ:Z(1+af—an,)2,
1

7=§+af—am (98)

where p,, represents the desired value of the spectral radius at
infinite frequencies. We will consider either a value p.. close or
equal to 1 (small or no numerical damping), or the value p,
=0.6 (significant numerical damping).

Five different problems are studied. In all cases, the system is a
single object with fast rotating speeds and the problems differ in
the value of the inertia tensor, the applied load, the initial condi-
tions, and the structure of the equations of motion (without con-
straint as in Example 1 or with constraints as in Example 2).

For the purpose of convergence analysis, numerical errors are
evaluated on the displacement x(z;)=R(z;)X at a set of specified
times ¢; as follows:

error = niE x(2) - x™(z,)| (99)

e i=1

In the first three problems, the reference value is computed using
analytical solutions presented by Romano [28,29]. For the last two
problems, for each convergence curve, we use the reference
x"(z;) computed using the same algorithm but a smaller time step.

7.1 Rotating Body With Spherical Ellipsoid of Inertia and
Follower Torque. In this problem, the inertia tensor is J
=diag(3.,3.,3.), the reference point is X=[0. 0. —0.6]7, the ap-
plied following torque C=[0.0.30.]” is constant, and the equa-
tions of motion are formulated without any kinematic constraint,
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Fig. 3 Free rotating body. Error norm evaluated at {=0.82:0.02:1 s

as in Example 1. The initial conditions are R(0)=I;, €£(0)
=[10. 15.20.]" rad/s.

With this particular value of the inertia tensor, the nonlinear
gyroscopic and centrifugal force vector is zero; i.e., QX JQ=0.
The analytical solution described by Romano [28] is used for the
convergence analysis in Fig. 2.

In the results, as predicted by the theory, the numerical errors
decrease as O(h?). Although numerical errors are quite small for
all algorithms, we observe that the geometric algorithms are
slightly more accurate than the linear algorithm.
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7.2 Free Rotating Body. In this problem, the inertia tensor
J=diag(21.959,21.959,6.671) has an axial symmetry, the refer-
ence point is X=[0. 0. —0.646]", there is no applied torque (C
=0), and the equations of motion are formulated without any Ki-
nematic constraint, as in Example 1. The initial conditions are
R(0)=I;, £(0)=[0. 0. 0236.]7 rad/s. The analytical solution de-
scribed by Romano [29] is used for the convergence analysis.

Time domain and convergence results are given in Fig. 3. After
several seconds of simulation, the numerical solutions depart from

JULY 2010, Vol. 5 / 031002-7
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Fig. 4 Free rotating body. Trajectories in x-y plane for all algorithms, compared with analytical solution

the analytical solution. The geometric algorithms tend to preserve
the amplitude of oscillations, leading to good energy conservation,
but the period is underestimated. The converse is observed for the
linear algorithm, with an increase in period and in amplitude. In
both cases, numerical damping increases the dissipation of energy
during the simulation.

Again, all methods are second-order accurate but the error con-
stants are now larger for geometric algorithms, which are slightly
less accurate than the linear algorithm.

031002-8 / Vol. 5, JULY 2010

Trajectories in the x-y plane are also represented in Fig. 4.

7.3 Rotating Object With Follower Torque. As in the case
before, the inertia tensor is J=diag(21.959,21.959,6.671), the
reference point is X=[0. 0. —0.646], but there is an applied fol-
lowing torque C=[0. 0. 40.]7 aligned with the third axis of the
body. The equations of motion are formulated without any kine-
matic constraint, as in Example 1. The initial conditions are
R(0)=I3, ©(0)=[0. 0. 110.]7 rad/s.
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Time domain and convergence results are given in Fig. 5. The
numerical solutions depart from the analytical solution with the
advancement of computations. Numerical damping increases the
dissipation of energy during the simulation.

All methods are second-order accurate but the error constants
are again larger for geometric algorithms, which are slightly less
accurate than the linear algorithm.

7.4 Heavy Top (Without Kinematic Constraints). In this
example, the inertia tensor with respect to the fixed point is J
=diag(15.234375,0.46875,15.234375), the reference point is X

=[0.1.0.]%, and the applied gravity torque C=XR”my with the
mass m=15 kg and gravity acceleration y=[0. 0. =9.81]" m/s>.
The equations of motion are formulated without any kinematic
constraint, as in Example 1. The initial conditions are R(0)=1I;,
Q(0)=[0. 150. —4.61538]7 rad/s.

For each convergence curve, the reference solution is computed
using a small time step h=1.5625X 1073 s.

The results are presented in Fig. 6. Even if numerical damping
is not introduced, the algorithms do not preserve the energy any-
more. The linear algorithm shows a very small decrease in total
energy, while the geometric algorithms present some oscillations
with a larger drift in the geom?2 algorithm.

All methods are second-order accurate but the error constants
are again larger for geometric algorithms, which are slightly less
accurate than the linear algorithm.

7.5 Heavy Top (With Kinematic Constraints). The previous
example is now formulated with kinematic constraints as in Ex-
ample 2. The inertia tensor is now evaluated with respect to the
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p=0.6,h=0.02s

H{ —#—geom1
—v—geom2
| —e—linear
- - -exact

:

] 0.5 1 1.5 2 25 3 3.5 4

o 4

— 10

1] —e—geom1

% —v—geom2

k7] —e—linear

< —5

w 10 °F

«

o

1

6 10°:

A

o

1

~T 107}

E

x

S

g 10_B -4 ‘73 ‘72 1
10 10 10 10

Rotating body with follower torque. Error norm evaluated at t=0.12:0.02:0.3 s.

center of mass (and not with respect to the fixed point as before),
with J=diag(0.234375,0.46875,0.234375). The other parameters
of the model are as in Sec. 7.4. Note that the initial acceleration is

computed as Q(O):j‘l(Xme—Q(O)XjQ(O)), where J=J

—mXX is the inertia tensor with respect to the fixed point (as in
Sec. 7.4). We also have, according to the constraints, x(0)=X,

%(0)=0(0) X X, and %(0)=(0) X X+(0) X (2(0) X X).

The case without numerical damping was not considered be-
cause of stability problems in the presence of kinematic con-
straints. Instead, a lightly damped case was considered (p=0.9).

Again, for each convergence curve, the reference solution is
computed using a small time step h=1.5625X 107 s.

The results are displayed in Fig. 7. We observe that the results
are more accurate in this case than in the unconstrained case. After
several seconds of simulation, small drifts in the energy are ob-
served in all cases (the apparent energy conservation of geometric
algorithm 1 is a coincidence in this case). All algorithms are of
order 2, with different error constants. The improved accuracy
might be explained by the smaller value of nonlinear gyroscopic
forces when the inertia tensor is evaluated with respect to the
center of mass.

Figure 8 represents the large rotation angles (here, the compo-
nent 2 of the Cartesian rotation vector ¢, which is defined such
that ||yl =) and the oscillations in the multipliers at the begin-
ning of the simulation. A stability analysis might allow a better
understanding of these phenomena; this issue should be investi-
gated in a future work.
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Fig. 6 Heavy top (without kinematic constraints). Error norm evaluated at {=0.32:0.02:0.5 s.

8 Conclusions

This paper proposes a family of Lie group time integrators for
the simulation of flexible multibody systems. This method pro-
vides an elegant solution to the rotation parametrization problem
and it does not suffer from parametrization singularities. As an
extension of the classical generalized-« method for dynamic sys-
tems, it can deal with constrained equations of motion. Second-
order accuracy has been demonstrated for three algorithms of this
family in the unconstrained case, and has been verified for several
examples in the constrained and unconstrained cases.

In several critical benchmarks of rigid body systems with large
rotation speeds, the performance of the Lie group algorithms has

031002-10 / Vol. 5, JULY 2010

been compared with classical parametrization-based methods.
Even though the performance of the different algorithms is prob-
lem dependent, we conclude that the new methods can compete
reasonably well with classical approaches from the viewpoints of
accuracy, stability, and energy conservation.

The main advantages of the proposed approach are related with
its particular formulation, which is both generic and remarkably
simple compared with parametrization-based algorithms. Tangent
operators can be easily derived analytically without any approxi-
mation, at least for rigid multibody problems. This allows an ef-
ficient implementation of the Newton algorithm at each time step
of the implicit numerical integration. The improved efficiency of
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Fig. 7 Heavy top (with kinematic constraints)

the resulting code is an advantage for real-time applications, large
scale problems, or parametric studies. The availability of simple
formulations of tangent operators is also useful for the implemen-
tation of a sensitivity analysis based on a semi-analytical ap-
proach, which opens some interesting perspectives for the optimi-
zation of multibody systems. Finally, model simplicity and
efficiency are valuable for the development of model-based con-
trol schemes. Hence, the proposed Lie group time integrators are
promising candidates for the development of robust, efficient, and
open simulation software for flexible multibody systems.

Journal of Computational and Nonlinear Dynamics

For constrained dynamic systems on Lie group, further studies
may include a stability analysis as well as a global convergence
analysis.
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