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MIXED METHODS FOR DEGENERATE ELLIPTIC PROBLEMS AND
APPLICATION TO FRACTIONAL LAPLACIAN

MARiA E. Cejas'*, RICARDO G. DURAN? AND MARIANA 1. PRIETO?

Abstract. We analyze the approximation by mixed finite element methods of solutions of equations
of the form —div (aVu) = g, where the coefficient a = a(x) can degenerate going to zero or infinity.
First, we extend the classic error analysis to this case provided that the coefficient a belongs to the
Muckenhoupt class Az. The analysis developed applies to general mixed finite element spaces satisfying
the standard commutative diagram property, whenever some stability and interpolation error estimates
are valid in weighted norms. Next, we consider in detail the case of Raviart—Thomas spaces of arbitrary
order, obtaining optimal order error estimates for simplicial elements in any dimension and for convex
quadrilateral elements in the two dimensional case, in both cases under a regularity assumption on the
family of meshes. For the lowest order case we show that the regularity assumption can be removed
and prove anisotropic error estimates which are of interest in problems with boundary layers. Finally
we apply the results to a problem arising in the solution of the fractional Laplace equation.
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1. INTRODUCTION

In this paper we analyze the approximation by mixed finite element methods of degenerate second order
elliptic problems. There is a vast bibliography concerning this kind of methods (see e.g. the books [7, 8] and
references therein). However, as far as we know, only very few papers have considered the degenerate case (we
can mention [5,28]).

Let D C R™, n > 2, be a bounded Lipschitz polytope and a € L{ (R™) be a non-negative function. We

loc
assume that the boundary is decomposed into two disjoint parts I'p and I'y. Given g and f defined in D and
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on 'y respectively and belonging to appropriate spaces, we consider the problem

—div(aVu)=¢g in D
u=0 on Ip (1.1)
—aVu-n=f on Iy

where n denotes the unit exterior normal vector. If 'y = 0D we assume the usual compatibility condition
Jp9=Jop 1

We have written the problem in this form in order to simplify notation. However, it is easy to see that all
our arguments apply to general problems where the coefficient a is replaced by a matrix A = A(z) satisfying
Xa(z)|€]? < €T A(x)€ < Aa(z)[€]?, for all z € D, where A and A are positive constants.

We are interested in degenerate problems in the sense that the coefficient a can become infinite or zero in
subsets of D with vanishing n—dimensional measure. We will assume that a belongs to the Muckenhoupt class
Ajy, in particular a=! € L' (D) and, therefore, the usual mixed method is well defined.

Recall that a non-negative measurable function a € L _(R™) belongs to Ay if

o ) () <

where the supremum is taken over all cube Q with faces parallel to the coordinate axes.

The class Ay was introduced to characterize the weights for which the Hardy—Littlewood maximal operator
defined for f € L] (R"™) by

1
M f(z) = sup |f(y)] dy,
r>0 |B(.’E, T)| le—y|<r

is bounded in the associated weighted L?-norm (see for instance [12,29]). After that, it was used in the theory
of elliptic equations (see e.g. the pioneering work [19]) and, more recently, in the analysis of finite element
approximations [4, 30, 31].

When dealing with anisotropic estimates we will work with the more restrictive strong A, class, which will
be denoted by A and is defined by

s = (o) () <=

where the supremum is taken now over all n-dimensional rectangles with faces parallel to the coordinate axes.
It is known that a € A§ if and only if a belongs to As of one variable for each variable, uniformly in the other
variables (see [21,26]).

Given a weight a, we will denote with L2(D) the usual Hilbert space with measure adz. We will also work
with the weighted Sobolev space

H,(D) = {veLiD):|Vv| € L:D)}

with its natural norm. We recall that C°°(D) is dense in H}(D) (see e.g. [25]).
Introducing the variable vector field ¢ = —aVu, problem (1.1) can be transformed into the equivalent first
order system
c+aVu=0 in D
dive=¢g in D
u=0 on Ip
oc-n=f on I'y.

(1.2)

Then, mixed finite element methods are based on a weak formulation of this system and they approximate
simultaneously ¢ and u. One motivation for using this type of methods is that, in many applications, the
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variable of physical interest is o and, therefore, it might be more efficient to approximate it directly instead of
obtaining it from a computed approximation of u. A typical example of this situation is the Darcy equation
arising in the simulation of flows in porous media. Indeed, it is many times argued that o is smoother than Vu.
Although this is probably true in practice, it is not possible to give a mathematical foundation to this statement
in general (see [20] for an interesting discussion on this subject).

As an application of our results we will consider a problem arising in the solution of the fractional Laplace
equation (—A)%v = f.

The rest of the paper is organized as follows. In Section 2 we recall the mixed finite element method for (1.1)
and extend the classic error analysis to the case of degenerate problems. A fundamental tool is the existence of
right inverses of the divergence in weighted norms when the weight belongs to the class A;. The analysis given
in this section can be applied to general mixed finite element spaces which satisfy the so called commutative
diagram property whenever a stability property in a weighted norm for the interpolation operator is valid.
Next, in Section 3, we consider the case of Raviart-Thomas elements of arbitrary order on simplicial elements
in R™ and prove the stability property mentioned above and optimal order error estimates in weighted norms
under the usual regularity assumption on the family of meshes, namely, bounded ratio between outer and inner
diameters. At the end of this section we explain how the error estimates can be obtained also for the Raviart—
Thomas approximation using general convex quadrilateral elements in two dimensions, assuming an appropriate
regularity assumption. In Section 4 we consider anisotropic error estimates for the Raviart—Thomas spaces of
lowest order and prove some weighted interpolation error estimates, where the weights involve the distance to
some part of the boundary, for rectangular and prismatic elements. These estimates are of interest in problems
with boundary layers. Two important tools in this part of the analysis are the so-called improved Poincaré
inequalities and the use of the restricted “Strong A, class”. In Section 5, we consider the approximation of
the fractional Laplace equation which leads to a particular degenerate problem of the type considered in the
previous sections. We show in this example how the weighted error estimates proved for anisotropic elements can
be used to design a priori adapted meshes giving almost optimal order with respect to the number of degrees
of freedom. Finally, in Section 6 we present some numerical results.

2. MIXED FINITE ELEMENT APPROXIMATIONS

To introduce the correct mixed finite element formulation we first analyze the problem in order to know the
natural spaces for the original variable u and its associated vector variable 0 = —aVu.

The basic tools for the analysis are the weighted Poincaré inequalities given in the next lemma. The first one
is well known while the other is a simple consequence of it.

We will make use of the classic Gagliardo trace theorem, namely, for any Lipschitz domain D there exists a
constant C, depending only on D, such that

||v||L1(3D) < CH'I}le,l(D) Yv € Wl’l(D). (21)

Observe that if a € Ay we have that
H,(D) c W"'(D), (2.2)

indeed, a=! € L'(D) and therefore by the Schwarz inequality we have

1/2
lollwi o) < ( /| ) ol 2 o)- (2.3)

Consequently, traces on D or on any measurable subset of it are well defined for functions in H!(D). In
particular we can introduce the space

H,r, (D)= {veH,(D):v|r, =0}.

We denote with up and ur, the averages of u over D and I'p respectively. In general, along the paper we will
write ug for the average of u over a set S.
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Lemma 2.1. Let D be a Lipschitz domain, I'p C 0D with positive (n — 1)-measure, and a € Ay. Then,
lu —up|lL2(py < C|Vull2(py Yu € Hy(D)
[u = urpllz2(p) < ClIVul L2y Vu € Hg(D),
where the constant depends only on D, |I'p| and [a]a,.

Proof. The first one is the well known weighted Poincaré inequality. It was first proved in [19] for the case of a
ball and extended for very general domains in several papers (see e.g. [11,14,24]).

To prove (2.5), taking into account (2.4), it is enough to estimate ||up — ur, || But,

L2(p)’

1/2 2 4
lup _“FD”Lg(D) = </D a) lup —ur,| < </D a) ol . |up — ul,

using (2.1), (2.3), and then (2.4), we have

1/2
/ ‘UD - u| < CHUD — u”Wl,l(D) < C (/ a_1> Hup — UHH,}(D)
I'p D

1/2
<o) Iulo)
D
1/2 1/2
oo~ uro g <€ ([La) (L) I9ulizcon
@ D D

and we conclude the proof observing that

(L) (fr) " = e

with a constant depending on D. (Il

so that

Consequently, using standard arguments we can prove the well-posedness of problem (1.1).

Theorem 2.2. Given a € Ay, g € L2_,(D) and f € L>(Ty), the problem

—div(aVu) =¢g in D
u=0 on Ip
—aVu-n=f on Iy

has a unique solution u € HL(D), provided ng = faD f in the case 'y = 0D. Moreover,

lullizgoy < {llgllzz o) + I fllecrny |- (2.6)

Proof. The result follows from standard arguments using the Lax—Milgram theorem. Indeed, considering first
the case I'p # (0, the weak form of the problem is given by: Find u € H;’FD (D) such that

/aVu~Vv:/gv* fu VU€H;,FD(D)-
D D I'n

The left hand side is a continuous bilinear form in H, . (D) and, in view of (2.5), it is coercive. Since
g € L2_,(D), using again (2.5), it follows that the first term on the right defines a continuous linear form
in H ;,FD (D). Finally, to see that the second term on the right also defines a continuous linear form we use that

f € L*(I'y) and (2.1) combined with the Schwarz inequality.
The case I'y = 9D can be treated analogously using now (2.4). |
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Remark 2.3. For simplicity we have assumed that f € L>(I'y). It is clear from the proof that this hypothesis
can be relaxed: it is enough that f belong to the dual of the space formed by restrictions to I'y of functions in
HY(D). In the particular case of the application considered in the last section this space is characterized as a
fractional Sobolev space.

Let us now introduce the appropriate spaces for the formulation and analysis of mixed approximations. Taking
into account Theorem 2.2, the appropriate space for the vector variable 6 = —aVu is

H, 1 (div,D) = {T € L?_,(D)" : divr € L?>_,(D)}
which is a Hilbert space with norm given by
||T||§Ja,1(div,1)) = HT||%,371(D) + ||diVT||%ifl(D)-

To treat Neumann boundary conditions we need to see that the normal component is well defined for any
T € H,-1(div, D) on 9D whenever a € As. It is known (see e.g. [15]) that there exists ¢ < 2 such that a~! € A4,
and therefore, an argument analogous to that used to obtain (2.2) gives that L2_,(D) C L?(D) for p = 2/q.
Then,

H,-:(div,D) Cc WP(div,D) = {r € LP(D)" : divt € LP(D)}

and it is known that, for 7 € WP(div, D), 7 - n is well defined as a distribution that belongs to W~1/7?(9D).
In the mixed formulation Neumann type boundary conditions are imposed in an essential way, and so we will
work with the subspace

Hy-1r\(div,D) = {1 € H,-1(div,D): 7-n=0 on D'y}
Dividing by a, the first equation in (1.2) can be rewritten as
ale+Vu=0 in D,

and multiplying by test functions and integrating by parts, we obtain the weak mixed formulation of problem
(1.2), namely, find & € H,-1(div,D) and u € L2(D) such that

oc-n=f on I'y (2.7)

and
/a_la-'r—/udiv'rzo V1 € Hy-1 1, (div, D)
D D

/vdiva:/gv Vv € LZ(D).
D D

Observe that the Dirichlet boundary condition is implicit in the weak formulation. When I'y = 9D, L2 (D) has
to be replaced by LiO(D), the subspace of functions with vanishing mean value.

As usual, the error analysis is divided in two steps. The first one consists in proving estimates for the finite
element approximation error in terms of the error for some appropriate interpolation or projection operator.
This part of the analysis can be done for general mixed finite element spaces provided they satisfy the so called
commutative diagram property as well as some weighted stability estimates for the appropriate projections.
Therefore, we will develop this part of the error analysis for general spaces stating the necessary assumptions
that afterwards have to be proved for each particular choice of approximation spaces. The second part consists
in estimating the interpolation error. We will do this first for the family of Raviart—Thomas spaces of arbitrary
order k£ > 0 in simplex and general dimension n, and second, for Raviart-Thomas on convex quadrilaterals in
dimension 2 (and we will comment on the generalization to the three dimensional case).

(2.8)
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We assume that we have a family of partitions {7} of the domain D such that each 7}, is consistent with
the boundary conditions, i.e. the exterior boundary of an element is completely contained in I'p or in T'jy.
Associated with these partitions we assume that we have finite element spaces Sj, C H,-1(div, D), V;, C L2(D)
(or Vi € L2 (D) when I'y = 9D), such that, if

Sh,N = Sh N Ha—l,l"N (diV, D)a
then
divSy n = Vi (2.9)

and there exists an operator I}, : § — S}, defined in an appropriate subspace S C H,-1(div, D) containing
the solution o, such that, if 7 € § N H,-1 p (div, D) then II;7 € §) x and, for all T € S,

/ div(t —Ipm)v=0 Yv eV, (2.10)
D

Introducing the L2-orthogonal projection Py, : L?(D) — Vj,, (2.9) and (2.10) yield the commutative diagram

property
div Hh = PhdiV . (211)

The mixed finite element approximation of problem (1.2) is given by
(n,un) € Sp x Vi
such that,
o,-n=1Il0-n on Iy (2.12)

and
/a_10h~1‘—/uhdiv7':0 VT € Shn,
D D

/vdivah,:/gv Vv € V.
D D

Existence and uniqueness of the discrete solution and the following error estimate follow by well known argu-
ments (see e.g. [7,8]). For completeness we include the proof of the error estimate to show that the usual
arguments can be adapted for degenerate problems and for the mixed boundary conditions considered here. We
neglect numerical integration errors assuming that all the integrals can be computed exactly.

Lemma 2.4. Assume that a=' € L*(D) and o € L2_,(D)". If ¢ is the solution of (2.7) and (2.8), and o}, that
of (2.12) and (2.13), then

(2.13)

lo—onllz < llo—Thall .
Proof. Subtracting the second equation in (2.13) to the second one in (2.8) and using (2.10) we obtain
/ div([lpo —op)v=0 YoveV,.
D

From (2.12) it follows that II,o —op, € Sp, v, and then, by (2.9) we conclude that div (IIpo —op) = 0. Moreover,
taking 7 = 0 — o, in (2.8) and (2.13), we obtain

/ a (o —0p) (o —0,)=0
D
and so,
lo=aulis, = [ a o~ (o - o)
a~ D
<o —onlrz_ llo =1Lz,

and the lemma is proved. O
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To estimate the error in the approximation of the scalar variable we need the following result which generalizes
to the weighted case the existence of continuous right inverses of the divergence.

Lemma 2.5. If a € Ay then, given ¢ € L2_(D) (satisfying [, ¢ = 0 in the case Iy = 9D), there exists
T€ H!_(D)"NHy-1 r,(div,D) such that
divr = ¢

and
”THH(;I(D) < C||¢HL371(D)7

where the constant C' depends on D and a.

Proof. In the case I'y = D we have fD ¢ = 0 and the result is known. Indeed, for domains which are star-
shaped with respect to a ball it was proved in Theorem 3.1 of [17] and Theorem 1.1 of [33] using Bogovskii’s
solution of the divergence and the theory of singular integrals. The arguments used there can be extended for
the class of John domains using the generalization of Bogovskii’s operator introduced in [3] (for more details
see also [2]). A different proof was given in Theorem 5.2 of [13] also for the class of John domains.

__ Suppose now that I'y # dD. Enlarging the domain in an appropriate way we can obtain a Lipschitz domain
D such that D & D and 'y C 9D. For example, we can make a smooth deformation of part of I'p.

Now, we extend ¢ to D as

o(x), ©ze€D
°=9 NfDQS , te€D\D
D\ D|

and then, since [5 ¢ dz = 0, there exists T € H! (D)™, vanishing on dD and satisfying
7l 5 < C||$HL§71(15)-
Tt is easy to see that Hq?”inl(ﬁ) < C||¢||L371(D), and, therefore, the restriction of T to D satisfies the required
properties. ([l
For the next lemma we need to use the following stability result in a weighted norm:
Il , < Cllrl - (214)

Assuming that a € As, we will prove this estimate for the Raviart—Thomas interpolation in a forthcoming
section.

Lemma 2.6. Let (o,u) and (op,up) be the solutions of (2.7), (2.8) and (2.12), (2.13) respectively. If a € Ay
and I}, satisfies (2.14) then

e unllzz < llu— Pralzz + Cllo — ol e (2.15)
where C depends on the constant in Lemma 2.5.

Proof. Assume first that I'p # . According to Lemma 2.5 there exists 7 € H}_,(D)" N H,-1 1 (div, D) such
that
divt = (Pyu — up)a

and
Il < Cll(Pru —un)al[gz_, -
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Then,
||Phu — uh||%2 = / (Phu — uh)diV‘T = / (Phu — uh)diVHh‘T
¢ D D

:/(u—uh)dithT:/ CL_1<U—0'h)~HhT
D

D
<llo—onllrz_ Marllz2_,

<Clo—onllrz_ lIllm_,
<Cllo —onlz_ [Pru— unllLz

where we have used (2.10) and (2.14). Then, (2.15) follows by the triangular inequality.
Now, if I'y = 0D, there exists T € H,-1 1, (div, D) such that

divt = (Pru — up)a — (Pou — up)a,
where (Ppu — up)a denotes the average of (Pnu — up)a, and
Il < CllPra— un)al .

Indeed, this follows from Lemma 2.5 and the estimate

1 1/2
P wal < 5 (o) 1P = walz
Since [ (Pru—up) = 0 we have
| Pru — uhH%i(D) = / (Pru — up) ((Phu —up)a — (Pru — uh)a>
D
= / (Pru — up)divT.
D

The rest of the argument follows as in the previous case.
Combining Lemmas 2.4 and 2.6 we obtain the following

Corollary 2.7. Under the same hypotheses of Lemma 2.6 we have

lu — unllzz < llu— Prallzz +Cllo ~ o2 .

3. ERROR ESTIMATES FOR RAVIART-THOMAS ELEMENTS ON SIMPLICES

To apply the results obtained in the previous section we have to prove error estimates for the corresponding
operators I, and Pj. In this section we consider the case of regular partitions made by simplices, namely, if
hx and pg are the diameters of K and the biggest ball contained in K respectively, we assume that the family

of meshes {7} satisfy

he
PK

with a constant 7 independent of h.

Recall that the local Raviart—Thomas space of order k£ > 0 on a simplex K C R™ is given by

RTk(K) = 'Pk(K)n + m’Pk(K)
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where we are using the usual notation Py (K) to denote the polynomials of degree less than or equal to k
restricted to K.

Calling F; the faces (edges in 2d) of K and n; the corresponding exterior normal vectors, the Raviart—Thomas
interpolation on each element K is defined by (see e.g. [7]),

/HKa~nl-pk:/a~nipk Vpr € Pr(F;), i=1,....,n+1
F; F

and, if k£ > 1,
/ Igo - py_,dz :/ 0-Pr-1 VPr-1 € Py_q(K).
K K

Since the restriction of functions in W1!(K) belong to L'(0K), these degrees of freedom are well defined for
o € WHY(K)™. As we already mentioned in Section 2, for a € Ay, H(K) ¢ WH1(K) and so Il is well defined
in H}(K)™.

Then, the global space for the approximation of the vector variable for a partition 7}, is

Sy ={r € H,-1(div,D): 7|x € RT(K) VK € T,}. (3.2)
The associated space for the scalar variable is given by
Vi={veV:vgePrK) VK eT,}, (3.3)
where V = L2 ((D) when I'y = 0D or V = L2(D) otherwise. Then, the projection P} is given locally by
(Pyv)|x = Prv where Py : L2(K) — Py(K) is given by

/(U—PKU)I% =0 Vpr € Pr(K),
K

that is, P is the orthogonal projection in L?(K) (without the weight). We remark that Py is well defined in
L'(K) and so, in particular, in L2(K).

It is not difficult to check that (2.9), (2.10), and consequently (2.11), are satisfied.

To prove error estimates for the Raviart—Thomas interpolation in weighted norms we work first in a fixed
reference element K and then change variables using the Piola transform. Given a simplex K let ® an affine
map given by ®(&) = AZ + b that transforms K into K. The following estimates are well known,

h hy
A < == and A7 < K (3.4)
Pr PK
The Piola transform is given by
1
= A/\ T
() = T a4 @
where x = ®(). It is known that (see [7], Lem. 3.4 for details),
M6 = Tgo. (3.5)

The next lemma is a generalization to the case of weighted norms of a classic result on polynomial approximation.
This result was proved in Sections 4.3 and 4.4 of [31] but we give a shorter proof here. Although we will only
work with L? based Sobolev norms, we will write the lemma for the general LP case because the proof is exactly
the same. We denote by WXP(Q) the Banach space of functions with derivatives up to the order k in L2((2).
We refer the reader to [15] for the definition of the A, class of weights as well as for the boundedness of the
Hardy—Littlewood maximal operator in weighted norms.
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Suppose that 2 C R™ is star-shaped with respect to a ball B C Q2 and let ¢ = ‘—}leg, where xp denotes the

characteristic function of B. Given an integer number m > 0 and a function u € W™1(Q), the averaged Taylor
polynomial of degree less than or equal to m associated with v € W™(Q) is given by

1 « «
pu)@) = 3 55 [ D)@ =)o)
loj<m
In what follows we will use the notation D7 := > laj=j |D®u| and extend by zero this function outside 2.

Lemma 3.1. Let Q) C R” be a domain with diameter d which is star-shaped with respect to a ball B of radius p.
Then, for1 < p < oo, m > 0 an integer number, and u € W T1P(Q), where a € A,, the polynomial py,(u) € Pr,
satisfies, for 0 < j <m+1,

. d\" 1 .
1D (w = pm (W)l Lz (52) SC(p) d™ I D™ | 1 o

with a constant C' depending only on n, m, p and [a]a, .

Proof. First of all, observe that p,,(u) is well defined because W +1P(Q) ¢ Wm+L1(Q). On the other hand,
since Dpp, (1) = Prm—|a|(D%u) for all |af < m (see [9], Prop. 4.1.17), it is enough to consider the case j = 0.
According to Proposition 4.2.8 of [9], for any = € Q we have

1t 1 z—x ds
u(z) = pm(u)(z) = (m+1) Z —'/ /(:E —2)%—p (:E + ) D%u(z)dz—-
o Jo Ja s S S
|a]=m—+1
Now, since the integrand vanishes unless z + *-* € B and x € (2, we can restrict the set of integration to
|z + =% — 2| < d, or equivalently, to [z — x| < sd. Therefore, a simple estimate yields

L | ds
w(x) — pm(u)(x)| < C ood”/ / x — z|mH DTy (2) da—=
)~ )@ < Cllelet” [ o [ el ()=
dA\" [t 1 ds
<C () / / sd)™ D™y (2) dz—
P 0 (Sd)n |z—x\§sd( ) ( ) S
<C(d> A" M(D™ ) ()
P

where for the second inequality we have used that ||¢|lcc < C/p™ while for the third one the definition of
the Hardy-Littlewood maximal function. Then, the proof concludes by using the boundedness of the maximal
operator in the space LP. O

In what follows we will use the following observation: under the regularity assumption (3.1) it is easy to see

that ) )
— al | — a_1> < Clala (3.6)
CIRICT la:
with C' depending only on n and 7.

To simplify notation we will prove all the estimates for the weight a although some of them will be used later
for a~!. Note that, from the definition of As, it follows immediately that a € A, if and only if a=! € As.

~

Theorem 3.2. Given a simplex K = ®(K) C R™ and k > 0, let Il be the Raviart—Thomas interpolation over
RT(K). Then, if a € As, there exists a constant C depending only on n, k, [a]a,, and the reqularity constant
n such that, for 0 <m <k,

lo — kol L2x) < ChH D™ o L2 (k). (3.7)
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Proof. Proceeding exactly as in Theorem 3.1 of [7], but using here the trace theorem (2.1) on K, and using (2.3)
for ax in K, we obtain

1/2
5600 < Clolhynnir <€ ([ a') " 161y s

where the constant depends only on the reference element, and so on n. Then, taking square in this inequality,
multiplying by ax (&), and integrating we get

IMz0les, ) < € ( /. K)/ ( /. d;f)m 161, i)
(o) () < o) (i o) <t

where we have used (3.6). Therefore,

But,

. 1/2) ~
IN%31123 (7 < Cll 101y sy

where C' depends only on 7 and n.
Making now the change of variables © = ®(Z) and using (3.4) we obtain (see details in [7], Thm. 3.1),

ko2 k) < C{llollzx) + hilDollrz (k) }

where the constant depends only on the reference element, [a]4,, and the regularity constant 7).
To conclude the proof we recall that Py (K)™ C RT(K) and so, given p € Px(K)™, Hxp = p . Then,

lo = kallz (k) = lo =P = k(0 = p)llL2(x)
< C{llo = pllezx) + hxllD(e = p)llrz(x) }
and choosing now, for each 0 < m < k, p = pm(0) € P, (K)" as in Lemma 3.1, we obtain (3.7). O

Lemma 3.3. Given a simplex K C R"™ and k > 0, let Py be the L?-orthogonal projection over Py(K). Then,
if a € As, there exists a constant C' depending only on n, k, [a]a,, and the regularity constant n such that,

| Prcullzz (k) < Cllullzz (k) (3.8)

and, for 0 <m <k,
lu = Preullz2 () < CRETHID™ | 12 (xc).- (3.9)

Proof. Let {pa}|a|<k an orthonormal basis of Px(K). Then we have

Prate) = 3 ([ wma ) o)

«

and then,
1/2
Preu(@)] < 3 el lull iy < 3 lpall ( / ) .
« «

But, since [|pa||2. = 1, by a standard inverse estimate we know that ||p,||%, < C/|K|, and therefore,

C _
Preuto)? < e ([ a7 ) Bl
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where the constant depends on n and k. Multiplying by a(z), integrating, and using (3.6) we obtain
1Pl ey < Clalaglula ey

an so (3.8) holds.
Now, for any p € P,, with 0 < m < k, we have Pxp = p, and so

lu = Prullrz(x) < [lu—p = Pr(u=p)llrzx) < Cllu—pllrzx)

where in the last inequality we have used (3.8). Therefore, choosing p = p,, (u) as the averaged Taylor polynomial
in K given by Lemma 3.1 we obtain (3.9). O

Combining the error estimates obtained above with the results of the previous section we can now state the
main theorem for approximation by Raviart—Thomas elements on regular families of meshes.

Theorem 3.4. Let 7}, be a family of meshes with regularity constant n and h = maxgeT, hix. For k > 0 let
Sy and V}, the spaces defined in (3.2) and (3.3). If (o,u) and (on,up) € Sy x Vi, are the solutions of (2.7) and
(2.8), and (2.12) and (2.13) respectively then, for a € As, there exists a constant C' depending only on D, a, n,
k and n such that, for 0 < m <k,

lo ~aullz , < CH™ D™ g2,

and
lu = wnllzz < Ch LD g 2+ | D™ ullps |

Proof. The error estimate for ¢ follows from Lemma 2.4 combined with the estimate (3.7) applied to the weight
a~?! (recall that a € A, if and only if a=! € As).

On the other hand, observe that (3.7) implies the hypothesis (2.14) assumed in Lemma 2.6. Then, to bound
the error for u we apply that lemma, (3.7) again, and (3.9). O

Similar results can be proved for general quadrilateral elements in two dimensions. Indeed, it is possible to
extend the results of [6] to the weighted case. Consider an arbitrary convex quadrilateral K = F' (I/(\' ), where
K= [0,1]?, and F is an invertible bilinear map. Associated with the change of variables z = F(#) we have the
Piola transform given by

o(z) = Pro (&) := (Jp(2)) ' DF(2)6(2),

where Jp denotes de Jacobian of F. For each k > 0 the Raviart-Thomas space RT ;(K) and the associated
interpolation are defined first in K and then in K via the Piola transform in such a way that II RO = TTK\O‘. We
refer the reader to [7] for details.

Following [22] we call S;, 1 <i < 4, the four triangles S; obtained by all possible choices of three vertices of
K, and pg, the diameter of a circle inscribed in \S;. Then, if h is the diameter of K and px = mini<;<4 ps;,
the regularity condition is given by hx /px < 7.

The arguments and results of [6] can be generalized to weighted norms obtaining, for a € A and 0 < m < k,

lo — kol L2x) < ChH D™ o L2 (k).
The general error analysis developed in Section 2 cannot be applied directly because now (2.9) does not hold.

However, the arguments given in Section 6 of [6] can be extended to our case to obtain optimal order error
estimates for the mixed finite element approximations.
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4. ANISOTROPIC ERROR ESTIMATES

In this section we restrict ourselves to lowest order elements. Our goal is to prove anisotropic error estimates
suitable for problems with boundary layers. For this kind of problems it is useful to have estimates involving a
weighted norm on the right hand side where the weight is a power of the distance to some part of the boundary.

To present the main arguments we consider first the case of rectangular elements. Then we show how similar
ideas can be applied to prismatic elements which are of interest in the application that we are going to consider
in the next section, and more generally, in many problems with solutions presenting boundary layers. The case
of simplex can be treated in a similar way but, as in the un-weighted case, anisotropic error estimates are valid
only for some particular kind of degenerate elements (see [1]).

4.1. Rectangular elements

Recall that the local Raviart—Thomas space of lowest degree for an n-dimensional rectangular element
R= [G,l,bl] X ... X [an,bn}
is
RT()(R) = {T : 'r(ac) = (Ol1 + 511}1, e, Oy ﬂnxn) with ai,ﬂi € R},
while the corresponding local space for the scalar variable is Py(R).
The Raviart—Thomas interpolation is given locally by

/HRT-nF:/T~nF (4.1)
F F

for all faces F of R where nr denotes a unitary vector normal to F. If Pg is the L2-orthogonal projection
over Py(R), it is not difficult to check that the corresponding global projections satisfy (2.9), (2.10), and
consequently (2.11).
We need now the following weighted improved Poincaré inequality, which is well known (see e.g. [14,23]). For
a € Ay and Q) a cube,
v —valiz@) < ClldVvllLz(g) (4.2)

where d denotes the distance to Q) and the constant depends on n and [a] 4,

If we replace @ by R in the above inequality, it is known that the constant in (4.2) blows up when the ratio
between outer and inner diameter goes to infinity. However, we have the following anisotropic version if the
weight belongs to the smaller class A5 defined in the introduction. For ¢ = 1,...,n we define

di(z) = min{(b; — z;), (z; —a;)} and h; =b; —a;.

Lemma 4.1. Fora € A3,

, (4.3)
LZ(R)

— < E
|lv URHLg(R) = - 9552
with C depending on n and [a]Ag

Proof. We introduce x; = h;&; + a; and define agr(z) := a(x). It follows immediately from (4.2) that, if @ is the
unitary cube,

o~ vallzz o)

3% L2 (Q)

where C' depends only on n and [Gr]4,. Then, (4.3) follows by changing variables and using that [ag]a, < Cla]a,
which can be easily seen. (I
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Lemma 4.2. For a € A5 and F the face contained in x; = a; we have

Ov Oov
lv—vrlrzr) < C H(bj )5~ + 2|4, (4.4)
JNLI(R) 5 vIILZ (R)
Proof. By a simple integration by parts in the z; variable we have
v
vdS = /vdx+ (xj — bj)=—duz.
[F] / |R| 1Rl Jr " O
Then,
g =v— Y de
v VR v VR — ‘Rl / 8.7,‘]
and therefore,
1/2 v
lv—vrllzz(r) < llv—vrllL2(R) + 5 7 (/ adx) /R(bj—xj) a—m] dz
but, multiplying and dividing by a'/? and using the Schwarz inequality we obtain
v v 1/2
(bj —x;) | =— deH(bv—xv) (/aldx>
L J J (9.’L‘j J J axj LE(R) I
and consequently,
/2 811
lv=vrllLzry < lv—vrllLz(r) + lal 4 (bj—xj)a— :
Tillez(my
Therefore, (4.4) follows from (4.3). O

We can now prove anisotropic error estimates for the Raviart—Thomas interpolation I1g. Observe that each
component (IIro),; depends only on o, and so, to simplify notation we will write simply IIro ;.

Lemma 4.3. Forae€ A5 and1 < j <n,

80']‘
al’i

Jo;

d;
Oz

loj = Tra sl L2 r) < C 4
i#]

1|

LZ(R) LZ(R)
Proof. Since 0 —IIro; has vanishing mean value on the face defined by x; = a;, we obtain from (4.4)

lo; —Tro;ll L2 (R)

<cdy el

- diaixi(a'j — HRO']‘)
i#g

0

+hy 87@(

0'j —HRO'j)

’ L3 (R) LZ(R)

But, for i # j, 8(%7?)" = 0. On the other hand, from the definition of Iz we have

OUro); _ p (905
8a:j R 6],‘]‘

and a simple argument using the Schwarz inequality shows that, for any v € L2(R),

1/2
1Prvll 22 (r) < 0l 10l L2 my
and therefore,
Ha(HR")J' < [a] {2 Jo; ,
9zj 2 (m) 2 105\l L2 gy

and the lemma is proved. O
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4.2. Prismatic elements

For notational convenience we work in R"*! and introduce the variables (x,y), with x = (z1,...,3,) € R"
and y € R. Therefore, the class A5 denotes now the class of weights satisfying

g (G ) i ) =~

where the supremum is taken over all n + 1-dimensional rectangles.
We consider elements P = K X [yo,y1] where K is an n-dimensional simplex and y; € R for j =0, 1.
Similar arguments than those used above for the anisotropic estimates in rectangular elements can be used
in this case. To simplify notation, we will prove only the particular weighted estimates that we will need for the
application considered in the next section. We will denote by hx the diameter of K. The elements considered
are anisotropic because no relation between hg and y; — yo is required. On the other hand, for the simplices we
assume the regularity condition hg /pr < 7.

Lemma 4.4. Givena € AS, P = K X[yo, y1] a prismatic element, and Fp a face of P given by Fp := F X [yo, y1],
where F is a face of K, we have

ov
o = vr lzace) < C {H(y )| b ||vxv||Lg(P)} . (16)

L3 (P)
Proof. Proceeding as in the proof of (4.3) we can prove the Poincaré type inequality

ov
|lv —vp|lL2p)y < C H(y—yo)
2(P) dy L2(P)

+ hk |vz”||Lg(P)} . (4.7)

We will denote with dSr and dSF, the surface measures on F' and Fp respectively. Calling xr the vertex of K
opposite to F' and integrating by parts we have

/(x—xp)-vgjvdx:—n/ vda:+/(x—xp)-npvdSF
K K F
but, for z € F, (x — xp) -np = n|K|/|F|, and therefore,

1 1 1

Then, integrating in the variable y,

1

1 1
— vdSp :f/vdxdy+7/(x—:rp)~vxvdxdy
1F| Jrp " |KlJp n|K| Jp

and dividing this equation by (y1 — yo) we obtain
1
— = — —_ - * Vz d d
V—Vp, =V —Up n|P|/P(x Tp) vdz dy

which, using (4.7) and proceeding as in the last part of the proof of Lemma 4.2, implies (4.6). O

Lemma 4.5. Givena € A3, P = K x[yo,y1] a prismatic element, and Fp a face of P given by Fp := K x{y;},
7 =0 or1l, we have

2

dy

[v—vrpllzzpy < C {(yl — %) + hx ||Vzv||Lg(P)} : (4.8)

L3 (P)
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Proof. 1t is analogous to the proof of Lemma 4.2. O
The local Raviart—-Thomas space for P = K X [yg,y1] is given by
RTo(P)={r:7(x) = (a1 + bx1,...,an + bTp,any1 +cy) with a;,b,c € R}

Given a vector field o we define & = (01,...,0,) and write ¢ = (6,0,41). Since the normals to the top and
bottom faces of P are orthogonal to the other ones, the Raviart-Thomas interpolation can be written as

Hpo = (Ilk6, 11, 410n41)

where IIx and II,,; depend on ¢ and 0,41 respectively. Indeed, they are defined by

/ HK& ‘ng :/ o ‘Ngp
Fx[yo,y1] Fx[yo,y1]

/ Hn+10n+1 = / On+1
Kx{y;} Kx{y;}

for all face F' of K and

for j =0,1.

Lemma 4.6. Fora € A5 and P = K X [yo,y1], we have

- - oo ~
|6~ M1k a0p) < C { lo-wf| ||Dza||Lg(P)} (19)
Ylliczp)
and
lon+1 — Mnt10mt1llz(p)
d0n (4.10)
SC{(?A—QO) ‘c’)H +hK|V10n+1||L§(P)}
Y llezpy

where C' depends only on a and the reqularity constant 7.
Proof. Since (6 — II6) - np has vanishing mean value on Fp = F X [yo,y1] we can apply (4.6) to obtain

(6 — ko) -nrlLz(p)

< C{H@ )6 = Td) nrl| |96~ o) -nF>||Lg(P)} ,

LZ(P)
and using this estimate for n different faces of K together with the regularity assumption, we arrive at

o — ko2 (p)

< c{H@ — )5 (6~ )

+ hi || Da (6 — HK5)||L3(P)} :
LZ(P)

But (HZG) 0 and (HK;’) = 0 for i # j. On the other hand, a(HK”) = div IHHK& and div ,IIx6 = & [pdiv,.a,

and so, a simple argument using the Cauchy—Schwarz 1nequahty ylelds

: N 1/2 3. ~
Idiv o TTk6 |2y < [alfy” Idiv 26 [ 2 )
and putting all together we obtain (4.9).

The proof of (4.10) is analogous using now that o,41 — II, 110,41 has vanishing mean value on the face

K x {yo}, applying (4.8), and using that V,(II,,410,+1) = 0 and %(Hn+1an+1) = ﬁ fp 8‘%";1. O
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5. FRACTIONAL LAPLACIAN

As an interesting application of the general results for degenerate problems we consider the spectral fractional
Laplacian equation. Given  C R™ and f € H™*(2) (see the definition of this space below) we want to solve

—AY¥v=f in Q
{( )2:0 in 990 (5.1)

for 0 < s < 1.

Caffarelli and Silvestre [10] have shown that the solution of this problem can be obtained as v(x) = u(z,0)
where u(z,y) is the solution of a degenerate elliptic problem, as those considered in the previous sections, in a
cylindrical domain in n + 1 variables, with a(z1,...,z,,y) = |y|, namely,

div (y*Vu(z,y)) =0 in C=0Qx(0,00)
—lim,_o yag—z =dsf on TI'y=Qx{0} (5.2)
0 on FD =0C \ FN
with ds = 21*25% and o = 1 — 2s. To solve this equation numerically one has to approximate the domain C
by a bounded one. With this goal we consider a problem analogous to (5.2) with C replaced by C;, = Q x (0, L)
and adding a homogeneous Dirichlet boundary condition on the upper boundary of Cr,, namely, we look for uy,
such that,

div (y*Vur(z,y)) = in CL=0x(0,L)

—lim,_o yaaau—; =dsf on 'y =Qx{0} (5.3)

uL:0 on FD:{?CL\FN.

We will use several results proved in [30], therefore, we recall some notation used in that paper. For 0 < s < 1,
we denote H*((2) the fractional Sobolev space of order s. We define for s # 3, H*(Q) := H{(€2), the closure of
Cee(Q) in H*(R2) and HY?(Q) := H(%Q(Q), the interpolation space [Hg (€2), L?(€)]; /2 obtained by the K-method
(for details see [27]). H*(£2) denotes the dual space of H*(Q2) for s € (0,1).
For our error estimates we will need some a priori bounds for the derivatives of the exact solution.
Assuming that Q is convex, in [30] the following a priori estimates for the solution of problem (5.2) were
proved,

HquLza © ZClflla-«@ (5.4)
and, for 1 <i,5 <n,
8%u 8%u
< (C s . 5.5
‘ O0x;0x; L2,(C) H 0x;0y L2, (C) < Ol e @ (5:5)

We will use the following estimate: for v > —1 and v € L'(Cy,) such that ch v=0and y|Vv| € L2, (Cy), there
exists a constant C independent of L such that

||U||L§7 ) < OHZ/VUHL; (Cr)- (5.6)

This estimate can be proved using the arguments introduced in [14]. Details of the proof are given in Lemma 2.2
of [18] for a square domain but the arguments apply to more general domains, in particular to the cylindrical
ones considered here. That the constant C' does not depend on L follows from the case L = 1 combined with a
standard scaling argument.

Lemma 5.1. Let u be the solution of (5.2) and ¢ = (01,...,0n+1) = —y*Vu. Then, for 1 < j < n and
1<i<n+1,
80’1 H607L+1
< Cllfllm-+(0), (5.7)
Haxj L2 (Cr) Ay @

L ., (Cr)
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and for 1 <i<mnand 8 >1-—q,

|5

2
5 < CLP2| fllg-+(e- (58)

Lifoﬂrﬁ (CL)

Proof. The bound for the first term in (5.7) follows immediately from (5.5). To estimate the second term observe
that, from (5.2),
aO—n+l
dy

= —y*A,u

and use (5.5).
For 1 <7 <n we have

002-

a 0471%7 «@ a2u .
oy y 0z; 4 Ox;0y

To bound the second term we use again (5.5). For the first one we observe that |, L % = 0 because u vanishes
on 08 x (0,00), and therefore, since 8 > 1 — a we can use (5.6) with v = a — 2 + 3 to obtain

2 2

L ou? o ou|” _ ou o
/ g, yﬁ:/ Gul” a-248 < V( ) ot
CL 8.731' CrL aﬂfi CrL 8$i
< CLﬁ/ v (2 an < CLP||f|%
= L Oz, = Ht == ()
where we have used (5.5) for the last inequality. O
Our goal is to approximate u and ¢ = —y“Vu given by (5.2). Since the problem is posed in the unbounded

domain C we need to replace it by Cr, where L will be chosen in terms of the mesh parameter h in such a way
that L — oo when h — 0.

It was shown in Theorem 3.5 of [30] that for f € H™*(Q2) and L > 1, if ur(x,y) is extended by zero for y > L,
there exists a constant C' such that

IV(u—ur)lz, ) < CeV 4| fllus o) (5.9)

where A1 > 0 is the first eigenvalue of the Laplacian with Dirichlet boundary conditions in 2.
Moreover, using the Poincaré inequality

lu — sz, 0 < CIV( —ur) 22, o) (5.10)

which follows easily applying the standard Poincaré inequality in §2 for each y, multiplying by the weight, and
integrating in y, we also have
= il @ < CeY 4 fll-say. (5.11)

Now we consider the mixed finite element approximation of (5.3). We will apply the results of the previous
sections for D = Cr, and 'y = Q x {0}. However, since we want error estimates in terms of ¢ instead of o7,
to take advantage of the known a priori estimates, we need to introduce some minor modifications in the error
analysis.

Given a family of meshes 7, made by prismatic elements as those considered in the last part of Section 4 and
the associated spaces Sy, C Hy-o(div,Cr) and Vi, C L2a(Cr) defined locally by RT o(P) and Py(P) respectively,
the approximate solutions ur, 5, € Vi, and o ) € S), are given by,

ds
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for every face F' contained in 2, and

/ y*aaL7h~T—/ ur, pdivr =0 VT € Sh N
cr Cr (5.13)

/ vdiver, =0 Yo eV
Cr

where Sh,N =S8N Hy—aIN (diV7CL).

Theorem 5.2. Let u and uy, be the solutions of (5.2) and (5.3) respectively, 6 = —y*Vu and o, = —y*Vur,.
If urp, and o), are the approzimate solutions given by (5.13), then

o —UL,h||L§7a(cL) < llo— HWHL}Q(CL) + 2o —UL||L§7Q(CL)7 (5.14)

and
lu—urnllrz, .y < Cllu = Puullrz, c,)
(5.15)
+ CL{HU - Hho‘HL;"ﬁa(CL) + |lo — ULHLfFQ(cL)}

Proof. Observing that IIyo —o, , € Sp n and div (II,o —o, ) = 0 and proceeding as in the proof of Lemma 2.4
we obtain

/ yia(O'L — O'L,h) . (HhO' — UL,h) =0.
CL

Then,
lor —ornll7 €)= / y oL —orLn) (oL — o),
yo Cr
and therefore,
lor —ornlle, o) <o —Thallr, . L) (5.16)
which combined with a triangular inequality yields (5.14).
On the other hand, for our domain Cj, the inequality from Lemma 2.6 can be written as

lur —urnllez, o) < llur = Prucliz, ey + CLilor —ornllez cr) (5.17)

where the constant C' is independent of L. Indeed, this follows from the proof of that lemma once we know that
the constant in Lemma 2.5 is proportional to L, which follows from the case L = 1 and a scaling argument.
To bound the second term in the right hand side of (5.17) we use (5.16), while for the first one we have

lur = Phurllrz, c,) < lu = Puullrz, c,) + 1w —ur) = Pu(u—ur)llzz, (e,

< lw = Prullzz, ey + ClIV(u —ur)lrz, )
where in the last inequality we have used the version for prisms of (4.3). To conclude the proof we observe that
IV(u—ur)lrz, ) = llo = UL||L§7Q(CL)
and, therefore, from the Poincaré inequality (5.10) we obtain

[|lu — ULHLia(CL) <Cllo _0L||L§7Q(CL)'
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Next we are going to show that introducing appropriate meshes, graded in the y-direction, we obtain almost
optimal order of convergence with respect to the number of nodes, i.e. the same order than that valid for
problems with smooth solutions using uniform meshes, up to a logarithmic factor.

Given a mesh-size h > 0, to define 7} we start with a quasi-uniform triangulation of 2 made of simplices of
diameter less than or equal to h. Then, for L > 1 to be chosen below in terms of h, we introduce a partition of
[0, L] given by

ANE
u=(24)""5 j=0..§ (5.18)

where N ~ 1/h (we take N = 1/h if it is an integer or some approximation of it if not), and 8 € (1 — «, 2) to be

chosen (in the numerical experiments we have taken (3 as the midpoint of this interval). Finally, the partition

T, of Cr, is formed by the prismatic elements P = K x [y;,y;+1], where K are the elements in the partition of 2.
It follows from this definition that, for j > 1,

(yj+1 —y;)* < Cﬁh2y§jL27ﬁ, (5.19)

indeed, by the mean value theorem and using that h ~ 1/N we have

p 2 g e s
Yjr1 — ngciﬁ(jh) “FhL <Cmyj hL'~3.

Using the notation introduced for prismatic elements in the previous section, the Raviart-Thomas interpolation
is given by o = (1146, I, pt10n+1) where IT, and I, 41 are given locally by Ik and II, 41 respectively. We
recall that, since —1 < a < 1, y* and y~ belong to A3.

Theorem 5.3. For some 3 € (1 — «,2), consider the family of meshes Tj, defined above. Let u be the solution
of (5.2), 0 = —y*Vu, and (upn,0L.) be the approzimation given by (5.12) and (5.13). Then, if L = C1|log h|
with C1 > 4/\/A1, we have

o —orallzz ey < Chllogh fllr-o, (5.20)

and
= urllez, ey < Chllog A2 [ <o, (5.21)

where the constant C' depends on Q, o, and (3.

Proof. From (5.14) and (5.9) we have
lo—ornllez o) <llo—Tnollzz ey + Cem VMM f g gy (5.22)

Applying (4.9) for the elements of the form P = K x [0,y1] and summing over all of them we obtain,

& — 11,62 < C < h?||D.6 > +Hy
” ”Lz,a(QX[O,yl]) H ”Lfﬁ (2x[0,y1]) 8y L2 (@x[0])

But,
Hya // _O‘dydx
Y L2, (2x[0,3])
-2
26//y1 0o =+ dy
a8 86' 2
< Ch?L* P / / y~ T8 dy da
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where in the last inequality we have used the definition of y;. Then,

~ T ~|2
o= ThGllz2 (i)

06 ||

< C{PIID:0 7z oy

272-8
@xfog) TRL ‘

L2 s (@x[031])
Analogously, applying now (4.10), we have

lont1 — Hh,n+1an+1H%jﬂ(m[o,yl])

2
60n+1

dy

)

<C h2||vm0n+1||%27Q(Qx[o,yl])+y% L @xiom)
v Yo X10,y1

and therefore, using again the definition of y;, we obtain

lont1 — Hh,n+10n+1||%i7a(gx[o,yl])
aO-n—i-l 2

<C h2||vx0n+1||%27Q(Qx[0,y1]) +h?L? dy

L2 (2x[0y1])
Consequently, combining the estimates above, we conclude

2
llo — Hh0||L?2/_a(Qx[O,y1])

o5 ||?
<C{12D0l2: oo ”ﬂ”‘
y_a( x[0,y1]) ay Li7a+ﬁ(ﬂ><[0’y1]) (523)
s |’

+h2L?

dy L2_, (@x[0,])
Applying now (4.9) and (4.10) for the elements of the form P = K X [y;,y;41], for each j > 1, and summing
over these elements we obtain

2
lo = Thollz2 @xfy; e

oo ||?

oy

2 2 2
<Cqh ||D$U||Liia(ﬂ><[yj,yj+1]) + (Yj+1 — ¥5) ‘ .
o (2%[y5,9541])

and using (5.19),

lo = Tholl7: (o
oo

Y Yj+1])
Ié; 80' 2
<CLR D012 vty +Cﬁh2y'L”‘
Ly (x1y5051]) ! dy L2 (@xy;y5+1])
oo ||?
<C h2||Dro'H%i—a(Qx[yj,yﬂl]) JrCBhQLQB‘ 879 ,

L2 s (2%lys9541])
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and then, observing that

2 2

8O—n—o—l

aUn+1
dy

<L?
dy -

)

L*8 ‘
sza (x[y;,yi+1])

L2 oy (X[ysy5+1])
summing over j, and combining this with (5.23), we obtain
2
lo — HhUHLiw €z
96 ||

<C h2||Dma||2Lza(cL)+h2L2_ﬁ‘ E

L, ,(CL) (5.24)

y—

2
8UrLJrl

+h2L?
Jy

LZ,Q(CL)

where, here and in what follows, the constant C' depends on Cg.
Applying now Lemma 5.1 and the bound (5.24) it follows from (5.22) that

lo—ornllez_ sy < CRLISflla—e() + Ce VMM fllg-s -

From the hypothesis on C; we have e~VML/A < and, therefore, (5.20) is proved.
In view of (5.15), to finish the proof of (5.21) it is enough to show that

lu = Puullr2, ) < ChRL| fllm-+(0)- (5.25)
Using (4.7) for elements of the form K x [0, y1] we obtain

|lu — PhuHL??}(1 (2%[0,y1])
ou

dy
< OhL||Vu||L§a (2x[0,y1])

gc{ha%L’

+ IVaullr2, @x0,0) }
L20 (2% [0,41)) ‘

because 2/(2—3) > 1and L > 1.
On the other hand, (4.7) and (5.19) yields

l|u — Phu”Lza(Qx[yl,L]) < ChLHVUHLja(Qx[yl,L])
and, therefore, taking into account (5.4) and (5.25) is proved. O

6. NUMERICAL RESULTS

Now we give some examples showing the asymptotic behavior of the error proved in Theorem 5.3. We solve
Problem (5.2) with Q@ = (0,1) x (0,1) and

f(zy,x2) = (272)* sin(mx, ) sin(mzy).
Recall that 0 < s < 1 and a@ = 1 — 2s. In this case the solution is given by

2 S

u(ry, x2,y) = F(;) (V2ry)* K(V2my) sin(mzy ) sin(rs)
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«=0.6, s=0.2 «a=0.2, s=0.4
-1/3 -1/3
1001 DOF "™ || 1001 DOF "™ ||
——Errorinu ——Errorinu
—Errorin o —Errorin o
S S
=107 =10
L L
102 '-\.~\,\\\‘\\\\‘\\§‘— 102
10° 10* 10° 10° 10* 10°
Degrees of freedom Degrees of freedom
FI1GURE 1. Rate of convergence: left « = 0.6, right a = 0.2.
a=-0.2, s=0.6 a=-0.6, s=0.8
-1/3
100+ DOF . |
——FErrorinu
—Errorin o
. 1 \ 5
£10 : £

1072} ] 1072} |- Error !n u
—Errorino

10° 10* 10° 10° 10* 10°
Degrees of freedom Degrees of freedom

FIGURE 2. Rate of convergence: left « = —0.2, right « = —0.6.

where K is a modified Bessel function of the second kind (see [30]). We have used Octave for the numerical
integrations and to solve the discrete systems.

We use prismatic elements given by a uniform mesh of triangles in Q and the refinement given by (5.18)
in the y-direction. Observe that for these meshes h ~ (DOF)~1/? where DOF denotes the degrees of freedom.
Moreover, we choose L as in Theorem 5.3 with C; =1, i.e. L = |loghl|.

Figures 1 and 2 show the order of the errors |6 — ornllpe (¢,) and |lu — upnllp2, (c,) for several
y—o y

values of «a.

6.1. Postprocess to approximate v(x) = u(x,0)

Finally, to solve (5.1), we need to approximate u(z,0) where u is the solution of (5.2). We will use the
approximations ur, ;, and o, ; obtained above.

Since up, , is only an approximation in the L?-norm, one cannot expect that its restriction to y = 0 be a
good approximation of u(z,0). In order to obtain a better approximation we will make a local correction of
ur,p, using also the computed o, ;. This correction corresponds to a first order Taylor expansion, indeed, the
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formula that we are going to prove in the next lemma is motivated by

Y1 y1 Ou Y1
u(z,0) ~ u(z, 3) (x 7) .

2 Oy

We will prove that in this way we obtain an approximation in L?(2) of at least the same order than the mixed
finite element approximation of (5.2).
Given z € 2 and 0 < j < N we introduce the jumps

[upn(@)]; = urn(e, ) — upn(@,y;).

If  is not in the interior of an element K in the partition of 2 we choose arbitrary an element containing it to
evaluate up, j, (this is irrelevant because afterwards we are going to integrate in x).
We will use the standard piecewise linear basis functions, namely, for 1 < j7 < N — 1,

Yi+17Y i . .
By =y b WSYSun
vimno by <y <y

To(y):yl_y if 0<y<uwyi,

Y1
and
TN:ﬁ if yno1 <y <yn.
Lemma 6.1. For any x € Q) we have
L L
urp(z,0) +/0 T0(y)y" “ornnt(z,y)dy = /0 Yy oL nmni1(z,y) dy. (6.1)

Proof. Since uy, j, is piecewise constant one can see that
urn(x, L) Z ur n(x)]; +upn(z,0). (6.2)
Jj=1

Let K be the element containing z. For 1 < j < N — 1, taking the function (0, 7;) supported in K X [y;_1,¥j+1]
as test function in (5.13), we have

// “orn-(0,7;)dedy — //uLhdlv(OT])dxdy—O

and, since o pnt1(2z,y) is independent of x for z € K, we obtain

L
urn(@)l + [ 5 L )7(0) dy = 0.
0

Analogously, using now (0, 7x) yields

L
ur,p(z, L) =/ Yy~ oL hmt1(T,y) TN (y) dy.
0

Therefore, replacing in (6.2) we have
N L
Z/ Y oL hnt1 (2, 9)7;(y) dy = upp(,0)
j=1"0

which immediately gives (6.1) because Z;V:() 7 =1 O
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To approximate the solution of (5.1) given by v(x) = u(z,0) we introduce

L
v n(T) :UL,h(x,U)Jr/ 70(Y)y” 0L hnt1(2,y) dy.
0

We also define vy (z) = ur(x,0).

Lemma 6.2. )

l—a
— < L= — .
lvr —vrnllLz@) < e llo UL,hHLZﬁQ(C,J

Proof. Since ur(x, L) = 0 and, recalling that Og—yL = —y “0,41, we have

L
vele) = [y o) d
0

Therefore, using (6.1) and the definition of vy 5, we obtain

L
vp(x) — UL,h(CU) = / Yy “(ont1(z,y) — JL,h,n+1($7y))dyv
0

and, applying the Schwarz inequality,

L L
lur(z) —vpn(2)]* < (/ y© dy) / Y (Ons1(2,Y) — Orpns1(,y))? dy,
0 0

and integrating now in z we conclude the proof. O
We can now prove the error estimate for the approximation of the solution of the fractional Laplacian.
Theorem 6.3. Under the hypotheses of Theorem 5.3 we have

lv = veallzz) < Chlloghl™=" || f -+,
where the constant is as in Theorem 5.3 an depends also on «.
Proof. From Lemma 6.2 and, recalling that L = C4]log h|, we have

lor = venllez@) < Clloghl =" o —oralliz_ (e,

where the constant depends on «. Combining this estimate with (5.20) we obtain

loz = vrllza@) < Chlloghl 2" [ flli—<(o)- (6.3)
It remains to estimate v —vy,. But, from the trace theorem given in Proposition 2.5 of [30] combined with (5.11)

lo —vrllez@) < Cllu = urlla, ) < Ce VML fllg-+ (g
and, from the definition of L and C7, we obtain
v —vLllz2) < Chll flla-+(o)

which combined with (6.3) concludes the proof. O
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a=-0.6, s=0.8
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FIGURE 3. Rate of convergence: left s = 0.2, right s = 0.8.

Figure 3 shows the order of the error ||v —vg p||L2(q) for problem (5.1) with

f(zy,m2) = (27)® sin(may ) sin(mzy),

which has as exact solution
v(x1,x2) = sin(mwxy ) sin(wxs).

Remark 6.4. The order of the error for the approximation of v in the L?-norm is probably not the optimal

possible. Indeed, with a more complicated postprocessing one could approximate the solution u of problem (5.2)

with order almost O(h) in Hj. (C) and, by the trace theorem [[v[|gs(q) < C|lv|lg1_ () proved in Proposition 2.5
Y

of [30], one would have the same order for the approximation of v in the H*-norm. Therefore, it is reasonable
to expect a higher order in L?. This problem requires a different analysis and will be the object of our further
research. Let us mention also that such a higher order error estimate has been proved in Proposition 4.7 of [32]
for the standard finite element method analyzed in [30].
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