
Journal of Multivariate Analysis 129 (2014) 171–185

Contents lists available at ScienceDirect

Journal of Multivariate Analysis

journal homepage: www.elsevier.com/locate/jmva

On the estimation of the medial axis and inner parallel body
Antonio Cuevas a, Pamela Llop b,c, Beatriz Pateiro-López d,∗

a Departamento de Matemáticas, Universidad Autónoma de Madrid, Spain
b Facultad de Ingeniería Química (UNL), Argentina
c Instituto de Matemática Aplicada del Litoral (UNL - CONICET), Argentina
d Departamento de Estadística e Investigación Operativa, Universidad de Santiago de Compostela, Spain

a r t i c l e i n f o

Article history:
Received 23 June 2013
Available online 30 April 2014

AMS subject classifications:
62G05
62G20

Keywords:
Image analysis
Set estimation
r-convexity
Skeleton
Devroye–Wise estimator

a b s t r a c t

The medial axis and the inner parallel body of a set C are different formal translations
for the notions of the ‘‘central core’’ and the ‘‘bulk’’, respectively, of C . On the basis of
their applications in image analysis, both notions (and especially the first one) have been
extensively studied in the literature, from different points of view. A modified version of
the medial axis, called λ-medial axis, has been recently proposed in order to get better
stability properties. The estimation of these relevant subsets from a random sample of
points is a partially open problem which has been considered only very recently. Our
aim is to show that standard, relatively simple, techniques of set estimation can provide
natural, consistent, easy-to-implement estimators for both the λ-medial axis Mλ(C) and
the inner parallel body Iλ(C) of C . The consistency of these estimators follows from two
results of stability (i.e. continuity in the Hausdorff metric) of Mλ(C) and Iλ(C) obtained
under some, not too restrictive, regularity assumptions on C . As a consequence, natural
algorithms for the approximation of the λ-medial axis and the λ-inner parallel body can be
derived. Thewhole approach could be useful for some practical problems in image analysis
where estimation techniques are needed.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

General statement of the problem. The plan of this work.
There is a rich mathematical literature devoted to the study of the ‘‘central part’’ of a set C in the Euclidean space (which

would represent, in statistical terms, the ‘‘median of C ’’); see [4]. Of course, the first step in any such study must be to give
a precise meaning to this loose notion of ‘‘set median’’. Different definitions, closely related but not always equivalent, have
been proposed. The most popular one is perhaps the medial axis of C , M(C), defined as the subset of points in C having at
least two projections on the boundary ∂C . Other closely related (but not equivalent) usual notions are the skeleton, S(C),
(the set of centers of maximal balls included in C) and the cut locus of C , defined as the topological closure of M(C); see
below for further discussion on these notions. The medial axis was introduced by Blum [8] as a tool in image analysis. The
papers by Chazal and Soufflet [12], Chazal and Lieutier [11] and Chaussard et al. [10], among many others, analyze these
ideas from different points of view.

We are especially concernedwith amodified version of themedial axis, called λ-medial axis,Mλ(C), introduced in [11] to
deal with the well-known problem of instability in themedial axis: the medial axis M(C) and M(D)might be far away from

∗ Correspondence to: Facultad de Matemáticas, Rúa Lope Gómez de Marzoa s/n, 15782 Santiago de Compostela, Spain.
E-mail addresses: antonio.cuevas@uam.es (A. Cuevas), pllop@santafe-conicet.gov.ar (P. Llop), beatriz.pateiro@usc.es (B. Pateiro-López).

http://dx.doi.org/10.1016/j.jmva.2014.04.011
0047-259X/© 2014 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jmva.2014.04.011
http://www.elsevier.com/locate/jmva
http://www.elsevier.com/locate/jmva
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmva.2014.04.011&domain=pdf
mailto:antonio.cuevas@uam.es
mailto:pllop@santafe-conicet.gov.ar
mailto:beatriz.pateiro@usc.es
http://dx.doi.org/10.1016/j.jmva.2014.04.011


172 A. Cuevas et al. / Journal of Multivariate Analysis 129 (2014) 171–185

Fig. 1. The left panel shows the medial axis of a rectangle. The right panel shows a point which does not belong to the medial axis since it has only one
closest boundary point.

each other even if the original sets C and D and their boundaries are very close together; see [12] and references therein.
The λ-medial axis leaves out those points of M(C)whose metric projections on ∂C are too close together.

Another, perhaps less popular, closely related concept is the so-called λ-inner parallel body, Iλ(C), defined as the set of
points in C whose distance to ∂C is at least λ. So far this concept has beenmainly studied in the case where C is convex [see,
e.g., [36]] but we will see that this assumption is not necessary to find a simple consistent estimator of Iλ(C). The λ-inner
parallel body has a simple intuitive interpretation and is obviously close to the notion of ‘‘core’’ of C . In some cases it provides
an outer approximation to the λ-medial axis. The algorithm proposed in the paper by Genovese et al. [26] for medial axis
estimation (under a regression-type sampling model) relies on an estimate of the inner parallel set.

This paper deals with the statistical problem of estimating the λ-medial axis,Mλ(C), and the λ-inner parallel body, Iλ(C),
from a random sample of points X1, . . . , Xn drawn inside C . The whole approach relies on a simple plug-in idea: we will use
methods of set estimation (see, e.g., [15] for a survey) to get a suitable estimator Cn = Cn(X1, . . . , Xn) of C . Then the natural
estimators of Mλ(C) and Iλ(C)would be just Mλ(Cn) and Iλ(Cn), respectively.

Whereas the theoretical and practical aspects of the medial axis (and associated notions) have received a considerable
attention, the problem of estimating this set has been considered only very recently: we refer to the recent paper by
Genovese et al. [26] for a general approach to the estimation of M(C) and Iλ(C), though the sampling model considered by
these authors is a bit different to that we will use here. In short, we will show that imposing an additional shape restriction
on C (called r-convexity) one can obtain, in return, a considerable simplification in the theory and practice of the estimation
of Mλ(C) and Iλ(C).
Some basic definitions.

The original idea of medial axis was proposed by Blum [8] as a tool in image analysis. Let C be a bounded set in Rd with
non-empty interior such that C is regular, i.e., C = int(C). Following the notation in [30], for any x ∈ C , let us denote by
Γ (x) the set of boundary points closest to x, that is,

Γ (x) = {y ∈ ∂C : d(x, y) = d(x, ∂C)},

where d(x, y) = ∥x − y∥ denotes the Euclidean distance between x and y in Rd and also (with a slight notational abuse) for
a set A ⊂ Rd, d(x, A) = inf{d(x, y) : y ∈ A}.

We can now establish the main definition:
The medial axis of C, M(C), is the set of points x of C, that have at least two closest boundary points, that is, M(C) = {x ∈

C : |Γ (x)| ≥ 2} where |E| denotes the cardinal of E.
It is easy to see that M(C) ≠ ∅. The medial axis of a rectangle is shown in Fig. 1. We will follow here the above definition

although other authors (in particular, in the theory of surface reconstruction) use a slightly different notion: ifΣ is a curve
or a surface, the medial axis ofΣ is sometimes defined, see e.g. [20], as the closure of the set of points (in the whole space)
having at least two closest points inΣ .

Themedial axis,M(C), combinedwith the radius function (the distance fromevery point inM(C) to the closest boundary
point), provides the so-called medial axis transform, a powerful tool in computer vision; see [14] for mathematical aspects
of this notion and further references.

Remark 1. There is no universal agreement on the precise meaning of the term ‘‘medial axis’’. We have followed here what
seems to be the consensus in the recent literature. However, in addition to the option of considering or not the external
points of C in the medial axis, there are two other closely related formal versions of the same idea, called ‘‘skeleton’’ and
‘‘cut locus’’, which appear sometimes confounded with the medial axis. Just for the sake of clarity and completeness, we
next introduce and briefly comment these concepts.

The skeleton of C , S(C), is the set of centers of maximal balls inscribed in the set. This is, the set of centers of those balls
included in the set C that are not contained in any another ball included in C .

The cut locus of C is the topological closure of the medial axis of C . It can be proved that M(C) ⊆ S(C) ⊆ M(C).
An example of a set C for which the skeleton is not closed, and the last inclusion is strict, can be found in [12]. Some

further interesting analytic and topological properties are obtained in [24]. Note that the notion of central set and skeleton
used by this author coincide, respectively, with the concept of skeleton and medial axis defined above.

As mentioned above, a major problem in the practical use of the medial axis M(C) lies in its instability with respect to
slight perturbations in the boundary ∂C , see Fig. 2 (left). A natural idea in order to ‘‘robustify’’ M(C) has been proposed by
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Fig. 2. The left panel shows the instability of the medial axis under small perturbations of the set. The right panel depicts the λ-medial axis (with
λ = ∥a − b∥/2 + ϵ) for the same slightly deformed rectangle (in gray).

Chazal and Lieutier [11]. These authors (see also [10]) define the following modified version of the medial axis:
The λ-medial axis of C, Mλ(C), is the set

Mλ(C) = {x ∈ C : for every ball B(y, r), such that Γ (x) ⊂ B(y, r)we have r ≥ λ}. (1)

Note that, under the assumption that C is a regular set, that is, C = int(C), this definition ofMλ(C) is equivalent to that given
by Chazal and Lieutier [11] for an open set C . On the other hand, this is a natural condition (not very restrictive in practice)
that rules out some unwanted pathologies. For this reason the regularity of C will be assumed throughout. In intuitive terms,
theλ-medial axis of C leaves out those points of themedial axis of C whose projections on ∂C are too close together, see Fig. 2
(right). As pointed out in [11], p. 309, Mλ(C) is always a closed set. Other interesting properties of Mλ(C) are established in
that paper. In particular the coincidence (under some special conditions) of the homothopy types of Mλ(C) and C (Th. 2), a
result of approximation of Mλ(C) using the so-called ‘‘noisy samples’’ (Th. 5), and a result proving the continuity, except for
a finite number of values, λ1, . . . , λk, of the transformation λ → Mλ(A), provided that A is a bounded analytic open subset
of Rd (Th. 6).

Unless otherwise stated, all the convergence and continuity properties involving sequences of Borel bounded subsets
or set-valued transformations, are established in terms of the Hausdorff distance (or Pompeiu–Hausdorff distance), see
e.g. [34], defined by

dH(S, T ) = max{sup
x∈T

d(x, S), sup
y∈S

d(y, T )} = inf{ϵ > 0 : T ⊂ B(S, ϵ), S ⊂ B(T , ϵ)}, (2)

where S and T denote compact non-empty sets in Rd and B(S, ϵ) denotes the ϵ-parallel set B(S, ϵ) = {x ∈ Rd
: d(x, S) ≤ ϵ}.

The λ-inner parallel set of C, Iλ(C), is defined for λ > 0 by

Iλ(C) = {x ∈ C : d(x, ∂C) ≥ λ}.

Thus, for example, the λ-inner parallel body of a rectangle R is just an inner rectangle whose sides are at a distance λ
from those of R.

Inner parallel bodies are objects widely used in geometry and image analysis. Thus, using the standard notation in
mathematical morphology, Iλ(C) is the result of applying the erosion operator Iλ(C) = C ⊖ B(0, λ), one of the main notions
in this important theory; see, e.g., [37] for details.

From an intuitive point of view the inner parallel sets can be considered as smoothed inner versions of C . Also, in some
cases, the inner parallel sets provide ‘‘outer approximations’’ for the medial axis. Thus, for example, Genovese et al. [26]
propose an estimator for the medial axis (called EDT estimator) constructed in terms of the inner parallel body of an
appropriate estimator of C . On the other hand, inner parallel bodies are subjects of great interest in integral geometry as
they present a number of interesting, somewhat surprising, regularity properties. To name only a few, let us mention the
results by Ferry [23], later completed by Fu [25], proving that if C ⊂ Rd (with d = 2, 3), then {x : d(x, C) = λ} is a (d − 1)-
Lipschitz manifold for almost all values of λ. Interestingly, the result holds for any compact C set in R2 or R3 but, as shown
by Ferry [23] it fails for higher dimensions.

2. Stability properties of the λ-medial axis and the λ-inner parallel set: Applications

The main motivation in [11] behind the definition of the λ-medial axis was to provide a slightly modified version of
the medial axis, stable with respect to small perturbations in the set. Our main result in this section is Theorem 1, which
establishes a quite general stability property of this type (in R2). It roughly states, under quite general conditions, that the λ-
medial axis [as defined in (1)] varies continuously against dH-continuous transformations in both the set C and its boundary.

Theorem 2 provides a similar conclusion for the case of the λ-inner parallel body, our second set of interest.
Apart from their interest as stability properties, Theorems 1 and 2 suggest natural procedures to estimate Mλ(C) and

Iλ(C) from a random sample of points X1, . . . , Xn drawn inside C . The whole approach relies on a simple plug-in idea: we
will use methods of set estimation [see, e.g., [15] for a survey] to get a suitable estimator Cn = Cn(X1, . . . , Xn) of C such that
dH(Cn, C) → 0 a.s., and dH(∂Cn, ∂C) → 0 a.s. Then, as a consequence of Theorems 1 and 2, a dH-consistent estimator of
Mλ(C)would be just the plug-in (empirical) version Mλ(Cn).
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2.1. Stability for the λ-medial axis

We next establish our first continuity result.

Theorem 1. Let C be a regular, compact non-empty set in R2. Let λ > 0 and assume that
(a) the transformation λ′

→ Mλ′(C) is continuous at λ′
= λ, and

(b) the set Dλ = {x ∈ Mλ(C) : x has just 2 closest points in ∂C} is dense in Mλ(C).
Let Cn be a sequence of regular compact sets such that dH(Cn, C) → 0 and dH(∂Cn, ∂C) → 0. Then,

dH(Mλ(Cn),Mλ(C)) → 0. (3)

Proof. Take ϵ > 0, ϵ < λ/2 and x ∈ Dλ. We will prove that there exists a sequence xn, with xn ∈ Mλ(Cn), such that
xn ∈ B(x, ϵ) eventually.

Since we assume

δn := max{dH(Cn, C), dH(∂Cn, ∂C)} → 0, (4)

and, by definition of the λ-medial axis, d(x, ∂C) ≥ λ, there exists n0 (not depending on x), such that x ∈ int(Cn) and
d(x, ∂Cn) ≥ λ/2, for all n ≥ n0.

From the continuity of the transformation λ′
→ Mλ′(C), there exists x′

∈ B(x, ϵ/2) ∩ Mλ′(C) for some λ′ > λ. Since
Mλ′(C) ⊂ Mλ(C), and Dλ is dense in Mλ(C), we may take x′

∈ Dλ. Denote by z1, z2 ∈ ∂C the projection points of x′ on ∂C .
So ∥x′

− z1∥ = ∥x′
− z2∥ and ∥z1 − z2∥ ≥ 2λ′. From (4) and the fact that x′ has only two projections on ∂C we have that

given a positive δ < λ′
− λ there exists ϵ′ < ϵ/2 such that for large enough n (possibly depending on x′), the minimum

distance from every y ∈ B(x′, ϵ′) to ∂Cn is attained at some point in ∂Cn ∩ (B(z1, δ) ∪ B(z2, δ)).
Now, define gin(y) = d(y, ∂Cn ∩ B(zi, δ)) for i = 1, 2. Note that the function gn(y) = g1n(y) − g2n(y) is continuous and,

for n large enough does not have a constant sign on B(x′, ϵ′). Indeed, define g(y) = d(y, ∂C ∩ B(z1, δ))− d(y, ∂C ∩ B(z2, δ)).
Note that g(x′) = 0 and g does not have a constant sign on B(x′, ϵ′). To see this consider a straight line passing through x′

and the middle point of the segment [z1, z2]. This line leaves the balls B(zi, δ), i = 1, 2, into separate half spaces, H1 and
H2. Denote by S the circular sector defined by the intersection of B(x′, ϵ′) and the isosceles triangle with vertices x′, z1 and
z2. It is clear that g < 0 on int(H1 ∩ S) and g > 0 on int(H2 ∩ S). So, since gn converges on B(x′, ϵ′) to g we conclude that,
eventually, gn cannot take a constant sign on B(x′, ϵ′). Therefore, from the continuity of gn there exists (for n large enough)
xn ∈ B(x′, ϵ′) such that g1n(xn) = g2n(xn).

Then, for i = 1, 2 we have obtained zin ∈ ∂Cn ∩ B(zi, δ) which realize the distance from xn to d(x, ∂Cn), with
∥z1n − z2n∥ ≥ 2λ′

− 2δ > 2λ, since we have taken δ < λ′
− λ.

Thus, in summary, for n large enough we have xn ∈ B(x, ϵ), xn ∈ Mλ(Cn).
Since Dλ is dense in Mλ(C), there is a finite covering {B(x1, ϵ), . . . , B(xm, ϵ)} of Mλ(C) with x1, . . . , xm ∈ Dλ. So we

may repeat the above reasoning for every xj to conclude that Mλ(Cn) is contained in the ϵ-parallel set of Mλ(Cn), that is,
Mλ(C) ⊂ B(Mλ(Cn), ϵ), eventually, for n large enough.

Now, in order to prove (3) we must also prove (according to the definition (2) of the Hausdorff metric) that Mλ(Cn) ⊂

B(Mλ(C), ϵ) eventually. By contradiction, assume that for some ϵ > 0 there is a subsequence xn ∈ Mλ(Cn) such that
xn ∉ B(Mλ(C), ϵ). Take a subsequence of xn (denoted again xn) such that xn → x0 ∈ C . If we prove x0 ∈ Mλ(C) we
would have obtained a contradiction. From the definition of Mλ(Cn) the minimal ball containing the (closed) set Γn(xn) of
projections of xn on ∂Cn has radius ≥ λ. Let us now consider two cases:

(c1) For n large enough Γn(xn) has only two elements, Γn(xn) = {z1n, z2n}. Then, from the definition of Mλ(Cn)we must
have

∥xn − z1n∥ = ∥xn − z2n∥ = d(xn, ∂Cn), ∥z1n − z2n∥ ≥ 2λ.

Taking again (if necessary) further subsequences, we have zin → zi ∈ ∂C , for i = 1, 2, with ∥z1 − z2∥ ≥ 2λ and

∥x0 − z1∥ = ∥x0 − z2∥ = d(x0, ∂C).

So, from the definition of the medial axis, x0 ∈ Mλ(C). This leads to the desired contradiction.
(c2) There is an infinite subsequence of xn (denoted again xn) such that Γn(xn) has at least three elements. Then, note

that Γn(xn) is included in a unique circumference (i.e. boundary of a ball), C(xn), whose corresponding ball is centered at xn.
Denote B(xn) a ball of minimal radius, rn, including Γn(xn); observe that rn ≥ λ and that Γn(xn) is not necessarily included
in the boundary of B(xn). So, we do not necessarily have C(xn) = ∂B(xn).

Let αn be an arc of minimal length in C(xn) that contains Γn(xn). Denote by z1n, z2n the extremes of αn. Note that
z1n, z2n ∈ Γn(xn) since Γn(xn) is closed. Let ρn ∈ (0, 2π ] be the measure of the angle subtended by αn. Let us now consider
two sub-cases:

(c2a) ρn ≤ π for n large enough. In that case the segment [z1n, z2n] joining z1n and z2n must be a diameter of B(xn). Then,
we would have ∥z1n − z2n∥ ≥ 2λ and the contradiction follows from a similar reasoning to that of (c1).

(c2b) ρn > π for infinitely many n. In this case, we must have Γn(xn) ⊂ ∂B(xn) for an infinite subsequence xn, i.e., the
minimal ball containingΓn(xn) coincideswith the ball of radius rn whose boundary isC(xn).Wemay choose this subsequence
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Fig. 3. In black, Mλ(C) for λ = r/2. The transformation λ′
→ Mλ′ (C) is continuous at λ′

= λ but the set Dλ = {x ∈ Mλ(C) : x has just
2 closest points in ∂C} is not dense in Mλ(C).

in such a way that rn → r0 and dH(C(xn), C0) → 0, where C0 is the circumference of center x0 and radius r0. We may also
assume (always taking convergent subsequences) αn → α0, where, again αn denotes the minimal arc in C(xn) containing
Γn(xn) and α0 is an arc of C0 whose subtended angle has ameasure ρ0 ≥ π . Note that z1n, z2n, the extreme points of αn, must
converge to the endpoints of α0, say z1 and z2. It is readily seen that all the two points z1 and z2 realize the distance between
x0 and ∂C since ∥xn − zin∥ = d(xn, ∂Cn) and xn → x0, dH(∂Cn, ∂C) → 0.

Now, if we had ρ0 = π we would conclude that C0 = C(x0) is the boundary of the minimal ball including Γ (x0).
Then, assume ρ0 > π . In that case, we must have a point z3n in αn ∩Γn(xn)whose distance to the extreme points z1n, z2n

of αn is bounded away from zero, i.e., z3n is such that for i = 1, 2, ∥zin − z3n∥ ≥ a for some a > 0; observe that the existence
of such z3n is guaranteed by the definition of αn and our assumption that ρ0 > π [since wemust always have a z3n ∈ Γn(xn)
guaranteeing that the minimal arc including z1n, z2n and z3n has a subtended angle ρn with ρn −π bounded away from zero;
otherwise the minimal arc including Γn(xn)would be the closure of the complement of αn in C(xn)]. We also have (taking a
further subsequence if necessary) that z3n converges to some z3 ∈ Γ (x0) ∩ α0. Therefore, C0 = C(x0) is again the boundary
of the minimal ball including Γ (x0). Then, we conclude x0 ∈ Mλ(C) since the radius r0 of C(x0) is ≥ λ and we have again a
contradiction. �

Remark 2. The assumptions in Theorem 1 are not very restrictive from the point of view of image analysis. In particular,
Assumption (a) is the same imposed in Theorem 5 in [11] to guarantee the approximation of the λ-medial axis by noisy
samples. As for Assumption (b), it just imposes a regularity condition fulfilled for most sets found in practice. It just rules
out pathologies as that arising in the set C of Fig. 3 for λ = r/2. Note that Mλ(C) has an isolated point and Dλ is not dense
in Mλ(C).

2.2. Stability of the λ-inner parallel set

We will now establish a result showing that, under very general conditions, the λ-inner parallel bodies of two sets are
close together provided that the respective sets and their boundaries are close enough. We will first need the following
auxiliary lemma.

Lemma 1. Let λ ∈ R and f : Rd
→ R be a continuous function satisfying the following assumptions:

(f 1) For all x ∈ Rd, with f (x) = λ, there exists sequences un and ln such that un → x, f (un) > λ and ln → x, f (ln) < λ.
(f 2) The boundary ∂{f ≥ λ} is non-empty. Moreover, there exists λ− < λ such that {f ≥ λ−

} is compact.

Let fn be a sequence of continuous functions, fn : Rd
→ R, such that

∥fn − f ∥∞ = sup
x∈Rd

|fn(x)− f (x)| → 0. (5)

Then,

lim
n→∞

dH(∂ Jn, ∂ J) = 0,

where J = {f ≥ λ} , Jn = {fn ≥ λ}.

Proof. This is just a ‘‘deterministic’’ version of Theorem 1 in [17] where the assumptions and the conclusion are stated with
probability one. The proof here is basically the same with a few obvious changes for the non-random setting. �

Theorem 2. Let C be a regular, compact non-empty set in Rd. Let Cn ⊂ Rd be a sequence of regular, compact non-empty sets
such that dH(Cn, C) → 0 and dH(∂Cn, ∂C) → 0. Denote by Iλ(Cn), Iλ(C) the λ-inner parallel bodies of Cn and C, respectively.
Then, for any λ such that Iλ(C) ≠ ∅ and Iλ(C) = int(Iλ(C)),

lim
n→∞

dH(∂ Iλ(Cn), ∂ Iλ(C)) = 0, and lim
n→∞

dH(Iλ(Cn), Iλ(C)) = 0.

Proof. By defining ψ(x) := d(x, ∂C)IC (x) and ψn(x) := d(x, ∂Cn)ICn(x), we have

Iλ(C) = {x : ψ(x) ≥ λ} := {ψ ≥ λ}, and Iλ(Cn) = {x : ψn(x) ≥ λ} := {ψn ≥ λ}.

Now, the conclusion dH(∂ Iλ(Cn), ∂ Iλ(C)) → 0, or equivalently dH(∂{ψn ≥ λ}, ∂{ψ ≥ λ}) → 0 follows from Lemma 1.
Indeed, let us show that we can apply that Lemma with f = ψ and fn = ψn.
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First, for any x, x′
∈ Rd, we have (from the triangle inequality)

ψ(x′) ≤ ∥x − x′
∥ + ψ(x), and ψ(x) ≤ ∥x − x′

∥ + ψ(x′). (6)

Note that in the cases x ∈ C , x′
∉ C or x ∉ C , x′

∈ C , (6) holds still true since the closed segment joining x and x′ must have
a point in ∂C . Thus, ψ is a Lipschitz function and therefore continuous. Similarly, we get the continuity of ψn.

The validity of the assumptions (f 1), (f 2) in Lemma 1 are easily checked in this case. Regarding condition (5), denote
ϵn = dH(∂C, ∂Cn)+ dH(Cn, C). We have,

d(y, ∂C)IC (y) ≤ d(y, ∂Cn)ICn(y)+ ϵn,

d(y, ∂Cn)ICn(y) ≤ d(y, ∂C)IC (y)+ ϵn. (7)

In the case y ∈ C ∩Cn this follows readily from the triangle inequality. If y ∈ C \Cn, then denoting by yn ∈ ∂Cn the projection
of y on Cn, we have

d(y, ∂C) ≤ d(y, ∂Cn)+ dH(∂C, ∂Cn) = ∥y − yn∥ + dH(∂C, ∂Cn) ≤ ϵn.

The case y ∈ Cn \ C is similar. Then, ∥ψn − ψ∥∞ → 0 follows from (7) since ϵn → 0. Therefore, we get dH(∂ Iλ(Cn), ∂ Iλ(C))
→ 0.

The convergence dH(Iλ(Cn), Iλ(C)) → 0 is proved as follows. We must first prove that for all ϵ > 0 and x ∈ Iλ(C), there
exists a sequence xn ∈ Iλ(Cn) such that xn ∈ B(x, ϵ), eventually.

If d(x, ∂C) = λ′ > λ then the conclusion follows directly by taking xn = x, since d(x, ∂Cn) → d(x, ∂C). So, put
d(x, ∂C) = λ. Then, x ∈ ∂ Iλ(C) and the result follows directly from dH(∂ Iλ(Cn), ∂ Iλ(C)) → 0.

Now, in order to finally conclude dH(Iλ(Cn), Iλ(C)) → 0 it only remains to prove that we cannot have an ϵ > 0 and a
subsequence xn ∈ Iλ(Cn) with d(xn, Iλ(C)) > ϵ. Indeed, since dH(Cn, C) → 0 any such sequence would be included in a
compact set, so we could extract a further convergent subsequence (denoted again xn) such that xn → x0 ∈ C . Moreover,
d(xn, ∂Cn) → d(x0, ∂C) ≥ λ. So we would have xn ∈ B(Iλ(C), ϵ), eventually, which contradicts d(xn, Iλ(C)) > ϵ. �

2.3. Applications to estimation

Now we must show that Theorems 1 and 2 can be used in practice. To this end, we will provide two concrete examples
of auxiliary estimators Cn which fulfill the crucial conditions dH(Cn, C) → 0 and dH(∂Cn, ∂C) → 0 under fairly general
conditions.

The r-convex hull estimator
Let us assume that C fulfills the so-called r-convexity, a simple extension of the concept of convexitywhich can be defined

as follows:
A closed set C ⊂ Rd is said to be r-convex, if C can be expressed in the form C = ∩i∈I Bc

i , where {Bi : i ∈ I} is a family of
open balls with radius r.

It is easy to see that any convex set C is r-convex for all r > 0. However, clearly an r-convex set does not need to be
convex; recall that a closed convex set C can be expressed as the intersection of the complements of all the open half-spaces
not intersecting C . So the idea behind the definition of r-convexity is just to replace the open half spaces by open r-balls.
Also, one could equivalently say that a closed set C is r-convex if and only if any point x ∉ C can be separated from C using a
r-ball, that is, there exists an open r-ball Bx such that x ∈ Bx and Bx ∩ C = ∅. This is obviously reminiscent of the separation
property for convex sets.

The concept of r-convexity is not new [see [32]] but, in spite of its simple and natural interpretation, it is not yet very
popular. However, recently this notion has received increasing attention in the statistical literature. See, e.g., [35,16] and
references therein. The smaller the value of the parameter r is, the larger the class of r convex sets is. So, the assumption of
r-convexity becomes less and less restrictive as r tends to zero. Unlike the more classical assumption of convexity (which
would correspond the limit case r = ∞), r-convexity allows for holes, inward bumps (not ‘‘too-sharp’’, depending on the
value of r), non-connectedness and even isolated points in the set. See Fig. 4 (left) for an example of r-convex set. Other
closely related notions are the r-reach condition reach (C) = r (the reach r is the supremum of the values s such that every
point xwith d(x, C) < s has a unique closest point in C), introduced by Federer [22], and the ‘‘r-outer rolling property’’. The
relations between these concepts are analyzed in [16]: in particular, it is shown that the r-reach condition on C implies that
C is r-convex.

By analogy with the convex hull, we may define the r-convex hull of a set A as the ‘‘minimal r-convex set containing A’’,
that is

Convr(A) =


int(B(x,r))∩A=∅

(int(B(x, r)))c . (8)
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Fig. 4. The left panel shows an r-convex set (in gray). Right panel: the r-convex hull (in gray) of a random sample.

Thus, a closed set A is r-convex if and only if Convr(A) = A. The r-convex hull Cn = Convr(Xn) of a sample Xn =

{X1, . . . , Xn}, drawn on a compact r-convex support C , provides a natural estimator for C . In practical examples, the effective
computation of the r-convex hull of a sample can be done (at least in the case of samples inR2) using theR-package alphahull;
see [31]. It can be seen that the r-convex hull of a finite sample in R2 is the union of a finite family of compact ‘‘r-polygons’’
whose sides are arcs of circumferences with radii r , plus (maybe) a finite number of isolated points, see Fig. 4 (right). In
what follows, we may exclude w.l.o.g. the isolated points from the convex hulls Cn to be considered. The reason is that, as
we will assume C to be regular and r-convex, such isolated points will eventually disappear in the sequence of r-convex
hulls Cn = Convr(Xn).

The r-convex hull estimator Cn provides a practical example of application of Theorems 1 and 2. This is made precise by
the following result.

Corollary 1. Let C be a non-empty regular, compact r-convex set inR2. Let X1, . . . , Xn be a random sample drawn from a uniform
distribution with support C. Denote by Cn the r-convex hull of this sample. Then

dH(Mλ(Cn),Mλ(C)) → 0, a.s., (9)

for all λ > 0 fulfilling the conditions of Theorem 1. Also,

lim
n→∞

dH(∂ Iλ(Cn), ∂ Iλ(C)) = 0, a.s. and lim
n→∞

dH(Iλ(Cn), Iλ(C)) = 0 a.s. (10)

for any λ such that Iλ(C) ≠ ∅ and Iλ(C) = int(Iλ(C)).
Conclusion (10) holds also for d > 2.

Proof. Conclusion (9) is a direct consequence of Theorem 1 and Theorem 6 (a) in [16], that states that Cn is a fully consistent
estimator of C , that is, dH(Cn, C) → 0 a.s. and dH(∂Cn, ∂C) → 0 a.s.

As for (10), it directly follows from Theorem 2 and, again, Theorem 6 (a) in [16] (note that Cn might have isolated points
but it is eventually a.s. regular). �

Remark 3. Note that the additional shape restriction (called ILC property) imposed in the statement of Theorem 6 in [16] is
not needed here, since this assumption is only used in part (b) of that result (concerning the convergence of the boundary
Minkowski contents). The Hausdorff convergence dH(∂Cn, ∂C) → 0 a.s. holds in the more general setting of Corollary 1.

The Devroye–Wise estimator
The following naive estimator was analyzed by Devroye and Wise [19], Korostelev and Tsybakov [28] and Cuevas and
Rodríguez-Casal [18], among others. Given a sample Xn = {X1, . . . , Xn} drawn on a compact support C , the Devroye–Wise
estimator is defined as

Cn =

n
i=1

B(Xi, ϵn), (11)

where ϵn is a sequence of smoothing parameters. Cuevas and Rodríguez-Casal [18] prove that the boundary ∂Cn of the
Devroye–Wise estimator in (11) consistently estimates ∂C , whenever the sequence ϵn → 0 is chosen large enough to
ensure that C ⊂ Cn.

Corollary 2. Let C be a non-empty regular, compact set in R2. Let X1, . . . , Xn be a random sample drawn from a uniform
distribution with support C. Denote by Cn the Devroye–Wise estimator (11). Assume that ϵn → 0 and C ⊂ Cn eventually
almost surely. Then

dH(Mλ(Cn),Mλ(C)) → 0, a.s., (12)

for any λ > 0 fulfilling the assumptions of Theorem 1.
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We also have

lim
n→∞

dH(∂ Iλ(Cn), ∂ Iλ(C)) = 0, a.s. and lim
n→∞

dH(Iλ(Cn), Iλ(C)) = 0 a.s. (13)

for any λ such that Iλ(C) ≠ ∅ and Iλ(C) is regular.
Conclusion (13) holds also for d > 2.

Proof. The proof is straightforward fromTheorems 1 and 2 (for (12) and (13), respectively) combinedwith Theorem1 in [18]
which states that under the assumptions C ⊂ Cn a.s. and ϵn → 0, dH(Cn, C) → 0 and dH(∂Cn, ∂C) → 0, a.s. �

Remark 4. The condition C ⊂ Cn eventually a.s. can be ensured via a suitable choice of ϵn, provided that C is standard, that
is, there exist λ > 0, δ > 0 such that

µ(B(x, ϵ) ∩ C) ≥ δµ(B(x, ϵ)), for all x ∈ C, 0 < ϵ ≤ λ,

where µ denotes the Lebesgue measure on Rd. This condition essentially excludes the presence of sharp outward peaks in
C . In [18], Th. 4, it is shown that a choice of type

ϵn = K

log n
n

1/2

, with K >


2
δπ

1/2

in the estimator (11) guarantees C ⊂ Cn eventually a.s.

3. Computational issues

It is well-known that the exact computation of themedial axis is a difficult task, even in the planar case. Research has long
focused on the computation of the medial axis of simple polygons. In that case, the medial axis is formed by straight-line
segments and parabolic arcs. Several algorithms have been published to implement the medial axis of a simple polygon,
from the O(n log n) algorithm by Lee [29] to the O(n) algorithm by Chin et al. [13]. Regarding non piecewise linear shapes,
Attali andMontanvert [5] characterize themedial axis of a union of balls and Amenta and Kolluri [2] present an algorithm for
its construction. Recently, Aichholzer et al. [1] proposed an efficient method for computing the exact medial axis of shapes
with a piecewise circular boundary. We refer to [4] for a review of the literature on exact computation of medial axes and
approximation algorithms. Not much has been published so far about the exact computation of the λ-medial axis of a set.
Recall that the λ-medial axis is a subset of the medial axis. Therefore, the difficulty in computing the λ-medial axis is also
significant. In order to approximate the λ-medial axis of a set, Chazal and Lieutier [11] propose an algorithm to compute the
λ-medial axis from an ϵ-noisy sample of points close to the boundary. Herewe propose two algorithms to compute the exact
λ-medial axis of sets whose shape is given by a union of balls (such as the Devroye–Wise estimator) or by the complement
of a union of balls (such as the r-convex hull estimator).

Finally, we briefly describe the procedures to obtain both the λ-inner parallel body of the r-convex hull estimator and
the λ-inner parallel body of the Devroye–Wise estimator. Recall that λ-inner parallel body of a set C is the result of applying
the erosion operator C ⊖ B(0, λ) and it can be computed from the dilation of the boundary of the set. Both the boundary of
the r-convex hull estimator and the boundary of the Devroye–Wise estimator are defined by circumference arcs. This fact
simplifies the computation.

3.1. An algorithm to compute the λ-medial axis of the r-convex hull estimator

Following our notation, let Cn be the r-convex hull of a sample Xn = {X1, . . . , Xn} in R2. We first propose a procedure
(Algorithm 1) to compute the exact medial axis of Cn and then, we adapt this algorithm to calculate the λ-medial axis of Cn
(see Algorithm 2 below). We base our algorithms on the geometry of Cn.

Recall that Cn is defined as the complement of the union of open balls of radius r that do not intersect the sample, see
(8). The boundary of Cn consists of the union of a finite number of circumference arcs of radius r (as well as the possible
appearance of isolated points which do no affect the computation of the medial axis). Therefore, Cn is contained in the
complement of a finite union of equal-radius balls. By Proposition 4.5 in [3], the medial axis of the complement of a finite
union of equal-radius balls can be obtained from the corresponding Voronoi diagram of their centers (see the description of
Algorithm 1 below). Let us recall that, given a finite set of points in the plane C = {c1, . . . , ck}, the Voronoi diagram of C,
Vor(C), is defined as a family of regions (Voronoi cells) Vi = {x ∈ R2

: d(x, ci) ≤ d(x, cj),∀j = 1, . . . , k}, i = 1, . . . , k.
The line segments that form the boundaries of the Voronoi cells are called Voronoi edges. From now on, we will denote by
Vor0(C) the union of the Voronoi edges of Vor(C). The Voronoi vertices are the endpoints of the Voronoi edges. The Delaunay
triangulation of the set of points C, Del(C), is defined as the straight line dual of the Voronoi diagram Vor(C), defined as
follows. Each Voronoi cell Vi corresponds to the Delaunay vertex ci. The Delaunay triangulation contains a straight line
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Fig. 5. In gray, r-convex hull of a sample, Cn . In solid line, balls with centers in C and radius r . The medial axis of Cn , is the intersection of Cn with the edges
of the Voronoi diagram of the balls centers, represented in dashed line.

edge between the Delaunay vertices ci and cj if and only if Vi and Vj share a common edge. Therefore, each Voronoi edge
corresponds to its dual Delaunay edge. Finally, each Voronoi vertex corresponds to a Delaunay triangle. We refer to Section
1.2.4 in [7] for a review of the properties of the Delaunay triangulation.

We establish now the algorithm to compute the medial axis of the r-convex hull of a sample of points in R2.

Algorithm 1. Compute the medial axis of the r-convex hull estimator

1. Compute Cn, the r-convex hull of Xn.
2. Determine the centers C = {ci, i = 1, . . . , k} of the circumference arcs of radius r that define the

boundary of Cn.
3. Compute Vor(C).
4. Return M(Cn) = Vor0(C) ∩ Cn, the intersection of Cn with the edges of Vor(C).

The effective computation of the r-convex hull of the sample and the determination of its boundary (Steps 1 and 2 of
Algorithm 1) have been addressed by Pateiro-López and Rodríguez-Casal [31]. Efficient methods for the computation of
Voronoi diagrams (Step 3) are also available, see [7], for an exhaustive review of algorithms.

Step 4 of Algorithm 1 establishes that the medial axis of Cn can be computed as the intersection of Cn with the edges of
the Voronoi diagram of the ball centers, Vor0(C). This fact follows from Proposition 4.5 in [3].

Proposition 1 (Attali (1995, Prop. 4.5)). Let U be a finite union of equal-radius balls. The skeleton of the complement of U is the
intersection of the edges of the Voronoi diagram of the ball centers with the complement of U.

Remark 5. In fact, Prop 4.5 in [3] is more general than Proposition 1, since it is stated for a finite union of balls with
not necessarily equal radii. In that case, the skeleton is obtained as indicated in Proposition 1, but replacing the Voronoi
diagram of the ball centers with the so-called ‘‘additively weighted Voronoi diagram’’ of the ball centers. We refer to the
survey by Aurenhammer and Klein [7] for a detailed discussion on different generalizations of the Voronoi diagram and
their properties. The CGAL package by Karavelas and Yvinec [27] implements an algorithm for the effective computation of
the additively weighted Voronoi diagram. Although the result is stated for the skeleton, it is still valid for the computation
of the medial axis in practice, since both sets are identical in most practical situations, see Remark 1. Hence, we assume
throughout this section that we are dealing with sets for which the skeleton and the medial axis do coincide.

Now, let U be the finite union of balls with centers in C and radius r and let Uc denote its complement. By Proposition 1,
we have that M(Uc) = Vor0(C) ∩ Uc . Note that Cn consists on one or more of the bounded components of Uc (usually
referred to as voids of U) and, therefore, M(Cn) = Vor0(C) ∩ Cn. This is illustrated in Fig. 5. The intersection Vor0(C) ∩ Cn
is obtained by deleting or shortening those edges of Vor0(C)which are not fully contained in Cn.

Fig. 6 (left) illustrates the performance of the algorithm. The instability of the medial axis with respect to slight
perturbations in the boundary of a set is clear from the plot.

Next, we present the algorithm for the computation of the λ-medial axis of the r-convex hull estimator. The algorithm
successively prunes the medial axis to remove the spurious branches that appear as a consequence of the geometry of the
boundary of the estimator, see Fig. 6 (right).
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Fig. 6. Uniform sample of size n = 500 on the annulus with outer radius 0.5 and inner radius 0.25. In solid black line, boundary of the r-convex hull of
the sample for r = 0.25. Left panel: in solid gray line, medial axis of Cn . Right panel: in solid gray line, λ-medial axis of Cn for λ = 0.1.

Fig. 7. Left panel: Case 1. The segment in M(Cn)with extremes pi and pj is shortened to a segment with endpoints pi and pk . Right panel: Case 2. The edge
in M(Cn) s with extremes pi and pj is shortened to a segment with endpoints pk and pj .

Algorithm 2. Compute the λ-medial axis of the r-convex hull estimator

1. Compute Cn, the r-convex hull of Xn.
2. Compute M(Cn) using Algorithm 1.
3. Initialize Mλ(Cn) to M(Cn).
4. For each edge e in M(Cn)with vertices pi and pj, let ci and cj be the centers in C defining the dual edge of

e in the Delaunay triangulation.

Case 1. One of the vertices of e belongs to ∂Cn:
Assume for the sake of simplicity that pj ∈ ∂Cn, see Fig. 7 (left). By construction, pi is equidistant to
B(ci, r) and B(cj, r). Let di be the distance between the projections of pi on B(ci, r) and B(cj, r). If
di < 2λ, then the edge e is completely removed from Mλ(Cn). Otherwise, let pk be the point in e such
that the distance between the projections of pk on B(ci, r) and B(cj, r) is exactly 2λ. Then the edge e is
shortened to e′ with endpoints pi and pk.

Case 2. Both vertices of e belong to the interior of Cn:
Again, let di be the distance between the projections of pi on B(ci, r) and B(cj, r). Denote by dj the
distance between the projections of pj on B(ci, r) and B(cj, r). If di < 2λ and dj < 2λ, then the edge e is
completely removed from Mλ(Cn). Otherwise, the edge e is shortened conveniently similarly to Case 1,
see Figure 7 (right).

5. Return Mλ(Cn).
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Fig. 8. A graphical illustration of the algorithm by Amenta and Kolluri [2] to compute the medial axis of a union of balls U. Left panel: in dashed gray
line, the Delaunay triangulation of the centers of the balls. The vertices V of U are represented by solid points. In solid gray line the edges of the Voronoi
diagram of V . Middle panel: in dark gray the dual shape, S, of U. Right panel: in solid black line, the medial axis of U. It consists of the singular faces of S
plus the subset of the edges of the Voronoi diagram of V which intersect the regular components of S (shaded).

3.2. An algorithm to compute the λ-medial axis of the Devroye–Wise estimator

Now, let Cn be the Devroye–Wise estimator of a sample Xn = {X1, . . . , Xn} in R2, see (11). Recall that in this case the
estimator is defined as a union of balls with equal radii ϵn. The exact medial axis of Cn can be obtained using the algorithm
by Amenta and Kolluri [2]. This algorithm computes the medial axis of a union of balls from its dual shape, as given by
Edelsbrunner [21]. Let U denote the union of a set of balls in R2 with equal radii. Let Vor(C) be the Voronoi diagram of their
centers and Del(C) the corresponding Delaunay triangulation. The dual shape S of the union of ballsU is the union of all the
Delaunay simplices (vertices, edges and triangles) for which their corresponding Voronoi duals (cells, edges and vertices,
respectively) intersect U. Note that S could include isolated points or edges which are not part of any triangle in S (this is
the case of the axis in the right bottom side of the dual shape shown in the middle of Fig. 8). These points and edges are the
so-called singular faces in [2]. The regular components are the connected components in S that remain after removing the
singular faces.

Given U, a union of balls in R2, let us denote by V the set of vertices of U, that is, the points in ∂U contained in the
intersection of the balls in U. According to Theorem 2 in [2], given a union of balls, U, and its dual shape, S, the medial
axis of U consists of the singular faces of S plus the subset of Vor0(V)which intersects the regular components of S. Recall
that Vor0(V) denotes the edges of the Voronoi diagram of the vertices of U. In Fig. 8 we represent the main steps of the
algorithm.

Remark 6. The mentioned result by Amenta and Kolluri [2] is more general than the version we are using, since it can be
applied to a finite family of balls with different radii. In this general case, the medial axis is obtained as indicated above,
but the dual shape of the union of balls is computed from the Power diagram of the set of balls and its dual triangulation,
see [21]. Given a finite family of balls B = {B(ci, ri), i = 1, . . . , k}, in Rd, the power diagram of B is the cell complex with
cells

Vi = {x ∈ Rd
: (x − ci)2 − r2i ≤ (x − cj)2 − r2j ,∀j = 1, . . . , k}.

When all balls have the same radius, the power diagram coincides with the Voronoi diagram of the centers. This simplifies
the computation of the dual shape of the union of balls. For more discussion on power diagrams and their properties, we
refer to [6]. The CGAL Library offers several functionalities to compute the power diagram of a set of balls, see [9].

Next, we present our algorithm for the computation of the λ-medial axis of the Devroye–Wise estimator. It heavily
depends on the geometry of the boundary of the estimator.

Algorithm 3. Compute the λ-medial axis of the Devroye–Wise estimator

1. Given Xn, compute the Devroye–Wise estimator Cn.
2. Compute M(Cn) using the algorithm by Amenta and Kolluri [2].
3. Initialize Mλ(Cn) to M(Cn).
4. Let V be the set of vertices of Cn (the intersection points of the arcs defining the boundary of Cn). For

each edge e in M(Cn)we proceed as follows. Let pi and pj be the endpoints of e. Recall that M(Cn) is a
subset of Vor0(V). Therefore, there exist vi and vj in V defining the dual edge of e in the Delaunay
triangulation of V . Moreover, Γ (x) = {vi, vj} for x in e (x ≠ pi, x ≠ pj), see Fig. 9. Therefore, if the
distance between vi and vj is lower than 2λ, then the edge e is completely removed from Mλ(Cn).
Otherwise, e belongs to Mλ(Cn).

Note that in Step 4 of Algorithm 3, for each edge e in M(Cn) we have that either e is completely contained in Mλ(Cn) or
e is completely removed from Mλ(Cn), depending on the length of its dual segment. Therefore, if we store M(Cn) and the
lengths of the segments in Del(V), then Mλ(Cn) can be easily computed for any value of λ. Given λ > 0, we only have to
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Fig. 9. Algorithm to compute the λ-medial axis of a union of balls U. Left panel: Voronoi diagram and Delaunay triangulation of the vertices of U in solid
gray line and dashed gray line, respectively. The medial axis of U is represented in thick black line. If x belongs to the edge of M(U)with endpoints pi and
pj , then Γ (x) = {vi, vj}. Right panel: in solid black line, λ-medial axis of U for the given value of λ. Since the distance between vi and vj is lower than 2λ,
the edge with endpoints pi and pj does not belong to Mλ(U).

Fig. 10. Uniform sample of size n = 500 on the annulus with outer radius 0.5 and inner radius 0.25. In solid black line, the boundary of the Devroye–Wise
estimator for ϵ = 0.07. Left panel: in solid gray line, medial axis of Cn . Right panel: in solid gray line, λ-medial axis of Cn for λ = 0.1.

Fig. 11. Uniform sample of size n = 500 on the annuluswith outer radius 0.5 and inner radius 0.25. Left panel: in solid black line, boundary of the r-convex
hull estimator for r = 0.25. In solid gray line, λ-inner parallel body of Cn for λ = 0.05. Right panel: in solid black line, boundary of the Devroye–Wise
estimator for ϵ = 0.07. In solid gray line, λ-inner parallel body of Cn for λ = 0.05.

remove from M(Cn) the edges for which the lengths of the dual segments are lower than 2λ. Fig. 10 gives an illustration
of the performance of the algorithm. Again, the instability of the medial axis with respect to slight perturbations in the
boundary of a set is clear from the plot.

3.3. Computation of the λ-inner parallel body

Wepropose now a procedure to determine the λ-inner parallel body of a setwhose boundary is defined by circumference
arcs. We describe the algorithm for the computation of the λ-inner parallel body of the r-convex hull estimator.
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Fig. 12. Original shapes in binary image format files.

Fig. 13. Uniform samples of size n = 4000.

Fig. 14. In solid black line boundary of Cn , the r-convex hull estimator for r = 0.025. (Left) In solid gray line, M(Cn). (Middle) In solid gray line, Mλ(Cn)

for λ = 0.01. (Right) In solid gray line, Mλ(Cn) for λ = 0.03.

Algorithm 4. Compute the λ-inner parallel body of the r-convex hull estimator

1. Given Xn, compute the r-convex hull estimator Cn.
2. Determine the centers C = {ci, i = 1, . . . , k} of the circumference arcs of radius r that define the

boundary of Cn.
3. Compute U, the union of balls with centers C = {c1, . . . , ck} and radius r + λ.
4. Return Iλ(Cn) = Uc

∩ Cn, the intersection of the complement of the union of balls with Cn.

See Fig. 11 (left) for an illustration of the performance of the algorithm. The algorithm for the computation of the λ-inner
parallel body of the Devroye–Wise estimator, see Fig. 11 (right), is based on the same idea of computing the λ-inner parallel
body of a set as the intersection of the set with the complement of the dilation of radius λ of its boundary.

3.4. Examples

In this section we analyze the behavior of our algorithms with two examples of shapes stored in binary image format
files, see Fig. 12. The data have been rescaled to the unit square. We have obtained a uniform sample of size n = 4000 from
each image, see Fig. 13. The algorithms have been implemented in R [33].
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Fig. 15. In solid black line boundary of Cn , the Devroye–Wise estimator for ϵ = 0.015. (Left) In solid gray line, M(Cn). (Middle) In solid gray line, Mλ(Cn)

for λ = 0.01. (Right) In solid gray line, Mλ(Cn) for λ = 0.03.

Fig. 16. In solid black line boundary of Cn , the r-convex hull estimator for r = 0.025. (Left) In solid gray line, M(Cn). (Middle) In solid gray line, Mλ(Cn)

for λ = 0.01. (Right) In solid gray line, Mλ(Cn) for λ = 0.03.

Fig. 17. In solid black line boundary of Cn , the Devroye–Wise estimator for ϵ = 0.015. (Left) In solid gray line, M(Cn). (Middle) In solid gray line, Mλ(Cn)

for λ = 0.01. (Right) In solid gray line, Mλ(Cn) for λ = 0.03.

Figs. 14–17 show themedial axis and λ-medial axis of both the r-convex hull estimator and the Devroye–Wise estimator
for different choices of the parameters. It can be seen that while the boundary estimators obtained from both methods are
almost indistinguishable, the approximations to the λ-medial axis derived from the Devroye–Wise estimator are in general
smoother than those obtained from the r-convex approach.
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