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Abstract: We study a one-phase Stefan problem for a semi-infinite material with temperature-dependent
thermal conductivity with a boundary condition of Robin type at the fixed face x = 0. We obtain sufficient
conditions for data in order to have a parametric representation of the solution of similarity type for t > to > 0
with to an arbitrary positive time. This explicit solution is obtained through the unique solution of an integral
equation with the time as a parameter.
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1 Introduction

We will consider a phase-change problem (Stefan problem) for a nonlinear heat conduction equation for
a semi-infinite region x > 0 with a nonlinear thermal conductivity k() given by
pc
k(6) = @102 (1.1)
and phase change temperature 6y = 0, where a, b are positive parameters, c, p are the specific heat and the
density of the medium respectively. This kind of thermal conductivity or diffusion coefficient was considered
in[2,3,5,6,12, 14, 20, 22, 24]. The modeling of this kind of problems is a great mathematical and industrial
significance problem. Phase-change problems appear frequently in industrial processes and other problems
of technological interest [1, 7-11, 13, 15, 16]. #tareqg bibliography on the subject was given reeen(—ld%]zB].
The mathematical formulation of our free boundary (fusion process) problem consists in determirfing the
evolution of the moving phase separation x = s(t) and the temperature distribution 8 = 6(x, t) > 0 satisfying
the conditions

pcg—f = a—i(k(@)g—i), 0<x<s(t), t>0, (1.2)

k(6(0, t))g(o, t) = %(9(0, t)-60), ho>0,t>0, (1.3)
k(O(s(), t))g—i(s(t), t) = —pls(t), t>0, (1.4)
O(s(t), t) =0, t>0, (1.5)

s(0) = 0, (1.6)
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where hg > 0 is the thermal transfer coefficient, [ is the latent heat of fusion of the medium and we assume

9%) < 0o,
where 6 > 0 is the ambient temperature.

An analogous problem to (1.2)—(1.6) was considered in [18] where the temperature and flux-type con-
ditions on the fixed face x = 0 were studied. In order to have a parametric representation of the solution of
similarity type, sufficient conditions for data were obtained.

In [4, 17, 19, 21] free boundary problems were considered for the equation

00 9

00 00
pca = &(k(e)a—x>—v(6)a, 0<x<s(t),t>0, (1.7)

where the thermal conductivity k(0) and the velocity term v(6) are given by (1.1) and

d

V) =P ho)

(1.8)
respectively with d > 0. In those papers temperature and flux-type conditions on the fixed face x = 0 were
studied. In [4] a Dirichlet boundary condition at the fixed face x = 0 is considered. Under the Backlund
transformation the Stefan problem is reduced to an associated free boundary problem and the existence and
uniqueness local in time, of the solution is proved by using the Friedman Rubinstein integral representation
and the Banach contraction theorem. Furthermore, necessary and sufficient conditions for the existence of a
parametric representation of the solution of similarity type was found in [17]. In [21] a Neumann boundary
condition at the fixed face x = 0 is considered. A reciprocal transformation to the Stefan problem is applied
and a parametric representation of similarity type of the solution is obtained. The results given in [21] are
improved in [19] obtaining explicit solutions through the unique solution of a Cauchy problem.

Here we study the case without the velocity term, i.e. d = 0, in the differential equation (1.7) and we
consider a convective boundary condition on the fixed face x = 0.

In Section 2 we prove the existence and uniqueness of an explicit solution of similarity type of the free
boundary problem (1.2)—(1.6) for t > to > 0 with ¢, an arbitrary positive time when data satisfy condition
5> % This type of exact solution to problems with parameters is useful to test by benchmarking with numer-
ical methods for different data values.

In Section 3 we consider the case § = % In both cases the explicit solutions are obtained through the
unique solutions of the integral equations with the time as a parameter.

Besides, there does not exist any solution of similarity type to the free boundary problem (1.2)—(1.6) for

a 1
the case 5 < e

2 Existence and uniqueness of solution of the free boundary
problem with boundary condition of Robin type on the fixed face
for the case £ > .

We consider the free boundary problem (1.2)—(1.6) with the parameters a, b and the coefficients 1, ¢ satisfy
the condition

a 1
i > = (2.1)

Now, we give several transformations to obtain an equivalent problem to (1.2)—(1.6) which admits a simila-
rity-type solution.
If we define

T a+bo’ &2
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e froblem (1.2)-(1.6) becomes

00 ,0%0
E_@ 352 O<x<s(t), t>0,
00 -h§ 1
~N_ O = |~~~ ’ 0’
ox %0 \/?[G(O,t) "] t>
00 bl.
a(s(t)’ t) - ?S(t)’ t> 0’
o(s(t), t) = =, t>0,
a
s(0)Q =0,
where hj) is a constant defined by
* _ hO
hg = E
and
@0 =a-+ b60

Let us perform the transformation

[ _dn _
X0 0) = J sy Yo0=0050

and

S(t) = x(s(6), t).
Problem (2.3)-(2.7) becomes

oV R2¥ hyr 1 oW
ot T o +W[\P(o,t) '80]&’ 0<x <50
o, hyr 1
50" —W[\P(O’ 5 @o]‘P(o, ),
o 1 g Ry
oS00 = s ECE W(—\P(O’ 5-9)]
W), 0 = 1,
a
S(0) =0,
where
. I .
S(6) = (a - b?)s(t) + %
and

*

1
w=—h [_ ) ]
ol °
We remark that by hypothesis 64 (0, t) < 8¢ and hg > O results w > 0.
If we introduce the similarity variable

- X
'{ 2 \/?’
and the solution is sought of type
X
=m0 o( )

X t=9@=0¢ W
then the free boundary S(t) of problem (2.12)—(2.16) must be of the type

S(t) =2AVt, t>0,

t>0,

t>0,

t>0,

t>0,

(2.3)
(2.4)

(2.5)

(2.6)
(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)


abriozzo
Tachado

abriozzo
Nota adhesiva
remove


4 = A.C.Briozzo and M.F. Natale, Stefan problem with a Robin-type condition DE GRUYTER

with A > 0 an unknown coefficient to be determined. Problem (2.12)—(2.16) yields

P (&) +20" (& -w)=0, 0<&<A, (2.22)
¢'(0) = 2w(0), (2.23)
1
(p(A) = E5 (2-24)
@' (A) =2a* (A -w), (2.25)
where bi
a = m > 0. (2.26)
Taking into account expressions (2.17) and (2.21), we have
s(t) = 2AVt (2.27)
with A
A==—2. (2.28)
a--<
If we integrate (2.22), we obtain
(&) = Dlerf(é - w) +erf(w)] +C, 0<&<A. (2.29)
From conditions (2.23)—(2.25) we have that
* _ _ 2 w2
C=0) = a*(A—w) exp((ltv w)“) exp(-w ), (2.30)
D = vma* (A — w) exp((A — w)?), (2.31)
and the unknowns w and A must satisfy the equations
wexp(—(A - w)?) exp(w?) .
- aa*(A-w), 2.32
vrw exp(w?)[erf(A — w) + erf(w)] + 1 ao( w) ( )
h; 2
(A — w) exp((A — w)2) = [0 EXPIWT) (2.33)

a*[h(’;@o -w] )

Assumption (2.1) implies that the unknowns 0 < w < h®o and A must verify A > w. Then, for each
0 < w < h$©¢ we solve equation (2.32) in the unknown A > w.
For this, we define the real functions

w exp(w?) exp[-(x — w)?]

Wil = 1+ wexp(w?)/m(erf(x — w) + erf(w)) (2.34)
and
Wy(x) = aa™ (x - w). (2.35)
Now, we have that A > w must be the solution of the equation
Wilx) = Wa(x), x>w, (2.36)

which is equivalent to equation (2.32).
Lemma 2.1. Foreach O < w < h0g there exists a unique solution A = A(w) of equation (2.36).
Proof. It is easy to prove that

B w exp(w?) -
Waw) = 1 + Vw exp(w?) erf(w) >0, Wilroo) =0,

W is a decreasing function and from (2.1) we have that W, is an increasing function. So, there exists a unique
solution A(w) of equation (2.36). O
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Taking into account (2.32) and Lemma 2.1 we can rewrite equation (2.33) as
Vi(w) = Va(w), 0O<w< h;0Oo,

where
Vi(x) = =x + hgbbg

and
V2(x) = Vahiax exp(x?)[erf(A(x) - x) + erf(x)]

with A(x) the unique solution of (2.36).

Lemma 2.2. There exists a unique w € [0, hi;b8o) solution of (2.37).

(2.37)

Proof. The function V, satisfies V,(0) = 0, V,(x) > 0 for x > 0. Moreover, V; is a decreasing function and
Vi(x) > 0 for x € [0, hibbo), V1(hibbo) = 0 and V1(x) < O for x € (hibbo, h;0o). Then there exists at least

one w € [0, h;bBy) whichis a jon of (2.37).
To prove uniqueness we SI;%:L
Then
hiwiexp(w?)  hiw exp(w3)
a*[hg®o —w1]  a*[hgOo — w>]

and from (2.33) we obtain
(A(w1) = w1) exp((A(w1) - w1)?) < (A(w2) — w2) exp((A(w2) - w2)?).
Taking into account that the function f(x) = x exp(x?) is an increasing function, we have that
A(wq) —wq < A(wy) — ws.

Moreover, also since Vi (wq) = Vo(wq) and Vi(w,) = V,(w>), after some calculations we obtain
Wy — Wq
vrhja
which contradicts our hypothesis since the right-hand side is negative. Faws-wy = wa. @

Theorem 2.3. Let us assume the hypothesis (2.1).

=w; exp(w%)[erf(A(wl) —-wq) +erf(wy)] —ws exp(w%)[erf(A(wz) - w>) + erf(w,)]

e that there exist two solutions w; and w» to (2.33) such that wi < w,.

O

(i) If(©, s) is a solution of the free boundary problem (2.3)—(2.7), then © = O(x, t) is a solution, in variable x,

of the integral equation

X dn

O(x,t) = C+D|erf m—w>+erfw], 0<x<s(t),
(x, ) [ ( W (w) ()

(2.38)

where t > 0 is a parameter, eme%gld D are defined by (2.30) and (2.31) respectively, where w and A are
2)a

the unique solutions of (2.3
the function Y(x, t) defined by

X
Y(x,t):ij M o<x<s®), t>o0,

24t ] O, t)

satisfies the conditions

oY 1 1

&(X’t)—z—\/l-‘m, O0<x<s(t), t>0,
Y(0,t) = -w, t>0,

oY 1 D exp(-Y?(x, t))>

E(X;t)— 2_t<Y(X’t)+ﬁW , O<x<s(t), t>0,

Y(s(t),t) =A-w, t>0.

2.33). The free boundary s(t) is given by (2.27) and (2.28). Moreover,

(2.39)

(2.40)
(2.41)
(2.42)

(2.43)
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(ii) Conversely, if © is a solution of the integral equation (2.38) with s given by (2.27) and function Y defined
by (2.39) satisfies conditions (2.40)—(2.43), C and D are defined by (2.30) and (2.31) respectively, where w
and A are the unique solutions of equations (2.32) and (2.33), then (0, s) is a solution of the free boundary
problem (2.3)-(2.7).

Proof. (i) From the previous computation we have

X _dn_
O(x, t) = p(&) = C + D[erf(¢ — w) + erf(w)] = C+D[erf(%\(/%’t) - w) + erf(w)],

thatis © is a solution of the integral equation (2.38). By elementary computations we have that ke function Y,
defined by (2.39), satisfies conditions (2.40), (2.41) and

X

X
oY 1 dn 1
I7WPE B IR S P
at( ) N to xx(1, t) dn

0

- Ly rw - ﬁ(exoc, ) - 040, )

- 7
1Y b
——z—ﬁ( T+ 0ulx, 0)
1 D exp(-Y2(x, t)
“Z(Y(X’ D+ Z 6w )
that is (2.42). Finally, we get
s(t)
dn _Xs@,t) - S(t)

w=A-w,

1
Y‘S“)’”:z_w!@m,t)‘w‘ i Vv

that is (2.43).
(ii) In order to proof that (0, s) is a solution of the free boundary problem (2.3)-(2.7), we get

_( D exp(-Y3(x,t))\ D exp(-Y?(x,t) D exp(-Y?(x, t))
Orclx, t)‘(\/_n—t o(x, 0 )X‘_ﬁ 02(x, (v KT )@
We—haxfl
_ 2D oy? D o2 D exp(-Y?(x, ),
@t(x,t)—\/ﬁexp( Yo(x, ) Ye(x, t) = ﬁtexp( Y(x,t))<Y(x,t)+ﬁ 0. 0 )
then (2.3) holds. Furthermore
= 00, 6) = C. (2.44)

Taking into account (2.30), (2.31), (2.40), (2.41) and (2.44), we obtain

D exp(-Y2(0,t)) w
R T B

that is (2.4). Moreove@

O(s(t), t) = C + D[erf(Y(s(t), t)) + erf(w)] = C + D[erf(A — w) + erf(w)] = %,

that is (2.6). Finatybypusing (2.26), (2.31), (2.40) and (2.43), we have

D exp(-Y?(s(t), 1)) aD 2 aa* (A -w)
O(s(t), t) = ———— 22 T2 axp(—(A - _aamr-w
CO0= o6, v oAM=
1 bl biA  bl.
= Vica bl MW= T W

that is (2.5). O
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Theorem 2.4. Let us assume hypothesis (2.1).

(i) The integral equation (2.38) has a unique solution for t > to > 0 with to an arbitrary positive time.

(ii) The free boundary problem (1.2)-(1.5) satisfying hypothesis (2.1) has a unique similarity-type solution
(0, s) for t > to > O (with ty an arbitrary positive time) which is given by

1
O(x, t) = [@(X ) a], O0<x<s(t), t>ty>0, (2.45)
s(t) = %\ﬁ, t>ty>0, (2.46)

c

where O is the unique solution of the integral equation (2.38), where C and D are defined by (2.30) and
(2.31) respectively, w and A are the unique solutions of equations (2.32) and (2.33).

Proof. (i) If we define Y(x, t) by (2.39), then (2.38) is equivalent to the Cauchy differential problem

oY 1 1 ~
a(x, t) = Z_\ﬁ €1 Derf(Y(x, ) =G, t, Y(x,t), O<x<s(), t>O0, (2.47)
Y(0,t) = -

with a parameter t > 0. We have

‘()Y CZ\F

which is bounded for all ¢ > to > 0, 0 < x < s(t), for an arbitrary positive time to. Then, problem (2.47) (i.e.
the integral equation (2.38)) has a unique solution for t > tog > 0, for an arbitrary positive time ty.
(ii) P ws taking into account Theorem 2.3 and from elementary but tedious computations. O

Remark 2.5. The free boundary given by (2.46) satisfies s(0) =

Remark 2.6. Observe that I ossess a limit at (0, 0) because Y(0,t) =-w < O for t > 0 and
lim Y(s(t),t) = A—w > 0w t goes t

3 Existence and uniqueness of solution of the free boundary

problem with boundary condition of Robin type on the fixed face

for the case 2 = 1

c

We consider

a 1
5= (3.1)
previous section, problem (1.2)-(1.6) becomes (2.3)-(2.9).
By using (2.10) and (2.11) we have (2.12), (2.13), (2.15), (2.16) and
N h* 1
S(t =——°[——® ] 3.2)
(t) Vilwo,n %

We introduce the variable (2.19) and the similarity solution given by (2.20), that is

Yo 0 = 0 = o ).

04 =9 Wi
The free boundary S(t) of problem (2.12), (2.13), (2.15), (2.16) and (3.2) must be of the type (2.21) with
A > 0 an unknown coefficient to be determined and from (3.2) we have that

*

hO
®(0) = 80 A (3.3)
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Then problem (2.12), (2.13), (2.15), (2.16) and (3.2) yields
" +20"EE-N)=0, 0<&<A,

(o) = oA
P = piee -
1
N)=—

o) = -

and (3.3).
If we integrate (3.4), we obtain

@(&) = Dlerf(& - A) +erf(A)]+C, 0<é&<A.

From the boundary conditions we have that

VTthy A exp(A?)
=p0), D=———-—,
€=90 hi8o - A
and A is the unique solution of the equation
hibOo -
Vrx exp(x?) erf(x) = MoP% =X

ah 0 < x < h{bby.

Theorem 3.1. Let us consider hypothesis (3.1).

DE GRUYTER

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9

(i) If(©, s) is a solution of the free boundary problem (2.3)—(2.7), then © = O(x, t) is a solution, in variable x,

of the integral equation:
X dn

O(x,t)=C+ D[erf( 0 .0 _ A) + erf(A)], 0<x<s(t),

2+t

(3.10)

where t > 0 is a parameter C and D are defined by (3.8) and A is the unique solution of equation (3.9). The

free boundary s(t) is given by
2hg A exp(A?)
S(t) = W \/?.

Moreover, the function Y(x, t) defined by

X
1 dn
Yx,t:—J -A, O0<x<s(t), t>0,
. 2+t ©

O(n, t)
0
satisfies the conditions

oY 1 1
a(X,t)—z—\ﬁm, 0 < x < s(t),

Y(0,t) = -A, t>0,
oY 1 D exp(-Y?(x, t)))
S0 = (Yoo 0+ ) 0<x<s,
Y(s(6), ) =0, t>0.

t>0,

t>0,

(3.11)

(3.12)

(3.13)
(3.14)
(3.15)

(3.16)

(ii) Conversely, if © is a solution of the integral equation (3.10) with s given by (3.11) and function Y defined
by (3.12) satisfies conditions (3.13)—(3.16), D and C are defined by (3.8) and A is the unique solution of

equation (3.9), then (0, s) is a solution of the free boundary problem (2.3)—(2.7).

Theorem 3.2. Let us consider hypothesis (3.1).

(i) The integral equation (3.10) has a unique solution for t > to > 0 with ty an arbitrary positive time.
(ii) The free boundary problem (1.2)-(1.5) has a unique similarity-type solution (0, s) for t > tg > O (with ty an

arbitrary positive time) which is given by

B(X,t):%[ !

0, t)

a], O0<x<s(t), t=ty>0,

(3.17)

and (3.11), where O is the unique solution of the integral equation (3.10), where C and D are defined by (3.8)

and A is the unique solution of equation (3.9).
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Remark 3.3. The free boundary given by (3.11) satisfies s(0) = 0.

Remark 3.4. The free boundary problem (1.2)-(1.6) has not a similarity-type solution for the case § < % We
note that in this case from (2.26) we have a* < 0, then from (2.30) we obtain ¢(0) < 0 and taking into account
(2.18) and (2.33) we have A > w > (a + bfp)h. Then (2.32) has not solution.

Funding: This paper has been partially sponsored by project PIP No. 112-200801-00460 from CONICET-UA,
Rosario (Argentina) and Fondo de ayuda a la investigacion from Universidad Austral (Argentina).
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