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The main purpose of this paper is to compute all irreducible spherical functions on
G = SL(2,C) of arbitrary type § € K, where K = SU(2). This is accomplished by
associating to a spherical function ® on G a matrix valued function H on the three
dimensional hyperbolic space H = G/K. The entries of H are solutions of two coupled
systems of ordinary differential equations. By an appropriate twisting involving Hahn
polynomials we uncouple one of the systems and express the entries of H in terms of
Gauss’ functions 2F}. Just as in the compact instance treated in [7], there is a useful
role for a special class of generalized hypergeometric functions p41Fp.
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1. Introduction and Statement of Results

Let G be a locally compact unimodular group and let K be a compact subgroup
of G. Let K denote the set of all equivalence classes of complex finite dimensional
irreducible representations of K; for each § € K, let & denote the character of 4,
d(0) the degree of §, i.e. the dimension of any representation in the class §, and
Xs = d(9)&s. We shall choose once and for all the Haar measure dk on K normalized
by [ dk=1.

We shall denote by V' a finite dimensional vector space over the field C of
complex numbers and by End(V') the space of all linear transformations of V' into
V. Whenever we refer to a topology on such a vector space we shall be talking
about the unique Hausdorff linear topology on it.

A spherical function ® on G of type § € K is a continuous function on G with
values in End(V) such that
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(i) ®(e) =1I. (I = identity transformation).
(i) ®(z)®(y) = [ xs(k™1)®(xky)dk, for all z, y € G.

The reader can find a number of general results in [6, 13]. For our purpose it is
appropriate to recall

Proposition 1.1 ([6, 13]). If ® : G — End(V) is a spherical function of type §
then:

(i) @(kgk') = ®(k)®(g)®(K'), for all k, k' € G, g € G.
(ii) k+— ®(k) is a representation of K such that any irreducible subrepresentation
belongs to §.

Concerning the definition let us point out that the spherical function ® deter-
mines its type univocally (Proposition 1.1) and let us say that the number of times
that & occurs in the representation k — ®(k) is called the height of ®.

The three dimensional hyperbolic space H = C x R* can be realized as the
homogeneous space G/K, where G = SL(2,C) and K = SU(2). We are interested
in determining, up to equivalence, all irreducible spherical functions, associated to
the pair (G, K). If (V,7) is a finite dimensional irreducible representation of K in
the equivalence class § € K , a spherical function on G of type J is characterized,
see [6, 13], by

(i) ® : G — End(V) is analytic.
(ii) ®(k1gk2) = w(k1)®(g)m(k2), for all k1, ke € K, g € G, and ®(e) = 1.
(iit) [Q®](g) = A®(g), [Q®](g) = i®(g) for all g € G and for some \, i € C.

Here © and Q are two algebraically independent generators of the polynomial
algebra D(G)% of all differential operators on G which are invariant under left and
right multiplication by elements in G. A particular choice of these operators is given
in Proposition 2.1.

The set K can be identified with the set Zso. If A € SU(2) then m(A) =
me(A) = A’ where A® denotes the (-symmetric power of A, defines an irreducible
representation of K in the class £ € Z>¢.

The representation 7y of K = SU(2) extends to a unique holomorphic represen-
tation of G = SL(2,C), which we shall still denote by ;. Let &, : G — End(V;)
be defined by

@, (g) = me(g) -

Then applying the definition it follows that ®, is a spherical function of type /.
These spherical functions will play a crucial role in the rest of the paper.

We are now in a position to describe the plan of the paper. Section 2 contains
a brief review of standard facts.
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To determine all spherical functions ® : G — End(V;) of type m = m¢, we use
the function ®, to define a function H : G — End(V;) by

H(g) = ®(9)®~(9)"".
Then H satisfies

(i) H(e) = 1.
(ii) H(gk) =H(g),forall g€ G, k € K.
(iii) H(kg) =m(k)H(g)m(k™t), forallg € G, k € K.

Property (ii) says that H may be considered as a function on the hyperbolic
space H.

The fact that ® is an eigenfunction of Q and Q, makes H into an eigenfunction of
certain differential operators D and E on H. This is done in Sec. 3. For completeness
the explicit computation of these operators is carried out fully in the Appendix.

In Sec. 4, we take full advantage of the K-orbit structure of H combined with
property (iii) of our functions H. The K-orbits in H are the spheres with center in
the positive axis {(0,r) : » > 0} with north and south poles of the form (0, s) and
(0,1), and the single point set {(0, 1)}. Thus the set of K-orbits in H is parametrized
by the interval (0, 1] or by [1, 00).

It follows that there exist ordinary differential operators D and E acting on the
space C*((0,1)) ® End(V;) such that

(DH)(0,r) = (DH)(r), (BH)(0,r) = (EH)(r),

where H(r) = H(0,r), r € (0,1). These operators D and E are explicitly given
in Theorems 4.2 and 4.3. We need to compute a number of second order partial
derivatives of the function H : H — End(V;) at the point (0,r). This detailed
computation is broken down in a number of lemmas included in the Appendix for
the benefit of the reader.

Theorems 4.2 and 4.3 are given in terms of linear transformations. The functions
H turn out to be diagonalizable (Lemma 4.4). Thus, in an appropriate basis of V,
we can write H(r) = (ho(r),...,hs(r)). Then we give in Corollaries 4.6 and 4.7 the
corresponding statements of these theorems in terms of the scalar functions h;.

We also introduce here the variable ¢ = r? which converts the differential
operators D and E into new operators D and E, and the functions H, h; into
the functions H, h; defined by H(t) = H(v/t) and hs(t) = hi(v/t). At this point
there is a slight abuse of notation. The resulting equation DH = AH is a coupled
system of £+ 1 second order differential equations in the components (ho, ..., hy) of
H. Fortunately the coupling matrix Cy + C1 of the system DH = \H is symmet-
ric, with eigenvalues —5(j + 1), 0 < j < ¢, and eigenvectors u; whose components
u;,; are given by certain Hahn orthogonal polynomials, see Proposition 5.1. Let U
denote the (€ +1) x (£ + 1) matrix (u; ;) which will play a crucial role. In fact, this
U allows us to decouple the system above. More is true, the twisting H = U~'H
leads us to Gauss’ hypergeometric equation, a fact that we exploit fully.
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By well known reasons the smooth functions H : (0,1) — C**! that satisfy
DH = A\H are analytic functions and the dimension of the corresponding eigenspace
Vi is 2(5 + 1).

To get a handle on V), we consider functions H € V), of the form H(t) = t?F(t),
p € C, with F analytic at t = 0 and F(0) # 0. This forces A = 4p(p — 1). Observe
that p and 1 — p give rise to the same A. Indeed any statement valid for Re (2p) > 1
has a mirror image for Re(2p) < 1 obtained by changing p into 1 — p.

Let V(p) be the linear subspace of V, A = 4p(p — 1), of all H € V), of the form
H(t) = tPF(t) with F' analytic at ¢t = 0.

When 2p is not an integer we prove that V\ = V(p) @ V(1 — p). When 2p is an
integer the situation is more complicated: if 2p > 1 we have V(p) C V(1 — p) and
dimV(p) =£+1,dim V(1 —p) = min{2(¢+ 1), £+ 2p}. The situation when 2p < 0
can be read off by exchanging p by 1 — p, see Proposition 5.7.

When 2p ¢ Z we consider the linear map 71 : V(p) — C**! defined by n(H) =
lim;_,o+ (¢7PH(t)). It turns out that 7 is an isomorphism and by using it E is
described by an (£ + 1) x (¢ + 1) matrix L(p), see Proposition 6.2. The eigenvalues
of L(p) are the same as those of L(1 — p), all of them with algebraic multiplicity
one. Using Proposition 6.7 combining the eigenvectors of L(p) and L(1—p) with the
same eigenvalue p we obtain all simultaneous solutions of the system DH = AH
and FH = pH. To get our hands on the spherical functions we need to focus on
those H’s arising from the linear combination of eigenvectors of L(p) and L(1 — p)
with the same eigenvalue which insures that lim,_,;- H(¢) = (1,...,1).

This requirement leads us to consider the linear subspace W) of V) consisting
of all H such that lim,_,;- H(¢) is finite. For any p € C with dim V' (p) = £+ 1, W)
turns out to be a useful direct complement of V(p) in V), see Propositions 5.9 and
5.10. Furthermore E preserves Wy and the linear isomorphism 7 : W, — C/*!
defined by

lim P~ 1H(t if Re (2p) > 1,
Jim (t) if Re (2p)
lim ¢7PH(t) if Re(2p) <1,
t—0+
n(my =370 | (1.1)
lim 7" P(H)(t) if Re(2p) =1and 2p #1,
t—0+t
lim (t2logt) 'H(t) if2p=1,
t—0+

reduces the determination of all spherical functions to a linear algebra problem.
More precisely, since we establish in Propositions 6.4, 6.5 and 6.6, that, in Wy,
E = n7'L(1—p)n it suffices to find the eigenvectors of L(1—p). See Proposition 6.6
for the definition of the projection P appearing in (1.1).

Proposition 6.7 determines the eigen-structure of L(p) and Theorem 6.8 gives the
main result of the paper, namely an explicit expression for all spherical functions.
The section closes with a look at the relation between our bare hands construction
and the generalized (also known as nonunitary) principal series representations of
SL(2,C).
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Section 7 displays explicit expressions of all spherical functions for low values of
£. The reader might use these examples to get a better feeling for the results in the
paper. For instance we use these explicit expressions to see that as a function of p,
H(t,p) is a meromorphic function with a finite number of removable singularities.
The values at these singularities are exactly the cases when the expression for H (¢, p)
involves the term logt. We also formulate a conjecture expressing our spherical
functions in terms of generalized hypergeometric functions.

In Sec. 8, we discuss some generalities derived from the definition of unitary
spherical functions and we pick among all spherical functions of our pair (G, K)
those that are unitarizable, see Corollary 8.11.

In Sec. 9, we observe that a matrix valued function ®(¢, p) put together from the
functions Hy(t,p), ..., H(t,p) alluded to in the comments preceding Theorem 6.8
satisfies not only differential equations in ¢ but also a difference equation in p.

Finally in the Appendix we collect a number of explicit computations for the
benefit of the reader.

There is a point of contact between the present paper and [14]. By considering
spherical functions associated to generalized principal series representations A.
Wang derives two coupled systems of differential equations closely related to the
systems in Corollary 4.8. From these systems, the author obtains a single second
order differential equation for the last component, and points out that, in principle,
this gives a way of finding the remaining components.

Finally we remark that we have chosen this example as one of the simplest to
analyze among the noncompact symmetric spaces of rank one leading to matrix
valued spherical functions. We hope to deal with other simple examples in the near
future. The consideration of some more general examples appears, at this point, to
be a very interesting challenge.

2. Preliminaries

We first review well known facts about the structure of the real Lie algebra sl(2, C)
and of the center of its universal enveloping algebra. We also collect here some
useful facts about the quotient SL(2,C)/SU(2). A basis of g = si(2,C) over R is

given by
1 0 0 1
Hl = ) Wl =
0 -1 -1 0

R S L R
*“lo =i P d ool P =i ool

We note that Hy, Wi and V; generate a Lie subalgebra isomorphic to sl(2,R),
and that Ho, W7 and W5 form a basis of the Lie algebra of K.
The following are elements in the complexification gc of the Lie algebra g.
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1 , 1 . 1 ,
T:§(H1—ZH2)7 V:§(V1—ZW2), W:§(W1—ZV2).

T - %(H1 Vi), V= %(v1 W), T = %(W1 +iTh).
Proposition 2.1. D(G)Y as a polynomial algebra is generated by the algebraically
independent elements

Q=T*+V>*-W? and Q=T>+V?>-W?.
In the real basis of sl(2,C) we have
40 = H} + V2 + Vi — (HZ + W+ W3) — 2i(H Hy + ViWo — VaWy),
40 = H} + VP + V5 — (Hj + WP + W3) + 2i(H Hy + ViWa — VoW7).

We have a function from G = SL(2,C) into the space of all 2 x 2 symmetric
positive definite matrices, given by g — gg*. This function factors through the
quotient G/ K, because kk* = I. Explicitly we have,

a b la]? +b|>  ac+bd
— - .
c d ac+bd |c|* +|d]?

r=|c|>+|d]* and z=aé+bd, (2.1)

If we put

we have |a|? + |b|? = ﬁ (since gg* has determinant one) and

1+ |2

z r
Then we can identify the quotient G/K with

H={(z,r):2€C,r € Rso}.
The projection map p : G — H is given by p(g) = (gg*)(?) = (z,r). To simplify

notation we identify row and column vectors.
The left multiplication on the group G induces the action of G in H given by

1+ |z z 0
Ay =A| 7 A <1> — (). (2.2)

z

b

More explicitly if g = (‘c‘ d

) and p = (z,r) we have g - p = (2*,r*) with

S ac+ (az + br)(¢z + dr) and #* — le|? + |ez + dr|? .

r r
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3. Reduction to G/K

Any irreducible finite dimensional representation of K = SU(2) is of the form
me(k) = k%, where k¢ denotes the f-symmetric power of k. The representation m;
extends to a unique holomorphic representation of SL(2,C) and we also denote it
by 7. In either case, we denote by @« = 7, the corresponding derivative of 7 at the
identity. Note that 7 : g — End(V;) is C-linear.

We define for each representation = = 7y of K a function @, : G — End (V)
given by

Pr(g) =7(g).

In order to determine all spherical functions ® : G — End(V') we find it useful
to introduce the function H given by

H(g) = ®(9)®~(9)"".
This function H satisfies

(i) H(e) = 1.
(ii) H(gk) =H(g),for g€ G, k€ K.
(ili) H(kg) = n(k)H(g)m(k™1),forge G, k€ K.

Property (ii) says that H can be considered as a function on the quotient G/ K.
The fact that ® is an eigenfunction of Q and  makes the function H, introduced
before, into an eigenfunction of certain differential operators on H, to be determined
now.

Let
DH = (Hi + V{ + V3)(H) (3.1)
EH = H(H)®,7(H)® ' + Vi (H)®,7(V;)®*
+ Vo(H) O 7(Vo)® 1. (3.2)

Proposition 3.1. For any H € C*°(G) ® End(V;) right invariant under K, the
function ® = H®, satisfies (4Q)® = A\® and (2 — Q)@ = P if and only if H
satisfies DH = AH and EH = pH, with

A=) and p=p+L(L+2),

when ™ = .

Proof. If X € ¢ then X(H) = 0. In particular
Hy(H)=Wy(H)=Wy(H)=0.

Therefore T(H) = T(H) = 31H(H), V(H) = V(H) =
~W(H) = —4Va2(H), and

AO0(H) = 4Q(H) = (H} + V2 + Vi)(H) = DH .
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We also have
QH®,) = QH)®, + HQ(®,) + 2T(H)T (D)
F2V(H)V (®,) — 2W (H)W (@)
= Q(H)®y + HO7(Q) + Hy (H)®7(T)
+Vi(H) @7 (V) + iVa(H)Pr7(W)
and
Q(H®,) = QH)®, + HO,7(Q) + Hy (H)® i (T)
+Vi(H)®r7t(V) = iVa(H) @7 (W) .
Note that if ¥ = iX, for X € g then #(Y) = i#(X). In particular we have
#(T) = #(V) = #(W) = 0. Therefore
AO(HD,) = (DH)®, + 4AH®, () ,
Q- Q)(HD,) = Ho,7(Q2— Q) + EHD,, .

Finally the representation theory of SL(2,C) gives, for m = m;, 7(2) = 0 and
(1) = £(£ + 2)I. Now the proposition follows easily. m|

Given H € C*°(H) ® End(V;) we shall also denote by H € C*°(G) @ End(V;)
the function defined by H(g) = H(p(g)), g € G. Moreover, if F' is a linear endomor-
phism of C*°(G) ® End(V,) which preserves the subspace C°°(G)¥ @ End(V;) of all
functions which are right invariant by elements in K, then we shall also denote by
F' the endomorphism of C*°(H) ® End(V;) which satisfies F'(H)(p(g)) = F(H)(g),
g€ G, He C®H)®End(V;).

Lemma 3.2. The differential operators D and E introduced in (3.1) and (3.2),
define differential operators D and E acting on C*°(H) @ End (V).

Proof. The only thing we really need to prove is that D and E preserve the
subspace C*(G)% ® End(V;).

It is easy to see that D = H? + V2 + Vi = —(H3Z + W2 + W$) is a multiple of
the Casimir operator of K. Then D preserves C®(G)¥ @ End(V;).

Let us now check that E has the same property. Since K is connected this is
equivalent to verifying that for any X € € and all H € C*°(G)X @ End(V;;) we have
X(EH) = 0, which in turns amounts to prove that

XHy(H)®r7t(Hy) + Hi(H) X (27)7(Hy) — Hi(H) A7 (Hy )7 (X)
FXVI(H) @77 (V1) + Vi (H) X (D7)7 (V1) — Vi (H) @7t (V)7
TXVo(H) @7t (V2) + Vo (H) X (D7)7(V2) — Vo (H) Rt (V2)7

o ) —
o ) -

,-\,-\

)
)

™
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Because X (H) =0 and X (®,) = ®,7(X), this is also equivalent to showing that
(X, Hi|(H)@r7t(Hy) + Hi (H)Pr7([X, Hil) + [X, Vi](H) P 7 (V1)
+Vi(H) @7 ([X, V1)) + [X, V2] (H)@r7t (Vo) + Vo (H) @77 ([X, V2]) = 0. (3.3)

If we put X = H; in (3.3) and use [Hy, V4] = 2Wh, [Hy, Vo] = 2Wa, Wy = iV4,
Vo = iW1 we get

W (H)B (Vi) + 2V (H)®pe(W1)
+2W(H) D t(V) + 2Va(H) @it (Wa) = 0.

If we substitute X = (V4 + W1) in (3.3) and use [Hy, X] = 2X, [X V4] = Hy,
[X, Vo] = —iH;, we obtain

—Vi(H)®x7(Hy) — Wi (H)®r7(H1)
—Hy(H)® (V) — Hy(H)® 7t (Wh) + Hy (H)®r7(Vy) + Vi (H)® 7 (Hy)
—iHy(H)®,7(Va) — iVa(H)®,7(H) =0,
since Vo = iW;, Wy = V4. Now the representation theory of SL(2,C) tell us that
X(EH) =0 for all X € ¢. This finishes the proof of the lemma. O

Now we give the expressions of the operators D and FE on H in the real linear co-
ordinates (z,y,r) defined by z = x+iy. The detailed proofs appear in the Appendix
at the end of the paper.

Proposition 3.3. For any H € C*°(H) ® End(V;) we have
1
ZDH = (Re’z + 1)Hyp + (Im*z + 1)Hyy + r*H,p + 2Re 2Im 2H,,,
+2rRezHyr +2rImzH,, +3RezH, +3ImzH, + 3rH,.

Proposition 3.4. For any H € C*°(H) ® End(V;) we have

21+
FH = H,w r
2r zZ—z
i+ 2) 2i(1+ |z|2)
+Hyw r
—2ir i(z + 2)

—2r 4z
+ H, 7 .
0 2r

Summarizing the results of this section: to determine a simultaneous C°-
eigenfunction ® of  and Q on G satisfying ®(k1gks) = m(k1)®(g)m(ks) for all
ki, k2 € K, g € G, is equivalent to finding a C*°-eigenfunction H = ®®_1 of D
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and E on H satisfying H(k-p) = m(k)H (p)m(k~!) for all k € K, p € H. The relation
among the eigenvalues is given in Proposition 3.1.

4. Reduction to One Variable

We are interested in considering the differential operators D and E acting on func-
tions H € C*°(H) ® End(V;) such that

H(k-p) = n(k)H(p)n(k)~", forallk€ K and p € H.

This property of H allows us to find ordinary differential operators D and E acting
on functions defined on the interval (0, 1) such that

(DH)(0,r) = (DH)(r), (EH)(0,r) = (EH)(r),

where H(r) = H(0,7).

We need to know the K-orbit structure of H: the orbits of K in H are the spheres
with center in the positive axis {(0,7) : » > 0} with north and south poles of the
form (0, s) and (0,s~!), and the single point set {(0,1)}. The point (0,1) will be
denoted from now on by o = (0, 1). Thus the set of K-orbits in H is parametrized
by the interval (0, 1] or by [1, 00).

We introduce now two important characters in the story, H* and M. Let H* =
H - {o} and put M ={k € K : k-(0,r) = (0,7)}, 0 < r < 1. For any such r we get

e? 0
M= , :0eR .
0 e~

Notice that M coincides with the centralizer in K of the Abelian subgroup A of G

given by
s 0
A= :5>0).
0 st

Let ¢ : K/M x (0,1) — H* be defined by
Y(kM,s)=k-(0,s). (4.1)

From the orbit structure discussed above it follows that 1 is a C°°-bijection. To
give the expression of the operators D and E, obtained by restriction of D and F
given in Propositions 3.3 and 3.4, we need to compute a number of first and second
order partial derivatives of the function H at the point (0, 7).
To begin with we note the following immediate results
a?H

H.(0,r) = Z—i](r) and H,-(0,7) = W(r)

To compute the other partial derivatives of the function H in H* we need to define
locally a pair of C*°-functions on H*, k = k(z,r) and s = s(z,r) with values in K
and in the open interval (0, 1), respectively, such that k- (z,7) = (0, s).
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In the open set H—{(0,r) : r > 1} these functions will be explicitly given below.
Similarly one can define a pair of functions k, s in the open set H — {(0,7) : 0 <
r<1}.

None of these functions can be extended to all of H* in a continuous fashion.
Moreover there is no such a pair of continuous globally defined functions k, s. This
would imply the existence of a continuous section of K /M, which would make K
homeomorphic to K/M x M. Now K is simply connected and M is not.

If (z,7) € H—{(0,r) : r > 1} we look for k = (jé f—;) € SU(2) such that
k- (z,7) =(0,s), 0 < s < 1. This holds if and only if

k<(1+|z|2)/r z)k*_<sl 0).
z T 0 s

14|22
T

Then s and s~! are the eigenvalues of < Z). The characteristic equation is
T

z
re? —z(1+ 2>+ 7)) +7r=0,
thus

(5,571} = {2—31 Pt VP DR O 1>2>>} .

Therefore the eigenvalue that satisfies 0 < s < 1 is

s =s(z,71) = 21 (L4 [+ 7% = /(|22 + (r + DD(| + (1 =1)2)).

2r
We have thus defined the function s. Now we can take as a function k = k(z,7) the
one given by taking k = (_“E 2) € SU(2) with

1 —
a= e and b= 5

V(1 —18)? + (s]z])? VA =rs)2 4 (s]2])?
The explicit expressions above for s and k give as a pair of C*°-functions with the
desired properties in the appropriate domain.
The inverse of the C*°-bijection ¢, defined in (4.1), in H — {(0,r) : » > 1} is
given by

Y7 (z,r) = (k(z,1) 7 M, s(2, 7))

making clearly that ¢ : K/M x (0,1) — H* is a diffeomorphism.
Returning now to the main goal of this section, let (C°°(H*) ® End(V;))¥X be
the space of all C*°-functions H on H* with values in End(V;) such that

H(k-p) =n(k)H(p)n(k™') forallke K,pec H*.

We will also need to consider the space C*°((0,1)) ® Endas(Vy) of all C*°-functions
H on the open interval (0, 1) with values in End(V;) with the extra requirement
that

H(s) = n(m)H(s)m(m™') forallme M,0<s<1.
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Now it is clear that the restriction H —s H defines an injective linear map
from (C°°(H*) ® End(Vy))¥X into C*°((0,1)) ® Ends(V;). Moreover this map is
a surjective isomorphism as follows from the following construction. Given H &
C>°((0,1)) ® Endps (Vi) define H(z,7) = n(k)H(s)m(k~1) if (z,7) = ¥(kM, s).

The differential operators D, and FE, being invariant under the action of K in
H*, leave stable the subspace (C*°(H*) ® End(V;))%. Thus we have the following
commutative diagram

(C®(H*) @ End(V,))X ——  €>((0,1)) ® Endp(Vy)
E

8 El l ’EndM(Vﬂ) .

(C*(H*) ® End(Vx))®  ——  C°((0,1))

® O

A spherical function ® of type m € K gives rise to a function H € (C*°(H*) ®
End(V,))® which is an eigenfunction of D (also of E). In turn such an H corres-
ponds to an H € C*((0,1)) ® Endps(V;) which is an eigenfunction of D (also E)
with the extra condition lim,_,;- H (s) = I. Conversely if H is such a function then
it is the restriction of a unique eigenfunction H € (C°°(H*) ® End(V;))¥ of D
(also of E) such that lim,_,, H(p) = I. From Proposition 3.3, it is clear that D is
an elliptic differential operator, thus H can be extended to a C'*°-function on H.

Now that the overall strategy has been outlined we go on to give a variety of
explicit expressions of D and E. See Corollaries 4.6, 4.7, 4.8 as well as (4.3) and
(4.4) below.

The proof of the following proposition is included, for completeness, in an
Appendix at the end of the paper.

Proposition 4.1. Let J = (_01 é) and T = <(1) (1)) We have, for 0 <r <1,

H,(0,0,7) = —1—— (#()H (r) = H(r)#(J)),
H,(0,0,7) =~ (/(T) A (r) ~ H(r)#(T),
and
Her0.0.1) = 23 0 + s ()21 (r) + F () #(7))
- D).
r 3 r? - -
Hyy(0,0,) = — 2 G g (HD () + H()#(T))
272 ~
v AT AET).

(1—1r2)2
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Theorem 4.2. We have, for 0 <r <1,

1=~ H r(1+3r?)dH
ZDH(T) =r’ dr2 ~  1—7r2 dr
+ ulqﬁ)z(ff((ffff(r) + H(r)ie(J)? = 2ic(J)H(r)i(J))
- (1_7“77,2)2(#@)2?1(7«) + H(r)a(T)? — 24(T)H (r)7(T)),
where J = (_01 é) and T = ((1) é)

Proof. By Proposition 3.3, we have
1
ZDH(O, 0,7) = Hy(0,0,7) + Hyy(0,0,7) + r?H,.(0,0,7) + 3rH,.(0,0,7) .

Using Proposition 4.1, the theorem follows. O

Theorem 4.3. We have

EN'fNI(r) = —27“@7%(}[1) +

W () — B (Xa)(X0)

1—r

Proof. By Proposition 3.4, we have

(0 2/r . 0 2i/r (-2r 0
EH(0,0,7) = H,7 + Hyw + H,.7 .
2r 0 —2ir 0 0 2r

Then using Proposition 4.1, we obtain

EH = _27«02_?7'7@1) - ﬁ—rﬂ(ﬁu)ﬁ(r) — H(r)w(J)x (0 Y r)
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2

+ T3 (T A (r) = H(r)#(T))#(X1)
22 . . -
— Tz (R H(r) = Hr)#(T))#(Xs).
Now using that J = X; — X5 and T' = X3 + X the theorem follows. 0O

The theorems above are given in terms of linear transformations. Now we will
give the corresponding statements in terms of matrices by choosing an appropriate
basis. If 7 = 7 it is well known (see [9, p. 32]) that there exists a basis {v;}{_, of
V., such that

7'T(H1)’Ui = (£ — 27;)’01‘ y

7:1'(X1)’U¢ = (ﬁ — 14 1)’117;_1, (’U_l = 0),
(X2)vi = (i + Dvigr, (ve+1 =0),
where Hy = (3 %), X1 = (§ 1) and X5 = (9 9).

Lemma 4.4. The function H is diagonalizable.

Proof. The subgroup M of K,

et 0
M=<m= ] teRS,
0 e—zt

fixes the points (0,7) in the hyperbolic space H = {(z,r) : z € C,7r € RT}. We
have H(kg) = n(k)H (g)m(k™"), therefore H(r) = m(m)H (r)r(m~"). Now since all
finite dimensional irreducible K-modules are multiplicity free as M-modules, H (r),
r > 0, and 7(H;) diagonalize simultaneously. |

We introduce the functions h(r) by means of the relations
H(r)v; = hj(r)v; . (4.2)
Proposition 4.5. The functions ij defined above satisfy
hy(r) = he-;(r™1),
for all 0 < r < oo.
it

Proof. From m = (e 0 ) = exptiH it follows that m(m)v; = e®(~2)y;. Let

0 e—it

b= (_01 é) € K. If m = exptiH; we have that mb = bm™!, thus w(m)m(b)v; =

e~ =2 r(b)v;. Therefore m(b)v; = cjve—;. Since b*> = expmiH; it follows that
m(b?) = (=1)*I, hence (—1)*v; = cjc,—;v;, so we have

Cng_jZ(—l)e, for j=0,...,¢.
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Let a5 = (3 891) € G, s > 0. Then
H(as) = H(p(as)) = H(0,57%) = H(s™?).
On the other hand H(a,-1) = H(b~tasb) = m(b=1)H (as)m(b), thus
H(s*)vj = w(b~") H(s™*)m(b)v; = cjhej(s)m(b™ v
= (=D ejee—jhe—(s~ vy,

therefore

hy(s®) = (=1 ejee—jhe—j(s72) = he—j(s72). m
Corollary 4.6. The function H(r) = (ho(r),...,he(r)), (0 < r < 1), satisfies
(1DH)(r) = AH(r) if and only if
r(1+3r?) B

1—1r2

271
reh; —

(ﬁ%)m’(f — i+ 1) (hiy — hy) 4 (i 4+ 1) (€ = 0)(hiys — hi)) = My

foralli=0,...,¢.

+

Corollary 4.7. The function H(r) = (ho(r),..., he(r)), (0 < 7 < 1), satisfies
(EH)(r) = pH(r) if and only if

Li(l—i+1) - s AP+ —9) 5 . .

—27‘(6 - 21)?1; + 1= 2 (hi-',-l - hz) = ph;

foralli=0,...,¢.

We introduce the change of variable ¢t = 72 and we put H(t) = H(/1)
and h;(t) = hi(v/t). The differential operators D and E are converted into new
differential operators D and E. At this point there is a slight abuse of notation,

since D and E were used earlier to denote operators on H. We get the following
expressions for these new differential operators D and F.

Corollary 4.8. For 0 < t < 1, the function H satisfies (DH)(t) = 4\H(t) and
(EH)(t) = pH(t) if and only if
8t 4t
4 2p1 /
Ehi = T h+ T

i(6 — i+ 1)(hi1 — hy)

1-1)2 (i +1)(€ = i) (hip1 — hi) = Ay,

and

4
4(0 — 2i)th) + ti(e —i+1)(hi—1 — hi)

41
1—

t(i +1)(€ —i)(hit1 — hi) = phy,

respectively.
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In matrix notation, the differential operators D and E are given by

DH = 4t*H" — 8t* H' + At (Co+ C1)H (4.3)
B 1—¢ (T—p2 0T '
, 4 4t
Here H denotes the column vector H = (hy, ..., hy) and the matrices are given by:

¢
Ag =) (£ —2i)Ey,
i=0
¢
Cy = Zz(ﬁ —i+1)(Eii-1 — Eij),
i=0
¢
C, = Z(Z + 1)(@ — i)(Ei,iJrl — Ei,i) .
i=0
Remark 4.9. The function ® € C*(G) ® End(V;) satisfies (4Q)® = A® and
(2 — Q)® = i@ if and only if the function H = H(t) associated with ® satisfies
DH = M\H and FH = pH, with

A=4\ and p=p+4(l+2),

(see Proposition 3.1).

5. Eigenfunctions of D
The goal of Secs. 5 and 6 is:

(i) to describe all solutions to DH = AH, EH = uH,0 <t <1,
(ii) to identify among these, those H that have a limit as t — 1. These correspond
precisely to the spherical functions, as seen in Sec. 4.

We are interested in considering first the functions H : (0,1) — C**! such that
DH = \H, )\ € C. It is well known that such eigenfunctions are analytic functions
on the open interval (0,1) and that the dimension of the corresponding eigenspace
Vy is 2(€ + 1). This space will be decomposed in different ways as a direct sum of
¢ + 1 dimensional spaces stable under E. See Propositions 5.6, 5.9 and 5.10. The
action of E on these spaces will be taken up in Sec. 6.

To determine the eigenfunctions of the differential operator
8t? 4t

H/
T T gl
for 0 < t < 1, it is necessary to take a close look at it and this is the purpose of the

DH = 4*H" —

Co+ C1)H

next proposition.
Since the (£+1) x (¢ + 1) matrix Cp + C1 is not a diagonal matrix, the equation
DH = M\H is a coupled system of £ + 1 second order differential equations in the
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components (ho, ..., he) of H. But fortunately the matrix Co + C; is a symmetric
one, thus diagonalizable.

Proposition 5.1. The matriz Cy+ C1 is diagonalizable. Moreover the eigenvalues
are —j(j + 1) for 0 < j < £ and the corresponding eigenvectors are given by u; =
(w05, .-, up,;) where

—j,—i,j+ 1
ui; = 3k < J 1 _Jg ; 1) , (5.1)

an instance of the Hahn orthogonal polynomials.

Proof. We shall see that
(Co+Cr)uj =—j(F+1u; forall0<j<2. (5.2)

The matrix Cy + C is given by

Y4
N it —i+D)Eii — (((0—i+ 1)+ (i + 1) =) Eii+ (i +1)(0 — ) E;ip1 -
=0

Then the ith-component of (5.2) is given by
=i+ Dujmr; — (Gl —i4+ 1)+ (E+ 1) —1))us;
+(i+ 1) —)uip1,; = —J(J + Dusj .
This allows us to recognize the eigenvectors of Cy + C as an instance of the Hahn
polynomials.

For real numbers «, 8 > —1, and for a positive integer IV the Hahn polynomials
Qn(z) = Qn(z; 0, B, N) are defined by

-n,—x,n+a+pF+1

Qn(m)=3F2< ot 1, -N+1 ,1), forn=0,1,...,N —1.

These Hahn polynomials are examples of orthogonal polynomials and hence satisfy
a three term recursion relation, see [10, (1.3)] or [1]. If one takes a = 3 =0, z = 4,
N =/{+1, n=j we obtain

. _7_Za+1
Ui,j_Qj(Z)_?)Fz( J 1 _Jg ; 1>.

Since all the eigenvalues are different we have that Cy + C; is diagonaliz-
able. O

Let U = (u;,;) be the matrix defined by (5.1). Then

4
U= G +1E; |U=Co+Ch. (5.3)

J=0



744 F. A. Grinbaum, I. Pacharoni & J. Tirao

If we define H(t) = U~'H(t), we see that the ith-component h;(t) of H(t) satisfies
8¢
1-t¢

if and only if DH = \H.
Recall that

i ! () = Ahi(t) =0 (5.4)

48R (t) — RL(t) — 4i(i + 1)

Vi={H=H(t): DH = \H(t),0 < t < 1}.

Suppose that 0 # H € V), is of the form H(t) = tPF(t) with F' analytic at t = 0
and p € C. In such a case we may assume that F'(0) # 0. We first note the following
relation between A and p.

Lemma 5.2. If H = tPF(t) with F analytic at t = 0, and F(0) # 0 satisfies
DH = \H, then A = 4p(p — 1).

Proof. Let F(t) = Z;‘;o t/ F;, then F satisfies

8t 41
+4p(p—1)F — AF =0.
If we multiply the above expression by (1 — ¢)? and set t = 0, we obtain
(4p(p — 1) — AN)F(0) = 0 and the lemma follows. m|
Observe that the function A(p) = 4p(p — 1) satisfies A(p) = A(1 — p). Given
A €C, if p € C satisfies A = 4p(p — 1) let
V(p) ={H € V\: H(t) =t’F(t), F analytic at t = 0} . (5.5)

We note that if H(t) = tPF(t) € V(p), with F(t) = Z;‘;o tJ F; then the vector
coefficients F}; satisfy the three term recursion relation
3G =14 2p)F; = (2p(2) = 1) +2(j = 1)* = Co = C1))Fja
+@-D@p+i-2)F2=0, j=1. (5.6)
Proposition 5.3. Let H € Vi, A = 4p(p—1) and let H(t) = U~ H(t). If we write
. tP .

H(t) = mp(t%

then the ith-component P; = Pi(t) of P is of the form Pi(t) = (1 —t)*"*R;(t) where
R; is a solution of the differential equation

tl—-tR! +(2p— 2(p—)t)R, +i(2p—i— 1)R; = 0. (5.7)

Notice that (5.7) is nothing but the Gauss’ hypergeometric equation with
parameters a = —i, b=2p—1i—1, c = 2p.
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Proof. If H € V) we can write H(t) = ﬁP(t) with P analytic on the interval
0 <t < 1. Then it is easy to verify that P satisfies

4t

L
(

gz e+ D+ 21 = 1)+ Co + C1)P =0, (5.8)

If we define the function P = U~!P it follows from (5.8) that the ith-component
P; of P satisfies the following differential equation

t(1—t)P + (2p—2(p — O)t) P,

+ (U +1)t+2p0(1 —t) —i(i +1))B; = 0.

1
(1-1)
We can also set P, = (1- t)z’iRi and then it is easy to verify that R; satisfies

t1—t)R! + (2p — (2(p— )t)R) +i(2p — i — L)R; = 0.

This finishes the proof of the proposition. O

Proposition 5.4. If A = 4p(p — 1) with 2p € C not an integer, and H € V(p),
H #0, then
P

H®) = q—pm

P(t),
where P = P(t) is a polynomial function of degree £. More precisely P(t) = UP(t)
where the ith-component of P is

) » —i,2p—i—1
P=a;(1—t)"F ( p2p : t)
with a; € C.

Proof. By hypothesis, for any H € V(p), we may write H(t) = ﬁP(t) with
P analytic at t = 0. Let H = U"'H and P = U~'P. Then by Proposition 5.3,
the sth-component P; of P is of the form P; = (1- t)e_iRi where R; satisfies the
Gauss’ hypergeometric equation (5.7). Moreover R; is analytic at ¢t = 0.

Since 2p € Z it is easy to verify that a basis of the solutions of (5.7) is given by
the functions:

—i2p—i—1 i, —2p—i+1
2F1< " p2p2 ;t), t1‘2”2F1< b ;t>- (5.9)

Therefore
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for some a; € C. Hence each P; is a polynomial function of degree ¢, whenever
a; # 0. Since P = UP the assertions made in the statement of the proposition are
now clear. O

Corollary 5.5. If 2p € C is not an integer then dimV(p) = £+ 1.

Proposition 5.6. If 2p € C is not an integer and A = 4p(p — 1), then
a=V()eV(1-p).

Proof. Let H € V(p)NV(1—p).If H # 0 then H = tPF(t) = t*"PG(t) with F and
G analytic at t = 0. Since 2p ¢ Z from (5.6) we get F/(0) # 0. Thus t??~! = % is
analytic at t = 0, but t2?~! has a ramification point at ¢t = 0, because 2p ¢ Z. This
contradiction proves that V(p) N V(1 —p) = 0.

Since dim V' (p) = dim V (1—p) = ¢+1 (Corollary 5.5) the proof of the proposition
is completed. O

When 2p € Z the situation is completely different as shown in the next propo-
sition. The reader may choose to skip the computation of dim V(1 — p) in (i) and
of dim V' (p) in (ii).

Proposition 5.7. Let 2p € Z and A = 4p(p — 1).

(i) If 2p > 1 then we have V(p) C V(1 —p) C Vi, dimV(p) = £+ 1 and
dimV (1 —p) =min{2(¢ + 1),¢ + 2p}.

(if) If 2p < 0 then V(1 —p) C V(p) C V), dimV (1 —p) = £+ 1 and dim V(p) =
min{2({ + 1), + 2 — 2p}.

Proof. Let us first observe that (i) and (ii) are equivalent by changing p by 1 — p.
Thus we can assume that 2p > 1.

If H € V(p) then H(t) = tPF(t) = t'"P(¢t?*’~1F(t)) with ¢t*»71F(t) analytic at
t = 0. This proves that V(p) C V(1 — p).

If H e V) and H = U~'H, then by Proposition 5.3, the ith-component h; of H
is of the form h; = ﬁRl where R; is a solution of the Gauss’ equation with
parameters a = —i, b=2p—1i—1, c = 2p.

A convenient basis of solutions of this Gauss’ equation for 0 < t < 1, is given
by the functions (see [2, Sec. 2.2.2, Case 22])

iop—i—1 i—2p—i+1
2F1< b p2pz ;t), tl‘%Fl( Lot ;t), (5.10)

whenever 0 < i < 2p — 1. On the other hand if 2p — 1 < i < /£ a basis of solutions
is given by the functions (see [2, Sec. 2.2.2, Case 23|)

—i,2p—i—1 oit1 i+1,2p+1
F ’ : 1—¢)% L, F ’ S 11
2 1( % 7t>7 (1-1¢) oy 949 t (5.11)
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In both cases it is easy to verify that these functions solve Gauss’ equation and
are linearly independent. In both cases the second elements of these bases are not
analytic at ¢ = 0 while the other one is. In fact, in the case 2p > i + 1 the function
t1=2Py Fy (—i,—2p — i + 1,2 — 2p; ) has a pole at t = 0 of order 2p — 1 > 0. When
1 < 2p < i+ 1 we have the following identity ([2, Chap. 2, (4)]):

itL2p4i \_ (d i+2p—1 o (d i+1-2p o -
2F1< % + 2 ’Z>C<dz> (1-2) 7 (=27 log(l—2)) | .

From this it is clear that the function 2Fy(i + 1,2p + 4,2i + 2;2) is not analytic
at z = 1 because log(l — z) has a ramification point at z = 1. Thus at ¢t = 0,
(1 —t)?* Ry (i +1,2p +4,2i + 2; 1 — t) is not analytic.

If H € V(p) then R; is analytic at ¢t = 0, therefore

i 2p—i—1
i,2p—1i ;t)

R; = a; 2 ( o

for some ; € C. Thus dimV (p) = ¢ + 1.

Now we compute the dimension of V(1 —p). We observe that by Proposition 5.3
for H € V()), the ith-component h; of H is of the form h; = ﬁRi. We can also
obtain that h; (t) = (ltjt%si, where S; is a solution of the Gauss’ equation with
parameters ¢ = —i, b = —2p —i+ 1, ¢ = 2 — 2p. We have the relation S; = t>?~'R;.
Therefore a basis of the solutions of this Gauss’ equation, for 0 < t < 1 is given by

_ —4,2p—1—1 —i,—2p—i+1
2r=t,p (0 ot (Y St
241 ( 2p ) ) ) 241 ( 9 _ 2p ) )
whenever 0 < i < 2p — 1. On the other hand if 2p — 1 < i < £ a basis of solutions
is given by

_ —,2p—1—1 _ ; i+ 1,2p+1i
2l (70 ct), Pl )2t E ’ S1-t).
2 1( 2p ) )7 ( ) 241 2Z+2 )

In the first case, both solutions are analytic at ¢ = 0, moreover they are polynomials,
while in the second case, the first solution is analytic and the other one is not.

If H € V(1—p) then S; is analytic at ¢t = 0, therefore we have for 0 <14 < 2p—1
that

B i 2p—i—1 i, —2p—i+1
=0t LR (0 )+ BieF ( t
Si=a 21( % 7>+/321< 59— 9p 7>

for some ay, B; € C. For 2p — 1 < i < { we have

_ i 2p—i—1
S; = P By < p2p ; t> ;

for some «; € C. From the description of the solutions it follows that dim V(1—p) =
min{2(¢ + 1), ¢+ 2p}. O
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For any p € C such that dim V(p) = £+ 1 a useful complement of V(p) in V)
will turn out to be the space W), introduced below.

A spherical function of type 7, € K gives rise to a function H € Vy such that
lim; ,,- H(t) = (1,...,1). This leads us to consider the linear space

Wy = {H eVy: lim H(t)is ﬁnite}.

t—1—

We start with a useful lemma. The first two cases considered in the hypothesis will
be used in Propositions 5.10 and 5.9, respectively.

Lemma 5.8. If2p e C—Z, or2p € Z and2p >i+1, or2p € Z and 2p < —i+ 1,
then we have

. 1), i —i—1 . 1) i =9 — 1
(Z + )ZJrl oF) ( L,4p —1 : t) + (7’ + )1+1 t172p2F1 < % p—1+ : t>
(1 —=2p)it1 2p (2p — )it 2—-2p

_l-2p(q _ p\2i+1 t+1,14+2-2p _
#172P(1 — ¢) 2F1< vy il-t). (5.12)

Proof. Let us first assume that 2p € C — Z and Re(2p) > 1, or that 2p € Z and
2p > i+1. Under this hypothesis on p the hypergeometric equation with parameters
a=—i,b=2p—i—1and ¢ = 2p, as we pointed out before, has a basis of solutions
given by (5.10). In general we have that t!=¢(1 — ¢)*~* % F (1 —a,1 — b,c+ 1 —
a —b;1 —t) is a solution of the hypergeometric equation with parameters a, b, c.
So, we get

, i+ 1,i4+2—2p
1_t2z+1F 1 ) -1 —t
(1=17"h 2 + 2 '

i 2p—i—1 i, —2p—i+1
:At2p712F1 b ep ! 3 t +B2F1 b 4 et 3 t].
2p 2—2p
We let t — 0F. Since Re(2p) > 1, we have that lim, o+ t??~! = 0 and that
the function 2 F1(i + 1,0 + 2 — 2p,20+2;1 — t) converges when t — 0 to the value
oFy(i4+1,i42-2p,2i+2;1) = %m. (See, for example [1, Theorem 2.2.2]).
Thus
) . B LY
B =,F; Z+1’Z.+2 2p; 27(1—’— )it1 .
20+ 2 (2p—1)it1
Now by taking lim;_,; we have
i 2p—i—1 =i 1—2
0= Ay [ PP T TN ) LBy (TR TIT T P
2p 2—2p
(i+1); (i+1);
B .
(2p): (2—2p);

From here we can easily deduce that A = (Z_H#
(1-2p)it1

=A
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Now we realize that (5.12) is invariant under the map p — 1 — p, by Euler’s
transformation (see [1, Theorem 2.2.5]). Thus (5.12) also holds when 2p € C - Z
and Re(2p) < 1, or when 2p € Z and 2p < —i + 1. By analytic continuation on p
the validity of (5.12) will be extended to Re(2p) = 1 but 2p # 1. In fact the left
hand side of (5.12) is an analytic function of pfor2p e C—Z if 0 <t < 1. On the
other hand it is well known that ( 9 2F1(a,b,c;x) is an entire function of a, b, ¢ if
|z| <1 (see [1, p. 65]). Thus the right hand side of (5.12) is an entire function of p
if 0 < t < 1. This completes the proof of the lemma. O

Proposition 5.9. Let 2p be an integer and let X = 4p(p — 1). We have

(i) If2p > 1 then V) = V(p) ® W,.
(ii) If 2p <0 then VA = V(1 —p) & Wi.

Proof. Let us first observe that (i) and (ii) are equivalent by changing p by 1 —p
Thus let us assume that 2p > 1.

Let H € V), A = 4p(p — 1) and H = U~'H, then by Proposition 5.3, the
ith-component h; of H is of the form h; = = - ),+1R where R; is a solution of
the Gauss’ equation (5.7). We also have mentioned that a basis of solutions of this
equation is given by (5.10), when 0 <4 < 2p — 1 and by (5.11) if 2p — 1 <4 < L.
Therefore for any H € V) the ith-component of H is
. P ~i2p—i=1, $1-p —i,—2p—i+1
hi=a;————— F ’ F; ’ st

i Oéz(l_t)HlQ 1( 2 >+/61( 1— o)t 112 1< 2_2p ;
whenever, 0 <i<2p—1andif 2p —1 <i < /£ then

v tP —4,2p—i—1 : 1+ 1,2p+1
hi = aj————oF ’ Pt AP (1 — 1) o F i 1—t
e A B i )

for some ay, B; € C.

In both cases we have seen in the proof of Proposition 5.7 that the functions
H € V(p) have 8; = 0, for all i = 0,...,£. In particular h; diverges when t — 1~.
Therefore we have that V(p) N Wy = 0.

We recall that a function H € W) corresponds to functions ﬁi which have a
finite limit when ¢t — 17.

In the case 2p — 1 < i < /£ the second summand in ﬁi

; 1+ 1,2p+1
P (1 — 1) F ; 1—1t 1
ser- o (02 ) (5.13)

is convergent at ¢ = 1, while the first one is not if a; # 0. Therefore h; corresponds

to a function H € W) if and only if a; = 0.
(i+1)it1

When 0 < i < 2p — 1, by Lemma 5.8, if we choose «; = @i T=2p) T and
Bi = Un% (a; € C), we get
. : 1 2—-2
hi(t) = ait'P(1 — t)'s (Z + 2221 ) L t) (5.14)

which is convergent at ¢t = 1.
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Therefore dim Wy = £ + 1 and since dim V' (p) = £ + 1 (Proposition 5.7) the
proof is completed. O

Recall that for 2p € Z we had V) = V(p) ® V(1 — p). When 2p € Z this decom-
position fails but can be replaced by one of the two in Proposition 5.9. Returning
to the case 2p ¢ Z we have the following proposition.

Proposition 5.10. If 2p € C is not an integer and A = 4p(p — 1) then
W=V eW,=V(1-p adW,.

Proof. Let H € Vi, A\ = 4p(p — 1) and H = U~'H, then by Proposition 5.3, the
ith-component h; of H is of the form h; = #Ri where R; is a solution of the
Gauss’ equation (5.7). Since 2p € Z a basis of the solutions of this equation is given
by (5.9). Therefore for any H € Vy the ith-component of H is

y tP —i,2p—i—1 ti-p —i,—2p—i+1
hz‘*%‘mﬂ*ﬂl < 2% >+/Bz( )¢+12F1 ( 2 2p st
Now the proof follows in the same way as in Proposition 5.9. O

Corollary 5.11. Let H € Wy, A = 4p(p — 1) with Re(2p) > 1 and let H = U"'H.
Then the ith-component h; of H is of the following form:

(i) If 2p € Z or 2p is an integer and 0 < i < 2p — 1 there exists a; € C such that

i+1,i4+2-2p 1_t>

bh.o— o 41=P(1 _ 4
hz alt (1 t) 2F1 ( 2 + 2

(ii) If 2p is an integer and 2p — 1 < i < £ then

SR itL2pti o
hz alt (1 t) 2F1 < 2 + 2 N

for some constant a; € C.

Proof. Instance (i) consists of two cases. The first one follows from Proposition 5.10
combined with Lemma 5.8. For the second, see (5.14). Instance (ii) was obtained
n (5.13). O

Corollary 5.12. For all p € C we have that dim W) = £+ 1.

In the next section the asymptotic behavior of H € V when t — 0% will play
a fundamental role.

Proposition 5.13. If H € V(p), p € C, then lim;_,q+ t"PH(t) exists and is finite.

Proof. The assertion follows directly from the definition of V(p) in (5.5). O
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Proposition 5.14. Let H € Wy, A = 4p(p — 1) with Re(2p) > 1. Then
lim,_,o+ tP~LH(t) exists and is finite.

Proof. Observe that if H = U~'H then it is equivalent to prove the existence of
lim,_,o+ tP~LH(t).

In the case 2p € Z or 2p an integer with 2p > ¢ + 1 we have, by Corollary 5.11
(i), that

) B . i+ 1,i4+2—2p
= at P — )Ry (T S1—t).
h; = a;t"7P( t)'a 1( 9 4 9 : t

Since Re(2p) > 1, Gauss’ summation formula gives

lim t*7'h;(t) = lim a;oF = :
S0 ilt) = lim aiz 1( 242 ©p— it

t—0+

In the case 2p, an integer 1 < 2p < i+ 1, we have

hi = aitP(1 — t)is Fy (“L L2p+i —t) .

2042
Therefore
lim tpilili(t) = lim ait2p712F1 i+ 17i+ 2 - 2p‘ 1—-t) = aim
t—0+ t—0+ 20+ 2 ’ (2p—1)it1

(see for example [1, Theorem 2.1.3]). This completes the proof of the proposition.
|

Proposition 5.15. Let 2p =1 and H € Wy, (A = —1). Then
1

lim ——H(t

>0t 1172 logt ®)

exists and is finite.

Proof. It is equivalent to prove that lim, o+ mﬂ(t) exists, if H = U 'H.

By Corollary 5.11(ii), for all 0 < ¢ < £ we have that

8 ; i+1,i+1

hi = ait**(1 — 1)y Fy ( %12 1—t> )
It is known that ([1, Theorem 2.1.3]):

b+ 1,14+2—2
2F1<Z+ b+ p;l—t)

2t 42 I'(2¢ + 2
lim = (2 +2)

t—0+ log(1/t) FG+1r@E+1)"

Therefore
, . (2 + 2)
lim ———h;(t) = —aj=——————"—.
Jm g ) = TS a1
This completes the proof of the proposition. O

(5.15)
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6. Eigenfunctions of D and F

Here we exploit the decompositions of Vy, A = 4p(p — 1), established in Sec. 5:

(1) if2p€Z, Va=V(p)@V(1—-p) =V &@Wr=V(1l-p) oW,
(i) if2p € Z,2p > 1, Vs =V (p) & Wy,
(ili) if 2p € Z, 2p <0, Vy = V(1 — p) & W,.

Proposition 6.1. For all p € C the linear spaces Vy, Wx and V (p) are stable under
the differential operator E. Therefore E restricts to a linear map of each space into
itself.

Proof. Since the differential operators D and E commute F preserves the space V).
If H € V(p) then H = tPF, with F analytic at ¢t = 0. Therefore EH € V(p)
since
4t

H
&

4
EH = —4tA H' + l—tCOH —

4 At
=P <—4tA0F’ = 4pAoF + — CoF — ECHF) : (6.1)

In considering W) we can assume that Re(2p) > 1. From Corollary 5.11, we get
that H € W), if and only if H € V), and H is analytic at ¢ = 1. Thus to prove that
EH € W, if H € W, we only have to see that %_t(CQ — C1)H is analytic at t = 1,
since we have

4 4t 4t
—CyH - ——C1H=4Co+ —(Cy — C1)H .
10 e O+1—t(0 1)

Now from DH = MH and H € W, it follows that (Co + C1)H(1) = 0. From
Proposition 5.1, we get that an eigenvector of Cy + C7 of eigenvalue zero is a scalar
multiple of ug = (1,...,1). Then it is easy to check that Coug = Crug = 0 and
therefore -2 (Co — C1)H is analytic at t = 1. m|

The argument above shows that any eigenfunction H of D which has a finite

limit L ast — 1~ has L = ¢(1,...,1) for some scalar c.

Proposition 6.2. (i) Let p € C, 2p & 7 and let n : V(p) — C*! be the map
defined by
:H+—— lim (¢7PH(t)).
U Jim (E7PH(2))

Then n is a linear isomorphism. Moreover the following is a commutative diagram
E
Vi) —— Vi)
n l n

ct1 P e
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where L(p) is the (£ 4+ 1) x (£ + 1) matriz given by
L(p) = 4C0 - 4pA0 . (62)

(ii) If 2p € Z, 2p > 1, the same result holds.
(iii) If 2p € Z, 2p < 0, the result holds by interchanging p into 1 — p.

Proof. From Proposition 5.13, it follows that 7 is well defined. Moreover it is clear
that n is a linear map between two vector spaces of dimension ¢ 4+ 1. A function
H = F(t) € V(p), with F(t) = 3272, t/F; is given by solving the three term
recursion relation (5.6):
3G =14 20)F; = (2p(2) + 1) +2(j = 1)* = Co = C1)) Fj
+(G-1D2p+j—2)Fj2=0.

This recurrence relation shows that the coefficient vector Fy determines H(t).
Therefore 7 is an injective map. The nonvanishing of the factor j(j — 1 + 2p) is
handled differently in cases (i), (ii) and (iii).

To prove the second assertion let H(t) = t*F € V(p) with F(t) = Y272t/ Fj.
Then by (6.1), we get

n(EH) = (t P(EH))(0) = —4pAoFy + 4CoFy = L(p)Fo = L(p)(n(H)). O

In Proposition 6.7, we shall prove that L(p) is a diagonalizable matrix with
eigenvalues

pr = pr(p) = —4p(€ — 2k) —4k(—k+1), for0<k </,

all with multiplicity one. Note that the sets of eigenvalues of L(p) and L(1 — p) are
the same, in fact we have

(L —p) = pe—i(p), foralll <k </.
The following theorem gives us all simultaneous solutions of the system DH =
AH and EH = pH, thus accomplishing task (i) at the beginning of Sec. 5 for
2p € 7.

Theorem 6.3. Let A\ =4p(p—1), 2p € Z. A function H =H(t),0<t<1lisa
simultaneous eigenfunction of the system DH = N\H and EH = pH if and only if
H is of the following form:

tP ti-p

mp(t) + m@(t)

where P(t) = UP(t) and Q(t) = UQ(t) and the ith-component of P and Q are

H(t) =

. L (—ip—i—1
R = a1 —ofar (70T ),

a0 =pa-oan (T

with P(0) and Q(0), respectively, eigenvectors of L(p) and L(1—p), of eigenvalue p.
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Proof. From Propositions 5.4 and 5.6, it follows that H € V) if and only if it is of
the form stated in the first part of the theorem.

Since V(p) and V(1 — p) are E-stable and V) = V(p) ® V(1 — p) it follows
that H € V) is an eigenfunction of E if and only if each summand of H is an
eigenfunction of F with the same eigenvalue, which is equivalent by Proposition 6.2
to the fact that P(0) and Q(0) be, respectively, an eigenvector of L(p) and L(1 —p)
for the same eigenvalue. O

We will see in Sec. 7 that even when 2p € Z, H(t) allows a decomposition in the
form above except for a limited range of values of p. Under the condition 2p ¢ Z
this decomposition is unique in the sense of Proposition 5.6. This uniqueness fails
when 2p € Z.

To study the joint eigenfunctions H = H(¢) of the differential operators D and
E when 2p € Z we can use the decomposition of V) given in Proposition 5.9.

The following three propositions describe the action of E in W), for any p € C.

Proposition 6.4. Let p € C, Re(2p) > 1 and let n: Wy — C*1 X =4p(p - 1),
be the map defined by

n:Hw— lim tP71H(t).

t—0+

Then n is a linear isomorphism. Moreover the following is a commutative diagram

W)\ L) W)\

" "
1 Ld-p) o1

where L(1 — p) is the (£ + 1) x (£ + 1) matriz given by
L(l —p) = 400 - 4(1 - p)AO .

A similar statement holds for Re(2p) < 1, by changing p into 1 — p.

Proof. From Proposition 5.14, it follows that 7 is well defined. Moreover it is clear
that 7 is a linear map between two vector spaces of dimension £ + 1. So, we only
have to verify that 7 is injective.

Let H € Wy and let H = U~'H = (ho, ..., hy). In the proof of Proposition 5.14,
we have seen that in the case 2p ¢ Z or 2p an integer 0 <i < 2p —1

i+1,i4+2-2p 1_t>

. — 4417 P(1 _ )¢
hl alt (1 t) 2F1 < 2% + 2

and in the case 2p an integer 2p — 1 < i < £ we have

o Lop i
ST,

b.— 4 4P(1 _ +)¢
hl alt (1 t) 2F1 ( % + 2 N
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We also proved that in both cases
. i+ 1);
lim tpilhi(t) = aim .
50+ (2p—1)ig1
Now if H € W)y, satisfies n(H) = 0 then lim;_,o+ t?~'h;(t) = 0. So we have a; = 0
for all 0 < i < ¢ and thus H = 0. Therefore 7 is an injective map.
To prove the second assertion let H € Wy. From (4.4) we have

t—0+

4 4
’I’](EH) = lim (—4A0tpH/+ 1_tC()tp_IH— mCltpH> .

We first note that lim,_,o+ tPH(t) = 0 because lim,_, o+ P~ H(t) exists and is finite.
By L’Hospital rule we have

_ oy, PH(E) R
n(H) = lim —===pn(H) + lim t"H'(t)
thus limy_,q+ t?PH'(t) = (1 — p)n(H). Therefore
n(EH) = —4(1 — p)Agn(H) + 4Con(H) = L(1 — p)n(H) . O

Proposition 6.5. Let 2p = 1, that is A = —1, and let n : Wy — C**1 be the map
defined by

cH+— lim ————
g 0+ 1172 logt

H(t).
Then 1 is a linear isomorphism. Moreover the following is a commutative diagram
E
W — W

n Jn
(CZJrl M) (CZJrl )

Proof. By Proposition 5.15, i is a well defined linear map between two vector
spaces of dimension ¢ + 1 (Corollary 5.12). Let H € W) be such that n(H) = 0.
From (5.15), we get a; = 0 for all 0 < i < £. Thus we have that H = 0, proving
that 7 is an isomorphism.

To prove that the diagram is commutative take H € W). By definition of the
differential operator ¥ we have

( 4¢1/2 , 4 4¢1/2

——C
t1/2logt °7 " logt

n(EH) = lim

t—0+

AoH' + C1H> .
logt

We observe that
4
lim ——H =4n(H
rrot 1172 logt n(H)
and that
o Atl/? , 4t
lim = lim ————
t—o0t logt t—ot+ t1/2logt
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Finally by L’Hospital rule we have
H(t) ) H'(t) . tY2H'(t)

H)= — = =21
n(H) 10t 1172 log t oot $t=1/2logt + t=1/2 oot log t
Therefore n(EH) = —2Aon(H)+4Con(H) = L(1/2)n(H). This completes the proof
of the proposition. O

Proposition 6.6. Let p € C, Re(2p) = 1, 2p # 1 and let n : Wy — CL,
A =4p(p— 1), be the map defined by
n:H+— lim t*"*P(H)(t),
t—0+
where P denotes the projection of Vi onto V(1 — p) along the subspace V (p). Then
1 is a linear isomorphism. Moreover the following is a commutative diagram

Proof. Let us observe that = ;P where n; : V(1 — p) — C**! is the isomor-
phism introduced in Proposition 6.2, exchanging p by 1 — p. Let H € W), such that
n(H) = 0. Then P(H) = 0, i.e. H € V(p), but V(p) N Wy = 0. Hence H = 0
proving that 7 is an isomorphism since dim Wy = £+ 1 (see Corollary 5.12).

To prove the commutativity of the diagram we observe that given H € Wy
we have

n(EH)=mP(EH) =mEP(H) = L(1 —p)m(P(H)) = L(1 - p)n(H),

by Propositions 6.1 and 6.2. This completes the proof of the proposition. O

The construction above, with the introduction of the projection P may appear
different from that in Proposition 6.4 and 6.5. We explain now the need and the
motivation behind this choice of P.

In this case p = % + i0, o # 0, real. Proposition 5.6 shows that any H # 0
in W, has two components: one behaves like 2719 and the other one as t3 % as
t — 0. There is no way to multiply both components by a common function of £ to
describe the asymptotic behaviour of H at ¢ = 0. The only way out is to eliminate
one of the two components first. This is the effect of the projection. In the cases
considered in Propositions 6.4 and 6.5 this was not necessary, but we could have
done it too.

This phenomenon is reminiscent of the presence of “Stokes lines” in the discus-
sion of “dominant and recessive solutions” of an ordinary differential equation at
an irregular singular point.
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Now is time to take the study of the matrix L(p). In the case £ = 0 we have
L = FE =0 for all p, thus we assume below £ > 0.

Proposition 6.7. If 2p € C is not an integer in the interval —¢+2 < 2p < { then
L(p) = 4Cy — 4pAy is diagonalizable with eigenvalues

k= —Ap(l — 2k) —4k(E —k+1), for 0<k<Z, (6.3)

all with multiplicity one.
If 2p is an integer in the interval —€ + 2 < 2p < £ then L(p) = 4Cy — 4pAg 1is
not diagonalizable. More precisely:

i <2p < en pg, 0 < k < ===, are eigenvalues with multiplicity two,

) If1<2p<{th 0< k< 120 I th multiplicity t
but with geometric multiplicity one; ug, L+1—-2p < k </l ork = ZHT*% (
£+ 1 —2p is even), are eigenvalues with multiplicity one.

(i) If £+ 2 < 2p <0, then pp, 1 —2p < k < ZHT*%, are eigenvalues with
multiplicity two, but with geometric multiplicity one; ug, 0 < k < 1 — 2p or
k= # (when £+ 1 — 2p is even), are eigenvalues with multiplicity one.

when

The eigenspace corresponding to the eigenvalue pyp is generated by vy =

(Vo,ky - -5V k), where v, =0, for 0 <i <k, vpr =1 and
j ) )
(k+d)(l+1—i—k)
= 6.4
etk Hz‘(z+1—2p—2k—z‘)’ (6.4)

i=1
for 1 < j <€ —k. If up is an eigenvalue with multiplicity two and pur = pg we
assume that k > k'.

Proof. The matrix L(p) = 4Cy — 4pAy is a lower triangular matrix given by

¢
L(p)=> 4i(t—i+1)E;;_1 —4(i(€ — i+ 1)+ p(€ — 20))E;; .
i=0
Therefore the eigenvalues of L(p) are pp = —4p(¢ — 2k) — 4k(¢ — k + 1), for each
k=0,...,¢

As a function of k, uy is symmetric around the point #

, Le. pp =
te+1—2p—k. Therefore there are eigenvalues with multiplicity two if and only if
2p € Z and 0 < # < £, or equivalently 2p € Z and —¢ 4+ 2 < 2p < /. This
proves the first assertion.

To prove (i) it is enough to visualize in the real line the points 0 < MT*% <
£+ 1—2p < ¢ and exploit their relative ordering and symmetry around #.
Similarly to establish (ii) it is enough to visualize in the real line the points 0 <
1-2p< S22 <y,

To prove the last assertion we first observe that = (o, ..., x¢) is an eigenvector
of L(p) corresponding to the eigenvalue py if and only if the following equations
hold

il +1—d)xim1 = (pe — pi)z; foralll <i<2. (6.5)
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If i is an eigenvalue with multiplicity two and pp = pr we assume that & > &'
Then from (6.5) it follows right away that z; = 0 for 0 < ¢ < k — 1, and that x
determines x; for k 4+ 1 <4 < £. Moreover a closer look at (6.5) shows that vy, see
(6.4), generates the eigenspace associated to the eigenvalue . O

By collecting our previous results we arrive at our punch line: for each £ € Z>¢
and p € C there are exactly ¢ + 1 functions Hy(t,p), 0 < k < ¢, associated to
spherical functions. Their explicit expressions are given in the next proposition. By
the usual symmetry p — 1 — p we can assume Re(2p) > 1.

Theorem 6.8. Let A = 4p(p—1) with Re(2p) > 1. A function H = H(t),0 <t < 1,
corresponds to a spherical function ® of type m = m; if and only if H = UH where:

(i) If2p ¢ Z,

itlit2-2p

hi = ait!P(1 — t)'y F,
hi = ait"7P( t)'y 1( 9% 1+ 92 ;

) 0<¢</.

(i) If2p € Z,

itlit2-2p

aitl_p(l—t)i2F1< % + 9 ; ) 0<i<2p—2,

hi =

ait”(l — t)igFl (

o
ot ’p—H-l—t) 2 —1<i<t

21+2
When2p ¢ Z ori=0,...,2p—2, a; :ai% and when 1 =2p—1,...,¢,
a; = ai%. In both cases ay, .. .,ay is such that Ulag,...,a)T is an eigen-
vector of the matriz L(1 — p) of eigenvalue py, 0 < k < ¢, and ag = 1.
Moreover Q® = (3 + pi, + £(£ +2))® and QP = 3 @.

The functions H(t,p) resulting from the ¢ + 1 choices of ux above will be
the main characters in Secs. 7 and 9. We refer to these functions as the families
associated to a given /.

In the following proposition we clarify the correspondence (p, k) — ®(;, ) which
assigns to the pair (p, k) € C x Z, 0 < k < ¢, the spherical function ®(, ) of type £
associated to the eigenvalues p, = —4p(f — 2k) — 4k({ — k4 1) and A = 4p(p — 1).

Proposition 6.9. If ® is a spherical function on G of type £ then ® = @, 1) for
some pair (p, k). Moreover ®, 1y = @ i1y if and only if

pl+1—k—2p) ifl+1—k—2pe{0,...,4},

(
k) = E (6.6)
(1-pk—-1+2p) ifk—1+2pef0,... 0}.



Matriz Valued Spherical Functions 759

Proof. Let A(p,k) = 4p(p — 1) and u(p, k) = —4p(¢ — 2k) — 4k({ — k + 1). By
Proposition 6.10 below the problem reduces to finding the pairs (p/, k') such that
A(p, k) = A(p', k') and p(p, k) = p(p', k).

Now A(p, k) = A(p/, k") if and only if (p —p')(p+p’ — 1) = 0, that is, if and only
ifp’=porp =1-np.

Also it is easy to check that u(p, k) = p(p,k’) if and only if &k = k' or k' =
£+ 1—k—2p, and that u(p, k) = n(1 —p, € — k).

Therefore, for (p, k') we have the following possibilities: (p,k) and (p,¢ + 1—
k—2p),or (1—p,£—k)and (1—p,d+1—(L—k)—2(1—p))=(1—p,k—1+2p).
This completes the proof of the proposition. O

Throughout this paper we have carried out a bare hands construction of the
spherical functions starting from their definition. The rest of this section relates
such a construction to the representation theory of G.

Spherical functions of type § € K arise in a natural way upon considering
representations of G. If g — U(g) is a continuous representation of G, say on a
complete, locally convex, Hausdorff topological vector space E, then

P(6) = /K xs (k™)U (k) dk

is a continuous projection of F onto P(6)E = E(§); E(d) consists of those vectors in
E, the linear span of whose K-orbit is finite dimensional and splits into irreducible
K-subrepresentations of type . Whenever F(¢) is finite dimensional and not zero,
the function &5 : G — End(E(J)) defined by ®s(g9)a = P(5)U(g)a, g € G, a €
E(0) is a spherical function of type . Moreover any irreducible spherical function
arises in this way from a topologically irreducible representation of G, (see [6, 13]).

If a spherical function @ is associated to a Banach representation of G then it
is quasi-bounded, in the sense that there exists a semi-norm p on G and M € R
such that ||®(g)| < Mp(g) for all g € G. Conversely, if ® is an irreducible quasi-
bounded spherical function on G, then it is associated to a topologically irreducible
Banach representation of G (see [6, 13]). Thus if G is compact any irreducible
spherical function on G is associated to a Banach representation of G, which is
finite dimensional by the Peter—Weyl theorem.

When G is a connected Lie group any spherical function is analytic, hence it is
determined by (D®)(e) for all left invariant differential operators D on G. We also
need to quote the following fact (cf. [13, Remark 4.7]).

Proposition 6.10. Let &, ¥ : G — End(V) be two spherical functions on a
connected Lie group G of the same type & € K. Then ® = U if and only if (DP)(e) =
(DV)(e) for all D € D(G)X.

If G is a noncompact connected semisimple Lie group with finite center, and
K is a maximal compact subgroup of G, then, from Casselman’s subrepresen-
tation theorem (see [11 p. 238]), we know that any irreducible (g, K) module
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can be realized inside a generalized (also known as nonunitary) principal series
representation of G. Thus, in particular, any irreducible spherical function of (G, K)
is associated to a generalized principal series representation of G, and thus it is
quasi-bounded.

This can be seen directly for (G, K) = (SL(2,C),SU(2)) from our explicit con-
struction of all irreducible spherical functions. Let M AN be the upper triangular
subgroup of G. Define ¢ on M and v on a by

et 0 .
__irf
a( 0 e_w) -
t 0 .
v = wt,
0 -t

for r € Z and v € C. We also point out that the half-sum of the positive restricted

roots is given by
t 0 o
P\o )"

v1og a5 (1m) is a representation of M AN, and it is this representation

Then man — e
that we induce to G to construct its generalized principal series representation.
Thus we put U%" = Ind%AN.

A dense subspace of the representation space of U = U%" is

{F : G — C continuous : F(zman) = e~ P18 a5 (1m)~1 ()}

with norm
1712 = [ 1R,
K
and G acts by
U™ (g)F(x) = F(g~"x).

The actual Hilbert space and representation are then obtain by completion.

A K type mp occurs in U?" if and only if r = ¢ — 2j for some 0 < j < £
(Frobenius Reciprocity Theorem). If this is the case, let ® = ®,, . be the spherical
function (irreducible) of type 7, associated to U?¥, and let P, be the corresponding
projection onto the K-isotypic component. To identify @, , we just need to compute
[Q®,.](e) and [Q®, .](e), (Proposition 6.10). We start by observing that

40 = H} — H3 — AHy + 4iHy — 2iH1 Hy + 4X1Y1 — 4XoYs — 4iX 1 Ys — 4iX,Y7
40 = H — H} — 4H, — 4iHy + 2iH1 Hy + 4X1Y) — 4XoYs + 4i X Yo + 4iXoY7
where X; = %(Vl +W1), Y, = %(Vl —Wl), Xy = %(WQ +‘/2) and Y, = %(WQ —Vé)

If X en Y €g, and F is a smooth function in the induced space, then

U F(e) = STV F((exptX) s =0,



Matriz Valued Spherical Functions 761

because U(Y ) F is right invariant under N. On the other hand if X = H+T € a+m,
then

U(X)F(e) = %UF((exp tX)™h) = %(e”"””(exp tH)o(exptT))F(e)
t=0 t=0
= (v +p)(H) +6(T))F(e).

Since X7, X2 € n, H; € a and Hy € m, we obtain

4U(Q)F(e) = ((1v + 2)% — (ir)? — 4(iv + 2) + 4i(ir) — 2i(iv + 2)(ir)) F(e)
=(w+24+r)(iv—2+r)F(e),

4U(Q)F(e) = ((iv + 2)% — (ir)? — 4(iv + 2) — 4i(ir) + 2i(iv + 2)(ir)) F(e)
=({w+2-r)iv—2—-r)F(e).

Since Q, Q € D(G), U(Q) and U(Q) commute with U(g) for all g € G. Therefore
UQ) = (iw+2+7)(iv—2+r) and U(Q) = (iv+2 —7)(iv — 2 — 7)1

Now Q®(g)P; = PgU(g)U(Q)Pg =4(iv+2+7r)(iv — 2+ r)®(g)P,. A similar
argument holds for Q. Thus

QP =4(iv+2+7)(iv—2+7r)®, and QO =4(iv+2—7)(iv—2—7)b.

Proposition 6.11. Forv € C andr =40 —25,0< j </, letp = i(iv +2-—7)
and k = %(r +{). Then the spherical function ®, . of type m¢ associated to U is
equivalent to @, 1)-

Proof. As we said before, the only thing we have to verify is that the eigenvalues
of Q and Q corresponding to ®, , and ®(,, 1) are respectively the same. Taking into
account Remark 4.9, Theorem 6.8 and (6.3), this in turn amounts to checking that

(v+2—r)(iv—2—7)=4p(dp —4),
and
ivr = —4p(f — 2k) — 4k(0 —k + 1) +£(£ +2),

which is straightforward. O

Remark 6.12. The resulting relations v = (¢ — 2k + 2 — 4p), r = 2k — ¢, with
p € Cand 0 < k < ¢ show that the map (v,7) — (p, k) is one to one and onto. Thus
any irreducible spherical function is equivalent to one associated to a principal
series representation as advertised above. Moreover the map (v,7) — (—v,—r)
corresponds to the map (p, k) — (1—p, £—k). This explains the equivalence between
@ (p, k) and ®(1_;, o) (Proposition 6.9) in terms of the equivalence between U”" and
Uvow¥ where w is the nontrivial element of the restricted Weyl group W (g, a).
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7. Some Examples and a Conjecture

The results in Secs. 5 and 6 include a number of different expressions for the com-
ponents of the vector H(t) corresponding to a spherical function. Some of these
expressions are rather elaborate; for instance those given in Theorem 6.8 involve
Gauss’ hypergeometric functions as well as Hahn polynomials. Others involve sim-
ple linear combinations of t? and t'~P with rational coefficients, as in Theorem 6.3.
This “embarrassment of riches” results from different decompositions of V) as a
direct sum of subspaces. These decompositions are dictated by the nature of p as
summarized at the beginning of Sec. 6. The case 2p ¢ Z is simpler to deal with and
this is reflected in the simpler expressions appearing in Theorem 6.3.

The relative merit of these or other explicit representations of H(¢) depends
on the task at hand. In this section we identify those cases when H(t) contains
logarithmic terms. For this task an expression as in Theorem 6.3 is most convenient
and we show that its validity goes beyond the condition 2p & Z.

The first part of this section is done entirely in terms of explicit examples given
in full detail. This should allow the reader to check many points of the theoretical
treatment in the rest of the paper.

We close with a conjecture of the form of H(t) which is a “first cousin” of a
conjecture in [7].

The case ¢ = 0. In the case ¢ = 0, there is only one equation, namely

2
4217 (1) — %h’(t) — 4p(p — Dh(t)
with a solution
tP —¢l-p
W) = =t
W= Di-1

1

2

the spherical function is given by taking the limit in the expression above. One gets
Vitlog(t)

M) = ——7

as in Theorem 6.3. This expression is valid as soon as p is not % In the case p =

This, as well as the examples below, illustrates the fact that the result in
Theorem 6.3 is valid as long as 2p is not an integer in the range —¢ + 1,—¢ +
2,...,—1,0,1,...,£+ 1. In fact it is only for these values of p that spherical func-
tions will contain a logarithmic term.

We display this in the cases £ = 1 and £ = 2 below. Afterwards we describe the
pattern in the case of £ = 5.

The case ¢ = 1. We have one family with g = —4p (corresponding to k = 0).
2P tP2(p—1)t—2p+1)
P-D@p-D(E-1)>  (p-1)2p-1)t-1)*"

ho(t) =
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tP _tP((2p 1)t —2p+2)
P-1@2p-1(t-1)? (p-DEp-1(E-1)*"

The other family (corresponding to k = 1) is obtained by exchanging p and 1 — p.

hi(t) =

We have an exceptional form for p = %, namely

2v/t(tlog(t) —t 4+ 1) 2v/t(log(t) —t + 1)

ho(t) = G- 12 , ha(t)=— .
and for p = 1, where we get
ho(t) =  2t(log(t) —t+1) ha(t) = 2(tlog(t) —t+1) .

t-12 7 (t—1)

As usual (for reasons of symmetry) it is enough to consider p to one side of the
value %

In summary we have, for £ = 1, a total of two spherical functions with logarith-
mic terms.

The case ¢ = 2. We have three families corresponding to k = 0,1, 2.

The first one has gy = —8p and the vectors P(t) and Q(¢) in Theorem 6.3 can
be taken to be

3(2p*t? — 5pt? + 3t% — 4p*t + 8pt — 3t + 2p? — 3p+ 1)

Py(t) = (p—1)(2p—3)(2p—1) 7
Pi(t) = (pg(_Q % (;; t—_:a)z(g; —1 )1) ’
B(t) = (r—1)(2p E H2p-1)°
and
Qo) = =, = ]_)(2p3i23)(2p -1’
- Rt
Qa(t) = _ 3(2p*? — 3pt® +t* — 4p®t + 8pt — 3t + 2p” — 5p + 3)

(P—1)(2p—3)(2p—1) ’

as long as p # %, 1, %
The second family of solutions (well defined for p different from 0, %, 1 has
p = —8. The vector P(t) can be taken as

3t(pt —t —p)

Polt) = (p—1)p2p—-1)’
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Pyt) = 3(p*t? — 2pt? + 2 — 2p%t + 2pt +t + p?)
' (p—Dp(2p—1) ’
3(pt —t—p)
(p—Dp2p-1)’
and the vector Q(t) can be taken as
3t(pt —p+1)
Qo(t) = "5,
ot (p—1)p(2p—1)
3(p*2 —2p*t +2pt +t+p* —2p+ 1)
Qi(t) = —
(p—1)p(2p—1)

Py(t) =

?

3pt—p+1)
Qt) = —————.
S P VTG
By changing p into 1 — p in the first family we get the third family of spher-
ical functions, well defined for p not in the set —%, 0, % We have y = 8p — 8§,
corresponding to k = 2. The vector P(t) can be taken as
3t?
Py(t) = ,
"0 = - DEp 1)
3t(2pt—t —2p—1
Py = 2L L)
p2p—1)(2p+1)
3(2p*t? — pt? — 4p®t +t + 2p* + p)
Py(t) = ,
p2p—1)(2p+1)
and the vector Q(¢) can be taken as
Qolt) = — 3(2p*t2 + pt? + 4pt + t + 2p* — p)
0 p(2p —1)(2p+1)

3(2pt+t—2p+1)

p(2p—1)(2p+1) ’
3

Q) = DT

Now we analyze each one of the exceptional points.

)

Q1(t) =

Exceptional point p = —%. The third family gives

_ 3t3/2(2log(t) + 2 — 4t + 3)
ho(t) = 2(t —1)3 ’

1/2 o 42
) = -2 (2t(1tg_(t1))3 211

3t—1/2(2t2 log(t) — 3t2 + 4t — 1
ha(t) = ( 2g() ) )
(t-1)
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Exceptional point p = 0. The third family gives
_ 3t(2tlog(t) —t* + 1)

olt) = (t—1)3 )

ha () = Stt1oe®) (J; l_ogi()z;) ~2+2)
o) _ 42

ha(t) = _3(2t] Egt(t—) 1);5 +1)

The second family gives the same spherical function, since in both cases we have
A=0,u=-8.

Exceptional point p = % The third family gives
_3t12(2t2log(t) — 3t + 4t — 1)

ho(t) 26— 1) ,
o 3tY2(2tlog(t) — 2 + 1)

m(t) = - EE ’

ha(t) = 3t1/2(21og(t) + 2 — 4t + 3) '

2(t—1)3
The second family gives

 6t%/2(tlog(t) + log(t) — 2t + 2)

ho(t) o ’

 31Y2(2 log(t) + 6t log(t) + log(t) — 412 + 4)
ha(t) = — T |
ha(t) = 6t1/2(t10g(t) +log(t) — 2t + 2) '

(t—1)3

The first family gives the same spherical function as the one obtained from the
third family, since they share the value of (A, p).

Here we find something different. The first and third family give (unsurprisingly)
the same limiting spherical function, but the second family gives something else.
This is as it should be since the values of (A, ) for the first and third families are
A = —1, u = —4 while for the second family we get A = —1, up = —8.

The exceptional points p = 1 and p = % reproduce the results of the points
p=0andp= —%, respectively.

In summary, when ¢ = 2, we have a total of four spherical functions with
logarithmic terms, one each from the pairs p = —%, % and p = 0,1 and two from
the value p = %

In Fig. 1, we display the three families in the (p, p)-plane. The exceptional points
are marked on the p-axis. On each one of the lines giving the different families we
mark the points giving rise to spherical functions with logarithmic terms.
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pn=_8p-8
i
1 1 3
2 3 73
P
. p=-8
pu=-8p
Fig. 1.

The case ¢ = 5. It is now clear what the general pattern is, as illustrated here for
{=05.

There are six families of spherical functions and each one of them has six
exceptional values of p. The table below gives the exceptional values of p for each

family.
3 1 1
st -2 —= -1 —— 0 =
S ) 2 ) ) 2 ) ) 2
1 1
2nd —§, -1, —=, 0, -, 1
2 2 2
1 1 3
d -1 —= - 1 -
3r ? 27 07 27 ) 2
1 1 3
ath  —— 0 = 1 = 2
2 ) ) 2 ) ) 2 )
1 3 5
5th 0 = 1 = 2 =
) 2 ) ) 2 ) ) 2
1 3 )
th - 1 = 2 =
6 2 ) ) 2 ) ? 2 ? 3

and the corresponding values of u are listed below
p=—20p, —4(3p+5), —4(p+8), 4(p—9), 4(3p—8), 20(p—1).

The first and sixth family are related by the exchange of p into 1 — p, and the
same relation connects the second and fifth families, and the third and fourth ones.
This relation is clearly manifested in the corresponding exceptional sets as well as
in the values of y above.

For p = —2 (and the corresponding symmetric value p = 3) the first and sixth
families give one spherical function with A = 24, u = —60.

For p = —% (and its companion p = %) the first and sixth families contribute
one spherical function, with (A, ) = (15, —50). The second and fifth families give
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a common spherical function with (A, x) = (15, —50). In this way we get one more
spherical function with logarithmic terms.

For p = —1 (and its companion value p = 2) the first and sixth families as well
as the third and fourth families give a common spherical function with (A, u) =
(8,20). The second and fifth families give a common spherical function with (A, u) =
(8,—44). This gives us two more spherical functions with logarithmic terms.

For p = —% (and its companion value p = %) the first and sixth families give
a spherical function which is common with the one that the third family gives for
p = 3/2 and the fourth gives for p = —1. The values of (A, u) are (3,—30). Now
p= —% is also an exceptional value for the third family and p = %
fourth family. This produces another spherical function which coincides with the
one that corresponds to the second and fifth family. The value of (A, ) is (3, —38).

So, for the pair p = —%, % there are two spherical functions with logarithmic terms.

is one for the

For the pair p = 0, 1, there are three different spherical functions corresponding
to the first and sixth families, the second and fifth, and the third and fourth. The
corresponding values for the eigenvalues of D and E are (0,—20), (0, —32) and
(0, —36).

For p = %, there are three different spherical functions corresponding to the
first and sixth families, the second and fifth families, and the third and fourth
ones. The values for the parameters (A, u) are (—1,—10), (=1, —26) and (—1,—34),
respectively.

In summary, for £ = 5, we have a total of twelve spherical functions with loga-
rithmic terms.

We close the section by stating the conjecture advertised above. From
Theorem 6.8, we get a completely explicit form for the spherical functions in terms
of Gauss’ hypergeometric functions and a matrix U whose columns are given by
Hahn polynomials (Proposition 5.1). This gives our functions H(t) as a linear com-
bination of the classical functions.

A reader familiar with the results in [7] may wonder if it is possible to give an
expression for H(t) in terms of a single generalized hypergeometric function. Such
a result is offered below in the form of a conjecture.

Conjecture 7.1. For a given £ > 0, the functions H(t) have components that are
expressed in terms of a special class of generalized hypergeometric functions of the
form pioFp 1, namely

a,bysi+1,...,8,+1 )

p+2Fpi1 < ;Z
Cy 81,82, -5 Sp

More explicitly, the kth family of spherical functions, characterized by A =
dp(p — 1), ux = —4p(¢ — 2k) — 4k(¢ — k + 1), has components h;(t) given by

L2p+k—i,{s; +1} 1_t>

hi t) = tp‘i’k?*i . F ; _
( ) a(L,i k)L a(e,ik)—1 < {+ 2;{81'} ’
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with a(¢,4,k) = min{i+k+2,¢+2}. Here {s;} denotes a row vector of a(¢, 4, k) —2
denominator parameters and {s; + 1} are the same coefficients shifted up by one.

8. Unitary Spherical Functions

Given a function ® : G — End(V'), where V is a finite dimensional complex vector
space with an inner product, we define ® : G — End(V) by ®(g) = ®(g~")*, where
* denotes the operation of taking adjoint.

Proposition 8.1. The function ® is spherical of type § € K if and only if ® is
spherical of type 4.

Proof. Let us assume that ® is spherical of type §. Then

B(@)d(y) = (@ HBE))" = < /| m(ic-l)@(y-lkx-l)dk)

_ / s (k)® (k1 y)dk .
K

Moreover ®(e) = ®(e)* = I, hence & is a spherical function of type . On the other
hand since ® = ® the proposition follows. O

Definition 8.2. A spherical function ® : G — End(V) is said to be unitarizable
if there exists an inner product on V such that ®(g)* = ®(¢g~!), for all g € G. In
such a case we also say that ® is a unitary spherical function. In other words & is
unitary if and only if & = ®.

Proposition 8.3. If ® : G — End(V) is a unitarizable irreducible spherical
function then there exists a unique inner product on V, up to a positive multiplicative
constant, which turns ® unitary.

Proof. Let (,) and (,) be two inner products on V' which make ® unitary. Then
there exists a linear operator A of V such that (u,v) = (Au,v), for all u, v € V.
By hypothesis, we have

(A (g)u,v) = (B(g)u,v) = (u, (g™ ")v) = (Au, B(97")v) = (®(9)Au,v).

Thus A®(g) = ®(g)A for all g € G. If A is an eigenvalue of A then the corresponding
eigenspace V) is a non-zero subspace of V which is stable by the set of linear
transformations ®(G). Hence, by the irreducibility assumption, it follows that V) =
V', which proves the proposition. O

Before tackling the next proposition it is best to recall the definitions of P(4),
E(§) and ®(0) given following Proposition 6.9.

Proposition 8.4. If U is a unitary representation of G on a Hilbert space E and
E(6) is finite dimensional and not zero, then the spherical function ®s is unitary.
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Proof. Let u, v € E(§) and g € G. Since P(4) is self adjoint we have
(®5(g)u,v) = (P(8)U(g)u,v) = (U(g)u,v) = (u,U(g™")v)
= (u, P(O)U (g7 )) = (u, Bs(g™)v). O

Corollary 8.5. If G is a compact group then any irreducible spherical function on
G is unitarizable.

Proof. If ® is an irreducible spherical function on G of type d then there exists an
irreducible finite dimensional representation (E,U) of G such that & = P(d)U on
E(9). Since U is unitarizable from Proposition 8.4, it follows that & is unitarizable.

O

This is the reason why the issue of unitarizability was not raised in [7].
Now we go on to determine which are the unitarizable irreducible spherical
functions among all of those associated to the pair (SL(2,C), SU(2)).

Lemma 8.6. Let V be a finite dimensional complex vector space with an inner
product. If ® : G — End(V) is an irreducible spherical function on G = SL(2,C)
and

then

Proof. For X, Y gand FF : G — End(V) a smooth function we have
(XYF)(e) = (YXF)*(e). In fact

(XYFE)(e) = <%%F(exth exp sY)) o
_ <%% (exp(—sY) exp(—tX)>s=t=O — (YXF)*(e).

From Proposition 2.1, we get
20+ Q) = Hi + V¢ + Vi — Hy — W{ — W3,
Q—Q=—i(H Hy + Vi Wy — VaWy).
Now we can compute the eigenvalue of Q +  corresponding to ®,
(Q+Q)P)(e) = (V+Q)P)*(e) = ad(e)* =al .
Similarly, since [Hy, Ha] = [Vi, Wa] = [W1, V] = 0, we have
(2 = D)@)(€) = —i(i(2 — D)D) (e) = —((2 — Q))*(e) = ~b®(e)* = —bL.

This completes the proof of the lemma. O
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Now, we come to the main result of this section.

Theorem 8.7. An irreducible spherical function ® on G is unitarizable if and only
if the eigenvalues

a=((Q+0)B)(e) and b= ((Q2—Q)P)(e)

are, respectively, real and purely imaginary.

Proof. If ® is unitarizable there exists an inner product on V such that & = .
Thus from Lemma 8.6, it follows that a = @ and b = —b.

Conversely, let us take on V an inner product such that 7(k) = ®(k) becomes
a unitary representation of K. This implies that (D®)(e) = (D®)(e) for all D €
D(K)¥. Moreover, from the same Lemma 8.6 and from the hypothesis we obtain
that

(2 +2)2)(e) = (@ )(e) and ((2—Q)P)(e) = (2~ Q)P)(e).
Since D(G)X = D(K)¥

Q)b
D(G)% and D(G)Y is generated by the algebraically
independent elements  and Q, from Proposition 6.10, it follows that ® = ®, as we

+
®
wanted to prove. O

We recall that to each irreducible spherical function ® on G of type m = 7y we
associated a function H on G defined by H(g) = ®(g)®.(g) ! which can be also
viewed as a function on H = G/K since it is right invariant under K. In Sec. 4, we
also introduced the functions H(r) = H(0,7) and H(t) = H(+/t). This last one is
an eigenfunction of the differential operators D and E.

From Remark 4.9, we easily get the following relations between the eigenvalues
a and b of Q + Q and Q — Q corresponding to ® and the eigenvalues A and p of D
and E corresponding to H = H (t):

2A=a—-b, and pu=b—-L({+2). (8.1)

Proposition 8.8. Let H = (ho(t),...,he(t)) and K = (ko(t),...,ke(t)) be the
functions associated, respectively, to the spherical functions ® and ® of type 7 = m,.
If DH = AH and EH = pH then

DK =MA+pa+0(l+2)K and EK = (—p—20({+2))K.
Moreover
ki(t) = tC20/ 21, (1)
Proof. Let A\; = (DK)(e) and 1 = (EK)(e). Then from Lemma 8.6 and (8.1),
we get
2\ =a+b=2A+pa+L(l+2),
pr=—b—L(l+2)=—ja—20({+2).
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To prove the second assertion, for s > 0, we let

s 0
as = 0 &1 )
0—2i

Then, using the basis {v;} of V; introduced in Sec. 4, we have m(as)v; = s* ;.
Also we have p(as) = (0,s72) € H, which says that H(as) = H(0,s72) = H(s2).
This implies that

®(as)v; = s Fhi(s ;. (8.2)

If we consider on V; an inner product such that m becomes a unitary repre-
sentation of K, then the basis {v;} is orthogonal. Taking into account that the
adjoint of a linear transformation defined by a diagonal matrix 7" with respect to
an orthogonal basis is the linear transformation defined by the conjugate matrix T,
we obtain

B (as)v; = Blas—1)*v; = s 2 Dhy(s2)v; .
On the other hand changing ® by & in (8.2), we get ®(a,)v; = s'2k;(s™2)v;.

Therefore ki(s™2) = s~ 2(=20p,(s2). If we put r = s~ 2 and use Lemma 4.4, we
have

I;:z(r) = r(e_%)ﬁi(r—l) = T(Z_Qi)ilg_i(’l“) .
Now replacing r = /%, and since k;(t) = k;(v/t) and hy_;(t) = he_i(v/t) we finally
get k;(t) = t“=29/2h,_;(t), which completes the proof of the proposition. O

Corollary 8.9. In terms of the parameters A and p the corresponding spherical
function ® of type ™ = 7wy is unitarizable if and only if

A=A+a+€(l+2) and pu=-a—20L+2).
Moreover this happens precisely when

hi(t) = t“=20/2h, (1) .

Proposition 8.10. If ® = &, ;) is the irreducible spherical function of type £
associated to the parameters (p,k) then & = @ 1y where k' = k and p' =
(L —2k)/24+1-p.

Proof. The spherical function ®(, ) of type £ corresponds to the eigenvalues
w(p, k) = —4p(0—2k) —4k({—k+1) and A(p, k) = 4p(p—1), and the spherical func-
tion é(p,k) corresponds to the eigenvalues p/ = —ji—20(£+2) and X = A\++£({+2),
see Proposition 8.8. Therefore the only thing we need to do is to check that

N = AP, K') and that p' = u(p’, k). This is a straightforward computation. O

Corollary 8.11. The spherical function @, ) of type £ is unitarizable if and only if

(i) when £ # 2k, Re(p) = % +1,
(ii) when £ = 2k, Re(p) = % orp € R.
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Proof. From Propositions 6.9 and 8.10, it follows that @, ;) is unitarizable if and
only if
®', k),
(I-p'L—k),
P l+1—-k—2p) ifl+1—-k—2p€{0,...,¢0},
1-p k—1+2p) ifk—1+2p€{0,...,0}

(k) = (8.3)

withp = (( —2k)/2+1—-p

Now we just need to observe that the first and the second cases in (8.3) are
respectively (i) and (ii), and that the third and fourth cases occur when ¢ = 2k and
2p = 1 which is included in (ii). m|

Remark 8.12. Recall that in terms of the parameters v, » which parametrize natu-
rally the spherical function of type £ associated to the principal series representation
U?%" we have

v =4 <£_42k+%—p> and r=2k—1{,
and thus if £ # 2k the previous Corollary says that ®, , is unitarizable exactly when
v is real. This corresponds, as is well known, to the cases when U%" is unitary (see
[11]). If £ = 2k (r = 0), we see that ®, ¢ is unitarizable when v is either real or
purely imaginary; when w = {v satisfies 0 < w < 2, we are precisely in the case of
the complementary series of SL(2, C).

9. A Matrix Valued Form of the Bispectral Property

We close this paper by displaying a rather intriguing matriz valued three term
recursion relation that we have found for a function put together from our spherical
functions. A similar relation was conjectured in [7] and proved in [8]. In some sense
the relation in those papers is more natural than the one found here since there
we were dealing with a compact situation. Here, in spite of the fact that we are in
a non-compact case we obtain, once again, a three-term recursion. It may appear
more natural to search for a differential equation in the spectral parameter, and we
start by discussing this point first.

In the classical case, with ¢ = 0, the spherical function is given after setting
s =logt by

Hit,p) = H(s,p) = Snh(2p — 1)5//2)

(2p — 1) sinh(s/2)’
and the differential equation DH = AH reads
2

2t
t*Hy — mHt = (p—1)pH,
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or in the variable s,
H,, + coth(s/2)H, = (p — 1)pH .

In this case we get a differential equation in p, namely
H,p + %H = $2H .

This result, and the fact that in this case we are dealing with a special case of
the Jacobi functions (o = 1/2,8 = 1/2) led one of us, see [4], to inquire if this type
of “bispectral situation” could hold in a more general setup. A tentative negative
answer to this question for other values of «, (3 is given in [12, Sec. 10]. A very
detailed analysis of this issue led to [3], from which it is clear that the question in
[4] has indeed a negative answer except in very exceptional cases, such as the one
that leads to the three dimensional hyperbolic space. We now take up this question
in the context of matrix valued spherical functions.

For a given nonnegative integer ¢ consider the matrix whose rows are given by the

vectors H (t) corresponding to the values k = 0,1, 2, ..., ¢ discussed in the comments
preceding and following Theorem 6.8. Denote the corresponding matrix by
®(t,p).

In the spirit of [7, 8] one could look for a relation of the type

A(p)®pp(t,p) + B(p)®y(t,p) + C(p)2(t,p) = M(1)2(p,1t),

where A(p), B(p), C(p) are matrices independent of ¢ and the matrix M(t) is
independent of p. Of course, we could try to place the coefficient matrices to the
right of the function ®(¢,p) and its derivatives, and this would lead to another set
of possible differential equations in the spectral parameter.

We have succeeded in finding such matrices (by allowing for the second possi-
bility only) but the results are rather disappointing: the matrices in question are
scalar functions multiplied by the matrix made up of all ones. When one looks at
this result and observes the fact that the trace of each one of our (diagonal) matrix
valued functions H (¢, p) equals (£ + 1) times the value of these functions for £ = 0,
we see that nothing new has been learned. As we see below the situation is very
different if one looks for three term recursions.

9.1. The bispectral property
As a function of ¢, (¢, p) satisfies two differential equations
D3(t,p)" = ®(t,p)'A, E®(t,p)" = 2(t,p)'M,
D and FE are the differential operators introduced earlier. Moreover we have
Conjecture 9.1. There exist matrices Ay, By, Cp, independent of t, such that

2 +1

qu)(t?l’ -1)+ qu)(t,p) + Cpq)(t?P +1) = n

®(t,p) -
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The matrices A, (upper) and C), (lower) consist, in general, of three diagonals
each and B, is tridiagonal. Recall that for ¢ = 1, the matrix ®(1,p) consists of all

ones.
We illustrate these results below for £ = 0,1, 3, 4.

(a) £=0. Here we have

wftp) =
Lp)= o ——
(2p-1)(t-1)
and our property reads
2p —3 2p+1 2 +1
d(t,p—1 D(t 1) = d(t,p) .
51 (tp )+2p_1 (t,p+1) (t,p)

(b) £ = 1. Here we have u = —4p, 4p — 4, and for the matrix ® we get

(2p—2)tP+HL — (2p— 1)tP + 2 2P+ (1 —-2p)t2 +2(p— 1)t

B(t,p) = (p—12p—1)(t 1) (p—1)(2p—1)(t - 1)%t
P ti=P(t2P — 2pt + 2p — 1) (2p — )%+l —opt?P 4+t |
p(2p—1)(t —1)? p(2p = 1)(t — 1)%tP

and our property reads

p—2 1
-1 —-1)(2p-1
pO (p 212(_1;) ) ®(t,p—1)
2p—1
1 1
1-p)(2p—1 —-1)(2p—-1
L p)gp ) (@ )gp ) o, p)
p(2p—1) p(1—2p)
2p+1 0
2p —1 2 +1

p(2p —1) p

(c) £ = 3. Here we have p = —12p, —4p — 12, 4p — 16, 12p — 12, and with ®(¢,p)
defined as above we get

t?+1

" ®(t,p)

Ap®(t,p— 1)+ Bp®(t,p) + Cp®(t,p+1) =
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with
p—3 3 3 0
p—2 (p—1)(2p - 3) (p—2)(p—1)(2p-3)(2p— 1)
(p — 2)p(2p — 5) 16(p — 2)p 3
(p—1)2(2p - 3) (p—1)(2p - 3)(2p—1)2 (p—1)2(2p—1)2
Ap = s
o o (p—2)(2p—3)(2p+1) 3(2p — 3)
(p—1)(2p—1)2 (p—1)(2p - 1)2
0 0 0 2p =3
2p —1
2 3 3 o 0
(p—1)(2p —3) (p—1)(2p—3)
3(p —2) _ 14p? —21p— 9 (2p—3)(2p+1) 0
(p—1)2(2p—-3) (p—p2p-3)(2p-1) (p—1)2p(2p — 1)
Bp = s
0 (2p—3)(2p+1) B 14p® — 7p — 16 3(p+ 1)
(p—Dp%(2p—1) (p—Dp2p—-1)(2p+1) p2(2p+1)
0 0 _ 3 3
p(2p+1) p(2p+1)
e 0 0 0
2p—1
3(2p+1) (p+1)(2p—3)(2p+1) 0 0
p(2p — 1)2 p(2p — 1)2
Cp=
3 16(p —1)(p+1) (p—1)(@+1)(2p+3) 0
p?(2p — 1)2 p(2p — 1)2(2p + 1) p%(2p+ 1)
o 3 3 p+2
p(p+1)(2p-1)(2p +1) p(2p+1) p+1

(d) ¢ = 4. Here we have y = —16p, —8p — 16, —24, 8p — 24, 16p — 16, and with
®(t,p) defined as above we have

t?+1

Ap®(t,p — 1) + Bp®(t,p) + Cp@(t,p +1) = o(t,p),

where A, is of the form

app  ap1  ap2 0 0
aiy a2 aiz 0
G2 Q23 (24
0 as3 az
0 0 0 aq4

o o o O
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with
_ 2p—7 _ 2
apo = m, ap1 = ma
w = 8= p—1D
®T T @2p-s)p-1)
W - (P=3)p(2p—5) — 3p(2p - 5)
YT e-29-1@r-3)" P (-2)p-122p-1)’
9
-0 -3)@p- 1)
vy = PP=22P—5)2p+1) - 3(p-2)(2p+1)
- p-122p-12  FT (p-1)%p@p-1)’
o 6
T -1)p2p-1)2
gon = =2 +1)(2p—3) s — 22 —3)
% (p—1Dp2p—1) T - Dp2p-1)°
2p — 3
M=o

The matrix By, is of the form

boo bor O 0
bio bin b1z 0
By=1 0 ‘bar b bz O
0 0  bs2 b3z b3
0 0 0 baz  bag

with
2 2

o= - R
I 2(2p—5) b — 5p? — 10p — 4
YT e-29-1r-3)" " p-2p-1%’
b 3P=2)2p+1)
2T (p-1)%p(2p—3)°
p — 3@=2)(2p+1) b - 302P*—2p—3)
AT -1)%p(2p—1)° - (p—1)2p%

3(p+1)(2p—3)
(p—1)p*(2p—1)’

ba3 =
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b _ 3+ 1)(2p—3) _ 5p*-9
2T p-Dp2(2p+1) P (p—1p*(p+1)’
y __ 202p+3)
T plp+ DEp 1)
2 2
byy = ——— byg = —————
P plp+1) “ p(p+1)

The matrix C, is of the form

Coo 0 0 0 0
C10 C11 0 0 0
Cp=1]co ca1 c2 0 0
0 c31 c32 c33 0
0 0 C42 C43 C44
with
_ 2p+1
Coo = 2p 1 )
o 200HD) =2+ 0ep+Y
(p—1)p2p—-1)’ (p—Dp2p-1)
6 3(p+1)(2p—3)
Cop = 5 C21 = 5] )
(p—1)p(2p—1) (p—1)p*(2p—1)
oy = =D+ 1)(2p—3)(2p +3)
2 p*(2p —1)2 ’
9 3(p—1)(2p+3)
31 = = ) C32 = — )
p*(2p—1)(2p+1) prp+1)(2p—1)
gy = P D@ +2)(2p+3)
plp+1)2p+1)
o — 6(p+1)~! o — 2
2 p(2p-1)(2p+3)’ B+ 1)’
2p+5
Caa = }
“= 53
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Appendix A

For completeness we include here the proof of those propositions and lemmas stated
in the paper in Secs. 3 and 4. We start with the first order differential operator E.

Proof of Proposition 3.4. By (3.2), we have
EH = H\(H)®x7t(H1)®; " + Vi(H)®rt (V1)@ + Vo (H) @it (Va) @
= Hy(H)®w(H1)®; " + (Vi(H) + iVa(H))@rt(Er2) ®;
+ (Vi(H) — iVo(H))®r7t(Ea )@t . (A1)

We start by computing Hy(H). For g = (‘; Z) € G, we have

. et 0 B et 0 . [0
plgexptHi) =p| g T N et 2 I A
B ace?t + bde—2
- |C|2e2t + |d|2672t
_ (u(t)) _ (ul(t)—l—iuQ(t))
(t) (t) .
Also we have

du duq [ dus _ -
& N ket ) hatat’) — 9aé —
(7). (%), 1 (R),, ~2ewd

(5) = 20e =1ap).

By the chain rule, we get
H,(H)(g) = 2H,Re(ac — bd) + 2H,Im(ac — bd) + 2H,(|c|* — |d|*).

For V1, we have

0
p(gexptVy) = gexptVi(exptVy)*g* <1>

a b coshtsinht coshtsinht a 0
“\e d sinh ¢ cosh ¢ sinh ¢t cosh ¢ b d 1

( (cosh? t + sinh® t)(aé + bd) + 2(bé + ad) sinh ¢ cosh t )

ol

S

(cosh? ¢t + sinh® t)(|¢|? + |d|?) + 2(dE + cd) sinh t cosh
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Thus,

We get
Vi(H)(g) = 2H,Re(b¢ + ad) + 2H,Im(bé + ad) + 2H,(dé + cd) .
Similarly, we get
Va(H)(g) = 2H,Im(—be + ad) — 2H,Re(bé — ad) + 2iH,(cd — de) .
Therefore
(Vi(H) +1iV2(H))(g)
(Vi(H) —iVa(H))(g)

On the other hand, we compute

(bc + ad) — 2¢H,(bc — ad) + 4H,dc,

=2H,
= 2H,(bc + ad) + 2iH,(bc — ad) + 4H,cd .

Then

. . _[bd —b?
CDTF(g)Tr(E21)(I)7T (g) =7 <d2 —bd) ’

B (g)i (H))B=(g) = 7 ad + bc —2ab
T ™ - =T .
g ! g 2cd —ad — bc

Therefore, by (A.1), we have EH(g) = H, A+ HyB + H,.C, where

[ —ac a® - . [bd —b?
A =2(bc+ ad)w ) + 2(bc + ad)® P2

—c ac —bd
_ ad + be —2ab
+ 2Re(ac — bd) ,
2cd —ad — be
B— —2i(bc—adyi [ . @ + 2i(be — ad)7 bl b
= —2i(bc —a i(bc — a
: -2 ac g d? —bd

_ ad + be —2ab
2cd —ad — be

779
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—ac  a? _ bd —b?
C = 4derm + 4der
-2 ac d?  —bd

ad + be —2ab )

+2(|c]* — |d)*)7
2cd —ad — be

By means of straightforward calculations we obtain

2(1 2 2i(1 2
| (1+ |22 [ ipan 2P
A= T s B=nw r )
2r Z—2z —2ir i(z + 2)
[ —2r 4z
C=nr .
0 2r
This completes the proof of Proposition 3.4. O

Proof of Proposition 3.3. We have DH = (H? + V2 + V)H. For any X € g
one has

X2(H)g) = (35 5 H0loesp(s + )

s=t=0

Let us introduce the functions u, v, uy, us by means of

p(g exp(s + t)X) = (u(s,t),v(s,t)) = (u1(57t)7u2(57t)7v(57t))7

where u(s,t) = u1(s,t) + iuz(s,t) and uq, ug, v are real valued functions. We note
that if u(t) = uy(t) +iua(t), then L4 = Re(%%) and 42 = Im(2%). Using the chain
rule we have

Ouy Ouq Oug Ous Ov Ov
“as ot s ar T Hasar

L H,, <8u1 Ous n %%) T, (f)v% n Ouq @)

X?(H)(g) = Hz

9s ot ' 0s 0Ot ds Ot = Os ot
+H @%4_%@ 82u1_|_H 82u2+H 82U
YT\ 9s ot ds Ot T otds Y otds " 9tds

We need to handle separately the cases X = Hy, X = V; and X = V5. For
X = H;, we start with

a b e2(t+s) 0 a 0
(£ YT 2090

ace2(t+s) 4 pde—2(t+s)
= |C|262(t+s) + |d|2672(t+s) .

ol
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Therefore at s =t = 0, we have

ou  du ;  Ov v 2 2
s = g = 20c—2d, o= =2(lc[* - |d),
and
0% _ = % 2 2
oo = Mac+bd), oo =4(|c* +]d]*).

Thus we obtain
H}(H) = 4H,,Re®(ac — bd) + 4H,, Tm?(a¢ — bd) + 4H,..(|c|* — |d|*)?
+ 8H,,Re(ac — bd)Im(ac — bd) + 8 H,.Re(ac — bd)(|c|* — |d|?)
+8H,,Im(ac — bd)(|c|* — |d|*) + 4H,Re(ac + bd)
+4H,Im(ac + bd) + 4H,.(|c|* + |d|?) . (A.2)
For X = Vi, we have exptV; = (f‘;lsr}l’lft :g;lﬁi) and p(gexp(s + t)V1) =
(u(s,t),v(s,t)) where
u(s,t) = (cosh?(t + s) + sinh?(t + s))(aé + bd)

+2sinh(s + t) cosh(s + t)(bc + ad) ,
v(s,t) = (cosh?(t + s) + sinh®(t + s))(|¢|® + |d|?)

+ 2sinh(s + t) cosh(s + t)(d¢ + cd) .

Therefore at s =t = 0, we have

ou  Ou _ ov  ov . . =
%fafﬂbc—l—ad), %75—2(d6+cd),
0%u = 0°

v
= 4(|el* + [dI*),

0s0t

and we obtain

VE(H) = 4H,,Re?(b¢ + ad) + 4H,,Im? (b¢ + ad) + 4H,,.(dc + cd)?

+ 8H,,Re(bc + ad)Im(bé + ad) + 8 H,,(dé + cd)Re(be + ad)
+8Hy,.(de + cd)Im(b¢ + ad) + 4H,Re(ac + bd)

+4H,Im(aé + bd) + 4H,(|c|> +|d|?) . (A.3)

Finally for X = V5, we obtain
VZ(H) = 4H,,Im*(ad — b¢) + 4H,,re*(ad — bé) — 4H,..(cd — dc)?

— 8H,,Re(ad — bé)Im(ad — b¢) — 8iHyy(cd — de)Im(ad — be)

+ 8iH,-(cd — de)Re(ad — be) + 4H,Re(ac + bd)

+4H,Im(ac + bd) + 4H,(|c|* +|d|?) . (A.4)
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Now, the proposition follows from Egs. (A.2), (A.3) and (A.4) and by making use
of the expressions

r=|c>+|d?® and z=ac+bd. |

Now we shall compute all first and second order partial derivatives that we used
in Sec. 4. Given (z,r) € H, z = 21 + i29, 21, 22 € R, r € Ry, we define

s= o1+l 4+ —EEF G DOE+ - r9),  (A5)
a= L s and b= 5% (A6)
V(1 —75)% + (s]z2])? VA —rs)2+ (s]2])? .

Then the matrix A = A(z,r) = (% ;b) satisfies (z,7) = A-(0, s). In fact in Sec. 4,
we defined a function k = k(z,r) such that k(z,7) - (2,7) = (0,s), and A = k=1

Therefore
H(z,r) = m(A(z,7)) H (s(z,7)m(A(z, 1)) .
Lemma A.1. At (0,7) € H, we have

0’H or dH 9*(mo A)fI(r) iy 0?(mo A7)

7.2 - 1 _ 2 . 5.2 2
8zj 1—7r2 dr 8zj 8zj

and

Proof. We have
H(z,r) = m(A(z,7))H (s(z,7))m(A(z, 7))
Then for j = 1,2

OH _d(mod) » o(fos) .,
9~ oz (Hos)(mo A7)+ (mo A) 7% (moA™Y)
~ -1
+(ro Ay os2ToAT) (A7)
82]‘
We also have
ofos) _(af | o5
0z;  \dr s 0z
Note that s(0,7) =, A(r,0) = I and that at (r,0)
ﬁ_o d(roA) . [(0A 8(7roA*1)__7,T 0A
82]' o 8Zj - 82]' ’ 8Zj a 8Zj '
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Therefore 2—5(0, r) = [7(24), H(r)].

9z;
To compute the second order derivatives we start by observing that at (r,0),
we have

9%(H o 5) B ?H (85 )2 dH 8%s 2r dH

07 at \oz) TaoZ T 1-rdr

Now the lemma follows by differentiating the expression given in (A.7) and
evaluating it at (r,0) € C2. |

Lemma A.2. At (0,7) € H, we have

Plrod)_, (#4) (04, , (04’
0z3 - 023 : 0z; : 9z;)

oAt (AN (04T, . (04}’
023 - 023 : 0z, i 0z)

For the proof, see [7, Proposition 13.3]. Here 7 refers to its extension to GL(2, C)
which is trivial on the center.

and

Finally we give the proof of the following proposition, stated in Sec. 4.

Proof of Proposition 4.1. The matrix A in the previous lemmas is defined by
A= A(z,r) = (% ;b) with a, b given in (A.6).
‘?922?. It is easy to verify that at (0,7) € H

We start by computing % and
J

we have

G0 o Qa_ 7 O _ v O _,

0z; 7 9z3  (1—-r1)? 8z T1-r27 027
where §; =1if j =1, and §; = ¢ if j = 2. Then at (0,r) € H

. 2 2

%:_ r 7. %:_ ir T 81;1:_ r I

021 1—r2 0zs 1—1r2 8zj (1 —1r2)2
We observe that (3—2)2 = %22‘3, then by Lemma A.2, we have at (0,7)

P(mod) 9 (moAl) | <8A>2
2 = 2 =T\5.) -
0z; 0z; 0z;

Now the proposition follows directly from Lemma A.1. O
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