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Abstract
Purpose – This paper aims to assess the accuracy of Lattice Boltzmann method (LBM) for numerical
simulation of the stratification of a Van der Waals (VdW) fluid subjected to a gravity field and non-uniform
temperature distribution. A sensitivity analysis of the influence of the pseudopotential parameters and the
grid resolution is presented. The effect of gravity force on interface densities, density profiles and liquid
volume fraction is studied.
Design/methodology/approach – The D2Q9 multiple-relaxation-time pseudopotential LBM for
two-phase flow is proposed to simulate the phase separation. The analytical solution for density
profiles in a one-dimensional problem is derived and used as a benchmark case to validate the
numerical results.
Findings – The numerical results reproduce the analytical density profiles with great accuracy over a wide
range of simulation conditions, including variations of the gravity and temperature fields. Particularly, the
numerical simulations are able to represent the effect of gravity on the existence and position of the liquid–
vapor boundary of an ideal pure substance in thermodynamic equilibrium. The sensitivity of the results to
variations of the calibration parameters of the VdW pseudopotential was assessed.
Research limitations/implications – The numerical simulations were performed assuming a VdW
fluid in a 2-D cavity with one periodic direction for which analytical solutions for benchmarking purposes are
possible to obtain.
Originality/value – The following fundamental question is addressed: Is the pseudopotential LBM
capable of simulating accurately the liquid–vapor equilibrium under gravity forces and temperature
gradients? Moreover, regarding that the pseudopotential model requires the calibration of several internal
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parameters to achieve thermodynamic consistency, the sensitivity of the results to variations of these
parameters is assessed.

Keywords Phase change, Gravity, Temperature gradient, Lattice Boltzmann method,
Pseudopotential, Van der Waals

Paper type Research paper

Introduction
Multiphase flows are nearly ubiquitous in natural and industrial processes. Multiphase
phenomena can involve single-component multiphase fluids, such as the water and vapor
found in the primary loop of a nuclear reactor and multi-component multiphase fluids, such
as the oil–gas–water found in the pipelines used for hydrocarbons transportation.
Conventional computational methods discretize macroscopic governing equations and have
been rather successfully applied to study specific multiphase systems. However, boiling
phenomena involve mass, energy and momentum exchange processes between phases,
which are quite complicated to model with conventional methods. In particular, the
treatment of inertial interfacial coupling is still an open issue. All in all, simulation of
multiphase flows often encountered in science and engineering is still a challenging task
that has to overcome heavy obstacles such as the modeling of the interfacial behavior by
tracking or capturing methods (Krüger et al., 2017; Succi, 2001; Sun et al., 2015).

Since its appearance more than two decades ago (Higuera and Jiménez, 1989; McNamara
and Zanetti, 1988), the Lattice Boltzmann (LB) method has proved to be a reliable and viable
numerical technique, capable of dealing with complex flows in a relatively simple and
efficient way. Particularly, the straightforward parallelization of the resulting schemes is
very attractive. From a physical point of view, the LB equation can be viewed as a minimal
form of the transport Boltzmann equation in which the macroscopic kinetic principles are
preserved to recover the hydrodynamic behavior at the macroscopic scale (Chen and Doolen,
1998; Succi, 2001). By means of this feature, the essential microscopic or mesoscopic physics
can be incorporated in a direct fashion while recovering the macroscopic laws and properties
at affordable computational cost (Li et al., 2016).

The feasibility of Lattice Boltzmann method (LBM) for the numerical simulation of
localized boiling phenomena has been recently showed by Sun (2015). Wettability effects in
pool boiling were also studied using hybrid LBM (Gong and Cheng, 2015; Li et al., 2015).
Complex spatial patterns were also successfully simulated using LBM, like the mixing
process due to Rayleigh–Taylor instability, which is similar to some interfacial phenomena
(Liu and Guo, 2013; Tiribocchi et al., 2011).

In general, multiphase LB models can be classified into one of the following categories:
the color-gradient LB method (Gunstensen et al., 1991), the free-energy LB method (Swift
et al., 1996), the phase-field LB method (He et al., 1999), the kinetic method (Coclite et al.,
2014; Cristea et al., 2006) and the pseudopotential LB method (Shan and Chen, 1994). The
phase-field and pseudopotential methods have been successfully applied to multiphase
flows at large density ratios and relatively high Reynolds numbers (Inamuro et al., 2004; Lee
and Lin, 2005; Li et al., 2013, 2015; Zhao et al., 2018), while the kinetic method has been used
to study phase ordering in a Van der Waals (VdW) fluid under gravity (Cristea et al., 2010).
In the pseudopotential LB method, which is arguably the simplest, the fluid interactions are
mimicked by an interparticle potential through which the separation of fluid phases or
components can be achieved automatically without resorting to any techniques to track or
capture interfaces (Sukop and Or, 2004). Indeed, it is remarkable that despite its apparent
simplicity, this interaction force yields both, a non-monotonic equation of state (EOS)
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supporting phase transition and non-zero surface tension. Therefore, the interface between
different phases can arise, deform andmigrate naturally (Succi, 2015).

The first version of the pseudopotential model was proposed by Shan and Chen (1994).
However, this seminal model showed drawbacks regarding thermodynamic consistency,
spurious currents and limitations in the values of the density and viscosity ratios to achieve
stability (Benzi et al., 2006; Chen et al., 2014; He and Doolen, 2002). These problems
motivated the development of improved forms of pseudopotentials with diverse success.
Sbragaglia et al. (2007) introduced a multi-range potential and showed that when increasing
the isotropy order of the discrete force operator, spurious currents can be significantly
reduced. Kupershtokh et al. (2009) reported that a proper calculation of the interaction force
can reduce thermodynamic inconsistency for the VdW EOS. Recently, Li et al. (2012)
introduced an improved forcing scheme with a free parameter that can be tuned to
approximately achieve thermodynamic consistency. Later on, this idea was extended by Li
et al. (2013) to develop a two-dimensional nine-velocity (D2Q9) LB model with a multiple
relaxation time (MRT) collision operator based on the aforementioned forcing scheme. This
model controls the mechanical stability condition by means of a free parameter s , and is
capable of performing stable simulations with high density ratios (r l=r g � 750). Albeit this
promising model was numerically validated for stationary and oscillating droplets and
bubble departures from the wall in pool boiling (Fang et al., 2017; Li et al., 2013), the
following fundamental question needs to be answered for any model developed to simulate
multiphase flows: Is the model capable to accurately predict the liquid–vapor
thermodynamic equilibrium under different thermodynamics conditions and gravity forces?
To that end, the purpose of the present study is to address this issue exploring the
capabilities of Li et al.’s LBM pseudopotential model (Li et al., 2013) to represent the effect of
gravity on the existence and position of the liquid–vapor boundary of an ideal pure
substance in thermodynamic equilibrium. Moreover, regarding that the mentioned model
requires the calibration of several internal parameters to achieve thermodynamic
consistency, the sensitivity of the results to variations of these parameters will be assessed.

Multiple relaxation time pseudopotential model
The MRT-LBM is a more stable version than the original scheme that used a single-
relaxation time. MRT has been applied successfully to many thermofluid flows (Li et al.,
2013, 2016). In the LB model, the evolution equation of the density distribution employing
theMRT collision operator is described by:

fa xþ ea; t þ d tð Þ ¼ fa x; tð Þ � Kab fb � f eqb
� �

j x;tð Þ þ d t Sa � 0:5Kab Sb

� �
j x;tð Þ (1)

where fa is the density distribution function, f eqa is the equilibrium distribution, t is the time,
x is the spatial position, ea is the discrete velocity along the a-direction, d t is the time step
and Sa is the forcing term in the velocity space. For the D2Q9 lattice, the collision matrix is
defined as K ¼ M�1KM , being M an orthogonal transformation matrix and K a diagonal
matrix given by (Li et al., 2013):

K ¼ diag t�1
r ; t�1

e ; t�1
§ ; t�1

j ; t�1
q ; t�1

j ; t�1
q ; t�1

y ; t�1
v

� �
(2)

The moment space can be obtained via the transformation matrix M and the moment
density distribution functions bym =Mf andmeq =Mf eq. The equivalent to the right hand
side of equation (1) can then be rewritten in the moment space as:
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m* ¼ m� K m�meqð Þ þ d t I� K
2

� �
S (3)

where I is the unitary tensor, S ¼ MS is the forcing term and the subscript * denotes a
post-collision stage. The streaming process is carried out employing the distribution
function recovered from the Moment space with f* = M�1m*. Then, the macroscopic
density and velocity are calculated by:

r ¼
X
a

fa; rv ¼
X
a

eafa þ d t

2
F (4)

where F = (Fx,Fy) = Fb þ Fint is the total force, Fb is the body force and Fint represents the
interaction force acting on the system via an interaction potential c (x):

F int ¼ �Gc xð Þ
XN
a¼1

w
��ea��2� �

c xþ eað Þea (5)

In equation (5), G is the interaction strength and w(|ea|
2) are the weights

corresponding to the D2Q9 Lattice. The modified pseudopotential model (Li et al., 2013)
corrects the forcing scheme given in the MRT version by Guo et al. (2002) to compensate
for the thermodynamic inconsistency problem. Due to this inconsistency the LB model
yields erroneous values of the liquid and vapor densities at the interface (Guo et al.,
2002; Kupershtokh et al., 2009) on the score of failing to comply with the Maxwell’s
equal-area rule (Huang et al., 2015):ðr l

r g

p0 � pEOSð Þ 1
r 2 dr ¼ 0 (6)

where pE0S is the EOS in the thermodynamic theory and p0 = pE0S(r l) = pE0S(r g), with r l
and rg densities of the liquid and solid phases respectively. The improved forcing scheme of
Li et al. is given by:

S ¼

0

6u � F þ 12s jF intj2
c 2d t t e � 0:5ð Þ

�6u � F � 12s jF intj2
c 2d t t § � 0:5ð Þ
Fx

�Fx

Fy

�Fy

2 vxFx � vyFy
� �
vxFy þ vyFx
� �

2
666666666666666664

3
777777777777777775

(7)

The source given by equation (7) introduces a free parameter that can be used to
approximately achieve thermodynamic consistency. For the special case of s = 0 the new
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forcing scheme reduces to the version of the forcing scheme of (Guo et al., 2002). Moreover,
for a flat interface the normal pressure is calculated from the discrete form of the pressure
tensor (Shan, 2008) as:

Pn ¼ rc2s þ
Gc2

2
c 2 þ Gc4

12
a

dc
dn

� �2

þ b c
d2c
dn2

" #
(8)

where n is the direction normal to the interface and a = 0 and b = 3 for the case of first
neighbor interaction. Therefore, the mechanical stability condition satisfied by the LB
simulation is equivalent to the Maxwell’s rule, provided that Pn is equal to the static
pressure at equilibrium in the bulk (Shan, 2008), that is:ðr l

r g

p0 � rc2s �
Gc2

2
c 2

� �
c 0

c 1þe
dr ¼ 0 (9)

where c 0 = dc /dr and e = �2a/b . Thus, it is clear that the Maxwell’s equal-area rule
[equation (6)] cannot be satisfied if a general EOS is employed in the pseudopotential
definition:

c rð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 pEOS � rc2s
� �

Gc2

s
(10)

because, in general, c 0/c 1þe= 1/r 2 in the mechanical stability condition given by
equation (9). With the modified forcing scheme given by equation (7), the equivalent to
equation (8) is given by (Li et al., 2012):

Pn ¼ rc2s þ
Gc2

2
c 2 þ Gc4

12
aþ 24Gsð Þ dc

dn

� �2

þ b c
d2c
dn2

" #
(11)

Note that equation (11) equals equation (8) if e =�2(a þ 24Gs )/b . Therefore, the free
parameter can be employed to approximately ensure that the numerical simulation is
thermodynamically consistent. That is, for a given EOS and a given liquid–vapor interface
problem, we can make the integrand of equation (9) approximately equal to that in
equation (6). In practice, if the equilibrium densities are known at the vapor-liquid interface,
consistency can be approximately achieved calibrating the value of s to match these known
values with the LB results.

Gravitational stratification of a Van derWaals fluid
Berberan-Santos et al. (2002) provided a useful case study of vapor-liquid stratification of a
VdW fluid in a tall isothermal container subjected to a gravitational field for which a first-
order ordinary differential equation can be obtained. Here, we present an extension of the
mentioned analysis including an arbitrary temperature profile along the vertical direction, y.
The pressure gradient in y is determined by the hydrostatic balance as:

dP
dy

¼ �gMrm (12)

where P is the pressure, g is the gravity acceleration, M is the molecular weight, and rm is
the molar density. The pressure is related to the density and the temperature T by the EOS
of a VdW fluid:
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P ¼ RTrm

1� brm
� ar 2

m (13)

where R is the gas constant, and a and b are the VdW parameters. Combining equations (12)
and (13) gives:

drm

dy
¼ �

Mgrm þ dT
dy

Rrm
1� brm

� �
RT

1� brmð Þ2 � 2arm
(14)

The boundary condition for equation (14) is the gas-liquid interface, which is determined by
the total mass in the container and the temperature profile. At the interface, the pressure
and the Gibbs free energy are the same for liquid and gas, which leads to:

Psat ¼
RTr g

1� br g
� ar 2

g ¼
RTr l

1� br l
� ar 2

l (15)

Tln
r�1
g � b

r�1
l � b

 !
þ a r g � r lð Þ ¼ Psat

1
r g

� 1
r l

 !
(16)

where r l and r g are the molar liquid and gas saturated densities repectively, and Psat is
the saturation pressure. The equations (15) and (16) determine the equilibrium values r g
and r l at the interface for a given temperature T. Integrating now equation (14) from the
interface at y = yo and a generic y, gives the density profiles of the liquid phase r�

m yð Þ for
y < yo and the vapor phase rþ

m yð Þ for y > yo. The total number of moles N in the vessel is
then given by:

N ¼
ðyo
0
r�
m yð Þ dyþ

ðH
yo
rþ
m yð Þ dy (17)

Thus, given an initial number of moles, the position of the interface yo can be determined
with equation (17). Finally, the molar density profiles r�

m yð Þ and rþ
m yð Þ are obtained, which

provides a golden standard to test the pseudopotential LB model. In the next section this
profiles are compared with the pseudopotential LB numerical simulations.

Results
The MRT-LB scheme of Li et al. (2013), given by equations (1), (3), (4), (5) and (10), was
implemented in a 2-D grid of L= 3 lattice nodes in the horizontal direction and H=3000
lattice nodes in the vertical direction, as schematically shown in Figure 1. The boundary
conditions in each direction, width and height, are periodic and bounce-back, respectively.
The values of the fixed parameters from the VdW EOS used throughout all the simulations
are G = �1, R=1, a=0.5 and b=4.0. Otherwise stated, the relaxation parameters are
chosen to be t r = t j = 1.0 and t�1

e ¼ t�1
§ ¼ t�1

y ¼ t�1
q ¼ 1:1. The value of the parameter

s was left free to calibrate the model for a VdW fluid.
In the first numerical test no gravitational forces are imposed, and the goal is to

determine the value of s that best approximates the interface densities determined by the
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VdW EOS with a= 0.5 and b= 4. The column density is initially set randomly within a
61% around the critical value. The temperature of the system is fixed in every run at a
reduced value in the range between 0.5 and 1. When the steady state is reached, the
density across the domain splits up into two values, corresponding to the gas-liquid
equilibrium. Figure 2 shows the two-phase bell resulting from plotting the reduced
density r r = r /r c of the liquid and gas phase for each equilibrium temperature. The
theoretical curve corresponding to the VdW EOS calculated using equations (15) and
(16) is also shown in Figure 2. It can be seen that the proposed LBM scheme with s = 1/
8 produces an excellent approximation in a wide range of temperatures. Moreover, as
originally pointed out by Li et al. (2013), our simulations show that the coexistence
curves from Figure 2 show no significant changes when different values of ty are used.

In the second numerical test, an external gravitational force is applied in the vertical
direction of the domain with constant and uniform reduced temperature Tr, i.e. T divided by
the critical temperature. The parameter s is fixed in 1/8. The value of the gravitational force
is determined by the dimensionless number:

Figure 1.
Schematic view of the
domain employed in
the LB simulations

Figure 2.
Locus of phase
coexistence at

thermodynamic
equilibrium for a

VdW fluid (a = 0.5,
b = 4). The symbols
corresponds to the

numerical simulation
with s = 1.25 (*),

0.125 (~), 0.0125 (h).
The curve

corresponds to the
exact locus
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Er ¼ MgH
RTc

¼ 0:001 (18)

As expected by hydrostatics the liquid phase occupies the lower part of the domain. In turn,
the density is uniform in the horizontal coordinate. Figure 3 shows the density profile along
the vertical coordinate for different reduced temperatures. Lower temperatures lead to
greater density differences between phases, which is in agreement with Figure 2. Figure 4
shows the dependence of the position of the interface with the temperature for different
average densities. It can be seen that for the critical density the interface approaches the
center of the domain (y/H=0.5) as the critical temperature approaches unity. On the other
hand, Figure 5 compares density profiles for Tr = 0.99 and s = 1/8 over a wide range of Er.
It can be seen that the same value of s can be used to correctly take into account the effects
of gravitational forces.

The third case is similar to the second test, i.e., s = 1/8 and an external gravitational
force applied along the y coordinate [equation (18)]. A lineal temperature profile is imposed

Figure 3.
Density spatial
profile when applying
a gravity field in the y
(vertical) direction to
an isothermal
domain. The intensity
of the gravity field is
given by Er ¼ 0:001.
The symbols are the
analytical solution
given by equation
(14) withTr= 0.5
(*), 0.7 (~), 0.99 (h).
The curves are the
corresponding
numerical results
obtained with s = 1/8

Figure 4.
Dependence of the
interface position
with the equilibrium
temperature for
different average
densities, namely r r
= 1.5 (*), 1.0 (~), 0.5
(h)
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along the y coordinate, with Tr = 0.99 at y=H, and a fixed parametric value at y=0.
Figure 6 compares the density profiles given by equation (14) with the numerical
simulations. It is worth noting that the spatial resolution plays an important role in the
accuracy of the approximation. Figures 7 and 8 show the density profiles simulated with
different number of lattice nodes along the vertical direction, for the cases of constant
temperature and constant temperature gradient, respectively. It can be seen that the
agreement with the analytical solution weakens as the spatial resolution decreases. This
expected effect is more salient closer to the critical point.

VdW EOS constants also play an important role in the accuracy of simulations to
describe the density profile across the interface. Figures 9 and 10 show density distributions
in an isothermal container obtained with Tr = 0.8, fixed b with varying a, and fixed a with
varying b respectively. It can be seen that both, increasing a or decreasing b, reduce the

Figure 5.
Density profiles for

Tr ¼ 0:99 and
s ¼ 1=8 and

different
dimensionless

numbers Er = 0.1
(*), 0.01 (~), 0.001
(h). Solid curves are
the corresponding
numerical results

Figure 6.
Density spatial

profile when applying
a constant gravity

field and a constant
temperature gradient.
The intensity of the
gravity field is given
by Er ¼ 0:001. The

reduced temperature
at y=H is fixed in

0.99. The symbols are
the analytical

solution given by
equation (14) with a
temperature at y= 0,
Tr (0) = 0.6 (�), 0.7

($), 0.8 (h), 0.9 (~),
0.99 (*). The curves
are the corresponding

numerical results
obtained with s = 1/8
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interface width, similar to what is found when increasing the grid resolution (Figures 7
and 8). Therefore, these two constants may be employed to improve accuracy without
changing the grid resolution.

Numerical results show that the LB model is capable of reproducing density profiles
given by the analytical solution under different simulation conditions. The parameter s can
be freely tuned to approximately achieve thermodynamic consistency, thus obtaining an
excellent agreement away from the interface and a continuum profile where segregation
takes place. Moreover, the interface width can be further improved, for instance, refining the
grid. This behavior can be analyzed as a result of the recovered Navier-Stokes equation
(Li et al., 2013):

Figure 8.
Sensitivity of the
density profile with
the spatial resolution.
Gravity by
Er ¼ 0:001, and
constant temperature
gradient given byTr

(H) = 0.99,Tr (0) =
0.9. The symbols
show the analytical
solution. The curves
are the corresponding
numerical results
obtained with s = 1/8
with different number
of lattice nodes in the
vertical direction

Figure 7.
Sensitivity of the
density profile with
the spatial resolution.
Isothermal domain
Tr ¼ 0:99ð Þwith
Er ¼ 0:001. The
symbols show the
analytical solution.
The curves are the
corresponding
numerical results
obtained with s = 1/8
with different number
of lattice units in the
vertical direction
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@

@t
ruð Þ þ r � ruuð Þ ¼ �r � rc2s I

� �
þr �Pþ F� 2G2c4sr �

���rc
���2I

� �
þ O @5ð Þ

(19)

where P is the viscous stress tensor and F the total force which can be expressed as
(Shan, 2008):

F ¼ �Gc2 crc þ 1
6
c2cr r2c

� �
þ . . .


 �
þ F b ¼ F int þ F b (20)

For our one-dimensional case, equation (19) can be reduced to:

� @

@y
rc2s
� �

þ Finty þ Fby � 2G2c4s
@

@y

��� @
@y

c
���2� �

þ O @5ð Þ ¼ 0 (21)

Figure 10.
Sensitivity of the

density profile with
VdWEOS constant b.

Isothermal domain
withTr ¼ 0:8 and

Er ¼ 10�3. The
symbols show the
analytical solution.
The curves are the

corresponding
numerical results

obtained with s = 1/8
and a ¼ 0:5

Figure 9.
Sensitivity of the

density profile with
VdWEOS constant a.

Isothermal domain
withTr ¼ 0:8 and

Er ¼ 10�3. The
symbols show the
analytical solution.
The curves are the

corresponding
numerical results

obtained with s = 1/8
and b ¼ 4
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Figure 11 shows the profiles of the interaction force and c dc /dy for an isothermal
container with Tr ¼ 0:99, Er = 10�3 and 300 lattice units. Note that since the interaction
force satisfies Finty ¼ �Gc2c dc =dy, then equation (21) can be further reduced using
equation (10) as follows:

� @pEOS
@y

þ Fby � 2G2c4s
@

@y

��� @c
@y

���2� �
¼ 0 (22)

The equation (22) is similar to the hydrostatic force balance employed by Berberan–Santos

(equation (12)) except for the additional term �2G2c4s @
@y

��� @c@y ���2
� �

. Figure 12 shows the

importance of different terms in equation (21). Although equation (21) is similar to

Figure 11.
Axial profiles of the
interaction force
(curve) and
c @yc (symbols) with
gravity given by
Er ¼ 0:001, and
constant temperature
gradient given by
Tr= 0.99. c @yc was
computed using
equation (10) and
finite difference
schemes for the
spatial derivative

Figure 12.
Spatial profile of
different terms of
equation (21),
obtained from a
simulation of an
isothermal container
withTr ¼ 0:99 and
gravity field given by
Er ¼ 0:001. The
curves correspond to
Finty (solid line),
@y rc2s
� �

(symbol),

2G2c4s@y
���@yc ���2
� �

(dashed line) and
Fby (dotted line)
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equation (12) in almost the entire domain, �2G2c4s @
@y

��� @
@y c

���2
� �

becomes non-zero in the

vicinities of the interface, and despite being one order of magnitude smaller than the leading
terms of equation (21), it can affect macroscopic variables so as to produce the observed
continuum and diffuse density profiles across the interface.

Conclusion
In this paper, a LB simulation of stratification of a VdW fluid in a closed vessel subjected to
gravity field has been presented. The LB results were compared against an analytical
solution for density profiles in a one-dimensional problem, and this solution has been
extended to include temperature variations in the spatial coordinate. Results show that
the tested MRT – pseudopotential LB model of Li et al. can precisely reproduce density
profiles over a wide range of simulation conditions, including gravity field magnitude
and domain temperature. Although the comparison in the present study was performed
against a one-dimensional analytical solution, we remark that the numerical
experiments were carried out in a two dimensional domain. In this regard, it was
verified that the numerical solution is independent on the size of the horizontal span of
the domain for a fixed resolution, and only dependent on the vertical coordinate. The
calibration of model parameters to achieve thermodynamic consistency was carried out
for the VdW EOS with a fixed set of EOS constants and zero gravitational forces. This
calibration was found to be fairly independent of simulation conditions providing
excellent results for a variety of cases with gravity forces and temperature profiles. It
was also observed that the analytical solution and its extension can provide a simple
but reliable benchmark case to test specific features of multiphase LB models, such as
approximate thermodynamic consistency and grid independence studies.
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