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Abstract  We classify pointed Hopf algebras with finite Gelfand—Kirillov dimension whose infinitesimal
braiding has dimension 2 but is not of diagonal type, or equivalently is a block. These Hopf algebras
are new and turn out to be liftings of either a Jordan or a super Jordan plane over a nilpotent-by-finite
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1. Introduction

Let k =k be a field, chark = 0. Let H be a pointed Hopf algebra, G = G(H), gr H the
graded Hopf algebra associated with its coradical filtration, R = @,,>¢oR" the graded
Hopf algebra in the category ﬂig)}D of Yetter—Drinfeld modules such that gr H ~ R#kG
and V = R! the infinitesimal braiding of H. The classification of Hopf algebras with
finite Gelfand—Kirillov dimension (GKdim for short) has attracted considerable interest
recently (see [9]). Hopf algebras with trivial coradical and finite GKdim are quantum
deformations of algebraic unipotent groups [11, Theorem 4.2]. Also, there are several
results in low GKdim; see [10, 13, 18] and references therein. Further, the classification is
known assuming that H is a domain, G is abelian and V' is of diagonal type [1, 6]. Here,
we contribute to this question.

Let £ € Nyo and I, = {1,2,...,¢}. Let e € k*. Let V(e, £) be the braided vector space
with basis (x;)c1, and braiding ¢ € Aut(V ® V') such that

c(z;, @) =€ex1 @y, c(x; Q) = (exj+xj_1) @z, 1,7 €. (1.1)

* Corresponding author.
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We say that a braided vector space is a block if it is isomorphic to V(e, ) for some e € k*,
le N?Q.

Theorem 1.1 ([3, Theorem 1.2]). The GKdim of the Nichols algebra B(V(e,t)) is
finite if and only if ¢ = 2 and €% = 1.

Here is our main result.

Theorem 1.2. Let H be a pointed Hopf algebra, G = G(H) and V its infinitesimal
braiding. Then the following are equivalent:

(1) GKdim H < oo and V is a block.
(2) GKdim H < oo, dimV = 2 and V is not of diagonal type.

(3) G is nilpotent-by-finite and there exists a Jordanian or super Jordanian YD-
triple D = (g,x,n) and A €k, A =0 when x* # ¢, such that V =YV,(x,n) and
H ~ (D, \), cf. §§4.1 and 4.2.

We refer to Subsection 2.3 for the definition of Yetter-Drinfeld triple, YD-triple for
short.

Proof. (1)=(2): by Theorem 1.1, V ~V(¢,2) with €2 =1, thus dimV =2 and V
is not of diagonal type. (2)=(3): by Gromov’s theorem, G is nilpotent-by-finite. By
Lemma 2.3, V is a block, hence Propositions 4.2 and 4.4 apply; these Propositions also
provide (1)<(3). O

The isomorphism classes of the Hopf algebras U(D, \) are also determined in Proposi-
tions 4.2 and 4.4.

The paper is organized as follows. In § 2, we recall the definitions of the Nichols algebras
called the Jordan and super Jordan planes. We then discuss indecomposable Yetter—
Drinfeld modules of dimension 2 over groups. Section 3 is dedicated to a discussion of
the problem of generation in degree 1, which is equivalent to the study of post-Nichols
algebras with finite GKdim. We show how to reduce (in general) this problem to the
study of pre-Nichols algebras with finite GKdim (see the relevant definitions below) and
deduce from results in [3, §4] that the only post-Nichols algebra of the Jordan, or super
Jordan, plane with finite GKdim is the Nichols algebra itself. Finally, in §4, we describe
all possible liftings of the Jordan plane in Proposition 4.2, and those of the super Jordan
plane in Proposition 4.4.

1.1. Notation

We refer to [5] for unexplained terminology and notation. If G is a group, then G
denotes its group of characters.
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2. Yetter—Drinfeld modules of dimension 2

2.1. The Jordan and super Jordan planes

We assume from now on that €2 = 1. Keep the notation above and set 291 = ad, 29 21 =
L1 — €EX1XQ.

The Nichols algebra B(V(1,2)) is a well-known quadratic algebra, the so-called Jordan
plane, related to the quantum Jordan SL(2); it also appears in the classification of AS-
regular graded algebras of global dimension 2 [7].

In turn, we call B(V(—1,2)) the super Jordan plane.

Proposition 2.1 ([3, Propositions 3.4 and 3.5]). The algebras B(V(¢,2)) have
GKdim 2 and are presented by generators x1 and xo with defining relations

Tawy — 2132 + 27, ife=1; (2.1)

2 .
ToTo1 — 212 — X1T21, Ty, ife =—1. (22)

Further, {x$x} : a,b € Ng}, respectively {x¢azb,25:a € {0,1},b,c € Ny}, is a basis of
B(V(1,2)), respectively B(V(—1,2)).

2.2. Indecomposable modules over abelian groups

Let I' be an abelian group. Let g € T', x € T and n:T —ka (x, x)-derivation, i.e.
n(ht) = x(h)n(t) +n(h)x(t), h,t €T

Let Vy(x,n) € KLYD be a vector space of dimension 2, homogeneous of degree g and with
action of I' given in a basis (z;);c1, by

h-zy=x(h)xy, h-z3=x(h)z2+n(h)z, (2.3)

for all h € T. Then V,(x,n) is indecomposable in fLYD <= 7 # 0. As a braided vector
space, Vy(x,n) is either of diagonal type, when n(g) =0, or else isomorphic to V(e, 2),
e = x(g) (note that indecomposability as Yetter—Drinfeld module is not the same as
indecomposability as braided vector space).

Lemma 2.2. Let V € (LYD, dimV = 2. Then either V is of diagonal type or else
V ~Vy(x,n) for unique g, x and n with n(g) = 1.

Proof. Assume that V is not of diagonal type; then V is indecomposable. Since kI'
is cosemisimple, there exists g € I' such that V' is homogeneous of degree g. Moreover,
k = k implies that V is not simple. Hence there exist x1,x2 € I such that socV ~ kx
and V/socV =~ k2. Pick z1 € socV — 0 and z3 € Vy, —socV; then h-xy = x2(h)xe +
n(h)z, for all h € T, where 7 is a (x1, x2)-derivation. Since V' is not of diagonal type,
x1(9) = x2(g) and n(g) # 0. Now

x1(h)n(g) +n(h)x2(g9) = n(hg) = x1(g)n(h) +n(g)xa(h) = x1(h) = x2(h)

for all h € I'. Finally, up to changing z1, we may assume that n(g) = 1. [
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2.3. Indecomposable modules over Hopf algebras

Let K be a Hopf algebra with bijective antipode. A YD-pair [2] for K is a pair (g, x) €
G(K) x Homaig (K, k) such that

x(h) g = x(he))ha)9S(hs), he K. (2.4)
If (g, x) is a YD-pair, then the one-dimensional vector space k¥, with action and coaction
given by y and g respectively, is in £YD. Conversely, any V € £YD with dimV =1 is
like this, for unique g and x. If (g, x) is a YD-pair, then g € Z(G(K)).
If x1,x2 € Homgg (K, k), then the space of (x1, x2)-derivations is

Dery, x, (K, k) = {n € K :n(ht) = x1(h)n(t) + x2(t)n(h) Vh,t € K}.

A YD-triple for K is a collection (g, x,n) where (g, ), is a YD-pair for K, cf. (2.4),
1 € Dery (K. k), n(g) =1 and

n(h)gr = n(h)ha)g2S(he)), he K. (2.5)
If K = kG is a group algebra, then we can think of the collection (g, x,n) as in G, CAT',
Der, (G, k).

Let (g,x,n) be a YD-triple for K. Let V,(x,n) be a vector space with a basis (z;);cr,,
where action and coaction are given by

h-zi=x(h)z,  h-ze=x(R)z2+n(h)z1,  0(z:) = g®w,

h € K, i€ . Then Vy(x,n) € KYD, the compatibility being granted by (2.4) and (2.5).
Since n(g) # 0, then V,(x,n) is indecomposable in £YD.

Lemma 2.3. Let G be agroup. LetV € ﬁg)ﬂp, dim V' = 2. Then either V is of diagonal
type as a braided vector space or else V.~ V,(x,n) for a unique YD-triple (g, x, 7).

Proof. Assume first that V =V, +V,, as kG-comodule, with ¢; # g2 € G. Now g5 -
Vyo = Vy,, hence go -V, = Vg, and similarly ¢; - Vg, = V;,. Thus V is of diagonal type, a
contradiction. Thus, we may assume that V' =V}, for some g € G, and Lemma 2.2 applies
with T’ = (g), so that V ~ V,(X,n) for some X € [ and 77 a (X, x)-derivation. Then there
is a basis (z;);er, where g acts by A = (§1). However, g € Z(G), hence any h € G acts by
a matrix in the centralizer of A= {(¢%):a € k*,b e k}. In other words, V =~ V,(x,n)
for a unique YD-triple (g, x, 7). ]

Let D = (g,x,n) be a YD-triple and € := x(g). If e = 1, respectively —1, then we say
that D is a Jordanian, respectively super Jordanian, YD-triple.

Remark 2.4. Let f € Autpopr H, g =flg), x =xof',nf =nof~t Then Df =
(g%, x7,n') is a YD-triple and x7(g7) = x(9), n/(¢7) = n(g). Thus, if D is Jordanian,
respectively super Jordanian, then so is Df. Let VI = Vs (x',n’), with basis 2}, 5.
Then f extends to a Hopf algebra isomorphism f: T(V)#H — T(V/)#H such that
f(z;) = x}. Let

AutD := {f € Autgept H : D/ = D}.

Then we have a morphism of groups Aut D — Autwope(T(V)#H).
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3. Generation in degree 1

3.1. A block plus a point

We shall need a result from [3] on some braided vector spaces of dimension 3. Let
e € {£1}, q12,q21, 22 € k™ and a € k. Let V be the braided vector space with basis x;,
i € I3, and braiding

€y ® 11 (exa+x1) @1 qrax3 @ a1
(cla; @ xj))ijer, = | €1 @ 22 (€x2 + 1) @2 qu2r3®@ T2 | . (3.1)
q2171 @ 3 qo1(w2 +ar1) ® T3 o3 ® 3

—2a, e€=1,

a, €= —

The ghost is ¥ = { ) If 4 € N, then the ghost is discrete.

Theorem 3.1 ([3, Theorem 4.1]). If GKdim B(V) < oo, then V is as in Table 1.

Table 1. Nichols algebras of a block and a point with finite GKdim.

412921 € q22 £ GKdim
1 +1 lor ¢ Geo 0 3
€ Goo — {1} 2

1 1 Discrete 4+ 3
-1 Discrete 2
€Gh 1 2

-1 1 Discrete 4+ 3

-1 Discrete G + 2
-1 —1 -1 1 2

3.2. Pre-Nichols versus post-Nichols

Let V € EYD finite-dimensional. A post-Nichols algebra of V is a coradically graded
connected Hopf algebra & = ®,,50£™ in £YD such that €' ~ V [4]. A fundamental step
in the classification of pointed Hopf algebras with finite GKdim is the following.

Question 3.2. Assume that K =kG, with G nilpotent-by-finite. If V € EYD
has GKdim B(V) < oo, then determine all post-Nichols algebras £ of V' such that
GKdim & < oo.

A pre-Nichols algebra of V is a graded connected Hopf algebra B = @,,>0B" in £YD
such that B ~ V generates B as algebra [15]. If £ is a post-Nichols algebra of V, then
there is an inclusion B(V) < & of graded Hopf algebras in £YD and the graded dual £¢
is a pre-Nichols algebra of V*, and vice versa.
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Lemma 3.3. Let B be a pre-Nichols algebra of V, £ = B? (recall that dimV < 00).
Then GKdim & < GKdim B. If € is finitely generated, then GKdim & = GKdim B.

Proof. Let W be a finite-dimensional vector subspace of £; without loss of generality,
we may assume that W is graded. Let &, = Zogjgn W7, Now there exists m € N such

that W C @< j<m&?; hence
logn dim 5” < logn dim @0<j§mn5j = IOgn dim @Ogjémn[gj
2 Jog,, dim(Bo<j<mB’)" = GKdim £ < GKdim B.

Here, @ogjgmnlgj = (@ogjgm[))j)n because V' generates B, hence &; while © follows by
the independence of the generators in the definition of GKdim.

Conversely, assume that W is a finite-dimensional graded vector subspace generating
£. We claim that &, DO EBKKnEj. Indeed, it suffices to show that &, D ™. For, take
z €& then x =Y wj, ... wj, with w;, € W, and

n =degw;, +---+degw;, = k=z¢€é&,.

Hence log,, dimé&, > log, dim @o<;j<,& = log,, dim o< j<n,B7, therefore GKdim& >
GKdim B. O

Remark 3.4. The inequality in Lemma 3.3 might be strict: if B = k[T] a polynomial
ring with chark > 0, then £ is the divided power algebra that has GKdim€& =0< 1 =
GKdim k[T].

Question 3.5. If V € KYD has GKdim B(V) < oo, then determine all pre-Nichols
algebras B of V such that GKdim B < cc.

To solve Question 3.5 for V' is a first approximation to solve Question 3.2 for V*, since
it is open whether GKdim £ < oo implies GKdim £? < oo for a post-Nichols algebra &.
However, the next particular case is useful. Consider the partially ordered set of pre-
Nichols algebras Pre(V) = {T(V)/I : I € &} with ordering given by the surjections. We
say that V is pre-bounded if every chain

- < B[3] < B[2] < B[1] < B[0] = B(V), (3.2)
of pre-Nichols algebras over V' with finite GKdim, is finite.

Lemma 3.6. Let K be a Hopf algebra, V € ﬁyD finite-dimensional and € € ,fgyD a
post-Nichols algebra of V' with GKdim & < co. If V* is pre-bounded, then & is finitely
generated and GKdim €& = GKdim £%. In particular, if the only pre-Nichols algebra of V*
with finite GKdim is B(V*), then & = B(V).

Proof. First, we construct a chain £[0] = B(V) C E[1]--- C & of finitely generated
post-Nichols algebras of V. Suppose we have built £[n] and that £ D £[n] (otherwise,
we are done by Lemma 3.3). Pick z € £ — £[n] homogeneous of minimal degree m. Let
W be the Yetter-Drinfeld submodule of €™ generated by x and let E[n + 1] be the
subalgebra of € generated by £[n] + W. Clearly E[n + 1] is a Yetter—Drinfeld submodule



Liftings of Jordan and super Jordan planes 7

of £, hence E[n + 1]@&[n + 1] is a subalgebra of £QE. By minimality of m, A(E[n + 1))
C &[n+1]@&[n + 1]. That is, E[n + 1] is a finitely generated post-Nichols algebra of V'
with GKdim £[n + 1] < oo. Thus we have a chain (3.2) of pre-Nichols algebras with B[n] =
E[n]¢, and GKdim B[n] < oo for all n by Lemma 3.3. By hypothesis, there is n such that
E[n] = € and we are done. Finally, if the only pre-Nichols algebra of V* with finite GKdim
is B(V*), then €& = B(V), because there is only one chain (3.2) for V*. O

3.3. Post-Nichols algebras of the Jordan and super Jordan planes

Lemma 3.7. Assume that V is associated with either a Jordanian or a super Jordanian
YD-triple D = (g, x,n) The only post-Nichols algebra of V' in ﬁy@ with finite GKdim is
B(V).

Proof. The dual V* corresponds to the YD-triple D' = (¢~ !, x 1,n08); by
Lemma 3.6, it is enough to solve the analogous problem for pre-Nichols algebras. Let
B be a pre-Nichols algebra of V' such that GKdim B < co. We have canonical projections
T(V) — B — B(V). We shall prove that the defining relations of B(V') hold in 5.

Jordan case. Suppose that y = xow — r122 + (1/2)2? # 0 in B; note that y is primitive
and y € Bg. Let W € EYD be spanned by the linearly independent primitive elements
21, 2 and y. Then B(W) is a quotient of B, so GKdim B(IW) < co. Notice that W satisfies
(3.1) for y = x5, e =1, g12 = g21 = q22 = 1, a = 2. By Theorem 3.1, GKdim B(W) = oo,
a contradiction. Then y = 0 and B = B(V).

Super Jordan case. Suppose first that 27 # 0 in B; note that z? is primitive and 2% €
Bg2. Let W € EYD be spanned by the linearly independent primitives z1, z2 and 2.
Then B(W) is a quotient of B, so GKdim B(W) < co. However, W satisfies (3.1) for
e=—1, 23 = 2%, q12 = @21 = g2 = 1, a = —2. By Theorem 3.1, GKdim B(W) = oo, a
contradiction, so JJ% =01in B. Let r = xox9; — T2129 — x1221. In T(V)#K we have

Ar)=r@1+g¢*@r+ng¢* @1} 2279 ® xo. (3.3)

Assume that r # 0 in B. By the preceding and (3.3), r is primitive, and r € Bys. Let
W’ be the space spanned the linearly independent primitives xq, 2o, r. Since B(W')
is a quotient of B, GKdim B(W’) < co. However, W' satisfies (3.1) for e = —1, z3 = v,
G12 = @21 = g22 = —1, a = =3, so GKdim B(W’) = oo by Theorem 3.1, a contradiction.
Therefore, B = B(V). O

4. Liftings

Let G be a nilpotent-by-finite group. If V € VD, then T(V) is a Hopf algebra in
ESGYD and we denote T (V) = T'(V)#kG. We compute all liftings of the Jordan and super
Jordan planes V(e,2) over kG. We follow partly the strategy from [2], as the coradical
is assumed to be finite-dimensional in [2]; instead we use [14, Theorem 8] being in the
pointed context.

Remark 4.1. If D = (g, x, ) is a Jordanian or super Jordanian YD-triple, then g2 # 1,
since g2 - To = Ty + 2€x7.
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4.1. Liftings of Jordan planes

Let D = (g, x,n) be a Jordanian YD-triple for kG and V' = V,(x,n). Let A € k be such
that

A=0, ifx*#e. (4.1)
Let 4 = 34D, \) be the quotient of 7 (V') by the relation
Lol — T1To + %x% =A(1-— 92). (4.2)

Clearly, 4l is a Hopf algebra quotient of 7 (V). We now show that any lifting of a Jordan
plane over kG is (D, \) for some D, \.

Proposition 4.2. i is a pointed Hopf algebra, and a cocycle deformation of gril ~
B(V)#kG; it has GKdim 4 = GKdim kG + 2.

Conversely, let H be a pointed Hopf algebra with finite GKdim such that G(H) ~ G
and the infinitesimal braiding of H is isomorphic to V(1,2). Then H ~ (D, \) for some
YD-triple D and X € k satisfying (4.1).

Moreover, (D, \) ~ (D', ') if and only if there exist a Hopf algebra automorphism
f of kG and ¢ € k* such that D' = f(D) and A = ¢)\'.

Proof. First, we claim that there exists a (U, B(V)#kG)-biGalois object A, so that 4
is a cocycle deformation of B(V)#kG. Let T =7 (V).

Let X be the subalgebra of 7 generated by t = (zox1 — z122 + %x%)g*Q, which is a
polynomial algebra in ¢. Set A = 7. The algebra map f: X — A determined by f(t) =
t — A\g—2 is T-colinear. Note that zoz1 — z129 + %x% — A is stable by the action of kG
because of (4.1). By [2, Remark 5.6 (b)],

T
(romy — T1w9 + (1/2)22 — N)

~ <<x2z1 - 171937212/21/2)35% — /\>>#kG.

We claim that A # 0, which reduces to prove that

A= A/(f(XT)) =

(V)

£=£(D,A) = (Taz1 — 2129 + (1/2)22 — N)

£0.

The algebra map T(V) — k, 21 — ¢, x3 — 1, where c? =2\, applies xax; — 2122 +
(1/2)z3 — X to 0, so it factors through &, and thus & is non-trivial. Now [14, Theorem
8] applies and A is a B(V)#kG-Galois object. Now there exists a unique (up to iso-
morphism) Hopf algebra L = L(A, B(V)#kG) such that A is a (L, B(V)#kG)-biGalois
object. However, L ~ {l by a computation as in [2, Corollary 5.12], and the claim follows.

Moreover, id7 : 7 — 7 = A is a section that, restricted to kG, is an algebra map.
Arguing as in [2, Proposition 5.8 (b)] and applying [17, Theorem 4.2, Corollary 4.3],
we conclude that there exists a section 7 : B(V)#kG — A that, restricted to kG, is an
algebra map. Then [2, Proposition 4.14 (b), (c)] applies and gril ~ B(V)#kG, so its
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infinitesimal braiding is Jordanian. Also, GKdim 4 = GKdim gr 4 = GKdim kG + 2 by
[19, Theorem 5.4].

Conversely, let H be a pointed Hopf algebra with finite GKdim such that G(H) ~ G and
the infinitesimal braiding of H is V' ~ V(1,2). By Lemma 2.3, there is a Jordanian YD-
triple D = (g, x,n) such that V =V (x,n). Then gr H ~ B#kG for some post-Nichols
algebra over V such that GKdim B < co. By Lemma 3.7, B = B(V). In particular H
is generated by Hy = kG and H; as an algebra. Moreover, H;/Hy ~ V#kG, so there
exists a surjective Hopf algebra map =« :7 — H that identifies kG and applies x; to
a (g, 1)-primitive element a; € Hy \ Ho. As zox1 — 2129 + (1/2)2? is a (g2, 1)-primitive
element, 7(zox1 — 2122 + (1/2)23) € k(1 — ¢?), so there exists A € k satisfying (4.1) such
that asa; — ajas + (1/2)a? = A(1 — g?). Then 7 factors through (D, \), and this map
(D, \) — H is an isomorphism since their associated coradically graded Hopf algebras
coincide.

It remains to show the last statement. Let F': U(D, \) — (D', \') be an isomorphism
of Hopf algebras. Then F'|iq is an isomorphism of Hopf algebras since kG is the coradical.
We may assume that Fiy = idxg by Remark 2.4. Now g = ¢ since dim P, 1 (U(D, \)) = 3,
dim Py, 1 (U(D, A)) =1 for all h € G(kG), h # g, and the same for U(D', \'). As F(z;) €
Py (D', X)),

F(x;) = a;z + bizh, + ¢;(1 — g) for some  a;,b;,¢; € k,i=1,2.

As F(hz;h™t) = hF (z;)h~t for all h € G(kG), we deduce that by =c; =0, ca =0 if
X #e¢g, by=uai, x=7x and n=1n'. Also,

0= F(zom1 — m1z2 + 327 — A(1 — g)) = (afX — N)(1 — g),
so a2\ = \. The other implication is direct. (]
Remark 4.3. Recall that G is nilpotent-by-finite. If G is torsion-free, then H =
(D, A) is a domain. Indeed, kG is a domain by [8,12,16], hence gr H ~ B(V)#kG
is a domain, and so is H. To see that B(V)#kG is a domain, filter by giving degree 0

to z1 and G and degree 1 to xs; the associated graded algebra is S(V) ® kG, clearly a
domain.

4.2. Liftings of super Jordan planes

Let D = (g,x,n) be a super Jordanian YD-triple for kG and V' = V,(x,n). Let A € k
be such that

A=0, ify*#e. (4.3)
Let $f = (D, A) be the quotient of 7 (V) by the relations
SE% = )\(1 — 92), ToXo1 — 1Ly — T1X21 + 2)\%2 + )\1'192 =0. (44)

We will prove that all liftings of super Jordan planes are the algebras U(D, \). The proof
follows the same steps as for Jordan planes.
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Proposition 4.4. { is a pointed Hopf algebra, a cocycle deformation of gril ~
B(V)#kG; GKdim 4 = GKdimkG + 2. Conversely, let H be a pointed Hopf algebra with
finite GKdim such that G(H) ~ G and the infinitesimal braiding of H is ~V(—1,2).

Then H ~ ${(D, \) for some YD-triple D and A € k satisfying (4.3).

Moreover, $\(D, \) ~ (D', \') if and only if there exist a Hopf algebra automorphism
f of kG and ¢ € k* such that D' = f(D) and X\ = ¢X.

Proof. First, we claim that there exists a (4, B(V)#kG)-biGalois object A, so il is a
cocycle deformation of B(V)#kG. We proceed in two steps.

Let X be the subalgebra of 7 generated by t; = 2292, which is a polynomial alge-
bra in t;. Set A =7. The algebra map f: X; — A determined by f(t;) =t — Ag~?2
is 7T-colinear. Note that 27 — \ is stable by the action of kG because of (4.3). By
[2, Remark 5.6],

Av = AJ(FXF)) = T/(ah = N) = (T(V) /(2 — X)) #kC.

We claim that A; # 0, which reduces to prove that & = T(V)) /(23 — ) # 0. The algebra
map ¢ : T(V) — k, z1 + ¢, 15 — 0, where ¢? = A, satisfies ¢ (22) = \, (22221 — 2172 —
1221 + 2A\x2) = 0. It induces an algebra map

g = S(D, )\) = T(V)/<IE% — )\, XXl — X21X2 — L1X21 —+ 2)\x2> — ]k

Thus € is non-trivial, which implies that & is also non-trivial. Therefore [14, Theorem 8]
applies and A; is a (T(V)/(23))#kG-Galois object.

In the second step, we consider the subalgebra X of (T'(V)/(x%))#kG generated by
to = (w2221 — To1T2 — T1721)g >, a polynomial algebra in to. The algebra map f: Xy —
A determined by

f(t2) = (zax91 — To1T2 — T1T91 + 2AT2)g >

is T-colinear. By [2, Remark 5.6], A := A; /(f(X5)) = E#kG, so A is non-trivial. Then
[14, Theorem 8] applies again and A is a B(V)#kG-Galois object. Now there exists
a unique (up to isomorphism) Hopf algebra L = L(A,B(V)#kG) such that A is a
(L, B(V)#kG)-biGalois object. However, L ~ {l by a computation as in [2, Cor. 5.12],
and the claim follows. Moreover, gril ~ B(V)#kG and GKdim 4 = GKdimkG + 2 by
[19, Theorem 5.4].

Conversely, let H be a Hopf algebra such that Hy ~ kG, GKdim H < co and the
infinitesimal braiding of H is ~ V(—1,2). By Lemma 2.3, there is a super Jordanian YD-
triple D = (g, x,n) such that V =V,(x,n). Then gr H ~ B#kG for some post-Nichols
algebra over V with GKdim B < oco; by Lemma 3.7, B = B(V). Arguing as in Proposi-
tion 4.2, there exists a surjective Hopf algebra map 7 : 7 — H that induces a surjective
map U(D, \) — H for some A as in (4.3), but 7 is an isomorphism since their associated
coradically graded Hopf algebras coincide.

It remains to prove the last statement. Let F : (D, ) — (D', \') be a Hopf algebra
isomorphism. As in the proof of Proposition 4.2, we may assume that Fjyg = idkg, and
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we have that g = ¢’. As F(z;) € Py 1(M(D', X)),
F(x;) = a12) + bizh +c;(1 —g), a;,bi,c; €kyi=1,2.

Notice that F(gz;g~') = gF(x;)g™", 80 by = c¢1 = c3 = 0, by = a; since x(g9) = x'(g) =
—1. However, as F(hx;h~t) = hF(z;)h~! for all h € G(kG), we conclude that y = \’
and n = n'. Also,

0=F (x% —A1-yg)) = (@3N = N)(1—g),

so a2\’ = \. The other implication is direct. ]
Remark 4.5. The algebra H = (D, ) is never a domain: ab = 0, where
a=VAg—1+z, b=VA(g+1)+z
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