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Abstract

In this article we prove derived invariance of Hochschild—Mitchell homology and cohomology and we
extend to k-linear categories a result by Barot and Lenzing concerning derived equivalences and one-point
extensions. We also prove the existence of a long exact sequence a la Happel and we give a generalization
of this result which provides an alternative approach.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

It is known that linear categories over a field k are a generalization of finite-dimensional
k-algebras: given a finite-dimensional unitary k-algebra A and a complete system E =
{e1,..., ey} of orthogonal idempotents of A, the category C4 with objects indexed by E and
morphisms given by Homc/(e;, ej) = ejAe; may be associated to A. Different complete sets
of orthogonal idempotents of A give different categories, but all of them are Morita equiv-
alent. Conversely given a k-linear category with a finite set of objects Co = {x1,..., x,},
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aC) = @:’l,jzl Home (x;, x;) is a k-algebra with unit 27:1 idy, . The categorical point of view
gives in our opinion a very clear insight.

In this article we study one-point extensions of linear k-categories, obtaining two main results.
The first one concerns derived invariance of Hochschild—Mitchell cohomology, and the second
one is the existence of a cohomological long exact sequence relating the cohomology of the
category itself and the cohomology of its one-point extension.

More precisely, let A be a finite-dimensional k-algebra and M a right A-module. It has been
proved by Barot and Lenzing [2] that if A is derived equivalent to another finite-dimensional
k-algebra B and the equivalence maps M into a right B-module N, then the one-point exten-
sions A[M] and B[N] are such that there exists a triangulated equivalence @ : Db (Modamy) —
Db(ModB[N]) and @ restricts to a triangulated equivalence ¢ : D?(Mody) — D?(Modp). The
motivation of this article was to prove that this result holds for small k-linear categories instead
of finite-dimensional k-algebras. This is achieved in Theorem 3.5.

In the way to prove this theorem, we give in Theorem 2.7 an alternative description of Morita
equivalences between k-linear categories (cf. [6]) and a description of derived equivalences in
this context (Theorem 2.14). As a consequence we prove in Theorem 2.15 that Hochschild—
Mitchell homology and cohomology are derived invariant.

We also prove that the Hochschild—Mitchell cohomology of a one-point extension is related to
the Hochschild—Mitchell cohomology of the category by a long exact sequence a la Happel [9].
Actually, we prove this fact in two different ways. Firstly, we provide a direct proof and secondly
we reobtain the result as an example of a much more general situation (cf. Theorem 4.4). The
analogue for finite-dimensional algebras is proved in [3] and [13]. This sequence has also been
obtained in [7] by means of a different method, which makes use of the structural properties of
the morphisms involved, and in [8] for a more general situation. Our proof is related to [3], but it
is in fact simpler, even for the case of algebras.

2. Morita theory

In the first part of this section we shall give a description of equivalences between the mod-
ule categories of two k-linear categories C and D that will lead to a characterization of Morita
equivalences which is in fact very close to the algebraic case.

We begin by recalling the definition of a module over a linear category C. For further refer-
ences, see [4,5,14].

In this section k will be a commutative ring with unit. When we consider Hochschild—Mitchell
(co)homology, we require the small category C to be k-projective, i.e. ,Cy is a k-projective mod-
ule for all x, y € Cp.

Let C be a small category. It is a k-linear category if the set of morphisms between two
arbitrary objects of C is a k-module and composition of morphisms is k-bilinear. From now on,
C will be a k-linear category with set of objects Cp and given objects x, y we shall denote ,C, the
k-vector space of morphisms from x to y in C. Given x, y, z in Cp, the composition is a k-linear
map

oz,y,x i zCy ® yCx — ;Cx.

We shall denote ; fy.y8x, z fy - y&x» 2 fy © y&x, Or fg if subscripts are clear, the image of ; f, ® ygx
under this map.



854 E. Herscovich, A. Solotar / Journal of Algebra 315 (2007) 852-873

The simplest example of k-linear category is to look at a k-algebra A as a category with only
one object and the set of morphisms equal to A.

Definition 2.1. Given two k-linear categories C and D the (external) tensor product category,
which we denote C X D, is the category with set of objects Cy x Dy and given c, ¢’ € Cy and
d, d e D()

@.d)C ¥ D),y =cCc ® ¢ Dy.

The functor C K — is the left adjoint functor to Func(C, —) (see [14, Section 2, p. 13]). We
will omit the subindex k in the external tensor product. We will call the category C X CP the
enveloping category of C and denote it C°.

Definition 2.2. A left C-module M is a covariant k-linear functor from the category C to the
category of k-modules. Equivalently, a left C-module M is a collection of k-modules {y M} ,cc,
provided with a left action

ny QM — yM»
where the image of , fx ® ym is denoted by y f,.xm or fm, satisfying the usual axioms
Sy (3 8xxm) = (2 fy.y&x)-xm,
wly.om = m.

Right C-modules are defined in an analogous way. Also, a C-bimodule is just a C°-module.
We shall denote ¢Mod and Mod¢ the categories of left C-modules and right C-modules, re-
spectively.

The obvious example of C-bimodule is given by the category itself, i.e. ,Cy forevery x, y € Co.
We will denote this bimodule by C.

In a similar way as for algebras, it is possible to define a tensor product between modules
(cf. [14]):

Definition 2.3. Let M be a left C-module and let N be a right C-module. The tensor product over
C between M and N, M ®¢ N, is defined as the k-module given by

M ®c N = (@Mx@)xN)/({m.f@n—m@f.n: me M,, neyN,feny}>.
XEC()
If M and N are C-bimodules, it is also possible to define the C-bimodule tensor product over C:
y(M®c N)y = (@yMz =3 ZN,C)/({m.f ®n—m® fn}),
ZEC()

where m € yMy,n € Ny, f € yCy.
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Next we recall the definition of Hochschild—Mitchell homology and cohomology. Standard
(co)homological methods are available in ¢Mod (cf. [10]).

Definition 2.4. Let (x4, ..., x1) be an (n+ 1)-sequence of objects of C. The k-nerve associated
to the (n + 1)-sequence is the k-module

xn+1cxn ® & chxl'

The k-nerve of C in degree n (n € Np) is

Nﬂ = @ xn+1CXn ®"'®XZCX1'
(n+1)-tuples

There is a C¢-bimodule associated to N,, defined by

y(Nn)x = @ .chn+1 ®Xn+1cxn ® @ x,Cx; ® x,Cx.
(n+1)-tuples

Then the associated Hochschild—Mitchell complex is

dn

d, d d d
n—“) —)--~—2>N1—1>N0—0>C—>0,

Ny
where d,, is given by the usual formula, i.e.
n
d(fo® @ fus) =Y (D fo® @ fifix1 ® - ® fus1.
k=0

This complex is a projective resolution of the C-bimodule C. The proof that it is a resolution
is similar to the standard proof for algebras.

Definition 2.5. Given a C-bimodule M the Hochschild—Mitchell cohomology of C with coeffi-
cients in M is the cohomology of the following cochain complex

0— ]"[xMxﬂHom(Nl,M)L--.ﬂHom(Nn,M)ﬂ...,

xeCy
where d is given by the usual formula, and

C"(C, M) =Hom(N,,, M) = Nat(N,, M)

= l_[ Homk(anan ®"‘®xzcx17x,,+1Mx1)-
(n+1)-tuples

We denote it H*(C, M) or just HH*(C) when M =C.
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Analogously the Hochschild—Mitchell homology of C with coefficients in M is the homology
of the chain complex

I N, s e Ny Y D) M0,
XECO

where d is given by the usual formula and

Cl’l(ca M)=M®Cf Nn = @ x1Mx,,+1 ®x,,+|cxn ®"'®xzcx1-
(n+1)-tuples

We denote it Ho(C, M) or just H Hy(C) when M =C.
The following is a generalization of Watt’s Theorem for modules over k-algebras:

Theorem 2.6. Let C and D be k-linear categories and let F : cMod — pMod be a functor. The
following statements are equivalent

(a) F preserves arbitrary direct sums and is right exact.
(b) There exists a D—C-bimodule T such that F(—) =T ®¢ (—).
(c) F has a right adjoint.

Proof. We trivially have that (b) implies (c), and (c) implies (a). Let us prove that (a) implies (b).
For each x € Cy define the left D-module

LTy = F(_Cy).

The collection {,7x}yepy, xec, is @ D-C-bimodule as we shall now prove: it is trivially a left
D-module by definition. Given  f,» € C,/, it induces a morphism of left C-modules

~xfx/ i Cy —> —Cx’,
given by right multiplication by , fy’, so we get a morphism of left D-modules
F(xfe): F(-Cy) = F(_Cy).

This natural transformation gives the structure of right C-module.

Moreover, both actions are compatible since the map F(., f,/) is a morphism of left D-
modules.

We have that

yT ®cCy = (@yTz ®ZCX>/<{tzzfz’ Q8L ®zfz’z’g})2 yTy,

ZEC()

using the k-linear isomorphism ¢t ® f + ¢f (with inverse ¢ — ¢ ® 1). This gives naturally a left
D-module isomorphism

T Q®cCx=_Tk.
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From now on, given M € cMod, we are going to write F (M) instead of F(_M). We shall
now prove that F(—) =T ®c (—). Since F and ®¢ commute with direct sums, there are iso-
morphisms of D-modules

F(EDCX[) =PFC) =P, =PTocC: =T (@cx,.).

iel iel iel iel iel

Given any left C-module M there is an exact sequence

@Cyj — @C,ﬁ — M —0,

jelJ iel

hence, by right exactness, we get that

F(@cyj) — F<€ch,.) — F(M)— 0

jeJ iel

is exact. Taking into account the previous isomorphism, the following diagram has exact rows
and commuting squares

F(@jesCy) — F(@,;;Cy;)) — F(M) —— 0

@je]T®CCyj — @i€[T®CCxi — T®CM — 0.

By diagrammatic considerations we get a map F (M) — T ®c¢ M making the whole diagram
commutative. Then the Five lemma assures that this map is an isomorphism.

The naturality of the map is also clear: if f:M — N is a C-module morphism, there is a
commutative diagram

DBjcsCyy —— Bic/Ci ——=M ——0

| )

EBj/eJ/ Cy;., — @i'ep Cxl.’, — N ——>0
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and hence
F(®j61 Cyj) F(@[e[ Cx;) F(M) 0
F(@j’ef’ Cy},) F(@i/er Cxl_’,) ——+———= F(N) —=0

@je] T &c CYj

™

®j’€]’ T ®C Cy.///

Dici T ®cCy T®& M ——0

N N\

Dier T®Cy, ——= T &N = 0.

Since the two left vertical faces (normal to the page) commute (by definition of T'), we obtain
that the right vertical face also commutes, and this fact proves the naturality. O

As an application of the characterization of such functors we obtain a description of Morita
equivalences of k-linear categories. We also give an example relating this description to the one
given in [6].

Theorem 2.7. Let C and D be two k-linear categories. They are (left) Morita equivalent if and
only if there are a C=D-bimodule P and a D—C-bimodule Q such that P @ p Q ~C and Q ®¢
P =D as bimodules. Furthermore, these bimodules satisfy that { Py}yep, and {Qx}xec, are sets
of projective and finitely generated generators of cMod and pMod respectively.

Proof. Given two bimodules P and Q, we define the functors

F :¢cMod — pMod,
F(=) = 0®&c(—),

and

G : pMod — ¢Mod,
G(=) = P®p (-).
Since P ®p Q and Q ®¢ P are isomorphic as bimodules to C and D respectively, then F o G ~~
idp and G o F ~idc.
Conversely, let F':cMod — pMod be a functor giving the equivalence with quasi-inverse

functor G. Since an equivalence preserves direct sums and is exact, Theorem 2.6 guarantees the
existence of a C—D-bimodule P and a D-C-bimodule Q satisfying

F(=)=0®&c (-),
G(=)=P®p (—).
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The isomorphism F o G >~ idp implies that D~ F o G(D) = Q ®¢ (P ®p D) ~ Q0 Q¢ P.
The other isomorphism is analogous.

Since, given x € Cp, Q is isomorphic to F(Cy), each Q is finitely generated and projective,
and the same applies to Py (y € Dp). Also, taking into account that {C, }<c, is a set of generators
of ¢cMod and F is an equivalence, we get that {Q,},ec, = {F(Cx)}rec, is a set of generators of
pMod. The same arguments apply to {Py}yec,. O

Remark 2.8. We infer from the theorem above that if C and D are left Morita equivalent, then
they are right Morita equivalent. This is done just by taking the functors

F :Mod; — Modp,
F(=) =(—)®c P,

and

G :Modp — Mod,
G(=) =(-)®p 0.

The following results will complete the description.

Proposition 2.9. Let C, D, £ and F be k-linear categories and pPgs, pMc, ¢ Nr be a set of
bimodules. Then the following is a natural morphism of E-F -bimodules

n:Homp(P, M) ® N — Homp(P, M Q¢ N),
defined by
nt@n)(p) =1(p) @n.

Furthermore, if Py is finitely generated and projective as left D-module for each x € &y, then
n is an isomorphism.

Proof. The morphism is clearly well-defined and natural. To prove the second statement, let us
first suppose that £ =D and P = _D_. Since for each x € Dy we have an isomorphism of right
‘D-modules
uy :Homp(Dy, M) = M
defined via the Yoneda isomorphism
m (F) = xix (idy),

we get

uy ®id:Homp(Dy, M) 8¢ N = ,M ®¢ N,
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and
Umeen :Homp(Dy, M ®c N) => «M ®¢ N.

We see that n = /LA_,,1®CN o (um ®id).
Now, if P, is finitely generated and projective, there exists P’ such that

n
P'e P =cCs,.
i=1
Using Lemma (20.9) from [1], we are able to prove that n is an isomorphism. O

The proof of the following proposition is analogous:

Proposition 2.10. Let C, D, € and F be k-linear categories and ¢ Pp, c Mp, c Nr be a set of
bimodules. Then the following is a natural morphism of E-F-bimodules

v: P @p Home(M, N) = Hom¢ (Homp (P, M), N),
v(p@ 1)) = t(u(p)).

Furthermore, if « P is finitely generated and projective as right D-module for each x € &,
then v is an isomorphism.

From the previous propositions we obtain:

Corollary 2.11. Two k-linear categories C and D are Morita equivalent if and only if
there exists a C=D-bimodule P such that {Py},ep, is a set of finitely generated projective gen-
erators of cMod, {xP}.cc, is a set of finitely generated projective generators of Modp and
Hom¢ (P, P) = D (as D-bimodules).

Proof. If C and D are Morita equivalent then we use the bimodule P defined in Theo-
rem 2.7 which satisfies all the conditions except perhaps that Hom¢g (P, P) =D. But Q Q¢ — =
Hom¢ (P, —), sowe get D = Q ®c P =Hom¢ (P, P).
Conversely, suppose that there exists a C—D-bimodule P such that { Py},cp, is a set of finitely
generated projective generators of pMod and Hom¢ (P, P) = D. Then we set
F:cMod — pMod,

F(—) = Hom¢ (P, —),
and

G :pMod — ¢Mod,
G(-) = P®p(-).
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From the previous proposition we have that, for any left D-module M,
Hom¢ (P, P ®@p M) ~Hom¢(P,P)Qp M ~DQRp M =M,
and also, for any left C-module N,
P ®p Hom¢ (P, N) ~ Homp (Hom¢ (P, P), N) ~Homp(D, N) ~ N,

where all isomorphisms are natural. Hence F and G are quasi-inverse functors, giving the Morita
equivalence. 0O

Example 2.12. Suppose that E is a partition of the set of objects Cy of a k-linear category C,
given by Cy = |_|eeE E., with #(E,) < R, Ve € E. It is proved in [6] that C is Morita equivalent
to the contracted category along the partition E, C/E. In fact the functors giving the equivalence
are the following

F ZCMOd — C/EMOd,

FM) = P M,

xekE,
and
GZC/EMOd—> cMOd,
xG(N) = fx'(eN),

where e is the unique element of E such that x € E, and f, is the idempotent |E| x | E|-matrix.
The bimodules giving the equivalence are:

e(C/EPC)x = yc)n
YEE,

x(CQC/E)e = @ xcyo
YEE,

Itis easy to check that P ®¢c Q ~C/E, Q ®c/g P == C as bimodules and also F(—) = P ®¢ (—)
and G(—) = 0 ®¢/k (—).

From now on we shall consider the derived category of ¢Mod. This is a special case of the
theory developed by Keller for DG categories. We will recall some definitions, but we refer the
reader to [11] for further references.

As usual, we consider the category of C-modules embedded into the category of cochains of
complexes of C-modules, denoted by Ch(¢Mod) or Ch(C), and we denote the shift of a complex
M*® by M°[1] or SM*®, the homotopy category by H(cMod) or just by H(C), and the derived
category by D(¢Mod) or D(C).

We say that a complex of C-modules M is relatively projective if it is a direct summand of
a direct sum of complexes of the form Cy[n], for n € Z, x € Cyp. We also recall that a complex
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of C-modules M is homotopically projective if it is homotopically equivalent to a complex P
provided with an increasing filtration (indexed by Np)

satisfying the following properties:

() P= UneNO P,.
(2) The inclusion P, C P,41 (n € Np) splits in the category of graded modules over C.
(3) The quotient P,/P,_1 (n € Np) is isomorphic in Ch(C) to a relatively projective module.

As it is proved in [11], the following is a split exact sequence in the category of graded modules
over C

QBP,,—> @Pn—>P, .1

neNy neNy

and this split exact sequence gives a triangle in H(C).

We denote H ,(C) the full triangulated subcategory of H(C) formed by homotopically pro-
jective complexes of modules. We denote ’Hi’, (C) the smallest strictly (i.e., closed under isomor-
phisms) full triangulated subcategory of H ,(C) containing the Cy, x € Cop.

We recall the following theorem from [11, pp. 69-70, Theorem 3.1]:

Theorem 2.13. For any complex of C-modules M we have the following triangle in HC
pM)y—->M—>M—a(M)— Sp(M),

where a(M) is acyclic and p(M) is homotopically projective.

Furthermore, this construction gives rise to triangle functors p and a on H(C) commuting
with direct sums, p is the right adjoint of the inclusion functor from the full triangulated subcat-
egory of homotopically projective complexes, and a is the left adjoint of the inclusion of the full
triangulated subcategory of acyclic complexes.

Following Keller, we call p(M) the projective resolution of the complex M.

Taking into account that any k-linear category is a DG category concentrated in degree 0 with
null differential, we may apply the following theorem (cf. [11, Corollary 9.2]), adapted to the
k-linear case,

Theorem 2.14. Let C and D be two k-linear categories such that D is k-flat (i.e., Dy is k-flat,
for every x,y € Dy). The following are equivalent:

(i) There is a C—D-bimodule P such that P ®é —:D(C) — D(D) is an equivalence.
(ii) There is an S-equivalence D(C) — D(D).
(iii) C is equivalent to a full subcategory € of D(D) whose objects form a set of small generators
and satisfy the following

Hompp)(M, N[n]) =0,

foralln#0, M,N €&.



E. Herscovich, A. Solotar / Journal of Algebra 315 (2007) 852-873 863

If any of the three equivalent conditions of the theorem is satisfied we say that C and D are
derived equivalent.

We recall that a k-linear category is projective if ,Cy is a projective k-module for every
x,y € Co. We obtain the following as a corollary of the previous theorem. In particular, the
hypothesis of projectivity holds when £ is a field.

Theorem 2.15. Let C and D be two small k-linear projective categories which are derived
equivalent. Then the Hochschild—-Mitchell homology and cohomology groups of C and D are
respectively isomorphic.

Proof. Since C and D are derived equivalent there exists a D-C-bimodule P and a C-D-
bimodule Q, such that

P®L -5 0:D(C) - D(D°),
is an equivalence, with quasi-inverse
0 ®L —®L P:D(D) — D(C°).

As a consequence, P ®5 Q ~ D in D(D?), and Q ®% P ~C in D(C*).
Hence, we have the following chain of isomorphisms in D (k)

C®L.Cc= (00L P)®L (0L P) = (P05 Q)% (PRL 0) = Dk, D,

where the second isomorphism is induced by the isomorphism

(p(Q) ®p p(P)) ®ce (p(Q) ®p p(P)) = (p(P) ®c p(Q)) ®pe (p(P) ®c p(Q)),
@R WAV~ bRd)® (O ®a),

and the fact that p(P) ®¢ p(Q) is a projective resolution of P Q¢ Q in peMod and p(Q) Qp
p(P) is a projective resolution of Q ®¢ P in ceMod. To prove this last statement we proceed
as follows. Since C and D are k-projective categories, given a homotopically projective C—D-
bimodule M (which we may suppose of the form (Cx ®x D) for x € Cy, y € Do) the functor
M ®p — sends relatively projective D—C-bimodules of type (D, ®y ,C) (for x" €Cy, y' € Do)
into C; ® yDy ®i xC, which are relatively projective C-bimodules. Hence we get that M ®@p —
sends homotopically projective D—C-bimodules into homotopically projective C-bimodules.
This implies immediately the theorem for homology, since we have

H,(C®L. C) =~Tor$" (C,C) = HH,(C).
For cohomology, we make use of the following isomorphism
HOIIID(Ce) (C, C[I’l]) ~ Extge (C, C) =HH" (C)

which is proved in the second lemma of [12, Section 1.5]. This concludes the proof of the theo-
rem. 0O
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3. Derived equivalences between one-point extensions

Let us first state some facts concerning convex categories. From now on we shall suppose that
k is a field.

Definition 3.1. Let C be a linear k-category and D a subcategory. We say that D is a convex
subcategory of C if given xg, x,, € Dy, x1, ..., xp—1 € Cosuchthat I, 1 <i <n—1,withx; ¢ Dy,
and morphisms f; € y,,,Cy,, for 0 <i <n—1then f,_j0---0 fp=0.

Remark 3.2. The following facts about convex categories are easy to prove:

e If C’ is a convex subcategory of C, then C'’ is a convex subcategory of C?P.
e If C' is a convex subcategory of C and D’ is a convex subcategory of D, then ' XD’ is a
convex subcategory of C X D.

If D is a convex subcategory of C then there is a functor
i :Modp — Mod,

given by the i (N), = Ny, forx € Dy and i(N), =0, for y € Cp \ Dyp. The action of C is induced
by the action of D on N. It is clear that i(N) is a right C-module and it is well-defined since
D C C is convex.

Also, there is a functor induced by the inclusion

r:Mod¢e — Modp,

given by r(M) = M o incpc¢.
They are adjoint functors, namely, we have the isomorphism

6 :Homp (r(M), N) — Home (M, i(N)),

ty ifx € Dy,

oliten), = |

0 otherwise.

It is easy to check that this map is well-defined and it is natural, and it is an isomorphism with
inverse is given by

¢ :Home (M, i(N)) — Homp (r(M), N),

C({tx}xeco)y =1, foryeD.

The adjunction says immediately that r preserves epimorphisms and i preserves monomor-
phisms, but we may also easily see that r preserves monomorphisms and i preserves epimor-
phisms. Hence both functors are exact, r preserves projective objects and i preserves injective
objects.
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Lemma 3.3. Let D be a full convex subcategory of C and let M, N be two D-modules. Then there
is an isomorphism

Ext}, (M, N) >~ Ext% (i (M), i(N)).

Proof. Choosing a projective C-resolution P, of i(M), since r is exact and preserves projec-
tives, r(P,) is a projective D-resolution of 7 (i (M)) = M. By the previous adjunction there is a
morphism of complexes

Homc(P., i(N)) ~ Homp (r(P.), N),
implying that
Ext} (M, N):Extz,(i(M),i(N)). O

Next let us define, given a k-linear category C and a right C-module M, the one-point extension
of C by M as the following small category, which we will denote C[M]. The set of objects is
(C[M1)o = Co U {M}. The set of morphisms is given by

yC[M]XZyCXa mCIM]; = M, yC[M]M =0, mCIM]y =k, forx,yeCy.

The composition is given by composition in C, the action of C on M and the structure of k-module
on each M,. It may be easily verified that C[M] satisfies the axioms of a k-linear category and
that C is a convex subcategory of C[M].

Remark 3.4. There is a dual definition for a left C-module M, the only changes are ,C[M]y =
xM and yC[M], =0.

If C is finite, then a(C[M]) >~ a(C)[M], where the last one denotes the one-point extension of
the algebra a(C) by the induced module €p, ey Mx-

In this context, we define the right C[M]-module M, given by M, = M, (x € Cy) and
My = k. The action is the following

Px,y

Pr.y: My ® ;C[M]y = My ® Cyy —> My = M,,
Pet My @ CIMIyy =M, @0 k =My,
pr: My ® yCIM1, =k ® My — M, = M,,
Py My ® yCIMIy =k @ k — k = My,

where the last two maps are the action of kK on M, and the product in k, respectively. Since

= MC[M] we get that M is a projective C[M]-module satisfying, by Yoneda lemma,
Homc[M (M, M) ~ k. Also, it is easy to see that M is small, since Homepy, (M N) ~
Homepr)(MCIM], N) >~ Ny, for each C[M]-module N.

Since C is a convex subcategory of C[M] there is a functor i : Mode — Modcyyy, defined at
the beginning of this section.

We have that i(,C) = ,C[M], and hence i preserves relatively projectives and homotopically
projectives, by definition.
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Next we consider the functors
Homeyp(i(—), M) :Modc — Mod;  and  Home(—, M) :Mode — Mody.
We remark that they are isomorphic, i.e., there exists a natural isomorphism
Home( (i (=), M) ~ Home (—, M), (3.1)
given by
o :Homeppy (i (=), M) — Home (—, M),
{tz}zecimiy = {tx)xecys
with inverse
B :Home (—, M) — Homeyu (i (—), M),
{tx }XGC() = {tx}xeCO U {Opr}.

Since i is an exact functor that preserves injectives, we have that Exta[ M (i(=), M) is a uni-
versal §-functor, and it is isomorphic in degree zero to Homg (—, M), so there is an isomorphism
of §-functors

Extg (i (-), M) ~ExtS(—, M).
Also, the following identity holds
Homey (M, i(—)) =0. (3.2)
Theorem 3.5. Let C and D be two k-linear categories, M a right C-module and N a right
D-module. For any triangulated equivalence ¢ from D(D) to D(C), which maps N to M, there

exists a triangulated equivalence @ from D(D[N]) to D(C[M]) which restricts to ¢.

Proof. According to Theorem 2.14, ¢ is determined by its restriction, which is also an equiva-
lence,

¢':D—EC DQC),
' () =,T,

where ;T = ¢ (,D[0]) denotes a complex of right C-modules (y € Dy). By definition of equiva-
lence these complexes form a set of small generators of D(C), such that

Homp ) (yT, y/T[n]) =0
for n # 0, and

HOIIlD(C)(yT, y/T) = y/Dy.
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We are going to define an equivalence from D[N] to a subcategory £ of D(C[M]) satisfying
the hypotheses of Theorem 2.14. The following functor @’ is fully faithful

@' :D[N]1— & C D(C[M]),
?'(y) = i(,T), ifyeDsy,
@' (N) = M[O0).
The definition on the morphisms is the natural one but it may be useful to give the precise details.

Let us take @'(f) =i o ¢'(f), for f € yDy = yD[N]y, and ®'(f) =0, for f € yD[N]y.
Given f € yD[N]y, we define @'(f) by the following chain of natural isomorphisms

~DIN]y = Ny = Homp(,D, N) % Hompp) (, D, N[0])
2, Hompey (, T, MI01) £ Hompepuy (i T, MI01) Z> Homayepany (i, T), M[0]),

where g’ is the morphism induced by 8 on Hg. We remark that the last isomorphism holds since

M is C[M]-projective. It remains to check that g is an isomorphism: taking into account the
short exact sequence (2.1), one only needs to check that it is so on each ,C[n]. This is quite
simple and follows from the isomorphisms

Hom ¢, (,CI0], M[0]) = Home (,C, M) £> Homepuy (i (,C), M),

and

HOIIID(C) (yC[I’l], M[O]) = HOHlD(C) (yC[O], M[—I’l]) >~ EXtE” (_VC, M) =0
— Homp ey (i (,C)[0], M[—n]) = Homp ey (i (yClnl), M[0]),

for n # 0. The last map is an isomorphism since i (,C) = yC[M] and, for n # 0, we have that
Hompcu)) (i (,O)[01, M[n]) = Extey, (i GO), M) =0.
Finally, for f € yD[N]y, we define @'( f) by means of the isomorphisms
NDIN1y = k > Homeyp (M, M) = Hompcu) (M[0], M[0]).

The functor @’ is fully faithful by definition. Since i is fully faithful and preserves homotopi-
cally projectives,

Homp i (i GT), i(y T)) = Homygerany (i 6T, i (7)) = Homyye) T,y T)

=Homp) (T, yT) = Dy,

for y, y' € Dy. Also, HomD(c[M])(M, i(yT)) = 0 as a consequence of (3.2). All other cases are
straightforward.
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We also need to prove that Homp i) (@ (), @'(")[n]) =0, for n # 0. This is achieved in
exactly the same way as before, just considering a shift by » and noticing that i commutes with
the shift by definition.

The image of the functor @’ is a set of small generators: they are small since M[0] is small
and {i(;T)}ep, is set of small objects. The latter is proved directly from the sequence (2.1) and
the fact that i (,C) = ,C[M] is small.

To prove that they are a set of generators we proceed as follows: {, T}, ep, is a set of genera-
tors of D(C), then the full strictly triangulated subcategory closed under direct sums containing
them also contains {,C},ep,. So, the triangulated subcategory generated by {i(,T)},ep, con-
tains {i (,C)}yep, = {yC[M]1},ep,- As a consequence, the triangulated subcategory generated by
the image of @’ contains {,C[M]},cp, and M = yC[M], whence it is the whole D(C[M]). The
functor @ in the statement of the theorem is completely determined by @’. O

4. Happel’s cohomological long exact sequence

In this section we first generalize the long exact sequence in [9, Theorem 5.3]. to Hochschild—
Mitchell cohomology. Although the proof is quite similar to the algebraic case but a little bit
more technical, it is interesting to remark that in the categorical context, a more general statement
(Theorem 4.4) not only holds but it is more natural. The proofs of this general statement has been
inspired by an article of Cibils (cf. Theorem 4.5 in [3]) and in fact provides a simpler proof to
Cibils’ result.

We first state some definitions. Given a C-bimodule N, let j(N) be the C[M]-bimodule, such
that 3 j(N)y = mj(N)z =0, for x € C[M]o, and , j (N), = y Ny, for x, y € Co. The action is
induced by the action of C on N. Also, we will denote by S the simple right C[M]-module
satisfying Sy =0, for x € Cp, and Sy; = k. The action is the obvious one.

Lemma 4.1. Let C be a k-linear category and M a right C-module. The following holds:
(1) C[M1¢ ~C[M]y @k mCIM]~Homy (S, M), as C[M]-bimodules.

) Extg% (S, 1\_4) ~ ExtL(M, M), for n > 1.

3) Extclz[ w1 (S M) = Home (M, M)/ k.

(4) Homgp (S, M) =0.
(5) Extp(C,C) = Extg 4. (G (€), j (€)), for n > 0.

Proof. (4.1). It is clear that the following morphism of C[ M ]-bimodules
5¢5 :Homg(Sz, M) — C[M1y @k mCIM]5,
95 =0, ifx#M,
#95(f) = 1® f(), ifx=M, feHomy(k, M),
is in fact an isomorphism.
In order to prove (2)—(4) we proceed as follows. There is a short exact sequence of right

C[M]-modules

0—iM)L i1 5 s—0.
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The morphisms are the obvious ones. Applying the functor Home|s(—, M) to this short exact
sequence we get the long exact sequence

0 — Homge1(S, M) — Homeyu (M, M) — Homepp (i (M), M) — Exté[ w1 (S M)

— > Extg[M](S, M) - Exté[M](M, M) — Extg[M](i(M), M) — Extg'["/l}”(S, M)— ---.

Taking into account that i preserves exactness and projectives, and the isomorphism (3.1),

we have that Homep (i (M), M) ~ Hom¢g (M, M) and ExtC (z (M), M) ~ Ext" (M, M), for

> 1. Also, we see immediately that Extc[M (M M) =0, for n > 1, since M = yC[M] is
pI‘OJeCtIVC This proves (2).

For the other statements, we recall that Homep, (M M) ~ 4 C[M1y = k, and notice that the
map given by f*:Homgypg (M, M) —> Homeppn (i (M) M) is not zero since f*adg) = f#0,
and so f* is injective. Hence we get (3) and (4).

In order to prove (5) we only use that C¢ is a convex full subcategory of C[M]¢ and apply
Lemma3.3. O

Theorem 4.2. Let C be a k-linear category and M a right C-module. There is a cohomological
long exact sequence

0— HH°(C[M]) - HH®(C) - Home (M, M)/ k — HH'(C[M1) - HH'(C)
— Exty(M, M) — -~ — Bxty \(M, M) — HH" (C[M]) — HH"(C) — Ext}(M, M)
— HH"H(C[M]) —

Proof. Let us consider the following short exact sequence of C[M]-bimodules
0> K%t jo)—o, @.1)

where 8 is given by (f) = f, for f € ,C, C ,C[M],, and zero in any other case. The C[ M ]-bi-
module K is its kernel.

We shall see that K and C[M ]y Qk pC[M] are isomorphic as C[ M ]-bimodules. To prove this
fact we proceed as follows: consider the map

v :C[M]y ®r uC[M] — C[M],
yie®cd) =cc.

It is evident that § o y = 0 and that y is a monomorphism. If ¢ € Ker(8), then either
c=0or c € yC[M]i. In this case, c = y(y 1y ® ¢), and hence ¢ € Im(y). It follows that
CIM]y ®kx mC[M] is also a kernel of 8. As a consequence, Exté[M]e(K, j@C)=0forn>1.
Also Hom¢pppe (K, j(C)) = uj(C)m =0, so Ext e(K j(C)=0,forn>0.

Now, applymg the functor Homgpppe (—, ](C)) to the sequence (4.1) and using that
Extp M]C(K,](C)) =0 for n > 0, we get Extc[M LJ@©), jO) = ExtC[M]e(C[M] j(C)), for
n > 0. The first one is isomorphic to H H"(C) using Lemma 4.1(5).

Also,

H"(CIM], K) = Ext@;1 (CIM1, K) = ExtG, (S, M) = H" (CIM], Homy (S, M)),
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by Lemma 4.1(1). Finally, H"(C[M], Homg (S, M)) is isomorphic to Ext’, [M](S M) since, by
adjunction, the complex computing the Hochschild—Mitchell cohomology also gives the Ext
groups. We also notice that Homgype (C[M], K) =0, Ext(lj (M]e (C[M],K) =Hom¢g (M, M)/ k
and Ext’é[M]e (CIM],K) = Ext'c’ Y, M), forn >2, using Lemma 4.1(4), (3) and (1), respec-
tively.

Applying now the functor Homeppe (CIM ], —) to (4.1), we obtain the long exact sequence

0 — Homgjs)e (C[M] K) — Homgyy (C[M] C[M]) — Homgyprpe (C[M] j(C))

— Extpppe (CIM1, K ) — -+ = Extt 0 (CIM1, K) — Bxtp 0 (CIM], CIM1)

(
(cmy, ](C))—>Ext”+1 (CIM1, K) —

n
— EXtC[M]g C [M]e

Using the identifications above the theorem follows. O

Next we will consider a more general situation. Let C; and C, be two k-linear categories, and
let M be a C;—C,-bimodule. We define the category C = Cj Liys Co with objects Co = (C1)o U (C2)o
and morphisms

x(C1)y, forx,ye(Ci)o,
x(C2)y, forx,ye (C2)o,

<My,  forx e (C)o,y € (Ca)o,
0, otherwise.

ch =

Example 4.3. If (C1)¢ = {*}, «(C1)x = k and M is a right C;-module, then C; Lij; Co = Co[M].

Since, for i, j € {1,2},C; K C?p is a convex subcategory of C¢, there are well-defined functors
of restriction. Given a C-bimodule N, we shall denote r; ; (N) the corresponding restriction. We
also write r; (N) =r; ; (N).

In this situation there is a cohomological long exact sequence generalizing the previous one.
The key fact of the proof is that it is possible to decompose the Hochschild—Mitchell projective
resolution of C as C-bimodule as follows

NO= P Co®5C ®.. ®xCx @ (o
(X0smes )cn)eC(’)'Jrl
= @ 7Cx,1 ® Xn (Cl)xn,l R ® X1 (Cl)xo & xocf

(x0s-sx)€(CHAH!

@ @ —an ® Xn (CZ)X,,_| R ® X1 (C2)x0 ® xoc—

(X0s v ) €CRT!

69@ @ —Cx,, ®x,,(cl)xn,1 ®"'®xi+1Mx,- ®"‘®x1 (CZ)xo ®xoc—'
(X0, ees 7 )e(cz)’“
(Xi15e,x0) €(C1) ™
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This decomposition gives

Homge (N, (C), N)

= 1_[ Homk(xann,l ®"'®xlcx0a x,,Nxo)

(X0, -+, Xn) ec(r),

= 1—[ Homy, (xn (Cl)xn_l Ry (Cl)xov Xn ng)

(X0sensXn)ECHAT!

52 1_[ Homy, (xn (CZ)X,,,I Q- By (CZ)xov Xn Nxo)

(x0.....xn)€(C)P T

@@ 1_[ Homk(xn Cxyy ® - @ iy My, ®'”®x1(02)x°’x"NxO)
i=0 (XQ5eees _X,')E(Cz)é)-'—l
(ig1oenXn)ECHET

= Homce (Na(C1), ri(N)) @ Homg¢ (N (C2), r2(N)) & Homg, RCy (My—1.712(N)),

where (M, d,) is the complex of projective C;—C,-bimodules given by

n
M, = @ @ f(cl)xnﬂ ® xpp1 Cx, ® -+ ®xi+1Mx,- Q- Qx (C2)x0 ® xo (€2)-.
=0 (xp,...x)eC)iH!

@it 1o tn ) ECHET

with differential d, obtained by restricting the differential of the Hochschild—Mitchell resolution.
This complex is in fact a projective resolution of M as a C;—C»-bimodule. In order to prove this
statement, it is sufficient to notice that (1\71., d,) is the total complex obtained from the first
quadrant double complex

Mi,j = @ —(Cl)x,H_] ®xn+|(61)x,l®"'®x,'+|Mx,- ®"'®X|(62)x0 ®x0(62)—a
(X0seers ) ECLT!

J
(i 150X j41)EC

where the vertical and horizontal differentials are

(@) (D ® - ® iy ® - @ 5y (€2)s)

= _)7(C1)X"+1 Xnt1 (Cl)x,, Q- ®x,-+1mx,- R Qx (c2)x

n+1
Y DT ) @ @ (€D (€2 ® @ My ® - ® s (C2)
j=i42

+ (_1)i+ny (cl)an K- Q Xi42 (Cl)xi+1 ~x,-+1mxi K- Q X0 (CZ)X

and
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)’(diljj)x()’(cl)xwrl PR xi+1mx,- &®--- ®XO(C2))C)

= (_1)i+n+1y(cl)xn+1 Q- ®xi+1mxi “Xi (CZ)x,-,l Q- ®x0(c2)x
i—1
+ Z(_l)j+n+1)'(cl)xn+1 D QuyMy; @+ & Xj41 (CZ)XJ- X (CZ)Xj,l Q- Qx (c2)x
Jj=1
+ (_l)n-Hy(cl)an Q- ®x,-+1mxi Q- Ry (02)x0~xo (c2)x.

This double complex has exact rows and columns using the usual homotopy arguments.
Then the cohomology of the cochain complex (Homclxcgp(M.,rl,z(N ), d¥) is exactly

.
EXtcllgcgl’ (Mv rl,Z(N))~

We also notice that this cochain complex is actually a subcomplex of Homge (N, (C), N) com-
puting the Hochschild—Mitchell cohomology of C, and its quotient is Homcf (N, (Cy), r1(N)) ®
HomCS(N,, (C2),r2(N)). In other words, there is a short exact sequence of complexes of k-
modules

0— Homclﬁ(,’;p (M._1, rl,z(N)) — Homge (N.(C), N)
— Homge (Ne(CD), 11 (N)) ® Homcg (Ne(C2), r2(N)) — 0.

The cohomological long exact sequence obtained from this short exact sequence yields the
following theorem.

Theorem 4.4. Let C1 and Cp be two small k-linear categories, and let M be a C1—C-bimodule.
Denoting C = Cy Uy Co, there is cohomological long exact sequence

0— HC,N)— H°(C1,ri(N)) ® H*(Ca, r2(N)) — Homg, geor (M, r12(N)) — H'(C, N)

— o= H"(C,N) = H"(C1,r1(N)) ® H"(C2, r2(N)) — Extglgcg,,(M,rl,z(N))

— H"C, N)— ---.

This theorem provides a long exact sequence generalizing the one obtained by Cibils [3] and
by Green and Solberg [8] for algebras and the one-point extension sequence proved before.
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