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ON THE EMBEDDING PROBLEM
FOR 2+S; REPRESENTATIONS

ARIEL PACETTI

ABSTRACT. Let 21754 denote the double cover of Sy corresponding to the
element in H2(Sy,Z/2Z) where transpositions lift to elements of order 2 and
the product of two disjoint transpositions to elements of order 4. Given an
elliptic curve E, let E[2] denote its 2-torsion points. Under some conditions
on E elements in H!(Galg, E[2])\{0} correspond to Galois extensions N of Q
with Galois group (isomorphic to) S4. In this work we give an interpretation

of the addition law on such fields, and prove that the obstruction for N having

a Galois extension N with Gal(N/Q) ~ 2% S, gives a homomorphism s} :

H'(Galg, E[2]) — H?(Galg,Z/2Z). As a corollary we can prove (if E has
conductor divisible by few primes and high rank) the existence of 2-dimensional
representations of the absolute Galois group of Q attached to E and use them
in some examples to construct 3/2 modular forms mapping via the Shimura
map to (the modular form of weight 2 attached to) E.

INTRODUCTION

The study of modular forms of weight 1 is equivalent to that of two-dimensional
continuous faithful irreducible complex representations of Galg := Gal(Q/Q) (see
[6]). Looking at their projectivization we have five different kinds: cyclic, dihedral,
Ay, Si, As (see [M]). If the image is cyclic, then the original representation is
abelian, hence reducible. The dihedral case corresponds to weight 1 modular forms
which are a linear combination of theta series attached to binary quadratic forms.
The “special ones” are the last three cases. They are constructed using different
approaches (see [9] for algorithms to construct the A4 and Aj cases, and [I0] for
the Sy case). To study the Sy case, in [I] the next method is proposed: let E be an
elliptic curve over Q with negative discriminant (if the discriminant is positive the
same method gives Maas forms), no 2-torsion points over Q, and nontrivial Selmer
2-group. The set H'(Galg, F[2])\{0} is in one to one correspondence with fields N
with Galois group Sy over Q containing Q(E[2]). The obstruction for N having a
field extension N with Galois group over Q isomorphic to 275, is an element in
H?(Galg, Z/27) (see [16] for a formula of the obstruction and [4], [5] for a method
to compute a solution to the embedding problem when the obstruction is trivial).
This induces a map s} : H'(Galg, F[2])\{0} — H?*(Galg,Z/2Z). The main result

of this work is that if we define s} (0) = 0, then s} is a group homomorphism.
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As a corollary, all elliptic curves (in the above conditions) of conductor 2"p* with
r,s € Ny and p a prime number such that the 2-Selmer group has rank at least two,
have a 2-dimensional representation with Galois group 2%S attached to them. We
end this work with some examples of how by using these weight 1 modular forms
one can try to construct weight 3/2 modular forms mapping via Shimura (see [17],
Main Theorem) to the modular form (of weight two attached to) E.

I would like to thank the University of Barcelona for its hospitality and especially
to Professor Pilar Bayer for useful conversations and contributions to improve this
work. I would also like to thank Professor Jordi Quer for explaining to me how he
computed the explicit solution to the embedding problems of the examples in [I]
and some other useful conversations as well.

1. CORRESPONDENCE BETWEEN H'(Galg, E[2]) AND FIELDS

Let E be an elliptic curve over Q with negative discriminant and no 2-rational
points. The field L = Q(E[2]) is a Galois extension of Q with Galois group Ss.

Definition. Let M be a Galg-module and p a prime of Z. Denote by I, C Galg the
inertia group for p. A cohomology class ¢ € H"(Galg, M) is said to be unramified
at p if it is trivial in H"(I,, M).

Let S be a finite set of primes containing 2 and the primes dividing the conductor
of F and denote H'(Galg, E[2],S) the cocycles unramified outside S. Abusing
notation we will denote H' (Galg, E[2], S)* the set H' (Galg, E[2], S)\{0}. By D(K)
we denote the discriminant of the field K.

Proposition 1.1. The elements in H'(Galg, E[2],S)* are in one to one corre-
spondence with fields N such that L C N, Gal(N/Q) = Sy, and N/Q is unramified
outside S. Furthermore, if K C N is a degree 4 extension of Q whose normal
closure is N, then D(K) = D(L) in Q% /(Q*)2.

Proof. The correspondence is Proposition 1.1 of [I] (although they do not state the
ramification condition). The main idea (that we will need later) is that if ¢ is a
nontrivial cocycle, then ¢|ga, is a group homomorphism. If we denote Ny the fixed
field of ker(¢), then L C Ny and Gal(N,/L) ~ Z/2Z & Z/27Z (the Klein group).
The ramification condition follows from this isomorphism. For the last statement,
note that since Sy has a unique normal subgroup of index 2 (namely A,), there is
a unique quadratic Galois subextension, namely Q(1/D(K)). Since Q(/D(L)) is
another quadratic Galois subextension, they must be equal. ([

1.1. Field addition interpretation. The group structure of H'(Galg, E[2])* in-
duces a group structure on fields N satisfying the above condition. Using elemen-
tary field theory we will show a natural construction of such addition. It is an easy
group theory exercise to check that Sy ~ S3 X (Z/2Z & Z/27Z) where, if we denote
{P1, P2, P;} the three nonzero elements of Z/2Z & Z /27, the action is given by
CT.H = Pa(i)-

Lemma 1.2. Let N1, Ny be fields corresponding to elements in Hl(Gal@, E[2],S5)%,
then N1 N No = L.

Proof. Clearly L C Ny N Ns. Since N3N Ny is Galois over Q, Gal(Ny/N; N N3) cor-
responds to a nonzero normal subgroup of Sy contained in Gal(Ny/L) (isomorphic
to the Klein group), hence Gal(N;/N; N Na) ~ Gal(Ny/L). O



ON THE EMBEDDING PROBLEM FOR 2+S,; REPRESENTATIONS 2065

In particular, N1 N, is a Galois extension of Q with Galois group of order 96 and
Gal(N1Ny/L) ~ Gal(Ny /L) ® Gal(No /L) ~Z/2Z ® Z/2Z D Z)27 © 7./ 2.

Proposition 1.3. Gal(N1N2/Q) ~ S5 x @?:1(2/22 ® Z/27), where if u,v €
Z/27. & Z/27 and o € S3, 0.(u,v) = (0.u,0.0).

Proof. Let K; C N; be the fixed field of the subgroup S3 viewed a subgroup of
Sy = Gal(N;/Q) (fixing the fourth element). We have the diagram:

N;
y chm
K; L
\ A
Q
Claim. Gal(NyNo/K;1Ks) ~ Gal(L/Q). To see this, consider the sequence:
Gal(N;/K;) < Gal(N;/Q) ™ Gal(L/Q)
where 7; : Gal(N;/Q) — Gal(L/Q) is the restriction map (which is the same as the
quotient by Gal(N;/L)). Since Gal(N;/K;) N Gal(N;/L) = {id}, the composition
is an isomorphism.

Since NlKQ = N1N2, Gal(NlNg/K1K2) ~ Gal(Nl/Kl) ~ Gal(L/(@) by the re-
striction map (respectively Gal(N1 Ny /K1 Ks) ~ Gal(N2/K3)). From the sequence

Gal(N; No /K1 K») — Gal(N;N»/Q) 5 Gal(L/Q)

given by restriction (where the composition is an isomorphism), we conclude that
Gal(N1 N2 /Q) ~ Gal(L/Q) x Gal(N;N3/L) and comparing the action with that of
Gal(NV;/Q) ~ Gal(L/Q) x Gal(N;/L), the result follows. O

Proposition 1.4. The group G := S3 X Zle(Z/ZZ) with the previous action has
three normal subgroups of order 4.

Proof. Clearly the subgroups {0} x (Z/27,7/2Z,0,0), {0} x (0,0,Z/2Z,7/27) and
{0} x {(a,b,a,b) : a,b€ Z/2Z} are normal. Let H<G be any normal subgroup of
order 4. Then II(H) < S3 with order 1 or 2. Since S5 has no normal subgroups of
order 2, II(H) = {0}. The orbits of S5 acting on {0} x Zle(Z/ZZ) are:

e {(0,0,0,0)},

e {(1,0,0,0),(0,1,0,0), (1,1,0,0)},

e {(0,0,1,0),(0,0,0,1),(0,0,1,1)},

e {(1,0,1,0),(0,1,0,1),(1,1,1,1)},

e {(1,0,0,1),(0,1,1,1),(1,1,1,0),(1,1,0,1),(1,0,1,1), (0,1, 1,0)}. 0

Corollary 1.5. Let ¢; € H'(Galg, E[2],S)* and N; the corresponding field. The
cocycle Y1 + 1o, if nontrivial, corresponds to the field fized by the third normal
subgroup of order 4 in Gal(N1N2/Q).

Proof. The morphisms ¥;|ga1, : Gal, — Z/2Z ® Z/27Z, satisfy N; = ker(¢;|cal, )-
Clearly ¥ + 12 is zero on Galy, n,, hence its kernel is a normal subgroup of order
4 in Gal(N1N2/L) and the result follows from Proposition [[4 O
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Remark. All normal subgroups of G have pairwise trivial intersection (correspond-
ing to normal subfields K7, K5, and K3). If we define the subgroups:

e H, = {0} x {(0,0,0,0),(1,0,0,1),(0,1,1,1),(1,1,1,0)},

e H; = {0} x {(0,0,0,0),(1,1,0,1),(1,0,1,1),(0,1,1,0)},
then all of these five subgroups have trivial pairwise intersection. They correspond
to the other two (unique) subfields N, and N5 of index 4 of N3Ny with the property
that N; N N; = L for all ¢ # j. Furthermore, Ny and N5 are Galois conjugates.

It is a nice exercise to prove that given any three order 4 subgroups of @;1:1 7.)27

having trivial pairwise intersection, there exists another two order 4 subgroups such
that all of them have the same property.

1.2. Two coverings of S;,. We will consider cohomology groups with the triv-
ial action. The central 2-extensions of S4 correspond to elements in the group
H?(Sy, Z/27) ~ 7./27 x 7./2Z, where the four groups are:

e S, B7Z/2Z,

e 2d°tG, corresponding to the cup product of the signature with itself,

e 215, and 27 S,.

The group 2154 is isomorphic to Gla(F3). A complete character table of the

group 27 S, can be found in [7], Lemma 28.2.

Lemma 1.6. The group 2754 has a subgroup isomorphic to Ss.

Proof. The subgroup of Gly(F3) spanned by <( (1) (1) ) , ( (1) (1) ) , ( (1) ; )>

is isomorphic to Sz, the isomorphism is given by sending the generators to the
elements in Ss: id, (1,2) and (1, 3), respectively. O

Let s; denote the element in H*(Sy,Z/2Z) corresponding to the group 2+S,.

Consider the projections from G to Sy:

b Hl(av (ZIJ, Y, %, ’LU)) = (07 (ZIJ, y))v

b HQ(av (ZIJ, Y, %, ’LU)) = (07 (Zv w))a

d HS(U’ (ﬂ?, Y,z 'LU)) = (U’ (ﬂf +z,y+ w))a
where II; maps G to Gal(N;/Q) with kernel H;, for i = 1,2,3 (the three normal
subgroups of Proposition [[.4]). The obstruction for the existence of K;, a field con-
taining K; and Galois group 2+, is the element in the 2-Brauer group I'*(IT}(s]))
where I' : Galg — Gal(K1K2/Q) is the restriction map. Our main theorem can be
stated as follows.

Theorem 1.7. ITi(s}) + IT5(s]) + 15 (sf) = 0.

From class field theory we know that the 2-Brauer group injects into the sum
of its local components, i.e., H*(Galg, Z/27) — @, H*(Galg,,Z/27Z) and the local
components are isomorphic to {£1}. Let H2(Ga1Q,Z/QZ,S) be the subgroup of
the 2-Brauer group of elements with trivial image at the primes outside S. If we
extend s} to H'(Galg, E[2], S) by setting s} (0) = 0, we get
Corollary 1.8. The map sf : H'(Galg, E[2], S) — H*(Galg,Z/27Z, S) is a group
homomorphism.

From Serre’s formula for the obstruction ([I6], Theorem 1) it is clear that the
image of si‘ is on this subgroup of the 2-Brauer group. The corollary is an immediate
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consequence of Theorem [ 7l noting that the case when two fields are equal is trivial
from the fact that the cohomology groups are 2-groups.

Proof (Theorem). Let Zs denote the group @?:1 Z,/27 and consider the exact se-
quence
0—>ZQ—>G—>53—>0.
Using the inflation-restriction map we get an exact sequence:
0 — H2(S5,2/22) "™ H2(G, 2/22) 5 H2(2,,2)22).

Let o := I3 (s]) + [3(sf) + II35(s) ). Restricted to Zy, I + Iy + 113 = 0, hence
Res(¢) = 0, i.e., ¢ is in the image of the inflation map. This implies that ¢ does not
depend on representatives of the quotient map, in particular, it is determined by
its values on S5 x {(0,0,0,0)} x S5 x {(0,0,0,0)}. By Lemma[l:6] S5 is a subgroup
of 2+S,. Then s; ((Ss3,(0,0)), (Ss,(0,0))) = 0 and the result follows. O

Remark. The fact that the group 2%, has a subgroup isomorphic to S5 is crucial
for the map being a homomorphism. The same statement is false (in general)
considering the maps between H' (Galg, E[2], S) — H*(Calg, Z/2Z, S) coming from
the other groups 29¢*S, and 27 .5,.

Let K; be a degree 4 extensions of Q with normal closure IV;, let Qu, be the
quadratic form Try, o(2?) and W (Qy,) its Witt invariant.

Corollary 1.9. W(Qn,) = W(Qn,) + W(Qn,) + (2,D(L)) on Bra(Q).

Proof. This follows from Proposition [[LT] and Serre’s formula for the obstruction;
see [16], Theorem 1. O

Corollary 1.10. Let E be an elliptic curve with conductor 2"p* with r,s € Ny
and 2-Selmer group of rank at least two. Then there exists a 2%S, representation
attached to E.

Proof. Since the Selmer group has rank at least 2, let N3 and Ny be two different
fields corresponding to elements in Hl(GalQ,E[Q])X, and N3 := N7 + N,. Let
55 (IN;) denote their obstruction. From the injection of the 2-Brauer group into its
local components it is clear that the obstruction is characterized by the (finite set
of) primes with —1 sign. Such a set has an even number of primes and is contained
in the set {2,p}, hence if two elements have nonzero obstruction in the Brauer
group, then the third one does. O

2. APPLICATIONS AND EXAMPLES

We give a brief summary of how to construct the weight 1 modular forms attached
to the Galois group 27S;. Let K = Q(z1) be a degree four extension of Q with
normal closure N, an extension with Sy Galois group. By Theorem 1 of [16] the
obstruction (for a lift with Galois group 2% Sy) is trivial if and only if the quadratic
form TrK/Q(xQ) is isomorphic (over Q) to the form x? + 23 + 222 + 2D(K)z3.
Furthermore, if P is a transformation matrix sending one form to the other one, let

1 oz 2?2 a8 1 0 0 0
2 .3 0 1 0 0
T2 :L‘2 :L‘2 .
:= det P 1 1 +id
v 1 z3 x§ x§ 00 ? §1
I xy xp xy 00 2/D(K)  2/D(K)
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If v 0, all the solutions to the embedding problem are N = N (y/cy) with c € Q%

(see [B], Theorem 5). Furthermore, ¢ can be chosen such that N is unramified
outside S and has minimum ramification at the primes in S. This choice of ¢ gives

a weight 1 modular, with character (M) and minimum level. See [I], Proposition

2.3, Proposition 2.4 and Proposition 2.5 to compute the Fourier coefficients of the
weight 1 modular form once 7 is known.

We will give some examples of how this weight 1 modular form can be used to
construct some “special” 3/2 modular forms. Given a weight 2 and level p modular
form f (attached to an elliptic curve E), in [§] Gross gave a method to construct
a weight 3/2 modular form (as linear combination of theta series) in the Kohnen
space mapping to f via the Shimura map. If E has positive rank, the constructed
weight 3/2 modular form is the zero form. For this elliptic curve we will show (in
some examples) how using the weight 1 modular form coming from the solution
of the obstruction problem (by Corollary we know that such form exists if E
has rank greater than 1) one can construct a nonzero weight 3/2 modular form
mapping to f via the Shimura map. This construction has some limitations (from
a computation point of view) as we will see later, but works on many cases (our
approach is similar to that in [2]).

For n € N, let

+oo
>
j=—o0
Then the theta function ©,,(z) is a weight 1/2 modular form of level 4n and char-
acter () (see [I7] for the definition of modular forms of half integral weight). We
denote O(z) := ©1(z) the classical theta series.

Lemma 2.1. Let g(z) be a weight 1, level n and character (_—d) modular form

(with d > 0 and d | n). Then g(2)Oq(z) is a modular form of weight 3/2, level
lem(n, 4d), and trivial character.

Proof. Let M € T'g(lem(n,4d)), say M = < : ? ) Then:

);
o 9(Mz) = (yz+0) (F) g(
* 04(Mz)0(z) = ()Gd(z) ( )
e O(Mz)? = (v2+6) (5) Of
Then g(M2)04(M2)0(2)® = g(z )@d( )@(Mz)3, which is the definition of a weight
3/2 modular form of trivial character. O

Now we compute the space of definite positive ternary quadratic forms whose
theta series are modular forms with trivial character (this is equivalent to the forms
having square discriminant), and add the product of the weight 1 modular form
with some theta series. Applying the Hecke operators on this set we look for the
eigenform corresponding to E. In practice, the difference between the dimension of
the space of weight 3/2 modular forms and that of the subspace spanned by theta
series increases with the level (see [12] for some tables). Use of this method in
general implies knowing too many Fourier coefficients of the constructed modular
forms, which is impracticable. For this reason we use this method for the case
n = 43, where the dimension of the whole space is almost the same as the subspace

of theta series. If the weight 1 modular form g has level p and character (_—p), a
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prime congruent to 3 (mod 4), g(4z) has level 4p and the same character, hence the
product g(4z)0,(z) is in the Kohnen space of level 4p and trivial character, which
(by [II], Theorem 2) is isomorphic to S2(I'o(p)). In these cases we can construct
the weight 3/2 modular forms for big values of p.

Remark. Although the product of the constructed weight 1 modular form with
O4(z) could lie on the space spanned by definite positive ternary quadratic forms,
it is not the case for all examples we computed. The “reason” why this is expected
is that representations with dihedral projective image gives weight 1 modular forms
that are a linear combination of binary quadratic forms and multiplying them by
O4(z) gives ternary quadratic forms, while our construction has a different projec-
tive image.

2.1. Examples. We use the method described above in some particular examples.
The computations were done with the PARI/GP system [13].

Notation. The ternary quadratic forms will be denoted a1, as, a3, as3, a13, G192,
to express the form:

(1) Q(X1, X2, X3) = a1 X7 + a2 X3 + a3 X3 + a2 X2 X3 + a13X1 X3 + a12X1 Xo.

2.1.1. Case 43: The elliptic curve 434 in Cremona’s table with equation y? +y =
2% + 22 has rank 1. A generator is P = (0,0) and it corresponds to the field K
with equation P = 2* — 2 — 1. By [I] we know that the embedding problem for
this case is solvable, and a solution with minimal level is given by the element

v =3(zdrd — 23 — alve + xiwo + ) + 25 — 227 + 4y,

where 21, 25 are roots of P. The corresponding modular form has level 2343 and
character (_—43) All definite positive ternary quadratic forms of level 2243 and
2343 with trivial character are given in Tables 21l and 2.2, where we denote Qus_;
(respectively Qsg_;) the i-th form on the table of ternary quadratic forms of level
2243 (respectively of level 2243). See [20] for interactive tables of definite positive
ternary quadratic forms of a given level (the level is divided by 4). Note that the
cited tables are not complete, the forms listed are only the ones with the extra
condition “omega” divides “delta”. The forms not satisfying this condition were
supplied by Gonzalo Tornarfa. See [12], Theorem 4 and Theorem 5, for the bijection
between different genera.
Let h* denote the upper half-plane plus the line P(Q).

Theorem 2.2. Let f be a nonzero modular form of weight k for T'o(N). Then the

number of zeros of f in a fundamental domain for §* /To(N) is W

Proof. This statement is essentially Theorem 8 of [I5], p. 114. The statement there
is stated in terms of I';(NV), but the argument works as well for I'o(N) and the
result is the same. O

The theta functions of the definite positive ternary quadratic forms of level 2243
and 2343 are not linearly independent. A basis is given by the theta functions of
the forms:

{Qua3.1, Q43 2, Qa3 3, Qa3 4, Qa3 5, Qu3 6, Quz 7, Qa3 8, Qa3 9, Qu3.10, Qa3 11,
Qs6.1, Qs6.2, Qs6._3, @864, Qg6._5, @866, @67, @868, @869, @86.11 }-
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TABLE 2.1. Coefficients of ternary quadratic forms, level 2243.

| | ap a2 az a3 aiz a2 || | aiy a2 a3 a3 aiz a2 |
Q1| 1 11 43 0 0 1] Qs 5 18 26 18 2 4

Q2] 4 11 14 -10 3 2| Qg 6 15 23 2 6 4

Qs 6 9 10 4 5 1(|Quo| 9 10 24 10 2 4

Qs| 1 43 43 0 0 0l @1 |11 14 16 —6 4 10

Qs | 2 22 43 0 0 2 Q2| 4 43 44 0 4 0

Qe | 3 29 29 28 2 2| Qs |11 16 47 16 2 4

Q7| 4 11 43 0 0 20 Qua |15 23 24 12 8 2

TABLE 2.2. Coefficients of ternary quadratic forms, level 2343.

| Ja ax a3 ay a3 ai | (a1 az a3 axzs a3 aig |
Qi] 3 115 115 —114 -2 —2| Q] 3 29 8 0 0 -2
Q| 8 43 88 0 -8 0||Qu| 5 18 8 0 0 —4
Q3119 20 91 20 6 12| Q2| 8 22 43 0 0 —4
Q| 4 87T 87 2 4 4| Q3|19 20 26 —4 —-16 —12
Qs |15 24 92 24 4 8| Q| 1 8 8 0 0 0
Qe |15 23 95 —22 —14 —-2|Qi5 6 15 8 0 0 —4
Q7|16 44 47 4 16 8| Qe | 9 10 86 0 0 —4
Qs |23 31 47 18 14 10| Q17|13 16 47 16 6 12
Qo | 2 43 86 0 0 0| Q|14 21 31 14 4 12

This follows from Theorem (although the theorem is stated for integer weight
modular forms, raising to the fourth power a half integer weight modular form
we see that the same is true in any case) and the fact that [SLa(Z) : I'o(N)] =
NILn1+ 1—11) (see [I8], Proposition 1.13). Then looking at their first 67 Fourier

coefficients is enough to compute a basis. The space S5 /2(2343) has dimension 25
(see [3], Theorem 2), hence there are 4 modular forms missing.

The definite positive ternary quadratic forms of level 2243 lie in four different
genera. The number of forms on each genus is [3, 5, 3, 3], i.e., the first three ones lie
on the same genus and so on. Since the Hecke operators preserve genera, we can
compute their action on each genus and look for eigenforms. In the cases when there
are three forms per genus the eigenforms are weight 3/2 modular forms mapping
via Shimura to (the weight two modular forms) Eisss (the weight two Eisenstein
series of level 43) and 43B1 (a two-dimensional abelian variety; see [19] for the
labeling). In the remaining case the eigenvalues map to the forms Eisss, 86 A1 and
86B1 (the last ones are two-dimensional abelian varieties).

The forms of level 2343 lie in four different genera as well, and the number of
forms on each genus is [3, 5, 5,5]. The Hecke eigenvalues on each genus map to the
weight two modular forms (attached to the abelian varieties): Eisgg, 86B1; Eisgg,
43B1 and 86A1; Eisgg, 86 B1 and 172B1; Eisgg, 43B1 and 86A1, respectively.

If we look at the tables for modular forms of weight 2 and level 43, 86 and 172,
we see that the only missing modular forms correspond to the elliptic curves 43A
and 172A on Cremona’s table, respectively. The curve 1724 has rank 1 and is given
by the equation y? = 2% +2% — 132+ 15. In this particular case, constructing weight
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3/2 modular forms not lying on the space spanned by the theta series gives some
of these missing 2 modular forms.

Let f(z) denote the weight 1 modular form of weight 1, level 2343 and character
(_—43) associated to K. By Lemma 2l f©,3 is a weight 3/2, level 2343 and
trivial character cusp form. Since its coefficients are not rational, we consider the

two modular forms Fy(z) = $(f(2) + f(2))O43 and Fz(z) = @(f(z) — f(2))Bus.
These two forms do have rational coefficients and are linearly independent from the
ternary theta functions. Looking at the 23 modular forms together and computing
the Hecke operators on them we get the two eigenforms (we denote by ©¢ the
Theta function of the ternary quadratic form Q):
(1) Guza = 7%6(243,6 + % ®Q43,7 Jr®Q43,8 - %@QSGJ +®Q86,2 +6@Qs,3 Jrg@Qsa,g -
50 Qge.11 — 9.
(2) Gir2a = — %@Q43_1 - %@Q43_2 +@Q43_3 +®Q43_4 _@Q43_5 +3@Q43_9 —(’_3@@43_10 -
69@43_11 - 2@Q86_4 + 49@86_5 + 49@86_6 - 2®Q86_7 - 46@86_8 + %Fl'

They are Hecke eigenforms, and they map by the Shimura map to the weight
two modular forms associated to the elliptic curves 434 and 1724 on Cremona’s
table, respectively. The first 50 coefficients of their Fourier expansion are:

0 Gusn = @+ +¢° —5¢7 +2¢5 —4g"% — 3¢"8 +2¢19 +2¢20 — 3¢22 — ¢26 —24%" +
q29 +2q32 _ 3q33 +q34 +4q37+5q39 _|_2q42 _|_2q43 _3q45 _|_3q46 —|—6q48 _3q50 —|—O(q51)

o Giroa = q+¢® — ¢° +q'0 + ¢ — ' — g1 +2¢2' — ¢ + g™ — 3¢*° + O(¢*)).
Remark. The constructed modular forms are not in Kohnen’s subspace. By Theo-
rem 2 of [I1] there exists a weight 3/2 modular form of level 2243 mapping to the
(weight two modular form) 43A, hence this is one of the missing forms. The other
one maps to the form 434 also (S5/2(2343) ~ 95(2243) by the corollary of the Main
Theorem of [21] ), i.e., there is no weight 3/2 modular form of level 344 in Kohnen’s
subspace mapping to the form 172A while there is one outside Kohnen’s subspace.

2.1.2. Case 563: The elliptic curve 5634 with equation y? + 2y +y = 23 + 22 —
15z 4+ 16 has rank 2. The points [2, —1] and [4,4] are generators for the rational
points. The field corresponding to the point [2,—1] is given by the polynomial
P = z* — 823 + 1922 — 142 — 1. Its discriminant is —563 and the obstruction is
trivial for this field. A solution to the embedding problem is given by

1126y = (5742623 — 40873825 — 155984)23
+ (—43407323 + 2329098z + 1542884)2%
+ (3428342 — 10891412y — 4555297)2,
— 3395225 + 265199423 — 610129525 + 4078271,

where 7 and z9 are roots of P. Since E has discriminant —563, by Corollary 2.7
of [I] we know the attached weight 1 modular form has level 27563 and character
(ﬁ). By Theorem 2 of [I4] we know that v can be chosen such that the field

N above N is unramified at 2 over Q, hence the weight 1 modular form has level
exactly 563.
The field Q(,/7) is given by Q(zo) where x¢ is a root of the polynomial:

2% — 322 — 9222 4 22221 + 55220 — 68210 — 212218 + 85217 + 467216 — 34210
—698z'% — 312 4+ 797212 + 832! — 6602'° — 5627
+4202° — 19925 + 322° 4+ 552 — 2023 — 422 + 32 + 1.
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TABLE 2.3. Coefficients of ternary quadratic forms, level 22563.

| (a1 a2 a3 az a3 a2 || | a1 as a3 a a3z a2
O. | 4 563 564 0 —4 0] Q]| 36 68 563 0 0 —28
Q2 3 751 751 =750 -2 2| Q| 23 196 299 —-96 -—22 —4
Qs |39 59 584 52 —-32 —14| Q20 | 40 119 284 8 20 32
Qs |39 67 580 —48 —20 —38| Qu | 47 100 296 —36 —40 —28
Qs |44 52 563 0 0 —12 Q2| 68 71 299 —62 —-16 —-36

Qs | 47 48 575 48 2 41 Qus | 44 155 207 106 20 16
Q7 |48 51 575 14 48 28| Qoa | 47 155 192 —44 —8 —46
Qs |51 52 576 52 20 40| Qs | 39 179 231 174 2 30
Qo | 7 323 644 —320 -4 6| Qu| 59 120 191 40 6 36

Qo | 12 188 563 0 0 -4 Qx| 71 107 191 —26 —14 -58
Qi1 |11 207 615 —202 —6 —10| Q2| 75 92 215 -84 —38 —24
Q2 | 16 143 567 6 16 12| Qoo | 63 143 144 36 16 2

Qi3 |19 119 596 —116 —16 —6| Qs0| 71 127 160 96 20 6
Qa4 23 99 591 —94 —18 —10| Qs | 76 119 160 64 60 12
Q5 | 27 84 584 84 4 8| Qs2| 64 143 176 —140 —4 —24
Q6 | 28 84 563 0 0 —20| Q33103 108 171 104 8 92
Q17 | 36 63 572 4 36 8

Its discriminant is —563*! (confirming that our choice of v gives an extension
unramified at 2). All the Fourier coefficients of this weight 1 modular form can
be computed as stated before except the one corresponding to the ramified prime.
To compute ase3 we look at the inertia degree of 563 in Q(xz() and since it is 2, it
follows that asgs = —1.

Let F63(2) denote the weight 1 and level 563 modular form attached to this
representation. The form Frg3(42)O563(2) is in the Kohnen space with trivial char-
acter, whose space has dimension 48 (while the whole space has dimension 143).
The form fsg3(2) := %(F563(4z) + F'563(42))O563(2), has rational coefficients. From
the 33 definite positive ternary quadratic forms of Table 2.3] the first 32 ones are
linearly independent (by looking at their first 423 Fourier coefficients). The space
spanned by their Theta series (which are weight 3/2 modular forms of level 22563
and trivial character in the Kohnen space) and f563(2) is closed under the Hecke
operators, and the form

Fse3a = —110¢g, — 20¢, + 440, — 809, — 300¢, + 160¢,
—380¢, + 340, — 20, + 150¢g,, + 20¢,, + 220¢,, —220¢,,
+40¢,, —709,, — 180¢,, +290¢,, + 260¢,, + 240q,, + 140¢,,
—600,, +280¢,, —280¢,, — 340q,, — 4609, + 220¢,, + 80,
—140¢q,, + 200¢,, — 420¢,, + 13 fs63

is an eigenform for the Hecke operators mapping via Shimura to the modular form
(attached to the elliptic curve) 563A. The first 50 coefficients of its Fourier expan-
sion are:

_2q3+2q4_2q7+2q11_2q16+4q23+2q27+4q28+2q39_2q40+2q47+4q48+0(q51).

Remark. The space of weight 2 cusp forms of level 563 has dimension 47. The
space of Theta series maps via Shimura to the weight 2 Fisenstein series of level
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563 and to (the modular form attached to the abelian variety) 563E1 (see [19] for
the notation). The reason why no other abelian variety is in the space of Theta
series is that all the other abelian varieties L-series’ vanish at the central value. By
Theorem 2 of [I1] and the Corollary of [21] there are weight 3/2 modular forms of
level 22563 mapping to the abelian varieties 56381, 563C1 and 563 D1 of dimensions
3, 3 and 9, respectively. There is no reason for the space spanned by the Theta
series and f563 to be closed under the Hecke action, it could have given the whole
space (in which case it would not be feasible to do the computations since we would
need to compute too many Fourier coefficients of fsg3). For the weight 3/2 modular
form @(F563(4Z) — F563(42))Os563(2), we cannot compute its Hecke orbit.

2.1.3. Case 643: This case is similar to the previous one. The elliptic curve 643A
given by the equation y? + 2y = 23 — 42 + 3 has rank 2 and the points [1, 0] and
[2,1] generate the rational points. Their obstruction is nontrivial. The sum is the
point [—1, 3] which do have trivial obstruction. It corresponds to the polynomial
P = z* — 23 — 22 + 1, whose field has discriminant —643. A solution to the
embedding problem is given by the element:

643~ = (—12345622 4 36008z — 1376)x3 + (7973222 — 70820z, + 21952)x?
+ (909222 — 101504z5 + 51440)z; — 75964x5 + 17627222 + 4372425 — 25540,

where 1 and x2 are roots of P. The field Q(,/7) is given by Q(x¢) where z¢ is a
root of the polynomial:

22 — 5% + 11222 — 822 — 102%° + 232" + 921 — 8627 + 171216 — 12121
—2122' + 63622 — 504212 — 1562 + 766210 — 11162° + 136428 — 110027
+69725 — 4262° + 2272* — 3723 + 2522 — 292 + 5.

This field has discriminant —643'!, hence the weight 1 modular form has level
643 and character (ﬂ). Looking at the inertia, its Fourier coefficient ags3 = —1.

Let Fgy3(z) denote the weight 1 and level 643 modular form attached to this
representation. The form Fgs3(42)Og43(2) is in the Kohnen space with trivial char-
acter, whose space has dimension 54 (while the whole space has dimension 163).
The form fg43(2) := %(F643(4z) + Fe43(42))Og43(2), has rational coefficients. The
space spanned by the Theta series of the definite positive ternary quadratic forms
of level 22643 (see Table ) has dimension 29. A basis is given by choosing the
first 29 quadratic forms (this can be checked by looking at their first 484 Fourier
coefficients). The space (©¢,, fea3(2)) is inside Kohnen’s space and is closed under
the action of the Hecke operators. The form

Fsa3a = —30¢g, — O, +60g, —20¢g, — Og, +80¢q, + Og, + TO¢,
+30¢g, — 70¢,, + Og,, —40¢,, +40¢g,, + 60¢q,, + 12600,
—110¢g,, +60¢g,, —40¢q,, —300,, — Og,, — 990,, +20¢,,
+20q,, —80q,, — 120¢,, +20¢q,, + 609, + 4fca3

is an eigenform for the Hecke operators mapping via Shimura to the modular form
(attached to the elliptic curve) 643A. The first 50 coefficients of its Fourier expan-
sion are:

=g - 0 B 1 2¢% 1 — P 10 O(gPY).
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TABLE 2.4. Coefficients of ternary quadratic forms, level 22643.

| (a1 a2 a3 az a3 a2 || | a1 as a3 a a3z a2
0. | 4 643 644 0 -4 0] Q]| 55 104 328 52 12 48
Q2 7 368 735 368 2 41 Qir | 63 88 327 44 10 40
Qs | 16 163 647 6 16 12 Qs | 63 95 335 62 46 58
Q. |23 112 671 112 2 4| Q| 60 131 216 4 20 24
Qs | 28 92 643 0 0 —4 || Q20 51 152 256 —148 —-28 —12

Qs |31 83 671 —82 —30 2| Qua| 8 95 220 36 32 26
Qr |15 343 344 172 8 20 Q| 92 95 231 74 52 64
Qs |24 215 323 2 12 81 Qa3 | 64 167 204 —152 —28 —40
Qo |23 228 339 —104 —18 —20| Q24| 96 136 139 60 44 28
Quo | 31 168 332 84 4 16| Q| 96 135 156 —44 —92 —20
Qi1 | 40 135 324 8 20 32| Qs | 111 116 143 —68 —42 -8
Q2 | 39 132 339 —64 —38 —4| Qu 116 136 143 76 68 108
Qi3 |39 135 331 —62 —14 22| Qs |104 124 167 104 88 12
Qua | 36 143 359 —142 —16 —4 | Qo | 111 131 143 —54 —42 —82
Q15 | 55 95 332 52 32 18| Qs | 104 144 167 —60 —88 —92

Remark. As in the previous example, the space of Theta series of level 22643 map
to the Eisenstein series of weight 2 and level 643 and to (the modular form attached
to the abelian variety) 643C1. There is another abelian variety (labeled 643B1 in
[19]) of dimension 24 whose L-series vanishes at the central value. A priori there is
no reason for the action of the Hecke operators to be closed on the space spanned
by the Theta series and fg43 (it could have given the whole space).
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