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Abstract: A Hermitian structure on a manifold is called locally conformally Kahler (LCK) if it locally admits
a conformal change which is Kahler. In this survey we review recent results of invariant LCK structures on
solvmanifolds and present original results regarding the canonical bundle of solvmanifolds equipped with a
Vaisman structure, that is, a LCK structure whose associated Lee form is parallel.
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1 Introduction

Solvmanifolds and nilmanifolds, i.e., compact quotients of a simply connected solvable (respectively, nilpo-
tent) Lie group by a discrete subgroup, have been used to provide many examples and counterexamples of
manifolds with different kind of geometric structures and it is known that they possess a rich structure. For
instance, it was shown in [82] that the total space of a principal torus bundle over a torus is a 2-step nilman-
ifold. In complex geometry, we can mention that it was proved in [25] that a non-toral nilmanifold cannot
admit Kahler structures. This was later generalized to completely solvable solvmanifolds by Hasegawa in
[51], where he also proves that Kdhler solvmanifolds are finite quotients of complex tori which have the struc-
ture of a complex torus bundle over a torus. Also, the first example of a compact symplectic manifold that
does not admit any Kahler metric happens to be a nilmanifold, the well known Kodaira-Thurston manifold,
which is a primary Kodaira surface ([60, 94]). It is well known that the de Rham cohomology of nilmanifolds
and completely solvable solvmanifolds can be computed in terms of invariant forms (according to Nomizu
[72] and Hattori [54], respectively), and it is conjectured that the Dolbeault cohomology of nilmanifolds can
also be computed using invariant forms (this conjecture has been proved for several particular cases, see
[30, 32, 39, 87]). In [18] it was shown that any nilmanifold with an invariant complex structure has holomor-
phically trivial canonical bundle, while it is known that this does not happen generally for solvmanifolds (see
[38]). Other results regarding complex geometric structures on nilmanifolds and solvmanifolds can be found
in [8, 29, 59, 64, 97, 98], among many others.

It is then a natural question to study the existence of (invariant) locally conformally Kihler structures on
nilmanifolds and solvmanifolds. We recall that a locally conformally Kahler structure (LCK) on a manifold is
a Hermitian structure such that each point has a neighborhood where the metric can be rescaled into a Kdhler
metric. The family of LCK manifolds is very important and very rich (for instance, diagonal Hopf manifolds,
Kodaira surfaces, Kato surfaces, some Oeljeklaus-Toma manifolds admit such structures), and it has been
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widely studied lately. In particular, there are several recent results about LCK structures on solvmanifolds,
and it is our attempt to recollect many of them in this survey.

The outline of this article is as follows. In section 2 we recall the notion and properties of LCK metrics as
well as some very well known results on solvmanifolds. In section 3 we report general facts about invariant
LCK structures on solvmanifolds, with emphasis on the case of nilmanifolds. We also recall all the compact
complex surfaces that admit a LCK structure which can be seen as solvmanifolds. In section 4 we recall re-
sults of LCK structures on solvmanifolds of special kinds: namely, LCK metrics on solvmanifolds with abelian
complex structures, and LCK structures on almost abelian Lie groups. Next, in section 5 we review the con-
struction of the Oeljeklaus-Toma manifolds and in particular we exhibit them as solvmanifolds, according to
the work of Kasuya. In section 6 we review some recent results on Vaisman solvmanifolds and we also present
original results about the triviality of the canonical bundle of such a manifold (see Theorem 6.9). Finally, in
section 7 we discuss briefly locally conformally symplectic solvmanifolds and their properties.

2 Preliminaries

Let (M, ], g) be a 2n-dimensional Hermitian manifold, where J is a complex structure and g is a Hermitian
metric, and let w denote its fundamental 2-form, that is, w(X, Y) = g(JX, Y) for any X, Y vector fields on M.
The manifold (M, J, g) is called locally conformally Kahler (LCK) if g can be rescaled locally, in a neighborhood
of any point in M, so as to be Kahler, i.e., there exists an open covering {U;};<; of M and a family {f;};c; of
C* functions, f; : U; — R, such that each local metric

gi = exp(-f) glu, )

is Kdhler. These manifolds are a natural generalization of the class of Kdhler manifolds, and they have been
much studied since the work of I. Vaisman in the *70s. The main references for locally conformally Kahler
geometry are [36], the more recent reports [74, 76] and the bibliography therein.

An equivalent characterization of a LCK manifold can be given in terms of the fundamental form w. In-
deed, a Hermitian manifold (M, J, g) is LCK if and only if there exists a closed 1-form 6 globally defined on M
such that

dw =0 A w. )

This closed 1-form 6 is called the Lee form (see [62]). Furthermore, the Lee form 6 is uniquely determined by
the following formula:

1
9=—nj(6w)o], 3)

where 6 is the codifferential operator and 2n is the dimension of M. It follows from [40] that (1 — n)0 can
be identified with the trace of the torsion of the Chern connection. A Hermitian manifold (M, J, g) is called
globally conformally Kdihler (GCK) if there exists a C* function, f : M — R, such that the metric exp(-f)g is
Kahler, or equivalently, the Lee form is exact. Therefore a simply connected LCK manifold is GCK.

There is yet another equivalent definition of LCK manifolds (see for instance [36]). Let M be the univer-
sal covering of the complex manifold (M, J). Then M has a compatible LCK metric if and only if there is a
representation y : 71, (M) — R, and a Kédhler metric g on M such that

V(@) =x(g,  forany~ e m (M),

i.e., the fundamental group of M (seen as the group of deck transformations of M) acts by homotheties. See
also the more recent point of view of LCK manifolds as equivalence classes of presentations in [43]. Note that
the LCK metric metric obtained is GCK if and only if y = 1.

It is well known that LCK manifolds belong to the class W, of the Gray-Hervella classification of almost
Hermitian manifolds [45]. Also, an LCK manifold (M, J, g) is Kahler if and only if 8 = 0. Indeed, 6 A w = 0 and
w non degenerate imply 6 = 0. It is known that if (M, J, g) is a Hermitian manifold with dim M > 6 such that
(2) holds for some 1-form 6, then 6 is automatically closed, and therefore M is LCK.

Brought to you by | Universidad Nacional de Cordoba en Argentina
Authenticated
Download Date | 2/27/19 2:43 PM



DE GRUYTER Locally conformally Kdhler solvmanifolds: a survey =— 67

In contrast to the Kahler class, the LCK class is not stable under small deformations. Indeed, it follows
from [24] that some Inoue surfaces do not admit LCK structures but they are complex deformations of other
Inoue surfaces which do admit LCK metrics [96]. On the other hand, just as in the Kdhler case, the LCK class
is stable under blowing-up points (see [96, 104]).

The Hopf manifolds are examples of LCK manifolds, and they are obtained as a quotient of C" - {0}
with the Boothby metric by a discrete subgroup of automorphisms. These manifolds are diffeomorphic to
S x §2""1 and for n = 2 they have first Betti number equal to 1, so that they do not admit any Kahler metric.
The LCK structures on these Hopf manifolds have a special property, as shown by Vaisman in [100]. Indeed,
the Lee form is parallel with respect to the Levi-Civita connection of the Hermitian metric. The LCK manifolds
sharing this property form a distinguished class, which has been much studied since Vaisman’s seminal work
[24,41,42,57,77,79, 83,100, 101]. Indeed, LCK manifolds with parallel Lee form are nowadays called Vaisman
manifolds.

Vaisman manifolds satisfy stronger topological properties than general LCK manifolds. For instance, a
compact Vaisman non-Kéhler manifold (M, J, g) has b, (M) odd ([57, 101]), which implies that such a manifold
cannot admit Kdhler metrics. Moreover, it was proved in [77, Structure Theorem] and [79, Corollary 3.5] that
any compact Vaisman manifold admits a Riemannian submersion to a circle such that all fibers are isometric
and admit a natural Sasakian structure. It was shown in [103] that any compact complex submanifold of a
Vaisman manifold is Vaisman, as well. In [24] the classification of compact complex surfaces admitting a
Vaisman structure is given. It is known that a homogeneous LCK manifold is Vaisman when the manifold is
compact ([41, 53]) and, more generally, when the manifold is a quotient of a reductive Lie group such that the
normalizer of the isotropy group is compact ([1]). In [2] it was proved that a simply connected homogeneous
Vaisman manifold G/H with G unimodular is isomorphic to a product Rx M1, where M; is a simply connected
homogeneous Sasakian manifold of a unimodular Lie group, which in turn is a certain R-bundle or S*-bundle
over a simply connected homogeneous Kadhler manifold of a reductive Lie group.

Associated to any LCK metric on a Hermitian manifold there is a cohomology H ; (M) which can be defined
as follows. Since the corresponding Lee form 6 is closed, we can deform the de Rham differential d to obtain
the adapted differential operator

dga =da-0Aa.

This operator satisfies d3 = 0, thus it defines the Morse-Novikov cohomology H ;(M ) of M relative to the closed
1-form 6, also called the Lichnerowicz cohomology or the adapted cohomology. It is known that if M is a
compact oriented n-dimensional manifold, then Hg(M) = Hj(M) = 0O for any non exact closed 1-form 6 (see
for instance [46, 47]). For any LCK structure (w, 8) on M, the 2-form w defines a cohomology class [w]g €
Hg(M), since dyw = dw — 0 A w = 0. It was proved in [63] that the Morse-Novikov cohomology associated to
the Lee form of a Vaisman structure on a compact manifold vanishes.

2.1 Some facts on solvmanifolds

Recall that a discrete subgroup I' of a simply connected Lie group G is called a lattice if the quotient I'\G
is compact. According to [70], if such a lattice exists then the Lie group must be unimodular. The quotient
I'\G is known as a solvmanifold if G is solvable and as a nilmanifold if G is nilpotent, and it is known that
m1(I'\G) = I'. Moreover, the diffeomorphism class of solvmanifolds is determined by the isomorphism class
of the corresponding lattices, as the following results show:

Theorem 2.1. [86, Theorem 3.6] Let G1 and G, be simply connected solvable Lie groups and I;,i = 1,2, a
lattice in G;. If f : I'1 — T, is an isomorphism, then there exists a diffeomorphism F : Gy — G, such that

1. Flr,=f,

2. F(yg) =f(Y)F(g), foranyy € I't and g € G.

Corollary 2.2. [71] Two solvmanifolds with isomorphic fundamental groups are diffeomorphic.
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It is not easy to determine whether a given unimodular solvable Lie group admits a lattice. However, there is
such a criterion for nilpotent Lie groups. Indeed, it was proved by Malcev in [66] that a nilpotent Lie group
admits a lattice if and only if its Lie algebra has a rational form, i.e. there exists a basis of the Lie algebra such
that the corresponding structure constants are all rational. More recently, in [26], the existence of lattices in
simply connected solvable Lie groups up to dimension 6 was studied. A general result proved by Witte in [106,
Proposition 8.7] states that only countably many nonisomorphic simply connected Lie groups admit lattices.

In the case when G is completely solvable, i.e., it is a solvable Lie group such that the endomorphisms ady
of its Lie algebra g have only real eigenvalues for all X € g, the de Rham and the Morse-Novikov cohomology
of I'\G can be computed in terms of the cohomology of g. Indeed, Hattori proved in [54] that if V is a finite
dimensional triangular! g-module, then V := C=(I'\G) ® V is a ¥(I"\G)-module and there is an isomorphism

H'(g, V) = H'(X(I'\G), V). (4)

Therefore:
o If V = R is the trivial g-module, then the right-hand side in (4) gives the usual de Rham cohomology of
I'\G, so that
H'(g) ® Hg(1\G). )

o If V = Vy, where 6 is a closed left-invariant 1-form and Vy is a 1-dimensional g-module with action given
by
Xv=-0X)v, Xeg,veV,,

then we can identify V with C>°(I'\ G) and the action of X(I'\G) on C=(I'\G) is given by
X-f=Xf-0X)f, Xeg, feCT(I\G).

Here we are using that there is a natural inclusion g — X(I'\G) and a bijection C*(I'\G) ® g — X(I'\G)
given by f ® X — fX. As a consequence, in this case (4) becomes (cf. [69, Corollary 4.1])

Hy(g) = Hy(I'\G). 6)

In particular, H; r(I'\G) and H;(F \G) do not depend on the lattice I.
In the general case, i.e. when G is not necessarily completely solvable, there is always an injection i" :
Hy(g) — Hy(I'\G), where 0 is any closed left-invariant 1-form, as shown in [58].

3 LCK solvmanifolds

Let G be a Lie group with a left invariant Hermitian structure (J, g). If (J, g) satisfies the LCK condition (2),
then (J, g) is called a left invariant LCK structure on the Lie group G. Clearly, the fundamental 2-form is left
invariant and, using (3), it is easy to see that the corresponding Lee form 6 on G is also left invariant.

This fact allows us to define LCK structures on Lie algebras. We recall that a complex structure ] on a Lie
algebra g is an endomorphism J : g — g satisfying J> = —Id and

N; =0, where Nj(x,y)=Ux,Jyl-I[x,yl-JUx, yl + [x, JyD),

forany x,y € g.

Let g be a Lie algebra, J a complex structure and (-, - ) a Hermitian inner product on g, with w € /\2 g the
fundamental 2-form. We say that (g, J, {:, - }) is locally conformally Kdhler (LCK) if there exists 6 € g*, with
df = 0, such that

dw=0Aw. 7)

1 A g-module V is called triangular if the endomorphisms of V defined by v — Xv have only real eigenvalues for any X € g.
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We will assume from now on that 6 # 0, so that we are excluding the Kahler case.
Recall thatif a € g" and € A’g", then their exterior derivatives da € \’g" and dn € \’g" are given by

da(x,y) = —a(lx, yl), dn(x,y, z) = -n(x, yl, 2) - n(ly, z], x) - n(lz, x, y),

foranyx,y,z € g.
We have the following orthogonal decomposition for a Lie algebra g with an LCK structure (J, (-, - )),

g=RA dker

where 0 is the Lee form and 6(A) = 1. Since df = 0, we have that g’ = [g, g] C ker 6. Note also that since 6 # 0,
g cannot be a semisimple Lie algebra. It is clear that JA € ker 6, but more can be said when g is unimodular.
Indeed, we proved in [5] that JA is in the commutator ideal [g, g] of g, using (3).

We note that any left invariant LCK structure (J, g) on a Lie group G induces naturally a LCK structure
on a quotient I'\G of G by a discrete subgroup I'. The induced LCK structure on the quotient will be called
invariant.

3.1 LCK nilmanifolds
The first example of an LCK nilmanifold was given in [33]. We recall their construction:

Example 3.1. Let g = R x hp,1, Where h,,1 is the (2n + 1)-dimensional Heisenberg Lie algebra. There is a
basis {X1,...,Xn, Y1,..., Yn, Z1, Z5} of g with Lie brackets given by [X;, ;] = Z; fori = 1,...,nand Z,
in the center. We define an inner product (-, -) on g such that the basis above is orthonormal. Let ], be the
almost complex structure on g given by:

JoX;=Y;, JoZi=-Z, fori=1,...,n.

It is easily seen that J, is a complex structure on g compatible with (-, - ). If {x, y', z!, z?} denote the 1-forms
dual to {X;, Y;, Z1, Z, } respectively, then the fundamental 2-form is:

n
W= Z(x’ Ay -zt AZ%
i=1
Thus,
dw =2> A\ w,

and therefore (g, Jo, (-, - )) is LCK.

It is known that g is the Lie algebra of the nilpotent Lie group R x Hy,,1, where Hy,,1 is the (2n + 1)-
dimensional Heisenberg group. The Lie group H,,,; admits a lattice I and therefore the nilmanifold N =
S x I'\H,p,, admits an invariant LCK structure which is Vaisman. The nilmanifold N is a primary Kodaira
surface and it cannot admit any Kéhler metric, due to [25].

In [97], it was proved that if (J, g) is a Hermitian structure on a 6-dimensional nilmanifold I'\ G such that J is
invariant, then this structure is LCK if and only if G is isomorphic to Hs x R, and the complex structure J is
equivalent to Jo. Moreover, the LCK structure is actually Vaisman. Based on this result, Ugarte states in the
same article the following conjecture:

Conjecture: A (2n + 2)-dimensional nilmanifold admitting an LCK structure (not necessarily invariant)
is diffeomorphic to a product I'\H3,4+1 x S L where I'is a lattice in Hzp.1.

We mention next some recent advances towards the solution of this conjecture.

In [89], H. Sawai proves the conjecture in the case when the complex structure on the Hermitian nilman-
ifold is invariant, that is, he extends the result of Ugarte to any even dimension.

Theorem 3.2 ([89]). Let (M, ]) be a non-toral compact nilmanifold with a left invariant complex structure. If
(M, J) admits a locally conformally Kdhler metric, then (M, ]) is biholomorphic to a quotient of (Hp11 x R, Jo).
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In his proof, Sawai uses the fact that the Morse-Novikov cohomology H, ’5 (g) of a nilpotent Lie algebra g is
trivial for any closed 1-form 6 and k = 2.

Another weaker version of the conjecture was proved by G. Bazzoni in [20]. He considers nilmanifolds
equipped with Vaisman structures and he proves:

Theorem 3.3. A (2n + 2)-dimensional nilmanifold admitting a Vaisman structure (not necessarily invariant) is
diffeomorphic to a product I'\Hyp.1 * S, where I is a lattice in Hap.1.

The idea of the proof goes as follows. If I'\ G is a compact Vaisman nilmanifold then, due to results of Ornea-
Verbitsky [79], there exists a Sasakian manifold S equipped with a Sasakian automorphism ¢ : S — S such
that I'\ G is diffeomorphic to the mapping torus S,. Then it is proved that this Sasakian manifold has the same
minimal model as a compact nilmanifold A\ H, where A = 711(S). Using some arguments concerning minimal
models of nilpotent spaces appearing in [27], the author proves that the nilpotent Lie group H is isomorphic
to Ho,+1. Standard results on Lie groups and their lattices imply the result.

3.2 4-dimensional LCK solvmanifolds

In [9], it is given the first known example of a compact solvmanifold equipped with an LCK structure, which
is not diffeomorphic to a nilmanifold. Their construction is given as follows:

Example 3.4. Let g be the 4-dimensional Lie algebra with basis {4, X, Y, Z} with Lie brackets
[AaX]:Xa [A!Z]:_Z) [X9Z]=_Y'

Define an inner product on g in such a way that the basis above is orthonormal, and define an almost complex
structure J on g by
JA=Z, JX=Y.

It is easy to see that J is integrable, thus it is a complex structure on g. If {a, x, y, z} denotes the dual basis
of g", then the fundamental 2-form w is given by w = @ A z + x A y, and hence dw = -a A w. Consequently, g
admits an LCK structure with Lee form 6 = —a. Note that it is not Vaisman since (Vx6)(X) = 1.

It is well known that the corresponding simply connected Lie group G has non-nilpotent lattices, and
therefore if I'\ G is any associated solvmanifold, then it carries a non-Vaisman LCK structure. It was proved
by Kamishima in [56] that this invariant LCK structure on the compact complex surface I'\ G coincides with
the LCK structure constructed by Tricerri on the Inoue surface of type S* in [96].

As mentioned before, the solvmanifold from Example 3.4 can be identified with an Inoue surface of type
S*. More generally, it was proved in [50, Theorem 1] that a compact complex surface X diffeomorphic to a
solvmanifold I'\ G is either (1) a complex torus, (2) a primary Kodaira surface, (3) a secondary Kodaira surface,
(4) an Inoue surface of type S°, (5) an Inoue surface of type S*, or (6) a hyperelliptic surface; moreover, the
complex structure on X can be seen to be induced by a left invariant one on G. In each case we recall the
structure equations for the Lie algebra of G, which has a basis {4, X, Y, Z}:

complex torus: all brackets vanish,

primary Kodaira surface: [X, Y] = Z,

secondary Kodaira surface: [X, Y] =Z, [A,X] =Y, [A, Y] = -X,

Inoue surface of type S°: [A, X] = -1X + bY, [A, Y] =-bX - 1V, [A,Z] = Z, b € R,

Inoue surface of type S*: [X, Z] = -Y, [A,X] =X, [A, Z] = -Z,

hyperelliptic surface: [A4, X] = -Y, [A, Y] = X.

oA W

According to [52], all of the 4-dimensional compact complex surfaces above admit a LCK structure, except
for the complex torus and the hyperelliptic surface. More precisely, consider for the cases (2)-(5) the com-
plex structure J given by JX = Y, JA = Z and the metric such that the basis {4, X, Y, Z} is orthonormal. If
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{a, x, y, z} denotes the dual basis of this basis then the fundamental 2-form w is givenby w =a Az +x Ay,
and the Lee form is 0 = a for cases (2)-(4) and 6 = —a for the case (5). Furthermore, the cases (2) and (3) are
Vaisman.

More recently, in [11] a complete classification of locally conformally Kdhler structures on 4-dimensional
solvable Lie algebras (not only unimodular) up to linear equivalence was given.

Remark 3.5. For the sake of completeness, we recall that LCK structures on 4-dimensional reductive Lie
algebras were studied in [1]. The authors prove that if a reductive Lie algebra admits a LCK structure then the
Lie algebra is isomorphic to either gl(2, R) or u(2). In particular, such examples occur only in dimension four.
A compact quotient of GL(2, R) by a discrete subgroup corresponds to a properly elliptic surface, while U(2)
with an invariant complex structure corresponds to a Hopf surface.

4 Special cases

In this section we review results concerning special cases of LCK structures on solvable Lie algebras. First we
consider LCK structures where the complex structure is abelian, and later we analyze the existence of LCK
structures on almost abelian Lie algebras.

4.1 LCK structures with abelian complex structure

An almost complex structure J on g is called abelian if
UX,JY]=[X,Y], forall X,Y € g.

Note that an abelian almost complex structure is automatically integrable, and therefore it will be called an
abelian complex structure.

These complex structures have had interesting applications in differential geometry. For instance, a pair
of anticommuting abelian complex structures on g gives rise to an invariant weak HKT structure on any Lie
group G associated to g (see [35] and [44]). In [30] it has been shown that the Dolbeault cohomology of a
nilmanifold with an abelian complex structure can be computed algebraically. Also, deformations of abelian
complex structures on nilmanifolds have been studied in [31, 64]. More recently, it was shown in [98] that the
holonomy group of the Bismut connection of an invariant Hermitian structure on a 6-dimensional nilmanifold
reduces to a proper subgroup of SU(3) if and only if the complex structure is abelian. This result was later
extended in [8] to solvmanifolds of any dimension equipped with abelian balanced Hermitian structures.

Some properties of this kind of complex structures are stated in the following result (see [3, 16] for their
proofs).

Lemma 4.1. Let g be a Lie algebra with 3(g) its center and ¢’ := [g, g] its commutator ideal. If ] is an abelian

complex structure on g, then

1. J3(g) = 5(9).

2. g nJjg cilg +Jg).

3. The codimension of ¢’ is at least 2, unless g is isomorphic to aff(R) (the only 2-dimensional non-abelian Lie
algebra).

4. ¢ is abelian, therefore g is 2-step solvable.

We recall next the main result from [5], concerning Lie algebras equipped with a LCK structure with abelian
complex structure. Before stating the main result, we consider the following variation of Example 3.1. Recall
that R x hy,41 has a basis {X1,...,Xn, Y1,..., Yn,Z1,Z5} such that [X;, Y;] = Z; fori = 1, ..., n, and that
this Lie algebra admits an abelian complex structure Jo given by JoX; = Y;, JoZ1 = —-Z,. Forany A > O,

consider the metric (-, - ) such that the basis above is orthogonal, with |X;| = |Y;| = 1but |Z;|* = |Z,|* = ;.1

Brought to you by | Universidad Nacional de Cordoba en Argentina
Authenticated
Download Date | 2/27/19 2:43 PM



72 —— A.Andrada, M. Origlia DE GRUYTER

is easy to see (just as in Example 3.1) that (Jo, (-, - };) is an LCK structure, in fact, it is Vaisman. Furthermore,
the metrics (-, - ), are pairwise non-isometric, since the scalar curvature of (-, - ), is —"T"z.

Theorem 4.2 ([5]). Let (J, (-, -)) be an LCK structure on g with abelian complex structure J. If g is unimodular
then g ~ R x hops1, where by, is the (2n + 1)-dimensional Heisenberg Lie algebra, and (J, (- , - )) is equivalent

to (Jo, {-, - )2) for some A > 0.

In consequence, up to isometry and rescaling, the only examples of LCK structures on Lie algebras with
abelian complex structures are those from Example 3.1, and they are Vaisman.

4.2 LCK structures on almost abelian solvmanifolds

We recall that a Lie group G is said to be almost abelian if its Lie algebra g has a codimension one abelian
ideal. Such a Lie algebra will be called almost abelian, and it can be written as g = Rf; x ady, W where u is an
abelian ideal of g, and R is generated by f;. Accordingly, the Lie group G is a semidirect product G = R x ¢ R4
for some d € N, where the action is given by ¢(t) = etads

In [6] we considered the existence of invariant LCK structures on solvmanifolds associated to almost
abelian Lie groups. Firstly, we showed that there are plenty of almost abelian Lie algebras which admit LCK
structures. Indeed, they are completely characterized in the next result:

Theorem 4.3 ([6]). Let g be a (2n+2)-dimensional almost abelian Lie algebra and (J, {- , - }) a Hermitian struc-

ture on g, and let g’ denote the commutator ideal [g, g] of g.

1. Ifdimg’ =1, then(J, (-,-)) is LCK if and only if g is isomorphic to h3 x R or aff(R) x R? as above.

2. Ifdimg’ > 2,then(J, (-,-))is LCKif and only if g can be decomposed as g = at x a, a J-invariant orthogonal
sum with a codimension 2 abelian ideal a, and there exists an orthonormal basis {f1, f>} of a* such that

[fi,fol = pufo, fo=Jf1, adg|a=0and ady, o =AI+B,

for some p, A € R, A # 0, and B € u(n). The corresponding Lee form is given by = —2Af. Furthermore,
the Lie algebra g is unimodular if and only if A = - 4.

We note that the left invariant LCK structures obtained on the Lie groups corresponding to the Lie algebras in
Theorem 4.3 (2) or aff(R) x R? from Theorem 4.3 (1) are never Vaisman. This follows from Lemma 6.1 below.
On the other hand, any LCK structure on b3 x R from Theorem 4.3 (1) is Vaisman (see [5, 89]).

However, almost abelian solvmanifolds equipped with invariant LCK structures are very scarce, since we
have shown in [6] that they only occur in dimension 4.

Theorem 4.4. If G is as above with u # 0 and dim G = 6, i.e. n = 2, then G admits no lattice.

This theorem is a consequence of the following result about the roots of a certain class of polynomials with
integer coefficients.

Lemma 4.5 ([6]). Let p be a polynomial of the form

p(X) = xX*™ X+ Moo e myx -1
withm; € Zand n = 2, and let xo, . .., X2n € C denote the roots of p. If xo € R is a simple root and |x1| = -+ - =
|X2n|, thenxg = 1and |x;|=1,j=1,...,2n.

Indeed, the proof of Theorem 4.4 goes as follows. If g = Rf; x R2"*1, then the Lie group G is a semidirect
product G = Rixy R?™1 where ¢(t) = exp(t ady, |[gzn1), t € R. Let us assume that G admits lattices. According
to [26], there exists a ty # O such that ¢(to) can be conjugated to an integer matrix. Therefore, taking into
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account that dim G = 6, it follows from Theorem 4.3 that the characteristic polynomial of ¢(t,) satisfies the
hypothesis of Lemma 4.5, hence its only simple root e®* is equal to 1, equivalently, tou = 0. Since u # O
(otherwise the Hermitian structure would be Kihler) we obtain a contradiction.

Corollary 4.6. Indimensions at least 6 there are no almost abelian solvmanifolds equipped with invariant LCK
Structures.

In dimension 4, a unimodular almost abelian Lie algebra admitting an LCK structure is isomorphic either to
h3 x Ror to gy, for b > 0, where g;, = Rf; x R? and the adjoint action is given by

1
adf1 |R3 = -
b —

N[

N S

It was shown in [6] that the associated simply connected almost abelian Lie groups G, admit lattices for count-
ably many values of the parameter b. As mentioned before, it is known that the solvmanifolds associated to
gp for these values of b are Inoue surfaces of type 5% [56, 96] (see [90] for an explicit construction of a lattice
on some of the Lie groups Gp,).

5 Oeljeklaus-Toma manifolds

In this section we review the construction of the Oeljeklaus-Toma manifolds (OT manifolds for short), which
appeared in [73]. These non-Kihler compact complex manifolds arise from certain number fields, and they
can be considered as generalizations of the Inoue surfaces of type S°.

We recall briefly their construction. Let K denote a number field of degree n = [K : Q] with s > O real
embeddings 01,...,0s and 2t > 0 complex embeddings 0,1, ..., Os+2¢ into C, with 0g,;,; = 05, fori =
1,...,t; therefore n = s + 2t. For any choice of natural numbers s, t, such a field always exists, according to
[73, Remark 1.1].

Let Ok denote the ring of algebraic integers of K, O% its multiplicative group of units and set

Og"={ae0loia)>0,i=1,...,s}.

If H denotes the upper complex half-plane, Oeljeklaus and Toma proved, using the Dirichlet’s units theorem,
that Og* x O acts freely on H® x C' by

(@, b)- (X1 +iy1, ..., Xs + Vs, 21, ..., 2¢) =

= (01(@)x1 + o1(b) +io1(@)y1, . .., 0s(@)xs + 0s(b) + ios(@)ys, Os+1(@)z1 + Oss1(D), . . ., Osie(@)zt + O51¢(D)).

Moreover, there exists an admissible subgroup U C Oy such that the action of U x O is properly discontin-
uous. For t = 1, every subgroup of finite index in O™ is admissible.

The manifold (H®xC!)/ U x O is called an OT manifold of type (s, t) and it is usually denoted X(K, U). Itis
a compact complex manifold of (complex) dimension s+t. These manifolds have many interesting properties;
for instance, it was proved in [73] that the following holomorphic bundles over an OT manifold X = X(K, U)
are flat and admit no global holomorphic section: the bundle of holomorphic 1-forms Q%, the holomorphic
tangent bundle Ty and any positive power Kf?k of the canonical bundle. Moreover, the Kodaira dimension of
any OT manifold is —oo and they can never be Kdhler.

Concerning Hermitian metrics compatible with the complex structure of OT manifolds, the following
result is well known when t = 1:

Proposition 5.1 ([73]). For s > 0, any OT manifold of type (s, 1) admits LCK metrics.

Brought to you by | Universidad Nacional de Cordoba en Argentina
Authenticated
Download Date | 2/27/19 2:43 PM



74 =— A.Andrada, M. Origlia DE GRUYTER

Indeed, consider the following potential (see [73, Example at page 169] and [84, Formula 5.1]):

S .
F:ExC =R, F@) =[] = +lzenl’
LA

Then w := id0F gives the desired Kihler form on H® x C.

Note that for s = t = 1 and U = O}", the OT manifold X(K, U) is an Inoue surface of type SO with the
metric given in [96].

In [58] Kasuya proved another interesting feature of OT manifolds. Indeed, he proved:

Proposition 5.2 ([58]). OT manifolds are solvmanifolds.

In order to prove this, Kasuya considers the Lie group G = R® X (R® x CY), where the action of ¢ can be

described as follows. For a € U, set t; = log|o;(a)|,i =1, ..., s; it can be shown that there exist by, ¢;; € R
such that
1 1
|05,k (a)] = exp (2 Z bikti> and oy, (a) = exp <2 Z bixti + Z Cikti> .
1 1 1
Now, for (¢4, ..., ts) € R®, we have

¢(ts,...,ts) = diag(e", ..., e", eVition  olrtion)

where Yy = 3 37, birti, 9r = >; Cirti- It is clear that G is a solvable Lie group.
The subgroup U x Ok can be embedded as a lattice in G; moreover, under the correspondence

HS x C'S (X1 +1V1, .0y Xs +1Vs, 21, v+ Z¢)
— (x1,108y1,...,Xs,108ys, 21, ..., 2t) € R® x R® x ct,
the action of U x O on H® x C! can be identified with the left action of the lattice U x Ok on G. Therefore,
the OT manifold X(K, U) = (H® x C')/U x O may be considered as the solvmanifold U x Og\G.
Furthermore, it can be seen that the natural complex structure on G is left invariant and the induced
complex structure on X(K, U) coincides with the complex structure constructed in [73].

If g denotes the Lie algebra of G, then g has real dimension 2(s + t) and there is a basis
{a1,...,as,B1s---sBssV1s---»72e} Of g* such that the differential is given by

daj =0,
dﬁj = - /\ﬁ)',

1
dyok-1 = 5 > b Avacr + Y Gty A
j j

1
dyajic == > Ciktj A Yot + 5 > b Ao
j j

for any j = 1,...,s, k = 1,...,t. Accordingly, in terms of the dual basis
{A1,...,As,B1,...,Bs,Cq,...,Cy} of g the Lie bracket is expressed as

(4, Bj] = B;,
1
[4j, Coxq] = _Ebjkczk—l +CjkCoxs (8)
1
[4), Cyi] = —€jCor1 - 5 bjkCak

foranyj=1,...,s,k=1,...,t Interms of these bases, the complex structure is given by
JA; = B;, JCor-1 = Cops
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and a basis of (1, 0)-forms is given by {a; + ifj, Vo1 + ivak 1 j=1,...,8, k=1,...,t}.
For ¢ = 1, consider the closed 1-form 0 € g" given by 6 = a; + - - - + as, and the 2-form w € A’g" given by
w = ZZaiABi+Zai/\ﬁj+yl ANY2.
i i#j

Then it can be verified that dw = 0 A w and, therefore, for g = w(-, J+), we have that (J, g) is a left invariant
LCK structure on G.

Example 5.3. In [93] H. Sawai gives an explicit construction of a 6-dimensional OT solvmanifold carrying
LCK metrics. He considers the 6-dimensional group G of matrices given by

adid? 0 0 0 x
0 a0 0 X
G = 0 0 ﬁtlﬂ/tz 0 z :tl,tz,Xl,XzeR,ZG(C s
0 0 o B'B° =z
0 0 0 0 1

where a1,a, € Rand B, € C are the different roots of the polynomial fi(x) = x* - 2x> - 2x? + x + 1,
—/
and a} = a;' + a;%, B’ = B~ + p. It can be seen that a}, a5, B/, B are the different roots of the polynomial
fo(x) = x* = 4x3 + 4x% - 3x + 1.
Sawai shows the existence of lattices in G, by carefully studying properties of the polynomials f; and f5,
which are the characteristic polynomials of the following unimodular matrices:

0 0 0 -1 2 0 1 0
By - 1 0 0 -1 . By - 2 2 11
01 0 2 -1 2 0 1
0O 0 1 2 0 -1 0 O

Indeed, it is easy to see that B;B, = B,B; and therefore these matrices are simultaneously diagonalizable
over C, and let P € GL(4, C) such that PB;P~! and PB, P! are both diagonal. Sawai then shows that

X1
pBSB2pl p|*?
I:= 172 Y1 :s,-,xj,yjeZ
Y2
0O 0 0O 1

is a lattice in G.

It can be shown that the Lie brackets of the Lie algebra g of G are isomorphic to the Lie brackets (8)
with ¢ = 1 for some constants bj, cji, thus the solvmanifold I'\ G is in fact an OT solvmanifold carrying an
invariant LCK structure.

OT manifolds have been intensely studied lately; see for instance the survey [80]. We summarize next some

of their properties:

¢ The LCK structure on an OT manifold with s = 2, t = 1 is a counterexample to a conjecture formulated
by I. Vaisman, which stated that any compact LCK manifold has odd first Betti number. Indeed, it was
shown in [73] that this 6-dimensional LCK manifold has first Betti number b; = 2 (more generally, b; = s
for any OT manifold of type (s, t)). Using the description of the OT manifolds as solvmanifolds, Kasuya
proved in [59] that the Betti numbers of an OT manifold of type (s, 1) are given by by = bysi2—p = (;)
for 1 < p < sand bs,; = 0. Therefore, for even s these manifolds also provide counterexamples to the
Vaisman’s conjecture.
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¢ Kasuya proved in [58] that OT manifolds do not admit any Vaisman metric, by studying the Morse-Novikov
cohomology H g of solvmanifolds I'\ G equipped with LCS structures?, where 6 denotes the corresponding
Lee form of the LCS structure.

¢ Ornea and Verbitsky proved in [78] that OT manifolds of type (s, 1) contain no non-trivial complex sub-
manifolds. This generalizes the fact that Inoue surfaces of type S° carry no closed analytic curve.

¢ In[107] the Chern-Ricci flow, an evolution equation of Hermitian metrics, is studied on a family of OT man-
ifolds. It is shown that, after an initial conformal change, the flow converges, in the Gromov-Hausdorff
sense, to a torus with a flat Riemannian metric determined by the OT-manifolds themselves.

¢ In [55] both the de Rham cohomology and the Morse-Novikov cohomology of OT manifolds of general
type are studied. In fact, the cohomology groups H;R (X(K,U)) and H ;(X (K, U)) (for any closed 1-form 6
on X(K, U)) are computed in terms of invariants associated to the background number field K.

Remark 5.4. We would like to mention that OT manifolds are the only known examples of non-Vaisman LCK
solvmanifolds in dimensions greater than 4. It would be very interesting to find new examples.

As mentioned previously, OT manifolds with ¢ = 1 admit LCK metrics. The natural question is to ask about the
existence of such metrics on OT manifolds with ¢ > 1. Oeljeklaus and Toma proved already in [73, Proposition
2.9] that an OT manifold with s = 1 and ¢ > 2 admits no LCK metric. Moreover, it follows from the proof of
this result that if a LCK metric exists on a OT manifolds of type (s, t) then the complex embeddings satisfy the
condition

051 ()| =+ = |osse(uw)], VueU. 9

This fact was reobtained by V. Vuletescu in [105], where he also proves that an OT manifold of type (s, t)
admits no LCK metric whenever 1 < s < t. Later, in an appendix of [37] written by L. Battisti, it was shown
that condition (9) is also sufficient for the existence of a LCK metric. Therefore there is the following result:

Theorem 5.5. Let X be an OT manifold of type (s, t). Then X admits a LCK metric if and only if (9) holds.

The proof of the sufficiency of condition (9) follows by exhibiting a Kihler potential on H® x C', given by

1
s t

. t
0@ = (TI;75 | +Xlzsul™
k=1

i1 Zj — zj

The corresponding Kahler form w := id0¢ on HE x C! gives rise to a LCK metric on the associated OT manifold.
The main result of [37] shows that if an OT manifold with ¢ > 2 admits an LCK metric, then the natural
numbers s and ¢ satisfy a strong condition. Indeed, one has:

Theorem 5.6. If an OT manifold with s = 1, t = 2, admits an LCK metric then there exist integers m = 0 and
q = 2 such that
s = (2t +2m)q - 2t.

In particular, s is even and s = 2t.

Recently, Istrati and Otiman determined in [55] the Betti numbers of OT manifolds carrying LCK metrics. In-
deed, they show that the Betti numbers b; = dim¢ H{iR(X , C) of an OT manifold X of type (s, t) admitting
some LCK metric are given by

S . .
bj = b2(s+t)—j = <]> , ifo <£)<sS,

b;j=0, ifs<j<s+2t.

2 LCS stands for locally conformally symplectic, see section 7.
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Regarding the Morse-Novikov cohomology of OT manifolds carrying LCK metrics, it is also shown in [55]
that if X = X(K, U) is an OT manifold of type (s, t) then there exists at most one Lee class of a LCK met-
ric. Furthermore, if 6 is the Lee form of a LCK structure on X, then the corresponding twisted Betti numbers
bl(? = dim¢ H{9(X , C) are given by:

0 S .
bj=t<]._2>, forO<j<2(s+1).

In particular, this shows again that OT manifolds do not admit Vaisman metrics, since H, Z, (X) does not vanish
(see [63]).

Recalling the description of OT manifolds as solvmanifolds I'\ G, one may wonder if the isomorphisms
(5) and (6) still hold for this class of solvmanifolds, even if G is not completely solvable. For the de Rham
cohomology, it is shown in [59] that (5) holds in the case of OT manifolds of type (s, 1). For the Morse-Novikov
cohomology, it was shown in [12] that the isomorphism (6) holds for a special class of OT manifolds of type
(s, 1), namely, those satisfying the Mostow condition. However, using the description of the Morse-Novikov
cohomology of OT manifolds given in [55], Istrati and Otiman show that (6) holds for any OT manifold of type
(s, 1), even if the Mostow condition does not hold.

6 Vaisman solvmanifolds

In this section we will consider solvmanifolds equipped with invariant Vaisman structures, which will be
called simply Vaisman solvmanifolds. Recall that a LCK structure where the Lee form is parallel with respect
to the Levi-Civita connection of the Hermitian metric is called Vaisman. Firstly we state some structural results
proved in [7], and secondly we use these results in order to exhibit Vaisman solvmanifolds whose underlying
complex manifold has holomorphically trivial canonical bundle.

6.1 Structure results

In this section we present some results from [7] concerning solvmanifolds equipped with invariant Vaisman
structures. Since this structure is invariant, we may work at the Lie algebra level, and therefore we will con-
sider a Vaisman structure (/, (-, - )) on a Lie algebra g, with associated Lee form 6. We may assume that |6| = 1.
Therefore, if A € g denotes the metric dual to 6, we may decompose g as g = RA x ker 0, where 6(4) = 1 and
ker 6 is an ideal since df = 0, which implies g’ C ker 6. The Vaisman condition V6 = 0 is equivalent to
VA = 0, and due to df@ = 0, this is in turn equivalent to A being a Killing vector field (considered as a left
invariant vector field on the associated Lie group with left invariant metric). Recalling that a left invariant
vector field is Killing with respect to a left invariant metric if and only if the corresponding adjoint operator
on the Lie algebra is skew-symmetric, we have:

Lemma 6.1 ([5]). Let (J, {-, -)) be an LCK structure on g and let A < g be as above. Then (], (-, - )) is Vaisman
if and only if ad 4 is a skew-symmetric endomorphism of g.

Other properties of Vaisman Lie algebras are given in the next result:

Proposition 6.2 ([7]). Let (g, ], {-,-)) be a Vaisman Lie algebra, then
1. [A,JA]=0,

2. Joady =ady o],

3. Joadj =adj o,

4. adjy is skew-symmetric.
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Let us denote ¢ := span{A,]A}L, sothatkerf = RJA@tandg = RAGRJA @ t.Set & := JA, n := —JO)erg
and define an endomorphism ¢ € End(ker 6) by ¢p(aé + x) = Jx for a € R and x € &. It follows from general
results of I. Vaisman that the quadruple ({-, - )|xer - P> 11, &) determines a Sasakian structure on ker 6 (up to
certain constants).

Let us further assume that the Vaisman Lie algebra g is solvable and unimodular. In any unimodular LCK
Lie algebra we have that the vector field JA is in the commutator ideal g’ of g (see [7]). Therefore, since g is
solvable, the endomorphism ady, is nilpotent. On the other hand, it follows from Proposition 6.2 that ad, is
skew-symmetric. These two conditions imply that adj4 = 0, that is, JA is a central element of g. Moreover, it
was proved in [7] that the dimension of the center of g is at most 2, since it is contained in span{A, JA}.

It follows that the Sasakian Lie algebra ker 6 has a one-dimensional center. Using results from [4], it
follows that the J-invariant subspace ¢ admits a Lie bracket [, ] such that (&, [, l¢, J|¢, (-, - )|¢) is a Kdhler Lie
algebra. Indeed, the Lie bracket [, ], is defined as follows: for x, y € &, [x, y]; denotes the component in £ of
[x, y]. Moreover, it is easy to show that we actually have

X,y = w6, YJA+[x,yle, x,y €t (10)

This means that ker 6 is isomorphic to the one-dimensional central extension of (&, [, ]¢) by the cocycle w|e,
which coincides with the Kahler form of (J]¢, (-, - )[¢)-

From now on, £ will be considered as a Lie algebra with Lie bracket [, ];. It is easy to verify that £ is also
unimodular. Since ¢ is Kdhler, it follows from a classical result by Hano [49] that the metric (-, - )| is flat. In
what follows a Lie algebra equipped with a flat metric will be called a flat Lie algebra.

We note moreover that if we denote D := ad,, then D satisfies: D(¢) C ¢ and D|; is a skew-symmetric
derivation of ¢ that commutes with J|. This procedure can be reversed, and the main result in [7] is:

Theorem 6.3. There is a one to one correspondence between unimodular solvable Lie algebras equipped with
a Vaisman structure and pairs (¢, D) where t is a Kdahler flat Lie algebra and D is a skew-symmetric derivation
of ¢ which commutes with the complex structure.

We continue our study of unimodular solvable Vaisman Lie algebras. Applying Milnor’s result on flat Lie
algebras [70], which was later refined in [17], we obtain that £ can be decomposed orthogonally as £ = ;h &,
where 3 denotes the center of £, § is an abelian subalgebra and £’ denotes the commutator ideal of £, which
happens to be abelian and even-dimensional. Moreover, the following conditions hold, where V denotes the
Levi-Civita connection on €, which is flat:

1. ad':p — so(¥)is injective,

2. ad!=Vyforanyx e 3@,

3. Vx=0Oifandonlyifx c;o¥t.

Furthermore, since ¢ is Kdhler, we have
(4) JGoh)=3®h and JE)=¢,
() [H,Jxle =J[H,x]; foranyH € b, x € ¥, i.e.ad® : h — u(¥).

It was proved in [7] that any unitary derivation of a Kahler flat Lie algebra acts as the zero endomorphism
on § + Jh, therefore we obtain that [A, H] = [A, JH] = O for all H € h. As a consequence of these results, we
were able to prove that the class of unimodular solvable Lie algebras that admit Vaisman structures is quite
restricted:

Theorem 6.4 ([7]). If the unimodular solvable Lie algebra g admits a Vaisman structure, then the eigenvalues
of the operators adx with x € g are all imaginary (some of them are 0).

As a consequence of Theorem 6.4, together with results in [91] and Theorem 3.3, we reobtain the following
result, proved by Sawai in [92]. Recall that a completely solvable Lie group G is a solvable Lie group such that
for all x in its Lie algebra the operators ady have only real eigenvalues.
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Corollary 6.5. Let G be a simply connected completely solvable Lie group and I' C G a lattice. If the solv-
manifold I'\G admits a Vaisman structure (J, g) such that the complex structure ] is induced by a left invariant
complex structure on G, then G = H>y.1 x R, where Hy,,q denotes the (2n + 1)-dimensional Heisenberg Lie

group.

Remark 6.6. As stated above, the center of any unimodular solvable Lie algebra which admits a Vaisman
structure is non trivial and, moreover, its dimension is at most 2. If we consider unimodular solvable Lie
algebras with general LCK structures, there are examples with trivial center, but in all the examples known
so far the dimension of the center is still bounded by 2.

Remark 6.7. In [67] the authors construct examples of compact Vaisman manifolds which are obtained as the
total spaces of a principal S*-bundle over coKéhler manifolds. They also show that these Vaisman manifolds
are diffeomorphic to solvmanifolds.

Remark 6.8. Yet another description of unimodular Vaisman Lie algebras was given in [2]. Indeed, in that
article it is shown that applying suitable modifications to any unimodular Vaisman Lie algebra one obtains
one of the following Lie algebras: hopn1 x R, su(2) x R or s[(2, R) x R (see [2] for the relevant definitions).

6.2 Canonical bundle of Vaisman solvmanifolds

In this section we present original results concerning the canonical bundle of Vaisman solvmanifolds. In-
deed, using the description of unimodular solvable Lie algebras given in the previous section, we exhibit in
Theorem 6.9 necessary and sufficient conditions for the existence of an invariant nowhere vanishing holo-
morphic (n, 0)-form on such a solvmanifold, where n is half its real dimension. As a consequence, in this
case the canonical bundle of the complex solvmanifold is holomorphically trivial.

We recall first that the complex manifold underlying the Vaisman nilmanifold I'\H;p+1 x S L whereT'isa
lattice in the Heisenberg group H;,+1, has holomorphically trivial canonical bundle. Indeed, it was shown in
[18] and [29] that any nilmanifold equipped with an invariant complex structure has trivial canonical bundle.
A proof follows by using a special basis of left invariant (1, 0)-forms on the nilmanifold determined by S.
Salamon in [88].

On the other hand, the main examples of Vaisman manifolds, that is, the Hopf manifolds S* x $"~1, have
non trivial canonical bundle since its Kodaira dimension is —oc. This follows from the fact that this Vaisman
structure is toric (as shown in [85, Example 4.8]), together with the fact that any compact toric LCK manifold
has Kodaira dimension —eo ([65, Theorem 6.1]).

In what follows we will show that some Vaisman solvmanifolds have holomorphically trivial canonical
bundle. Indeed, using the description of Vaisman Lie algebras given in the previous section, we will determine
which of these Lie algebras admit a holomorphic (n, 0)-form, where 2n is the real dimension of the Lie algebra.
This holomorphic form will induce a nowhere vanishing section of the canonical bundle of any associated
solvmanifold.

Let M = I'\ G be a 2n-dimensional solvmanifold equipped with an invariant Vaisman structure (J, g). If g
denotes the Lie algebra of G, which is unimodular and solvable, then (J, g) determines a Vaisman structure
on g with Lee form 6 € g". If A € g denotes the metric dual to 6, then we know that g = RA @ ker 6, JA is a
central element of g, and the J-invariant subspace ¢ = span{A4, ]A}l C ker 6 admits a Lie bracket that turns
it into a Kéhler Lie algebra with flat metric. Moreover, £ can be decomposed orthogonallyast =3 & h @ ¢ as
before, where 3 © b and ¢ are J-invariant subspaces and ad4 vanishes on b + Jb.

Recall that ad, commutes with J and is skew-symmetric, so that ad, € u(g); we also have that adg |¢ €
u(e).
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Theorem 6.9. Withnotation as above, the 2n-dimensional Vaisman solvmanifold M = I'\ G admits an invariant
nowhere vanishing holomorphic (n, 0)-form if and only if
ady esu(g), and ady|y € su(¥)

forall H € 4. In particular, M has holomorphically trivial canonical bundle.

Proof. As adg = 0 on b + Jh, we will decompose orthogonally the J-invariant subspace 3 ¢ h as follows:
3® b =(GnNJ3) @ (h+]h). According to [7], there exists an orthonormal basis {e1, ..., €2y} of £ such that
Jesii1 = eyjand for A € gand any H € b + Jh we have

0 -aq
ai 0
ady | = ;
0 -am
am 0
0 -A1(H)
A1 (H) 0
ady ¢ =
0 -Am(H)
Am(H) 0
forsome a; e Rand A; € (h+Jh)",i=1,...,m.
Since ady |;ny; is unitary, there exists an orthonormal basis {z1, ..., z>r} of 3 N J3 such that Jz,;_1 = zy;
and
0 —-C1
C1 0
ady ‘30]3 = ’
0 -cr
Cr 0

for some c; € R. Finally, we may choose an orthonormal basis {Hy, . .., Hos} of h +Jh such that JH»; | = H>;,
and we denote A’i = A;(H;). To sum up, setting B := JA and taking (10) into account, we may describe the Lie
bracket of g as follows:

[z2i-1,22il = B, [Hyj-1, Hyl =B, leyx1,ex] =B,
(A, 2511 = cizai,  [A, z2i] = —Ciz2i-1,
[A, exx1] = axeyr, [A, ey = —areyi-1,

[Hj, es-1] = Neeaw,  [Hj, eand = ~Neais,
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fori=1,...,r,j=1,...,2sand k=1, ..., m. If we denote the dual basis of {4, B} U {z;} U {H;} U {e;} by
{a, B} U {z'} U {H} U {€"}, then the Lie bracket can be encoded in terms of their differentials as follows:

da =0,
r . X S X . m
dp - _Zzzm Az ZHzH AHY - Z e2k1 5 o2k,
i=1 j=1 k=1

dz’t = Ci® A ZZi,
dz* = —Cia A ZZH,
dHY™! =0,
dH% =0,
de?* 1 =y p 2,
de? =y p 21,
where vy = aga + 1, ALH! forany k = 1, ..., m. Let us define the complex 1-forms

U=a+if,
&=27"1+iz%,
8= HY ' +iHY,
2j-1, ;.2

wj=e +ie”.

These 1-forms are all of type (1, 0), so that
Ne=UANEAN L ANEANGIA A AW AL AW

is a (n, 0)-form which generates /\("’O)g*, wheren=1+r+s+m.
Therefore, we only have to check when 1 is holomorphic or, equivalently, 7 is closed. It can be easily
verified that dn = 0 if and only if

r m m
ch+2a,~=0 and ZA}‘=0 vk=1,...,s. (1)
j=1 j=1

j=1

It is easy to see that equations (11) hold if and only if ad, € su(g) and ady |¢ € su(f’) for all H € b (using that
h+Jb C h D 3), and this completes the proof. O

Remark 6.10. When the 2n-dimensional unimodular solvable Vaisman Lie algebra g = Lie(G) admits a non
zero holomorphic (n, 0)-form, then any solvmanifold I'\ G has holomorphically trivial canonical bundle, that
is, this property is independent of the choice of lattice.

Example 6.11. It is well known that the only compact complex surfaces with holomorphically trivial canoni-
cal bundle are the K3 surfaces and the primary Kodaira surfaces. Moreover, the former do not admit Vaisman
metrics and are not solvmanifolds, whereas the latter do admit Vaisman metrics and are in fact nilmanifolds.

Next, using Theorem 6.9, we will exhibit examples of Vaisman solvmanifolds with holomorphically trivial
canonical bundle in any dimension greater than or equal to 6, which are not nilmanifolds. Indeed, in [7] we
determined all Vaisman Lie algebras g such that the associated Kahler flat Lie algebra ¢ is abelian, ¢ = R?" 2,
The Vaisman Lie algebra g can be decomposed as g = RA xp h,,-1 where the adjoint action of R on b, is
given by

0

D- . : (12)
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in a basis {B = JA,e1,...,€n-2} of hop_1 such that [e;;_1,ey;] = B and Je,; 1 = ey, for some a; € R
(and not all of them zero, otherwise we obtain a nilpotent Lie algebra). We proved that whenever a; € Q the
corresponding simply connected Lie group admits non-nilpotent lattices. It follows from Theorem 6.9 that
if the constants {a;} satisfy Z?:_ll a; = 0, then the associated solvmanifolds have holomorphically trivial
canonical bundle and they are not diffeomorphic to a nilmanifold. For instance, when n = 3, a; = 1 and
a, = -1, we reobtain the Lie algebra g¢ = A2: 51;’21 from [38], where the classification of 6-dimensional solvable
Lie algebras equipped with a non-zero holomorphic (3, 0)-form was given.

Remark 6.12. If in the construction given in Example 6.11 we take n = 1 and a; = 1, the associated Lie group
admits a lattice such that the corresponding 4-dimensional solvmanifold is a secondary Kodaira surface.
Therefore this secondary Kodaira surface is a Vaisman solvmanifold and it is well known that its canonical
bundle is not holomorphically trivial (see for instance [19]).

Remark 6.13. We recall that, according to [95], a 2n-dimensional compact complex manifold has holomor-
phically trivial canonical bundle if and only if it admits a Hermitian metric whose Chern connection has
(unrestricted) holonomy group contained in SU(n).

7 Locally conformally symplectic solvmanifolds

A natural generalization of LCK manifolds are the locally conformally symplectic (LCS) manifolds, that is, a
manifold M with a non degenerate 2-form w such that there exists an open cover {U;} and smooth functions
fi on U; such that

w; = exp(-f)w
is a symplectic form on U;. This condition is equivalent to requiring that

dwo=0Aw (13)

for some closed 1-form 6, called the Lee form. Moreover, M is called globally conformally symplectic (GCS)
if there exist a C* function, f : M — R, such that exp(-f)w is a symplectic form. Equivalently, M is a GCS
manifold if there exists a exact 1-form 6 globally defined on M such that dw = 6 A w. The pair (w, 6) will be
called a LCS structure on M. Note that if 8 = 0 then (M, w) is a symplectic manifold. The unique vector field
V on M satisfying iyw = 6 is called the Lee vector field of the LCS structure.

These manifolds were considered by Lee in [62] and they have been thoroughly studied by Vaisman in
[102]. Some recent results can be found in [14, 21, 22, 47, 48, 61], among others. LCS manifolds play an impor-
tant role in mathematics and in physics as well, for example in Hamiltonian mechanics, since they provide a
generalization of the usual description of the phase space in terms of symplectic geometry (see [102]).

We recall a definition due to Vaisman ([102]) concerning different kinds of LCS structures. Given a LCS
structure (w, ) on M, a vector field X is called an infinitesimal automorphism of (w, 0) if Lyw = 0, where L
denotes the Lie derivative. It follows that Ly6 = 0, as a consequence, 6(X) is a constant function on M. The
subspace Xy(M) = {X € X(M) : Lyw = 0} is a Lie subalgebra of X(M), and the map 6 : X,(M) — Risa
well defined Lie algebra morphism called the Lee morphism. If there exists an infinitesimal automorphism X
such that 8(X) # 0, the LCS structure (w, ) is said to be of the first kind, and it is of the second kind otherwise.
Much more is known about manifolds carrying LCS structures of the first kind. For instance, in [102] it was
shown the existence of distinguished foliations on such manifolds, while in [14] it was shown that a compact
manifold equipped with a LCS structure of the first kind fibers over the circle and that the fiber inherits a
contact structure. It is well known that the LCS structure underlying any Vaisman manifold is of the first kind
(see for instance [28]).

The relation between LCK and LCS manifolds is analogous to the Kéhler vs symplectic manifolds. In [75]
the following problem was formulated:

“Give examples of compact locally conformally symplectic manifolds which admit no locally conformally
Kahler metric.”
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The first example was given in [13]; this example is a product M x S!, where M is certain 3-dimensional
compact contact manifold. More recently, in [22] another example was constructed, this example is a 4-
dimensional nilmanifold and it is not a product of a 3-dimensional compact manifold with S*. This motivates
the study of nilmanifolds or, more generally, solvmanifolds, equipped with invariant LCS structures.

Given a Lie group G, a LCS structure on G is called left invariant if w is left invariant, and this easily
implies that 6 is also left invariant using condition (13). This fact allows us to define a LCS structure on a
Lie algebra. We say that a Lie algebra g admits a locally conformally symplectic (LCS) structure if there exist
w e /\2 g* and 0 € g*, with w non degenerate and 6 closed, such that (13) is satisfied.

LCS structures on Lie algebras can also be distinguished in two different kinds, just as LCS structures on
manifolds. Indeed, given a LCS structure (w, 6) on a Lie algebra g, let us denote by g, the set of infinitesimal
automorphisms of the LCS structure, that is,

go={xcg:Lyxw=0}={xcg:w(x,yl,2)+w(y,[x,z]) =0forall y, z c g}. (14)

Note that g, C g is a Lie subalgebra, and the restriction of 8 to g, is a Lie algebra morphism called the Lee
morphism. The LCS structure (w, 6) is said to be of the first kind if the Lee morphism is surjective, and of the
second kind if it is identically zero. Note that a LCS structure of the first kind on a Lie algebra naturally induces
a LCS structure of the first kind on any quotient of the associated simply connected Lie group by a discrete
subgroup.

There is another way to distinguish LCS structures. Indeed, a LCS structure (w, 6) on a Lie algebra g is
said to be exact if [w]y = 0, and non exact if [w]y # 0. It was shown in [23] that on any unimodular Lie algebra
a LCS structure is of the first kind if and only if it is exact.

Recently, in [23] and [10] many interesting results on LCS structures of the first kind on Lie algebras and
solvmanifolds were established. We review some of them next.

Firstly, in [23] it is shown a relation between Lie algebras equipped with LCS structures of the first kind
and Lie algebras with contact structures. Recall that a 1-form 7 on a (2n + 1)-dimensional Lie algebra b is
called a contact form if n A (dn)" # 0. This form 7 is called the contact form and the unique vector V € §
satisfying n(V) = 1 and iydn = 0 is called the Reeb vector of the contact structure.

Theorem 7.1 ([23]). There is a one to one correspondence between (2n + 1)-dimensional contact Lie algebras
(h, 1) endowed with a derivation D such that o D = 0 and (2n + 2)-dimensional LCS Lie algebras of the first
kind (g, w, 8). The relation is given by by = ker 8, w = dyn and D = ady where U satisfies n = —iyw.

When the Lee vector is in the center of the Lie algebra, a more refined result can be obtained, relating the LCS
structure with a symplectic structure on a lower dimensional Lie algebra (cf. Theorem 6.3):

Theorem 7.2 ([23]). Thereis a one to one correspondence between Lie algebras of dimension 2n + 2 admitting a
LCS structure of the first kind with central Lee vector and symplectic Lie algebras (s, B) of dimension 2n endowed
with a derivation E such that B(EX, Y) + B(X, EY) =0 forall X, Y € s.

Considering LCS structures on nilpotent Lie algebras, it was shown in [23] that any such structure is of the
first kind and, moreover, the Lee vector is central. Combining this with the previous theorem the next result
follows:

Theorem 7.3 ([23]). Every LCS nilpotent Lie algebra of dimension (2n + 2) with non-zero Lee form is a suitable
extension of a 2n-dimensional symplectic nilpotent Lie algebra s equipped with a symplectic nilpotent deriva-
tion.

Moreover, the symplectic nilpotent Lie algebra s may obtained by a sequence of (n — 1) symplectic double
extensions by nilpotent derivations from the abelian Lie algebra of dimension 2, according to [34, 68].

On the other hand, LCS structures of the second kind are less understood. Examples of LCS structures of
the second kind on the 4-dimensional solvmanifold constructed in [9] are given in [15]. More precisely, these
LCS structures are non exact. In [10] properties of non exact LCS structures were investigated, producing new
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examples. LCS structures on almost abelian Lie algebras were studied in [6] and, among other results, it was
proved that on any such Lie algebra of dimension at least 6 any LCS structure is of the second kind. Moreover,
for each n = 2 a 2n-dimensional simply connected almost abelian Lie group with left invariant LCS structures
of the second kind are constructed; these groups admit lattices and we obtain in this way solvmanifolds with
LCS structures, moreover, it can be seen that these structures are of the second kind.

In [10] a classification of LCS structures on 4-dimensional Lie algebras, up to Lie algebra automorphism,
is given and LCS structures on compact quotients of all 4-dimensional simply connected solvable Lie groups
are constructed. They also give structure results for LCS Lie algebras inspired by the results of [81] and [23].
The first result is about exact Ics structures, not necessarily of the first kind.

Theorem 7.4. [10, Theorem 1.4] There is a one-to-one correspondence between exact LCS Lie algebras (g, w =
dn-6Aan,0),dimg = 2n, such that 6(U) # 0, where n = —iyw and contact Lie algebras (h, ), dimbh = 2n -1,
with a derivation D such that D'n = an, a # 1.

The second structure result is about Lie algebras with a non exact LCS structure, establishing a relation with
cosymplectic Lie algebras. We recall that a (2n - 1)-dimensional Lie algebra b is said to be cosymplectic if
there exist two closed 1-forms 1, 8 € h” such that n A 1 # 0.

Theorem 7.5. [10, Proposition 1.8] Let (4, n, ) be a cosymplectic Lie algebra of dimension 2n - 1, endowed
with a derivation D such that D" = af for some a # 0. Then g = b x R admits a natural LCS structure. The Lie
algebra g is unimodular if and only if by is unimodular and D"y = —a(n - 1)n + 6 for some § € b" with 6(R) = 0
where R denotes the Reeb vector of the cosymplectic structure. If by is unimodular then the LCS structure on g is
not exact.

The third result is related with the cotangent extension problem in the LCS setting; the symplectic case was
studied in [81].

Theorem 7.6. [10, Proposition 1.17] Let (g, w, 6) be a 2n-dimensional LCS Lie algebra with a Lagrangian ideal
j C ker@. Then g is a solution of the cotangent extension problem, that is, there exists a n-dimensional Lie
algebra b with a closed 1-form u € " such that g = " @ by, and (w, 6) is equivalent to a canonical LCS structure
on ™ @ b constructed using U

Furthermore, in [10] it is shown that every LCS structure on a 4-dimensional Lie algebra can be recovered by
one of the three constructions detailed above.
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