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Abstract

This paper develops an alternative estimator for linear dynamic panel data
models based on parameterizing the covariances between covariates and unob-
served time-invariant effects. A GMM framework is used to derive an optimal
estimator based on moment conditions in levels, with no efficiency loss com-
pared to the classic alternatives like Arellano and Bond (1991) and Ahn and
Schmidt (1995, 1997). Still, we show analytically and by Monte Carlo sim-
ulations that the new procedure leads to efficiency improvements for certain
data generating processes. The framework also leads to a very simple test for
unobserved effects.
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1 Introduction

Dynamic panel models with a fixed and usually small time dimension (‘short panels’)
occupy a substantial body of the applied and theoretical literature. The applied
literature has largely favored instrumental variables (IV) and moment conditions
estimation strategies to eliminate the so-called Nickel bias (Nickel, 1981), which date
back to the pioneering work by Anderson and Hsiao (1981, 1982). A successful line
of research has relied on the Generalized Method of Moments (GMM) framework to
exploit efficiently all the available moment conditions that arise from the dynamic
structure of the model. Holtz-Eakin, Newey, and Rosen (1988), Arellano and Bond
(1991), Ahn and Schmidt (1995, 1997), Arellano and Bover (1995), and Blundell and
Bond (1998) are examples of research along this line whose results are widely applied
in empirical work. See also Hausman and Pinkovskiy (2017) for a recent development
in the literature. Moment based strategies are shown to perform relatively well in
practice, are easy to handle and communicate within the relevant IV paradigm in
econometrics, and are also computationally convenient, as stressed by Harris, Matyas,
and Sevestre (2009) in their survey. Admittedly, IV-GMM methods are not free from
limitations, including the problem of weak instruments (Bun and Windmeijer, 2010,
and Stock, Wright, and Togo, 2002) and the related issue of moment multiplicity
(Roodman, 2009).

In this paper we propose a novel IV-GMM estimator that exploits new moment
conditions implied by the commonly used dynamic panel models with unobserved
time invariant effects. In the spirit of Chamberlain’s (1982, 1984) classic work (see,
e.g., Crepon and Mairesse, 2004) and following Robertson and Sarafidis (2015), we
introduce new parameters to capture the covariances between regressors and time
invariant effects, and treat the relationship among such parameters as moment con-
ditions, which are later exploited jointly with those arising from initial conditions
and the dynamic structure of the model in a GMM fashion that leads to an optimal
estimator. The asymptotic framework corresponds to the large N, finite and small T’
case. Among other results, our paper shows that estimators like Arellano and Bond

(1991) or Ahn and Schmidt (1995, 1997) are particular cases of our framework and,



consequently, weakly dominated in efficiency by our strategy. We compare the asymp-
totic variances and establish under which conditions our estimator is asymptotically
more efficient. A Monte Carlo experiment suggests that our proposed GMM estima-
tor performs better (in terms of bias and RMSE) than Arellano and Bond (1991) and
Ahn and Schmidt (1995) for the case of non-stationary covariates, and that it leads
to a simple variance estimator that can be used to test for the presence of unobserved
effects, improving upon the performance of alternatives like Wu and Zhu (2012).

The approaches in the line of Chamberlain (1984) are theoretically relevant and
simple to communicate and implement in alternative contexts that include incidental
parameters. In the case of dynamic panel models, our strategy leads to a model in
levels (as opposed to differences) that is simple to implement in practice. This is the
key difference with the existing IV-GMM methods because they are based on differ-
ences, while the proposed method is [IV-GMM based on levels. The methods based on
differences eliminate the individual effect before forming the moment conditions, and
thus the moment conditions only involve the original model parameters. Our method
is based on levels and thus it does not eliminate the individual effects, but it requires
the covariance of the individual effects and the IV’s in the moment conditions. Those
covariances do not increase in number as the sample size (number of individuals)
increases, and thus can be treated as parameters. Based on such insights, we prove
that the moment conditions in levels can identify all the structural parameters, as
well as the implied covariances.

Our analytical framework allows for the construction of an estimator with a closed-
form expression of the Jacobian matrix and that avoids the problem of multiple local
minima. Note that this alternative implementation does not require restrictions on
the initial conditions of the dependent variable process (e.g., as in Blundell and Bond,
1998), but we only need to model the covariance of the initial values of the dependent
variable and the unobserved individual effects as an additional parameter.

A convenient by-product of our strategy is that it produces a very simple procedure
to estimate the variance of the unobserved error term, which is crucial for empirical
work where such parameter measures the relative importance of individual-specific

time-invariant factors in explaining persistence, as in the classic article by Lillard and



Willis (1978). Simple tests are immediate to derive within the proposed framework.
For example, our estimation process leads to a very simple alternative to the test by
Wu and Zhu (2012) for the presence of unobserved heterogeneity.

The paper is structured as follows. Section 2 presents the model. Section 3
introduces the parametrization together with the corresponding moment conditions
in levels and establishes the key identification condition that leads to the proposed
estimator, which is derived in Section 4. Section 5 compares the proposed estimator
with existing GMM strategies. Section 6 explores the performance of the proposed
strategy and other alternatives in finite samples through a Monte Carlo exercise.

Section 7 concludes.

2 Model

Consider a dynamic panel data model of the form

Yit = Qo + VYolit—1 + T Bo + i + Eit, (1)

where i =1,..., N and t = 2,...,T. In this model, y;; is the dependent variable, x;
is a k x 1 vector of regressors, p; is the individual effect, and ¢;; is an error term, «,
is an intercept, 7, is a scalar less than 1 in absolute value, and f, is a k x 1 vector of
coefficients. The variance of y; is denoted by azo. We will assume that T > 3.

The coefficient v, measures the degree of the state dependence or pure dynamic
persistence. The factor p; induces an alternative source of persistence, usually referred
to as the individual effect or unobserved heterogeneity. The presence of both types
of persistence is a key factor in the dynamic panel data literature and, as is well
known, standard estimators (OLS, LS dummy variables) are not consistent for 7,
when N — oo and T is fixed (Nickel, 1981).

Assume that the researcher observes a random sample {[(y;1,v.), (i, x;)] 1 1 =
1,..., N}, where v; = (yi2,...,yir) is a (T' — 1) x 1 random vector and x; =
(i, ..., xyr) is a k x (T — 1) random matrix containing the regressors. The ob-
served initial value of the dependent variable is y;;. The asymptotic properties of our
estimator will be derived assuming that N grows to infinity and 7" is fixed, i.e., short

panels, which is standard in microeconometrics.
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The following assumptions are imposed. Let ; = (g42,...,6;7) bea (I'—1) x 1

random vector containing the error terms.

Assumption 1. {(yq, 2, ..., T, piseh) i =1,..., N} are independent and identi-

cally distributed (i.i.d.) random vectors with finite fourth moments.

This assumption imposes independence across individuals, but different intra-
individual structures are allowed. Combined with eq. (1), Assumption 1 implies
that {(ya, v, 2%, ..., 2lp) i =1,..., N} are i.i.d. random vectors with finite fourth

moments.
Assumption 2. The following conditions hold.

1. {pi:i=1,...,N} have zero mean and variance o7, > 0.

2. For each i, {ey : t = 2,...,T} have zero mean and are uncorrelated, with,

var(e;) > 0 for all t.

3. (a) E(ynew) =0 forallt =2,...,T.
(b) E(xisey) =0 forallt=2,...,T and 1 < s < t.

(c) E(uiei) =0 forallt=2,...,T.

The first condition imposes the usual normalizing restriction E(y;) = 0, since
the model contains a common intercept. The second requires that the errors e;; are
uncorrelated across t = 1,...,7. This condition can be relaxed to incorporate serial
correlation, at the price of modifying the moment conditions in the next section. The
zero-mean condition on g;; can also be relaxed as long as E(g;) is constant across
periods; in such case, E(e;) will be ‘captured’ by a,. The variance of e; is allowed
to vary across t. The third part of Assumption 2 implies a set of sequential moment
conditions that will be exploited to obtain valid instruments. Assumption 2 together

with eq. (1) implies

E(yiscit) =0



forallt =2,...,T and 1 < s < t. Observe that the individual effects u; are allowed to
be correlated with (x;1,x;)’. No restrictions are imposed on the relationship between
yi1 and ;.

Assumptions 1 is equivalent to Ahn and Schmidt (1995)’s (SA.1 - SA.3) in a model
without the covariate z;;. In such case Ahn and Schmidt (1995) assume Assumptions
M.1-M.5, which are stronger then our Assumption 2.3(b). We remark that zero-mean
condition on ¢;; and Assumption 2.3(c) are not needed in Arellano and Bond (1991)’s

setting. Specifically, E(e;) is allowed to vary across ¢ in such a setting.

3 Moment conditions in levels

This section presents the moments conditions derived from Assumptions 1-2 and then
establishes an identification result. We start by introducing some notation, similar to
Yamagata (2008). Let I7_; denote the identity matrix of dimension (7'—1) x (T'—1).
Define Z; = [Ir—1, Zy;, Zx;)r—1yxn With h = (T"' = 1) + hy + by, hy, =T(T —1)/2,
hey = k(T +2)(T —1)/2, where

ya 0 0 O ... ... ... 0
Zyv;, =10 0 0 yau ... ... ... 0 :
(T=1)xhy -
0 0 0 0 e Ui cee YiT—1
and
vy Ty Ok O O Oixe oo oor oon Ok
Ole Ole’ $;1 .’17;2 x;3 01><k- 01><k
Zy;, = Oixt Oixk Oixk Oixe Oixk xgl coe oo oo Oixk
(Tfl)xhz . . . . .
Oixt Oixk Oixk Oixke Oixr Oixe ... x§1 “es l’;T

The nonzero elements of Zy; and Zy; will play the role of instruments as in
Arellano and Bond (1991). This framework could also incorporate strictly exogenous
covariates, thus increasing the number of moment conditions that can be used. For

simplicity, we focus only on pre-determined covariates only.
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By Assumption 2, Z; and ¢; satisfy the moment conditions

Ir_q&;
E(Zie)=FE Zy g = Opx1-
L'y
Write u;; = p; + € and u; = (w40, ..., u;r)’. Then
E(Zie;) = E(Zjw;) — E(Zjp;) tr—1 = Opya, (2)

where t7_1 stands for a (T'— 1) x 1 vector of ones.

The matrix E (Z[u;) contains the covariances between p; and the elements of
Z;, namely, E(yiipn), E(yiopti), - - Eyirt), E(xip), ..., E(xirp;). The fact that
these covariances involve the levels of the variables is an important feature of the
paper. First, Assumption 1 allows for the covariance between x;; and p; to vary
across t, but not across ¢. This parametrization can be changed to accommodate the
same covariance parameter across t or for some covariates to be uncorrelated with
i, thus generating a mixed model, i.e., random- and fixed-effects structure together.
In both cases, this would imply reducing the number of parameters involved in the
estimation procedure. Second, the standard dynamic panel data literature applies
first-differences to eliminate p;, which is correlated with (y;;—1,},) invalidating the
previously proposed instruments. In our case, we consider these correlations as free
parameters following the method of Robertson and Sarafidis (2015). In turn this is
related to the correlated random-effects model of Chamberlain (1982, 1984) where
unobservable individual specific components are modeled as linear projections onto
the observables plus a disturbance. The intuition behind such strategy is that co-
variates themselves are able to explain unobserved heterogeneity and what is left is
idiosyncratic noise. Third, note that this alternative implementation does not re-
quire restrictions on the initial conditions of the dependent variable process (e.g.,
as in Blundell and Bond, 1998), but we only need to model the covariance of the
initial values of the dependent variable and the unobserved individual effects as an
additional parameter, i.e., F(y;14;).

Let 77, = E(yapi) and 738 = E(zup;) for t = 1,...,T. We consider these covari-

ances as parameters of our model. Let 7, = (71,,7{,...,7%) be a (kT + 1) x 1



vector containing these covariances and 6, = («o, o, O,cr#o, 7!) be the true pa-
rameters vector, with dimension 1 x [k(T + 1) + 4]. Observe that the covariances
E(yiopti), - - -, E(yirits) can be completely characterized in terms of (7., 3., 02, 7.).

oy Y por ‘o

By eq. (1) and Assumption 2:

E(%Q,Uz) - VOT{JO + 7—21;&0 + O-Zo' (3)

It can be shown by induction that
t— 7t71 -1,
E (yit/’bl = fYo Tlo + Z Yo JT ;—O-;MN (4)

for 2 <t < T. Note that o7, = 0 implies 7, = Ogpr11)x1-

In light of the previous discussion, we now parameterize the covariances F (Z; ;) t7—1
and o7,. Consider the row vector 6 = (o, 7, f',0%,7') € Rx (=1,1) x R¥ x R x RM*!
and let © be a compact subset such that 6, € interior(©). Although 0’ . >0, 0’ may
be allowed to take negative values as the identification result (Lemma 1 below) does
not rely on the restriction o7 > 0. In view of expressions (2)-(4), we construct the

function ¥ : © — RM*! as

O(r—1)x1
vo)=1| wy(®) |, (5)
Ux(0)

where

ﬂ?y(@) = (T%7Tfa¢b(0)7757¢@( ) d@( ) Tl?"'77%7""7#T—1(€)y’

hyx1
_ x/ x/ x! x! x! x/ x/ x/\/
\Ifx(e) — (7—1 77—277—1 77—2,7_3,7_1,...,7—17.. TT)
hyx1
and
t—l_l
t 1 y t—1 wl 2
Ye(0) +§ v T (6)

for 2 <t <T —1and |y| < 1. Note that ¥(6) depends only on (v, ', o
on the data.

, w 7') and not



Alternatively, Uy (0) and Wy () can be constructed as follows. The parameter 77
occupies the positions {[t(t —1)/2] +1:t=1,...,T — 1} of ¥y (0), 19(#) occupies
positions {[t(t—1)/2]4+2:t =2,...,T—1} of Uy (0), and in general for2 < j < T—1,
1;(6) occupies positions {[t(t — 1)/2] +j : t = j,...,T — 1} of ¥y (#). Regarding
Ux(6), let \I/%”é)(@) denote the sub-vector of Wy (#) from position 7; to j. For each
t=1,....,Tand | = max{t — 1,1},...., T — 1, weset j; = k[t =2+ (L +1)/2] + 1,
jo=klt —1+1(1+1)/2], and W7 (9) = 7.

Observe that ¥;(0,) = E(yitu;) for t > 2 due to eq. (4). The matrices E (Z%; ;)

and E (Z'y,p;) can then be written as

0 0 0 ... ... ... ... 0
0 Tigo ¢2(60> 0 . ... 0
E(Zy,u)=|0 0 0 Tlo vee eee nn ... 0
0 0 0 0 e 7'{/0 ’QZ)Q(QO) N wT_l(Ho)
and
Tie  Toe  Oixk Oixk Oixw O oo oo oon O1xg
Orxe  O1xk Tlmol 7'2350, 7'3mé Ot vvv voe oo Oixg
E(Zy) = | Oixk Otk Oixie O Ovw 70 -0 oo oo O |
Oixk Oixk Oixk Oixx Oixx Oixr - Tlxé Tjaz;

respectively, which implies
E(Zju;) — V(05) = Opxi.- (7)

Define the function g; : © — R"*! as

9i(0) = Zi(y: — xir) — V(6), (8)
hx1
where 0 = (/@',03,03,7”), k= (a,7,0), and x; = (¢r—1,9i-1,2;). This function

satisfies E[g;(0,)] = Opx1 since u; = y; — aoly—1 — Yoli—1 — Tif. and eq. (7). After
imposing a standard rank condition, we will show that 6, is the unique solution to
the (nonlinear) system of equations E[g;(0)] = 0«1 with 6 € ©.

Write Z; = (th 7 Xi)(TfQ)xB’ where Zy; is constructed by removing the last of

row and the last 7' — 1 columns of Zy,;, Zy; is constructed in a similar manner
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by removing the last of row and the last kT columns of Zy;, and h = T -1+
k(T + D)(T — 2)/2. Denote further Ay; 1 = (Yiz2 — Yir, -+, Yir—1 — Yi7—2)', AT; =
(i3 — Tig, ..., xir — xi7—1), and Ax; = (Ay;—1, AZ;) (r—2)x (k+1)- Now we are ready

to impose the following rank condition.
Assumption 3. E (Z;AXO has rank k + 1.

This assumption is standard in the dynamic panel literature, e.g. it coincides with
Assumption 3 in Yamagata (2008), and rules out perfect multicollinearity among
regressors. It is employed for identification purposes and is verifiable for any given
sample.

To complete this section, the next identification lemma characterizes the true
parameters vector 6, as the unique solution of a system of moment conditions based

on g;(+). A detailed proof of this lemma is provided in Appendix A.3.

Lemma 1. Under Assumptions 1-3, 0, € © is the unique solution of E[gi(0)] = Opnx:.

4 Optimal GMM estimator

This section proposes a GMM estimator for 6, and derives its asymptotic properties.

Consider Q = FE[g;(05)g:(0,)']. Since g;(0,) = Ziu; — E(Zlu;) by eqgs. (7)-(8),
is the variance-covariance matrix of Ziu;: Q = E{[Ziu; — E(Z\w;)|[Ziu; — E(Ziu;)]'}.
Assumption 1 (finite fourth moments) implies that €2 is finite, symmetric, and positive
semidefinite. Further, we impose the following assumption. Let £ denote convergence

in probability.

Assumption 4. Q is positive definite and there exists an estimator § that satisfies

Q5 Q under Assumptions 1-3.

Assumption 4 is standard is the context of linear IV models (particularly, in
dynamic panels). Essentially, the product between any instrument and any residual
must be nonconstant (have positive variance) and perfect collinearity among such

products is not allowed. Regarding the existence of a consistent estimator of €2,
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Appendix A.1 provides a concrete suggestion for €, as well as a first-step consistent
estimator of 6,.

The optimal GMM estimator of 6, is defined as

0 = argmin §(0)'Q'5(0),

23]
where g(0) = (1/N) 3, ¢:(0) and 8 = (4,4, 3", 62,#'). Since g(-) is continuously dif-
ferentiable,  can be characterized as the unique solution of the system of (nonlinear)
equations

Vog(0)' Q2 g(0) = Ofe(T+1)+4]x15 (9)

where Vg(6) = (1/N) 32N | V4g:(0) and

_ dg;(0) _ <89i<9) dg;(0) 0gi(0) 0gi(0) agi(0)>'

Vogi(0) =
hx [k?TJS 1)14] o Oa 0y op 9o or'

Two remarks are noteworthy. First, computational differentiation is not required
to calculate Vyg(6). A closed-form expression of the Jacobian matrix of () is
provided in Appendix A.2. Second, the system of equations (9) can be solved by
standard numerical methods, e.g., by using the Newton-Raphson algorithm. We
suggest using a first-step consistent estimator of y as initial value (Appendix A.1
provides an example of such an estimator). Following this suggestion, the initial
value for solving (9) would be close to the global minimum and therefore multiple
local minima (or equivalently, multiple solutions to eq. (9)) would not be a concern.

The next assumption is imposed to derive the asymptotic normality of 0.
Assumption 5. G'Q7'G is nonsingular where G = E[V4g:(6)].

The following theorem contains the asymptotic results. Let 2 denote convergence

in distribution.
Theorem 1 (Consistency and asymptotic normality). The following conditions hold.

1. Under Assumptions 1-4, we have 05 0,.

2. Under Assumptions 1-5, the asymptotic distribution of our estimator is given
by VN0 — 6,) 3 N(0,%), where £ = B! with B = G'Q~'G.

11



Under Assumptions 1-5, we have I 0, and the asymptotic distribution of our

estimator is given by VN (0 — 0,) A N(0,%), where 3 = B™' with B = G'Q7'G.

The asymptotic variance Y can be consistently estimated by S = B!, where

B=G"0"G, G =30),and Q= (1/N) N, 6:(9)g:(0)".
Lemma 2. Under Assumptions 1-5, 3. £ >

Among other hypotheses of interests, the results in Theorem 1 and Lemma 2
can be used to derive a simple test for the absence of individuals effects, which is
an economically relevant issue in the literature that distinguished true dependence
vs. that derived from unobserved heterogeneity, as in the classic paper by Lillard and
Willis (1978) mentioned in the Introduction. Under the null Hy : (07, 7) = O1x(k1+2),

we have

22 An1 ;22 ~rv D
(0-57 T/)Egﬁl‘r(o-fm T/)/ — X%TJrZ?

where 2057 is the sub-matrix of 3 associated with (62,7") and xFp,, denotes a (cen-

tral) chi-square distribution with k7" + 2 degrees of freedom. This results compares

to tests derived by Harris, Métyds, and Sevestre (2008, sec. 8.6.2) and Wu and Zhu

(2012) in a different context.

5 Comparison with existing GMM estimators
and efficiency gains

This section relates our estimator to the ones proposed by Arellano and Bond (1991)
and by Ahn and Schmidt (1995). We compare the asymptotic variances and show
that our estimator is at least as efficient as these classic alternatives. We also establish
under which conditions our estimator is more efficient or, in other words, when our
asymptotic variance is strictly smaller than the one from its competitors.

The optimal Arellano-Bond GMM estimator can be obtained by

(448, BAD") = alggr;)in g% (v, 8 ()1 g*P (v, B), (10)
,\/’ !
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where g2 (v, 8) = (1/N) SN, g7B(7,8), g8 (v, B') = DAPg;(0), DAP is a h x h

nonstochastic matrix that is characterized in Appendix A.3.1, and Q47 is a consistent

estimator of
QY = E g7 (7, 8)g;"" (70, 8)'] = DAPQDA.
Specifically, we have that

9P (v, 8) = Z (Ay; — vAy; 1 — AT;B),

hx1

so the linear transformation D4? removes not only the individual effects, but also the
function W(-) from g;(-). We highlight that the specific form of Q42 depends on the

assumptions about €; —such as homoskedasticity—.
Example (T'=4 & k=0). We have
yin(Ayiz — 7YAy;2)

g7 () = | va(Ayi — vAyis)
yi2(Ayi4 - 7&%‘3)

and
000 -1 1 0 000
13/45:0000—10100
x 000 O O —-101°0

The function gAP is related to the moment conditions

Vi1 Aus
E | yanAuy | = 03x1.
Vi Aty

AB, BAB/)

The asymptotic distribution of (¥ is given by

(Y- (3 )] 2o

where X7 = [GAP(QAP) 1 GAPT

GAP = E[V(,,09{"" (76, 82)] = DYPE[V(5.5)9:(65)],

13



and

(895‘3(%5’) 89543(7,5’)) ‘

v(’Yﬁ/)ngB(f%ﬁ/) - a,y 65/

hx (14k)

Ahn and Schmidt (1995, 1997) have incorporated to the Arellano-Bond estimator

the quadratic moment conditions that exploit the absence of serial correlation in €
(Assumption 2.2). The optimal Ahn-Schmidt GMM estimator can be obtained by

(449, A%y = aiggl)in g4, 8) ()1 g+, ), (11)
’Y7 !

where g49(y, ') = (1/N) .1, 6/9(. 8), 99(7, 8') = D*¥(v,8)9:(6), DY (7,8
is a h' x h nonstochastic matrix described in eq. (A.7) of Ahn and Schmidt (1995),

W =h+T -3, and O is a consistent estimator of

O = B g% (7, 8)91" (70, B2)'] = D (70, B,) QD (35, 7).
Specifically, we have that

9% (7)
(yz‘T —YYi1r-1 — xétﬁ) (AyiB - VAyz',Q - Al’;sﬁ)

(yiT — YYi,r-1 — %ﬁ) (Ayi,T—l - 'YA?/Z‘,T—Q - A$§,T_15)

when T' = 3, Ahn-Schmidt estimator coincides with Arellano-Bond’s.

Example (T =4 & k =0, cont.). We have

yil(AyiB - ’YAyzQ)
g5 (y) = Yir (Ayis — 7AYi3) _ ( 9% () )
! Yiz(Ayia — vAY;s) (Yia — Yi3) (AYis — YAyi2)
(,%‘4 — YY) (Ayiz — YAyiz)

and
0o0o0-1 1 0 0 0 0
45, v 1 000 0 -1 0 1 0 0
PP=1 000 0 0 -1 0 1 0
000 0 0 0 v —(vy+1) 1
The function g° is related to the moment conditions
Y Aus
Vi1 Aty .
o YirAuia = U
Ui Aug

14



The asymptotic distribution of (949, pAs! ) is given by
L AS

A5 -()] Bvos

where Eﬁg = [GAY(QA)IGAS| T, GAY = B[V (.09 (76, 85)], and

(89245 (v,B") 997, B’))
0y op' ‘

Yy 9% (7, B) =
h!x (1+k)

To compare our estimator (7, B’ ) with the previous ones, we consider the function

oy [ 908 )
glhx(?) <952(%ﬁ/39\75) ’

where
AS /
D ! 9i (77 ﬁ )
92‘,1(%/6)2( o pEl )7
(W +T-2)x1 Ay; — Ay, -1 — A8

O\\p = (Oé,O'i,T/), and

Yir — VYir-1 — ZEQTB «
Yi1(Yis — @ — YYiz — B43) G
Tit\Yiz — & — VYi2 — PTy Ty
907, B3 0\8) = 2is e pra) '
(kT+3)x1 :
SUiT(yiT — Q= YYiT-1 — 5$UiT) Tr
Yia(Yiz — @ — Yiz — Bri3) i + 1568 + o),

Several remarks are noteworthy. First, gif?l (v, #') incorporates the zero-mean con-
dition of €;; (Assumption 2.2) through Ay; — yAy; 1 — AZ; 3, so in this regard there
might be a risk of misspecification bias only if E(Aug) # 0. Second, g/ (7, #') does
not depend on 6\,3. Third, gP(0) can be obtained by applying a transformation to
gi(0) along the lines of eqgs. (10)-(11): there is a h x h matrix D(v, ') such that
gP(0) = D(v, B")g:(#). Fourth, this matrix is nonsingular because none of the rows of
gP(0) can be written as a linear combination of others. Hence, our estimator 0 can

be expressed as

~

9 = argmin §(6YD(3. ) [D(r, #)9D(. Y] D330

= argmin 3”(0) [2°(.8)] 5”0, (12)
0O
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where g”(0) = (1/N)SN, gP(0) and QP(y,8) = D(v,8)02D(y,); note that
QP (v, ') is a consistent estimator of QP (v, ') = D(v, 3)QD(y, 8). From expres-
sion (12), our estimator 6 can be regarded as a continuous updating GMM estimator
based on g”(0) using QP (v, 8)~" as weighting matrix. We refer to Hall (2005, sec.
3.7) for further discussion on these types of GMM estimators. Fifth, the asymptotic
distribution of é, as well as its asymptotic variance, has been obtained in Theorem 1.

To compare the asymptotic variances, let X3 denote the (k+1)x (k+1) sub-matrix
of ¥ associated with (v, 3.), i.e. the asymptotic variance-covariance matrix of (%, 3').
Theorem 2 below compares the asymptotic variances .5 and ny‘ﬁs ; ny‘g is omitted
from the comparison because we already know that the Ahn-Schmidt estimator is

asymptotically as efficient as Arellano-Bond’s, i.e., the difference Z%B —E%S is positive

semi-definite. Denote G7y = E(AZ;), Q) = E[g]; (7., 62)95 (7, 82)'], and partition

AS D

’g} "y Q1110

QP — x R % (T—2)
11 — QD/ QD

11,12 11,22

(T-2)xh'  (T-2)x(T-2)

Theorem 2. Under Assumptions 1-5,

Sh - (5A) 7 = [GA(Q49) 108 1, — GRYIGAS ()0 4, — P

being T = [ 50 — QY 1,(249) 7100 1] ! positive definite.

Observe that our estimator has smaller (asymptotic) variance than Arellano-Bond
estimator, i.e., the difference Eg‘g — ¥, is positive definite, if and only if Z;ﬂl —
(X45) 7" is positive definite. So from Theorem 2, the efficiency gain of using moment
conditions in levels depends crucially on the terms Qf} |, and GT,: our estimator of is
asymptotically equivalent to Ahn-Schmidt’s if and only if GA'(Q4%)~1Qf |, = GT%.

As an illustration, we provide the following example.

Example (T =4 & k =0, cont.). We have G = E[Ay,] and

Yin Az
i Au;
Q?l,lQ = E z;AUj (Auzg AU,Z4)

(o + uig) Auys

16



In this example, the efficiency gain of our estimator comes from two sources: (i)
the variation in the unconditional mean of the dependent variable, which is captured
by G£2; (ii) the interactions between (Aw;s, Auyq) = (Agyz, Acyy) and (i, Yi1, Yio),
which is captured by Qﬁ,n- There is no efficiency gain, e.g., when QIDMQ = O4x2 and
G?,? = 0yx1. These two conditions hold under very particular circumstances, e.g., if

{Yi1, Wi, €i2, €i3, €14} are independent of each other and E(y;1) = a, = 0.

6 Monte Carlo experiments

In this section we study the finite sample performance of the proposed estimator. To
facilitate comparisons and replicability, we use the design in Yamagata (2008) and
Wu and Zhu (2012).

Consider the dynamic panel data model

Yie = O+ VY1 + TS + i + €,
Ty = O0p+ 0.574-1 + 0.5e—1 + ppt; + Vi,

withi=1,2,...,Nand t = —48, —47,...,T. We set the initial conditions to y; 49 =
x;,—49 = 0 and discard the initial 50 observations.

We let u; R N(0,02), €it R N(0,02), vy S N(0,6%). We fix a =0, 8 =1,
0% = 53/108, 02 = 55/20 and o) = 1 as in Yamagata (2008, p. 141) and different
parameter values specifications: v € {0,0.25,0.5,0.75}, p € {0,0.25}. The sample
sizes considered are N € {200,300} and T € {4,8}.) We consider two different
scenarios. First, we consider x; stationary using 6, = 0. Then, we use §; = t for
which z;; is trend non-stationary. The parameters («,, 3) are estimated using three
different GMM estimators: (i) our proposed GMM model, (ii) Ahn and Schmidt
(1995) (AS) estimator, and (iii) Arellano and Bond (1991) (AB) estimator. The
number of Monte Carlo repetitions is 2000. In all cases we report the empirical bias
and root-mean square error (RMSE).

Consider first the model where x;; is stationary and has zero mean. Tables 1 and

2 report bias and RMSE for estimating v and f, respectively. For this case, the three

! Although not reported, we also considered additional sample sizes and distributions as in Wu
and Zhu (2012).
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procedures under comparison perform similarly as expected from previous section’s
discussion. Still, it is interesting to remark that throughout the different parameter
configurations, the proposed estimator is always ranked above AS and below AB in
terms of bias and RMSE. Results are presented graphically in Figure 1. The figure
shows RMSE for the three estimators and each point corresponds to each row of the
Tables 1 and 2. The top graph corresponds to the estimation of v (Table 1) and
the bottom graph to the estimation of 5 (Table 2). The graph shows that the three

estimators behave similarly for this case.

[ INSERT TABLES 1 AND 2 HERE |

[ INSERT FIGURE 1 HERE |

When z;; is non-stationary (Tables 3 and 4 for v and 3, respectively), our proposed
estimator systematically over-performs both AS and AB in terms of RMSE and bias
for the ‘small T" case (1" = 4). This result can be explained by the previous section’s
discussion. For example, when v = 0.25 and p = 0.25, the RMSE of our procedure
when estimating £ is 0.0358, compared to 0.0801 of AS and 0.1157 of AB. Though
qualitatively these differences persist for the T = 8 case, they are quantitatively

smaller. Figure 2 presents the results of Tables 3 and 4 graphically.

[ INSERT TABLES 3 AND 4 HERE |

[ INSERT FIGURE 2 HERE |
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As a by-product, the proposed set of moment conditions leads to a simple pro-
cedure to estimate cri explicitly and conduct hypothesis tests. As mentioned before
this is empirically relevant in cases where the interest lies in measuring the relative
contribution of pure dynamic persistence vs. that derived from the presence of unob-
served heterogeneity, as in the classic paper by Lillard and Willis (1978). See Arias,
Marchionni, and Sosa-Escudero (2011) for a recent study along these lines.

In the context of this paper, the null hypothesis of no unobserved heterogeneity
(Hp : O'Z = 0) implies that the 7 parameters are themselves 0. The test would pro-
ceed by directly estimating 03 and then testing down the corresponding null through
a simple Wald-type test. Monte Carlo results for bias and RMSE for the estimation of
03 are reported in Tables 5 and 6 for the stationary and non-stationary case, respec-
tively. We compare these results with those of Wu and Zhu (2012), who derive tests
for random-effects for dynamic panel data models. In particular, our experimental
design allows us to compare with the results of Wu and Zhu (2012, Table 1, Case (i))
for ~& with (N,T) = (200, 8) and (N,T) = (300,8). This corresponds to p = 0 and
~v = 0.5 in our experiments, for z;; stationary.

Our estimator has a bias of 0.0138 and 0.0066 for (N,7T) = (200,8) and (N,T) =
(300, 8), respectively, significantly smaller than the bias of 0.044 and 0.035 for Wu and
Zhu. In terms of RMSE, our estimator achieves 0.0104 and 0.007 for (V,T') = (200, 8)
and (N,T) = (300, 8), respectively, again smaller than their 0.0143 and 0.0095. Note
that although both bias and RMSE decrease with N and T, they increase when -
increases, pointing out that, as in Zincenko, Montes-Rojas, and Sosa-Escudero (2014),
dynamic persistence and unobserved heterogeneity are confounding factors. In fact,
our model can be seen as an extension of Zincenko et al (2014) to allow for an arbitrary

covariance between the individual effects and the exogenous covariates.

7 Concluding remarks

This paper proposes a simple framework for the estimation of dynamic panel models
based on parameterizing the relationship between covariates and unobserved time

invariant effects, in the spirit of Chamberlain’s (1980, 1982) approach.
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Such a perspective has been already adopted in many panel structures (in partic-
ular those involving qualitative data) and in some dynamic models. Our approach
leads to a set of moment conditions that are embedded in a GMM framework to
derive an asymptotically optimal estimator of the parameters of interest. The paper
explicitly compares the proposed moment conditions and resulting estimator with
those in classic papers like Arellano and Bond (1991) and Ahn and Schmidt (1995,
1997), implying no efficiency loss.

Though mostly of theoretical and modeling interest, Monte Carlo results suggest
that the new estimator performs better (in terms of bias and RMSE) for the case of
non-stationary covariates. Also, the framework leads to a simple variance estimator
that can be used to test for the presence of unobserved effects. The derived procedure
performs better than available alternatives like Wu and Zhu (2012).

There are several contexts in which our approach can be useful. For instance, the
unequally-spaced dynamic panels considered by Sasaki and Xin (2017), among others.
In this context, moments in levels may provide necessary and sufficient identification

conditions, as well as an efficient estimator for the parameters of interest.
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A Appendix

A.1 Consistent estimator of (2

To construct a consistent estimator of ), first, we propose a consistent (first-step)
estimator of ,. We suggest using 6 = (&, %, 3,6 ‘w 7'), where (4, 3') is the first-step
Arellano-Bond estimator of (7., 8.):

(1) [ (s 575+)

Further, we propose

T . 1A

T
" 1

=1 t=j

7= (7, ..., 7)), and W = yir — & — Yyir—1 — 2}, 8. The natural estimator of

then becomes

= % z; gi(é)gi(é),

The next lemma establishes consistency.
Lemma A.1. Under Assumptions 1-3, 0 5) 0, and 0 £> Q.

Proof. Consistency of (v, 3.) follows by standard arguments. First, note that
|
.
i=1
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and (1/N) vazl Z!Ay; converge in probability to F(Ax/Z;) and E(Z,Ay;), respec-
tively; as a result,

( g ) 5B (axzi) B (Z;Axiﬂ—l B (ax2) B (Zdy). (A1)

Then, the desired result follows from

B (Za) = £ (zx) (). (A2

To show that the other estimators are consistent, we use Lemma 4.3 in Newey

and McFadden (1994). Define the function

T
1
foll(yir, vi)', (wi, )T, 7, B') = T_1 (Yit — VYir—1 — 3, B)
t=2

and write
1 < -
a = N Z fa([(yila y;)/7 (QJH, ‘T’L)/]J ;)/7 6/)
=1

Then, observe that E {fo([(vi1,9}), (xi1,2:)];7%,05)} = ap and, by Lemma 4.3 of
Newey and McFadden (1994), we have that

% Z fa([(yﬂ, y;)', (w1, %‘)’]; Vs 5/) £> E {foc([(yih y{»)’, (w1, $i)/]; Yo, 50)}

if the following conditions hold: (1) fo([(yi1,v.), (xi1,:)'];v, ) is continuous at
(76, B) with probability one; (ii) there is neighborhood B of (7., ) such that

E| sup |fa(l(yir, ), (za, )], B)]] < oo;
(v,8")eB

(iii) (%, ) R (70, A2). Clearly, (i) holds because fo([(yi1,y.), (zi,x:)];7, B) is linear
in (v, ') for any realization of [(yi1,})’, (zi1,x;)’]. Condition (ii) holds for any such
a neighborhood because E |[(yi1,.)’, (zi1,x;)]] is a finite matrix and 7" is also finite.
Condition (iii) holds from eqs. (A.1)-(A.2).

Proceeding in a similar manner with the rest of the estimators, we obtain the
desired results. In particular, being || - ||oo the elementwise sup-norm of a matrix
or vector, we highlight that E[supgca|19i(0)g:(0) ||] < oo for any neighborhood N
containing 6, because (yi1,y}, 2}, ..., %) has finite second fourth moment. This is

an immediate implication of Assumption 1, which is discussed in sec. 2.
0
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A.2 Closed-form expression for v,V (0)

Consider any # € ©. The Jacobian matrix of ¥(6), denoted by V,¥(0), can parti-
tioned in 5 blocks:
vou(e) = ( Va¥0) v () veU(0) vv(d) v U(h)
hx [k(T+1)+4] hx1 hx1 hxk hx1 hx (kT+1)

[ ou) owd) ow(e) ou@) 0U(0)
= Oa Oy op’ do2 or’ :

It follows immediately that V,W(0) = 0px1. We provide below closed-form expressions
for v, W(0), vs¥(0), V52 ¥(0), and V,¥(f). Such expressions will be employed to
compute Vyg;(0).

First, observe that

t t—2 t—1
81?(0) =(t— 1)y + Z(t — Dy B+ {(t — 1)77 _J L } on.
v =2 ’

Then, we can write

Or—1)x1
v )= | v,¥y(0) |,
thxl
where V,Vy () = 0¥y (0)/0y is a hy, x 1 vector that has the following form: 0
occupies the positions {[t(t — 1)/2] + 1 : ¢t = 1,...,T — 1}, 01x(0)/0y occupies
positions {[t(t —1)/2] +2 : ¢t = 2,...,T — 1}, and in general 0v;(#)/0vy occupies
positions {[t(t —1)/2]+j:t=j,...., T =1} for 2 <j<T —1.

Second, note that

-
op :
1?}: =2
Then,
O(r—1)xk
VW)= | VsUy(0) |,
Oh, xk

where VzWy () = 0¥y (0)/05 is a hy, x k matrix whose rows can be constructed as

in vV, ¥y (). Proceeding in a similar manner, we can also construct Vo2 v(h).
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Next consider V,¥(#). We write

Or—nx1  Or—1)xk oo Or—nyxk oo O—1yxk
V)= | VaUy(d) V. ,Uy(0) ... V., Uy(0) ... V.. Uy(0) |,
On, x1 TM\IIX(O) s Ve Ux(0) . Ve, k()

where Vv Wy (0) = 0Vy (0)/07], V., , Yy (0) = OVy(0)/07,; and
Tit\IJX( ) = 8\11)((0)/87'%75.

The dimensions of these sub-matrices are h, x 1, hy X k and h, x k, respectively. They

can be constructed following previous steps. In particular, if v \I/()?lzh’:)(ﬁ) denote

Tx,t

the sub-matrix of V. , Uy () from row j; to j and containing all columns, then

Tx,t

VTM\IJ(M g2 )(@) — Lk

for each (j1,72) € {(k[t —24+1(1+1)/2] + L k[t — 1+ 1(l +1)/2]) : | = max{t —

1,1},...,T — 1}, whereas the remaining elements of V., Wy () are all equal to 0.

A.3 Proofs

The section of the Appendix contains the proof of the lemmas and theorems stated

in the body of the text.

A.3.1 Proof of Lemma 1

From egs. (7)-(8), 6, is a solution of E[g;(0)] = Opx1. We show that 6, is indeed the
unique solution. Let 6 = (@, 7, A, &i,%’) satisfy E[gl(é)] = Opx1-

We prove first that (7, B’) = (7, 0.). Let Z(t Y and Z(t Y denote the (t, l) coefficient
of Z; and Z;, respectively. Define the mappings 7 : {1,...,h} = {1,..., T — 1} and
J:{1,...,h} = {1,...,T — 2} such that

J(l #O and Z( 7é0

Essentially, 7 (1) (or J (1)) provides the number of the row that contains the nonzero
element of column [ of Z; (or Z;). Note that both J(I) and J(I) are well-defined
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as each column of Z; and Z; contains only one nonzero coefficient. Now, for a given

I =1,...,h, define further (£y(1), L5(1)) € {1,...,h}? such that

ZWTW0) _ g (FO.L00)

7 (T (O+1,L2(D)

Observe that both £,(1) and L£y(I) are well-defined as Z; is a submatrix of Z; and
also each row of Z; and Z; does not contain nonzero repeated elements. Moreover,
we must have £,(l) < Ly(I) by construction of Z;. Then, let D be nonstochastic

h x h matrix whose components are given by

y ~1 il = £y(0),
D481 =1 i = £(),

0 otherwise.

For instance, when T'= 3 and k£ = 1, we have

00 -110 0 0 0O0O
DW=100 0 00-1 0100
g 00 0 00 0 —-1010
By construction, DAZ must satisfy
DABZ! (y; — xik) = Zi Ay, — 7 Ax; ( g ) (A.3)

as well as DABU(0) = 0;,., (see egs. (5)-(7)). We refer to Ahn and Schmidt (1995,
Appendix A.2) for further discussion and examples about these results. Observe that
E[D*Pg,(0)] = DABE[g;(A)] = 05..,, 50 eq. (A.3) yields Arellano and Bond (1991)’s

system of linear equations:

B (zax) (] ) = £ (2ow). (A4

Since E(Z;Ax;) has full rank (Assumption 3), there is a unique solution to this system
of (linear) equations and, as a result, we must have (7, JE4 )= (7, 05).

Regarding the other parameters, using the first equation of the system E[g;(0)] =

Onx1, we obtain
E(yi2) — & —YE(ya) — E(xiQ)B =0
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and therefore & = E(y;2) — YE(yi1) — E(Q:QQ)B = E(yin) — v E(yin) — E(x}) o = .

Using also the T-th equation of E[g;(0)] = 0, it follows that
i = FE [3/1’1 <yi2 — =YY — 55;16)]
= Elyi (42 — a0 = oy — 233 50)] = Eyanuiz) = Eyaii) = 7o

Proceeding in a similar manner, we can prove that 77 = 7% for every t = 1,...,T.

Finally, exploiting the (T' 4 2)-th equation of E[g;(0)] = 0«1 related to expression
(3), we obtain

E [?/iQ (yiz — Q=Y — 95&3)} — (”W&y + %SCIB + &Z> =0
and therefore

6, = E [yza (%2 — =YYy — x;ﬁﬂ - <“~Y7~'1y + %§/B>

= Eyi2 (Y2 — 00 — VoY1 — i1 5o)] — (VoTio + Toa o)

_ 2
= O

A.3.2 Proof of Theorem 1

1. By Theorem 2.6 in Newey and McFadden (1994), to establish consistency it

suffices to check that the following conditions are satisfied:?
(i) Q L and Q is positive definite;
(ii) E[g;(#)] = 0 if and only if 0 = 0,;
(iii) 6, € interior(O©) for some compact set O;
(iv) gi(+) is a continuously differentiable on interior(©) with probability one;

(v) Elsupgeo [19:(0)][3,] is finite.

2Theorem 2.6 in Newey and McFadden (1994) indeed requires weaker conditions than (i)-(v).
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Conditions (i) and (ii) follows immediately from Assumption 4 and Lemma 1,
respectively. For condition (iii), we can take any compact set of R x (—1,1) x R* x
R x R**! containing ,. Note that the functions g;(-) and ¥(-) are well-defined
on R x (—1,1) x RF x R x R¥*1 Condition (iv) holds because g;

differentiable on R x (—1, 1) x R¥ x R x R¥*! for any realization of |

(+) is continuously
(Wir, vi)', (@i, )]
In particular, closed-forms expression for the Jacobian matrix of ¥(6) are provided in
Appendix A.2. Condition (v) holds for any compact set © because (yi1, ¥s, Thyy - - -, Tig)

has finite fourth moment.

2. By Theorem 3.4 in Newey and McFadden (1994), in addition to conditions (i)-(v),

to establish asymptotic normality it suffices to verify:
(vi) G'Q7'G is nonsingular.
(vii) E[suppee ||Vagi(0)])%] is finite.

Condition (vi) follows immediately from Assumption 5, while (vii) follows by
construction of g;(6) (see eq. (8)) and the characterization provided in Appendix A.2.
O

A.3.3 Proof of Lemma 2

By Theorem 4.5 in Newey and McFadden (1994), conditions (i)-(vii) are sufficient to
establish the consistency of the asymptotic variance estimator.

]

A.3.4 Proof of Theorem 2

Denote QP = QP (v,, 8.) = ElgP(0,)g”(0,)'] and consider the unfeasible estimator

6 = argmin 32 (0) (2”) 132 (0).
9€6

The reason for considering such an estimator is that, by expression (12), it has the

same asymptotic variance as é; see Hall (2005, sec. 3.7). After partitioning

Qf O 0p
0P _ (R +T—2)x (kT+3)
Qb 0L ’

(KT+3)x (W +T-2)  (KT+3)x(kT+3)
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6 can be computed by solving the following linear system of equations:

— -1 _
(Vw,ﬂ')gg(%ﬁ’)’ Vi85 (15 ) >(Qﬁ Q%) ( 3, 0) )
v9\wﬁgl (77ﬁ/>/ VG\W5g2 (7 ﬁ 0\73) Q?Z/ 952 92 (’Yaﬁ/ve\%g)

- 0[k(T+1)+4]x17

_ N
where v(%ﬁ’)Q?(% B)=(1/N)> 2, v(%ﬁ’)gﬂ (7,8,

, 992 (v, 8") 09 (v, B)
V(’}’,ﬁ/)gf]_(ﬁ)/)ﬁ) = ( 718’}/ 718/6/ )

and the remaining terms are defined in a similar manner. From the inverse formula

for symmetric partitioned matrices (Theil, 1983, eq. 3.2) and since gfl(%ﬁ’ ) does
not depends on 6\s, i.e. VoG (7, 8') = 019y (krys), our unfeasible estimator

(7, ') can be obtained by solving the (linear) system of equations

v('y,ﬁ/)g?(% 8 (Qﬁ) (’V g = O(k+1)x1

or, equivalently, by solving the following optimization problem:
(3, 8') = argmin g{" (v, 8) (20)"'af (7, ). (A.5)
(v.B")
From these expressions, it follows that we can ignore the presence of 0\,, as well as
QP and QL when computing (%, 5).
Following the arguments in the Proof of Theorem 1.2, it can be shown that the

asymptotic variance of (7, §') is given by [G?’(Qﬁ)_lG?’}_l, where

G? = E[V(MB’)gﬁ (Yo, 52)]

Since (7, 4") and (¥, Iéd ) are asymptotically equivalent, it follows immediately that
GP/(
Yyp = [ 1

(Ycd ~!. Partition

GAS
R x (k+1)
G, :
(T—2)x(k+1)

& =

(R +T—2)x (k+1)
note that G, = F(Af;), and write

(Qb)1 = Q%) + (QAS)_IQE,UTQ%H(QAS)_I _(QAS)_IQ?LHT
11 —TQE/JQ(QAS)_I T :
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This inverse is obtained by applying eq. (3.2) of Theil (1983). We have that T is
positive definite because Q2P = DQD’ is positive definite (Assumption 4) and so is its

inverse. Finally, it follows that

s o= (6% a6 )
GAS! [(QAS)*l 4 (QAS)leﬁ:HTQﬁ/,H(QAS>71} AS
— GRTOY (@) 16 - ¢A(Q49) 10l L, TG,
+ GPYGY,
(2%9)—1 + GAS’(QAS)—IQIDLHTQ{DI/’H(QAS)—lGAS
- G%TQ?{,Q(QAS)AGAS - GAS/(QAS)leﬁ,lzTG?,Q
+ GPYGY,

and therefore

Sk - (S)7 = [GAS(@A%) 08 4, — GRTIGAS(@4%) 7108, 4, - GRA)'
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Figures and tables

Figure 1: RMSE for the stationary x; case.
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Notes: RMSE for the estimation of vy (top panel) and S (bottom panel) in the z;: stationary
case. Thick line corresponds to our estimator, dashed line is Ahn-Schmidt and solid line is
Arellano-Bond. Horizontal axis corresponds to rows in Tables 1 and 2.
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Figure 2: RMSE for the non-stationary x;; case.
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Notes: RMSE for the estimation of v (top panel) and 8 (bottom panel) in the z; non-
stationary case. Thick line corresponds to our estimator, dashed line is Ahn-Schmidt and
solid line is Arellano-Bond. Horizontal axis corresponds to rows in Tables 3 and 4.
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Table 1: Bias and RMSE for estimating v, z;; stationary

Bias RMSE

N T v p New AS AB New AS AB

200 4 0 0 -0.006  -0.0037 -0.0088 | 0.0575 0.0534 0.0616
200 4 0 0.25| -0.005 -0.0024 -0.008 | 0.0579 0.0537 0.0639
200 4 025 0 |-0.0106 -0.0072 -0.0143 | 0.0659 0.0606 0.0707
200 4 0.25 0.25 | -0.0087 -0.0056 -0.0136 | 0.0674 0.0625 0.0743
200 4 0.5 0 |-0.0118 -0.0077 -0.0171 | 0.0708 0.0656 0.0787
200 4 0.5 0.25|-0.0136 -0.0089 -0.0203 | 0.0729 0.0679 0.0844
200 4 075 0 |-0.0136 -0.0094 -0.0199 | 0.0692 0.0635 0.0766
200 4 0.75 0.25 | -0.0101 -0.0063 -0.0201 | 0.0744 0.0661 0.0837
200 8 0 0 |-0.0053 -0.0016 -0.0094 | 0.0318 0.0229 0.0353
200 8 0 0.25]|-0.0053 -0.0014 -0.0098 | 0.0299 0.0215 0.0334
200 8 025 O -0.007  -0.0026 -0.0117 | 0.0302 0.0214 0.0347
200 8 0.25 0.25 | -0.0065 -0.002 -0.0118 | 0.0302 0.0215 0.0347
200 8 0.5 0 |-0.0092 -0.0036 -0.0151 | 0.0293 0.0202 0.0347
200 8 0.5 0.25|-0.0095 -0.0029 -0.017 | 0.0306 0.0209 0.0378
200 8 075 0 |-0.0105 -0.0042 -0.0171 | 0.0274 0.0183 0.034
200 8 0.75 0.25 | -0.0104 -0.0033 -0.0193 | 0.0272 0.0181  0.036
300 4 0 0 |-0.0041 -0.0027 -0.005 | 0.0454 0.0434 0.0496
300 4 0 0.25]|-0.0041 -0.0023 -0.0064 | 0.0475 0.0451 0.0518
300 4 025 0 |-0.0055 -0.0036 -0.0069 | 0.0545 0.0518 0.0585
300 4 0.25 0.25 | -0.0064 -0.0044 -0.0094 | 0.0542 0.0515 0.0589
300 4 0.5 0 |-0.0074 -0.005 -0.0109 | 0.0585 0.0561 0.0632
300 4 0.5 0.25|-0.0064 -0.0027 -0.0093 | 0.0601 0.0573 0.0673
300 4 075 0 |-0.0068 -0.0051 -0.0111 | 0.0555 0.0517 0.0604
300 4 0.75 0.25 | -0.0081 -0.0063 -0.0148 | 0.0601 0.0538 0.0657
300 8 0 0 -0.003  -0.0013 -0.0063 | 0.0244 0.0194 0.0273
300 8 0 0.25]-0.0032 -0.0012 -0.0067 | 0.0248 0.0197 0.028
300 8 0.25 0 |-0.0045 -0.0022 -0.0084 | 0.0241 0.0194 0.0276
300 8 0.25 0.25 | -0.0051 -0.0023 -0.0101 | 0.0247 0.0195 0.0292
300 8 05 0 | -0.0055 -0.0027 -0.0101 | 0.0238 0.0185 0.0277
300 8 0.5 0.25|-0.00564 -0.0024 -0.0111 | 0.0236 0.0184 0.0293
300 8 075 0 |-0.0066 -0.0035 -0.0118 | 0.0208 0.0158 0.026
300 8 0.75 0.25|-0.0055 -0.0023 -0.0131 | 0.0216 0.0166 0.0283
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Table 2: Bias and RMSE for estimating 3, x;; stationary

Bias RMSE

N T v p New AS AB New AS AB

200 4 0 0 |-0.0015 -0.001 -0.0019 | 0.0575 0.054 0.0583
200 4 0 0.25]-0.0043 -0.0038 -0.0061 | 0.0576 0.0535 0.059
200 4 025 0 |-0.0053 -0.0047 -0.0066 | 0.0589 0.0548 0.0611
200 4 0.25 0.25 | -0.0038 -0.0032 -0.0069 | 0.0579 0.0543 0.0608
200 4 0.5 0 |-0.0071 -0.0053 -0.01 | 0.0614 0.0581 0.0661
200 4 0.5 0.25|-0.0075 -0.0058 -0.0127 | 0.064 0.06  0.0707
200 4 075 0 |-0.0093 -0.0061 -0.0141 | 0.068 0.0648 0.0767
200 4 0.75 0.25 | -0.0086 -0.0052 -0.0174 | 0.0757 0.0697 0.0866
200 8 0 0 |-0.0019 -0.0012 -0.002 | 0.0254 0.0189 0.0254
200 8 0 0.25]-0.0017 -0.0008 -0.0025 | 0.0259 0.0191 0.026
200 8 0.25 0 |-0.0018 -0.0009 -0.0021 | 0.025 0.0185 0.025
200 8 0.25 0.25 | -0.0006 0.0001 -0.0017 | 0.0251 0.0187 0.0253
200 8 0.5 0 |-0.0024 -0.0013 -0.0035 | 0.0251 0.0186 0.0254
200 8 0.5 0.25 | -0.0029 -0.0008 -0.0053 | 0.0249 0.0184 0.026
200 8 07 O -0.006  -0.0027 -0.0092 | 0.0257 0.0186 0.0279
200 8 0.75 0.25 | -0.0055 -0.0014 -0.0107 | 0.0265 0.019 0.0304
300 4 0 0 |-0.0026 -0.0025 -0.0025 | 0.0465 0.0445 0.0465
300 4 0 0.25|-0.0023 -0.0018 -0.0034 | 0.0468 0.0447 0.0486
300 4 025 0 |-0.0025 -0.0021 -0.0028 | 0.0472 0.0454 0.0482
300 4 0.25 0.25 | -0.0023 -0.0018 -0.0037 | 0.0477 0.0457 0.0489
300 4 0.5 0 |-0.0027 -0.002 -0.0047 | 0.0511 0.0492 0.0534
300 4 0.5 0.25|-0.0037 -0.0026 -0.0067 | 0.0525 0.0502 0.0569
300 4 075 0 |-0.0065 -0.0044 -0.0089 | 0.0569 0.0537 0.0612
300 4 0.75 0.25 | -0.0067 -0.0052 -0.0128 | 0.0592 0.0547 0.0661
300 8 0 0 |-0.0014 -0.0011 -0.0014 | 0.0212 0.0172 0.0212
300 8 0 0.25 ]| -0.0005 -0.0003 -0.001 | 0.0208 0.0168 0.0209
300 8 025 0 -0.001  -0.0007 -0.001 | 0.0201 0.0164 0.0201
300 8 0.25 0.25 | -0.0003 0.0001 -0.0013 | 0.0202 0.0165 0.0205
300 8 05 0 |-0.0011 -0.0005 -0.002 | 0.0203 0.0164 0.0205
300 8 0.5 0.25|-0.0015 -0.0005 -0.0031 | 0.0203 0.0165 0.0208
300 8 075 0 |-0.0037 -0.0023 -0.0064 | 0.0208 0.0166 0.0224
300 8 0.75 0.25|-0.0035 -0.0015 -0.0081 | 0.021 0.0165 0.0238
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Table 3: Bias and RMSE for estimating v, z;; non-stationary

Bias RMSE

N T v p New AS AB New AS AB

200 4 0 0 |-0.0053 0.0029 -0.0062 | 0.0525 0.0696 0.0852
200 4 0 0.25|-0.0032 0.0035 -0.0049 | 0.0514 0.0706 0.0873
200 4 025 0 |-0.0062 -0.005 -0.0091 | 0.0497 0.0759 0.1035
200 4 0.25 0.25 | -0.0047 -0.0082 -0.0105 | 0.0507 0.0782 0.1062
200 4 0.5 0 |-0.0021 -0.0069 -0.0051 | 0.0408 0.0577 0.0651
200 4 0.5 0.25 | -0.0038 -0.0088 -0.0058 | 0.0386 0.0586 0.0677
200 4 075 0 |-0.0013 -0.0008 -0.001 | 0.0233 0.0252 0.0272
200 4 0.75 0.25 | 0.0002 -0.0007 -0.0001 | 0.0228 0.0261 0.0286
200 8 0 0 |-0.0038 -0.0016 -0.0074 | 0.0301 0.0235 0.0348
200 8 0 0.25|-0.0035 -0.0009 -0.0071 | 0.0285 0.0224 0.0333
200 8 0.25 0 |-0.0038 -0.0018 -0.0068 | 0.026 0.0228 0.0329
200 8 0.25 0.25 | -0.0041 -0.0018 -0.0074 | 0.026 0.0225 0.0326
200 8 0.5 0 |-0.0032 -0.003 -0.0058 | 0.0205 0.0193 0.0286
200 8 0.5 0.25| -0.0038 -0.003 -0.006 | 0.0202 0.0194 0.028
200 8 0.75 0 |-0.0007 -0.0009 -0.0015 | 0.0107 0.0094 0.0142
200 8 0.75 0.25 | -0.0009 -0.0014 -0.0014 | 0.0109 0.0097 0.0148
300 4 0 0 |-0.0032 0.0026 -0.0042 | 0.0423 0.0598 0.0693
300 4 0 0.25| -0.003 0.0025 -0.006 | 0.0426 0.0608 0.0707
300 4 025 0 |-0.0032 -0.0055 -0.0102 | 0.0413 0.0672 0.087
300 4 0.25 0.25 | -0.0037 -0.0049 -0.0085 | 0.0394 0.0657 0.0853
300 4 0.5 0 |-0.0027 -0.0061 -0.0048 | 0.0314 0.0482 0.052
300 4 0.5 0.25|-0.0009 -0.0052 -0.0021 | 0.0313 0.0488 0.054
300 4 075 0 |-0.0006 -0.0007 -0.0005 | 0.0192 0.0211 0.0224
300 4 0.75 0.25 | -0.0005 -0.001 -0.0004 | 0.0182 0.021 0.0223
300 8 0 0 |-0.0022 -0.0009 -0.0051 | 0.0232 0.0204 0.0273
300 8 0 0.25|-0.0025 -0.0011 -0.0055 | 0.0234 0.0204 0.0278
300 8 025 0 |-0.0027 -0.0017 -0.0053 | 0.0211 0.0206 0.0267
300 8 0.25 0.25 | -0.0033 -0.0021 -0.0064 | 0.0209 0.0203 0.0271
300 8 05 0 |-0.0021 -0.0026 -0.0042 | 0.0161 0.0178 0.0229
300 8 0.5 0.25|-0.0019 -0.0027 -0.0044 | 0.0159 0.0177 0.023
300 8 075 0 |-0.0004 -0.0008 -0.0008 | 0.0085 0.0086 0.0114
300 8 0.75 0.25|-0.0002 -0.0009 -0.0007 | 0.0087 0.0088 0.012
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Table 4: Bias and RMSE for estimating (3, x;; non-stationary

Bias RMSE

N T v P New AS AB New AS AB

200 4 0 0 | 0.0015 -0.0046 0.0018 | 0.0329 0.0663 0.0839
200 4 0 0.25 | 0.0005 -0.0034 0.002 | 0.0329 0.0686 0.0881
200 4 025 0 |0.0024 0.0048 0.0066 | 0.0368 0.0794 0.1138
200 4 0.25 0.25 | 0.0025 0.0094 0.009 | 0.0358 0.0801 0.1157
200 4 0.5 0 | 0.0011 0.0093 0.0051 | 0.04 0.0732 0.0844
200 4 0.5 0.25 | 0.0004 0.0093 0.0031 | 0.0377 0.0754 0.0895
200 4 075 0 | 0.0015 0.0011 0.0008 | 0.0435 0.0512 0.0561
200 4 0.75 0.25 | 0.0002 0.0028 0.0009 | 0.0429 0.0549 0.061
200 8 0 0 | 0.0018 0.0011 0.0037 | 0.0162 0.0144 0.0208
200 8 0 0.25 | 0.0017 0.0005 0.0035 | 0.0159 0.0142 0.0206
200 8 0.25 0 |0.0022 0.0013 0.0043 | 0.0183 0.018 0.0257
200 8 0.25 0.25 | 0.0026 0.0013 0.0047 | 0.0181 0.0174 0.0253
200 8 0.5 0 | 0.0031 0.0035 0.0057 | 0.021 0.0216 0.0322
200 8 0.5 0.25 | 0.0027 0.0032 0.0058 | 0.0206 0.0214 0.0314
200 8 07 0 0.001  0.0018 0.0025 | 0.021  0.019 0.0296
200 8 0.75 0.25 | 0.0014 0.0028 0.0024 | 0.0216 0.0197 0.0311
300 4 0 0 | 0.0005 -0.0033 0.0017 | 0.0266 0.0597 0.0698
300 4 0 0.25 | 0.0013 -0.0023 0.0046 | 0.0254 0.0593 0.0702
300 4 025 0 |0.0015 0.0065 0.0099 | 0.029 0.0705 0.0956
300 4 0.25 0.25 | 0.0015 0.0052 0.0071 | 0.0284 0.0698 0.0949
300 4 0.5 0 | 0.0013 0.0072 0.0043 | 0.0314 0.0636 0.0692
300 4 05 025 0 0.0073  0.0017 | 0.031 0.0641 0.0721
300 4 075 0 | 0.00038 0.0013 0.0005 | 0.0366 0.0434 0.0464
300 4 0.75 0.25 | 0.0004 0.0019 0.0002 | 0.0339 0.0432 0.0467
300 8 0 0 | 0.0008 0.0004 0.0024 | 0.0125 0.0129 0.0167
300 8 0 0.25| 0.001 0.0005 0.0026 | 0.0127 0.0129 0.0171
300 8 0.25 0 |0.0014 0.0011 0.0032 | 0.0145 0.0163 0.0209
300 8 0.25 0.25 | 0.0021 0.0016 0.0043 | 0.0145 0.0161 0.0213
300 8 05 0 | 0.0019 0.0028 0.0041 | 0.0163 0.0197 0.0257
300 8 0.5 0.25|0.0019 0.0031 0.0047 | 0.016 0.0198 0.0259
300 8 0.75 0 | 0.0007 0.0017 0.0015 | 0.0165 0.0174 0.0237
300 8 0.75 0.25 | 0.0004 0.0019 0.001 | 0.0171 0.0179 0.0253

38



Table 5: Bias and RMSE for estimating ai, x; stationary

N T v P Bias | RMSE
200 4 0 0 0.026 | 0.0195
200 4 0 0.25 | 0.0297 | 0.024
200 4 025 0 0.0461 | 0.0332
200 4 0.25 0.25 | 0.0493 | 0.0447
200 4 05 0 0.0811 | 0.0632
200 4 0.5 0.25 | 0.1037 | 0.0951
200 4 07 0 0.1815 | 0.1919
200 4 0.75 0.25 | 0.2385 | 0.5908
200 8 0 0 | -0.0035 | 0.0064
200 8 0 0.25 | -0.0002 | 0.0071
200 8 025 0 0 0.0077
200 8 0.25 0.25 | 0.0051 | 0.0093
200 8 05 0 0.0138 | 0.0104
200 8 0.5 0.25 | 0.0246 | 0.0151
200 8 07 0 0.0504 | 0.0253
200 8 0.75 0.25 | 0.0644 | 0.0351
300 4 0 0 0.0156 | 0.0116
300 4 0 0.25 | 0.0235 | 0.0167
300 4 025 0 0.0277 | 0.0203
300 4 0.25 0.25 | 0.0365 | 0.0296
300 4 05 0 0.0516 | 0.0397
300 4 0.5 0.25| 0.0594 | 0.0591
300 4 07 0 0.1093 | 0.1019
300 4 0.75 0.25 | 0.1643 | 0.2188
300 8 0 0 -0.007 | 0.0042
300 8 0  0.25 | -0.0024 | 0.0046
300 8 025 0 |-0.0002 | 0.0051
300 8 0.25 0.25 | 0.0026 | 0.0058
300 8 05 0 0.0066 | 0.007
300 8 0.5 0.25 | 0.0123 | 0.0089
300 8 07 0 0.0302 | 0.0139
300 8 0.75 0.25 | 0.0345 | 0.021
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Table 6: Bias and RMSE for estimating U/Qu x; non-stationary

N T v P Bias | RMSE
200 4 0 0 0.015 | 0.0151
200 4 0 025 0.011 | 0.0139
200 4 025 0 0.0152 | 0.018
200 4 0.25 0.25 | 0.0142 | 0.0182
200 4 05 0 0.0191 | 0.0195
200 4 0.5 0.25| 0.0196 | 0.019
200 4 07 0 0.0163 | 0.0181
200 4 0.75 0.25 | 0.0142 | 0.0191
200 8 0 0 -0.008 | 0.006
200 8 0 0.25 | -0.0073 | 0.0062
200 8 0.25 0 |-0.0092 | 0.0067
200 8 0.25 0.25 | -0.0054 | 0.0069
200 8 05 0 |-0.0071 | 0.007
200 8 0.5 0.25 | -0.0055 | 0.0072
200 8 0.75 0 |-0.0097 | 0.007
200 8 0.75 0.25 | -0.0103 | 0.0067
300 4 0 0 0.0077 | 0.0092
300 4 0 0.25 | 0.0111 | 0.0102
300 4 025 0 0.0104 | 0.0112
300 4 0.25 0.25 | 0.0128 | 0.0116
300 4 05 0 0.0131 | 0.0115
300 4 0.5 0.25 | 0.0105 | 0.0122
300 4 07 0 0.0099 | 0.0118
300 4 0.75 0.25 | 0.0093 | 0.0124
300 8 0 0 |-0.0099 | 0.004
300 8 0  0.25 | -0.0055 | 0.0039
300 8 025 0 |-0.0052 | 0.0044
300 8 0.25 0.25 | -0.0048 | 0.0042
300 8 05 0 | -0.0056 | 0.0047
300 8 0.5 0.25 | -0.0042 | 0.0045
300 8 0.75 0 |-0.0068 | 0.0044
300 8 0.75 0.25 | -0.0081 | 0.0046
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