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Deepest Minimum Criterion for Biased
Affine Estimation

Bruno Cernuschi-Frías, Senior Member, IEEE, Fernando Gama, and Daniel Casaglia

Abstract—Anew strategy called the DeepestMinimumCriterion
(DMC) is presented for optimally obtaining an affine transforma-
tion of a given unbiased estimator, when a-priori information on
the parameters is known. Here, it is considered that the samples
are drawn from a distribution parametrized by an unknown de-
terministic vector parameter. The a-priori information on the true
parameter vector is available in the form of a known subset of the
parameter space to which the true parameter vector belongs. A
closed form exact solution is given for the non-linearDMCproblem
in which it is known that the true parameter vector belongs to an
ellipsoidal ball and the covariancematrix of the unbiased estimator
does not depend on the parameters. A closed form exact solution is
also given for the Min-Max strategy for this same case.

Index Terms—Affine bias, biased estimation, constrained
estimators, least-squares methods, non-linear optimization, pa-
rameter estimation, positive definite matrices.

I. INTRODUCTION

T HE problem of parameter estimation is a fundamental
issue in signal processing, [1]–[6].

The key problem addressed here, and previously in [7]–[11],
is the inclusion of a-priori knowledge on the parameters to be
estimated.
There are two broad approaches to parameter estimation. On

one side there is the Bayesian model in which the unknown pa-
rameters to be estimated are considered as random variables,
[2], [6], [12], [13]. On the other side there is the point of view
that considers the samples as drawn from a known shape prob-
ability distribution with some unknown deterministic parame-
ters. The goal is to find a function of the samples, i.e. a statistic,
which in some sense determines or approximates, i.e. estimates,
the value of the unknown parameters that generated those sam-
ples. These estimators may be obtained in several ways, like
the Maximum Likelihood Estimator (MLE), the method of mo-
ments, median estimation to gain robustness, etc, [1]–[5]. There
are situations in which a cost function is considered. This cost
is a function of the true parameters and their estimators. Usu-
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ally, cost functions take the form of norms of the difference
of the unknown parameters and their estimators considered as
vectors. The most used cost function is the mean squared error
(MSE) criterion. To choose an estimator in terms of the specific
problem considered, additionally, several desirable properties
of the estimator are sought, like unbiasedness, strong or weak
consistency, small variance, if possible efficiency (Cramér-Rao,
Battacharya, Barankin, etc.), asymptotic properties, algorithmic
complexity, computing efficiency, etc., [1]–[5]. In particular, the
MLE is asymptotically unbiased in the number of samples, [4],
[5]. For finite number of samples, it is usually required that
the estimator be unbiased. The combined consideration of un-
biasedness and MSE cost function leads to the powerful theory
of Minimum Variance Unbiased Estimation (MVUE), based on
the concept of sufficient statistics, see e.g. [2], [5].
It is known that in some situations biased estimators per-

form better, see e.g. [10], with respect to the same cost func-
tion. This is the situation for the affine biased estimators consid-
ered in [7]–[11], where the improvement of the biased with re-
spect to the unbiased estimator is directly related to the a-priori
knowledge of the possible values that the true unknown deter-
ministic parameters may have. The idea in [7]–[11] consists in
obtaining a biased estimator through an affine transformation
of a given unbiased estimator. To determine the optimal affine
transformation a Min-Max criterion is used in [8]–[10], while a
Linear Matrix Inequality (LMI) criterion is used in [11]. In both
cases convex programming techniques [14], are used to solve
the problem.
In the same general setting of [8]–[11], here, an alternative

optimality strategy, called the Deepest Minimum Criterion
(DMC), is proposed for obtaining affine estimators.
Given an unbiased estimator, the DMC strategy allows to

obtain the closed form solution of the non-linear problem that
solves the DMC criterion for the optimal affine estimator when
the parameters are constrained to belong to a closed ellipsoidal
ball and the covariance matrix of the unbiased estimator is in-
dependent of the parameters. This result is given below in the
Main Theorem. This result also permits to obtain the Min-Max
optimal solution under the same conditions for the problem an-
alyzed in [9].
The DMC results in an admissible affine estimator (DMC es-

timator). The Min-Max estimator [9] is also an admissible esti-
mator, and therefore, neither of them is better than the other one
over all the region of interest. Because of its design, the DMC
estimator has a smaller MSE than the Min-Max estimator near
the center of the validation ellipsoidal ball while at the boundary
of this region it is worse than the Min-Max. Therefore, if ad-
ditional a-priori knowledge on the whereabouts of the param-
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eter vector is available, the designer may choose between the
Min-Max estimator (which is better near the boundary) and the
DMC estimator (which is better near the center). Closed form
expressions for the subregions within the ellipsoidal ball where
each estimator is better than the other are given in Section III.
The general problem of affine biased estimation is considered

in Section II. The Deepest Minimum Criterion is presented in
Section III. The Main Theorem is presented in Section III-B.
A numerical example of the application of the DMC is given
in Section IV. In Section V the conclusions are given. In the
Appendix all the Lemmas and Theorems needed to prove the
Main Theorem are stated and proved.

II. AFFINE BIASED ESTIMATION

In this section the motivation for the affine estimator will be
discussed. However, some definitions and results that set up the
context are required first. These definitions and results can be
found in Section II-A and the particular considerations for the
case of constant covariancematrixmay be found in Section II-B.
In Section II-C, the special case of assuming that the affine es-
timator is obtained by multiplying the unbiased estimator by a
constant and shifting it is analyzed. This case is very illustrative
as it reveals the basic concept of the DMC strategy.

A. General Considerations

Let be a given unbiased estimator of the true param-
eter that generated the samples , inde-
pendent or not, drawn from some parametrized probability Dis-
tribution Function , with and
so that , see e.g. [2]. It is assumed that the co-
variance of the unbiased estimator exists for all values of and
. Consider the estimator

(1)

where is a square matrix, not necessarily
symmetric, and .
Throughout this paper a given fixed unbiased estimator

will be considered and, when compared, all affine
estimators , of the form (1), will be transformations of
the same unbiased estimator . Since minimizing squared
errors is the problem here, if possible a MVUE should be the
preferred unbiased estimator to choose.
The weighted mean squared error, MSE, of is

defined as

(2)

where is a known symmetric positive definite
(s.p.d.) matrix that may give different weights to the compo-
nents of the error vector, as considered in, for example [13], pp.
94 or 135. Usually, is taken to be the identity matrix.
Call

the covariance matrix of the unbiased estimator . The
matrix is, in general, a function of and , the number

of samples in . From (2), the weighted mean squared error of
the biased estimator is

(3)

where is the unique symmetric positive def-
inite square root of (see Appendix, Lemma 1). Note that

.
Define , , ,

,
, , and

, then (3) turns into

(4)

Call the right hand side (RHS) of (4), so
that , and note that

.
Observe that if , all tildes may be dropped.
If (4) shows that if , then

, , so that the unbiased estimator
is strictly better than the biased estimator. Hence, if ,
then should be taken , yielding .
See also Observation 5 below. Therefore, in what follows, it is
considered that .
Furthermore, throughout this paper, will be

assumed, meaning that there is no , such that
. Otherwise, acts as an identity in some subspace of

the parameter space, and then, there would be some linear com-
binations of the components of the biased estimator that cannot
be improved beyond the corresponding unbiased estimator as
before. Discarding those components, the problem is reformu-
lated in terms of . Hence, in this paper it will
always be considered that , so that (4) can be
rewritten as

(5)

The interest is set on obtaining and that define a biased
estimator, , with less MSE than that of

inside a region that will be called the valida-
tion-region, that is

(6)

with strict inequality for at least one value of .
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Fig. 1. Illustration of the DMC for a generic bounded validation-region.

Equivalently, find and such that

(7)
for all , where . Note that

when .
In particular, to obtain a closed form solution, the a-priori

known validation-region that will be considered is the closed
ellipsoidal-ball , see Appendix Definition 1,

(8)

with s.p.d., i.e. , , and
both a-priori known. This region will be called the validation-
ellipsoid. Equivalently, with and

, :

(9)

For notational simplicity, all tildes will be dropped from now
on. If , the corresponding equations are recovered using
the tilded counterparts.

B. Covariance Matrix independent of

Define and .
When the covariance matrix does not depend on , i.e.

, (5) and (7) imply

(10)

The left hand side (LHS) of the inequality in (10) corresponds
to the equation of an upwards paraboloid with axis in the di-
rection of the MSE axis. This paraboloid will be called the
error-paraboloid and it is shown in Fig. 1.
The least MSE value corresponds to which is the -plane

coordinate of the vertex of the paraboloid, with MSE value

. Define as the value of theMSE at the vertex
of the error-paraboloid, i.e.

.
Note that

(11)

since .
Assuming that there exists a for which the inequality

in (10) is strict, then , and then (10) may
be rewritten as:

(12)

for all . Equation (12) defines a closed ellipsoidal-ball
that will be called the error-ellipsoid. Then, the error-ellipsoid
is given by , see Appendix Definition 1, where

(13)

Hence, the surface of the error-ellipsoid is the intersection of the
error-paraboloid with the hyperplane. This is illustrated
in Fig. 1.
The following observation considers what should be the value

of in case the vertex .
Observation 1: Since is s.p.d. then

, , and by virtue of Appendix
Lemma 2, if and only if .
The next observation deals with the change of the translation

and shape of the error-paraboloid when the parameter of the
affine transformation is modified.
Observation 2: Note that, from the LHS of the inequality in

(10), the minimum MSE value of the error-paraboloid, given
by , is independent of . Also, the LHS
of the inequality in (10) shows that a change in results in
a translation of the error-paraboloid parallel to the parameter
space, as well as a translation of the error-ellipsoid (12), not
changing their shapes nor their orientations, which are given by

and
respectively, both independent of .

C. Spheroidal Error Affine Estimator

There are infinite solutions and for (10) for a given
bounded validation-region . Taking, for instance, ,

, , so that , from (12) it
results

(14)
The matrix that describes the error-ellipsoid, ,

and the value of the MSE at the vertex of the corresponding
error-paraboloid are

(15)
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where it can be observed that, for this case, the error-ellipsoid
(14) is actually a spheroid with radius , , given
by

(16)

Therefore, if the validation-region is bounded, then by taking
, sufficiently close to 1, the validation-region will

be entirely tightly contained in the error-spheroid described by
(14).
The aim of the new DMC strategy to be introduced in the next

section is to reduce the value of the MSE at the vertex of
the error-paraboloid as much as possible while the error-ellip-
soid contains the validation region. Then, (15) shows that has
to be as close to zero as possible. However, the validation-re-
gion has to be contained inside the error-ellipsoid, otherwise,
the affine estimator would not have less MSE than the unbiased
estimator over the whole region . The radius defined by
(16) is an increasing function of for , so minimizing
the value of the MSE at the vertex, subject to the constraint, is
equivalent to shifting (in virtue of Observation 2) and shrinking
the error-spheroid (14) until it tightly contains the validation-re-
gion .
In the case in which the validation-region is the validation-el-

lipsoid given by (9), then the optimal corresponds to the min-
imum value of equal to the major semi-axis of the valida-
tion-ellipsoid, , that is

(17)

and is obtained from .
The idea is to generalize the above analysis to any matrix

satisfying and .
A very important aspect to observe is that, when , i.e.

, the value of theMSE at the vertex is zero, i.e. ,
hence taking the lowest value it can have, see Observation 1.
The error-ellipsoid is then a spheroid and the corresponding ma-
trix is centered at . If the validation-re-
gion is inside this error-spheroid, then it will not be possible
to achieve a lower vertex for the error-paraboloid than the one
achieved for the error-paraboloid. This error-parabo-
loid will be called the minimal error-paraboloid and the corre-
sponding error-ellipsoid (12), which is a spheroid, will be called
the minimal error-spheroid, as shown in Fig. 1. This situation
corresponds to the case in which the biased estimator is a con-
stant equal to , i.e. , and, in a sense, is a multi-di-
mensional generalization of the Hodges-Le CamEstimator [15],
[16]
Therefore, if the validation-region is contained completely

inside the minimal error-spheroid, then the optimal affine esti-
mator, according to the DMC deepest vertex new criterion, is a
constant conveniently chosen inside the validation-region. In
case that the validation-region is an ellipsoid with center , see
(9), may be taken as the center of this ellipsoid, i.e. .
For this first situation, no estimator depending on the data is
needed.
A second situation corresponds to the case in which the vali-

dation-region intersects the minimal error-spheroid, part inside,

part outside. Depending on the geometry of the validation-re-
gion, it may be possible that, by reformulating the parameter
vector and correspondingly the unbiased estimator, there will
be some components that will fall in the first situation, while the
rest will fall in the third situation analyzed next. This second sit-
uation will not be further analyzed here.
The third situation is when the validation-region completely

contains a minimal error-spheroid for some . This is the
case that will be analyzed throughout here. It should be observed
that the third situation is the case of practical importance, since
the first situation corresponds to the case in which the a-priori
knowledge of the validation-region has greater accuracy than
the biased-estimator and then no estimator based on the sam-
ples would be needed, by simply taking the estimator to be a
constant.
Therefore, from now onwards, it will be considered that the

validation-region contains a minimal error-spheroid

(18)

for some . Fig. 1 illustrates this discussion.
For the case when the validation-region is the validation-el-

lipsoid (9), the restriction that the validation-ellipsoid contains
the minimal error-spheroid (18) can be written as an LMI, as the
next observation shows.
Observation 3: In the case that the validation-region is an

ellipsoid , since we assume that for some it is
, then by Appendix Lemma 9

it is , and then, from Appendix
Lemma 8 it should be

(19)

The following observation deals with the value of the vertex
of the error paraboloid for the case the biased estimator achieves
the minimal error-spheroid (i.e. is a constant).
Observation 4: It is observed that the estimator that

achieves the minimal error-spheroid is meaning
that the biased estimator is simply a constant, and then

, if and only if , (see Observa-
tion 1 and Appendix Lemma 2).
The next observation deals with the case when the vertex

of the error-paraboloid belongs to the -hyperplane, i.e.
, see Fig. 1. In that case, it is

shown in the next observation, that the error-paraboloid degen-
erates in the -hyperplane, i.e., and , so that

.
Observation 5: When is independent of and
contains a minimal error-spheroid given by

(18), if , then
so that, from (4) and since it should be

, then
for all . Then, for all and

then for all . Hence, and .
To show this, define , for , with

, where
is the unit vector with a 1 component in the -th position and 0
elsewhere. Then and then
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for . Since , then
. Hence for ,

and then Then it results and then ,
so that , and then the error-paraboloid given
by the LHS of the inequality in (10) degenerates in the
hyperplane.
Finally, some considerations about what happens when the

vertex of the error-paraboloid is above the -hyperplane,
i.e. , see Fig. 1.
Observation 6: If , then (4) shows

that the error-paraboloid is above the hyperplane. Then,
for all and then

the unbiased estimator is always better than the biased estimator.
Hence, these observations show that the meaningful case to

be considered is when , i.e. when the
vertex of the error-paraboloid is below the -hyperplane,
see Fig. 1.

III. THE DEEPEST MINIMUM OPTIMALITY CRITERION

The question that arises is if there exists an optimal way to
choose and for a given validation-region that contains a
minimal error-spheroid, with the restrictions
and . The solution obtained depends on
the optimality criterion selected.
One of these criteria is the Min-Max strategy adopted in

[7]–[10]. A linear matrix inequality criterion is discussed in
[11].
Here, an alternative strategy called the Deepest Minimum

Criterion (DMC), is introduced.
In what follows, the case considered will be that in which

does not depend on .

A. Problem Formulation

The DMC problem can be formally stated as follows.
DMC-General Form: Let be a s.p.d. matrix

and let , where , define a bounded validation-region
such that it contains a minimal error-spheroid ,
see (18), for some spheroid center . Find and

such that the error-ellipsoid , see (12), with
and given by (13), contains the validation-region, , with

and , and the value
of the MSE at the vertex of the error-paraboloid (11),

, is minimum.
In what follows, the validation-region considered will be

an ellipsoid given by (9), characterized by a known
s.p.d. matrix and a known center , called
the validation-ellipsoid. For this situation the problem will be
called the ellipsoidal DMC problem (E-DMC),
E-DMC-General Form 1: Let be s.p.d. ma-

trices. Find with and
, and , such that the error-ellipsoid

(see (12) with and given by (13)), contains the
validation-ellipsoid , see (9), which in turn contains
a minimal error-spheroid , see (18), for some
center , and such that the value of the MSE at
the vertex of the error-paraboloid given
by (11) is minimum.

As in Observation 3, now arguing for the error-ellipsoid with
respect to the validation-ellipsoid, using Lemmas 8 and 9, see
Appendix, together with Observation 2, (see also steps 1 and 2
in the proof of the Main Theorem), Form 1 is equivalent to
E-DMC-General Form 2: Let be

s.p.d. matrices, with . Find
with , such that

is minimized, subject to

(20)

Observation 7: Assuming there exists that solves the pre-
vious problem, using Observation 2, an optimal is obtained
as . In the next subsection it is shown that a
solution always exists and is unique.
With , using (11), Form 2 is equivalent to
E-DMC-General Form 3: With the same assumptions for

and than for Form 2, find with and
such that is

maximized subject to

(21)

Theorem 1 (see Appendix) gives the characterization that an
optimal solution for Form 3 must have the form of

, i.e. should be symmetric and, furthermore, pos-
itive definite. This is an important result because it reduces the
search for possible candidates of the solution to matrices that
satisfy that condition. Equivalently, since , it is

. Theorem 2, (see Appendix), further con-
straints the search of to matrices such that is sym-
metric and . Using Appendix Theorems 1
and 2, Form 3 of the E-DMC problem is equivalent to
E-DMC-General Form 4: With the same assumptions for

and than Form 2, find such that is s.p.d., with
, and such that is maximized

subject to (21).

B. Closed Form Exact Solution for the Ellipsoidal Constraint
Case

Except for the Main Theorem, the Lemmas and Theorems
mentioned below can be found in the Appendix.
Consider a fixed unbiased estimator with a given

s.p.d. covariance matrix and a fixed given validation-el-
lipsoid , such that , for
some .
Call a valid pair if ,

, and if the corresponding error-ellipsoid
, where and are given by (13), is such

that Then,
using Lemma 9 it results that

.
Define for each matrix s.p.d.

(22)
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Then, from Theorem 3 it is .
Given an error-ellipsoid such that

, Theorem 4 permits to find a
valid pair , with , whose error-ellip-
soid coincides with . A simple argument leading to
the result of Theorem 4 is given in the Appendix after the
proof of Theorem 4. Theorem 5 shows that among all the
error-paraboloids that have the same error-ellipsoid ,
the error paraboloid corresponding to the pair is
the pair with deepest vertex and is the unique pair with
that property. The pair will be called the (deepest
vertex) DV-pair, the error-paraboloid that corresponds to
this pair will be called the DV-error-paraboloid, and its cor-
responding vertex the (deepest) D-vertex, with MSE value

, where
see (11) and (35). Hence there is a one-to-one

correspondence between error-ellipsoids and optimal DV pairs
for a given error-ellipsoid. Then, the MSE value

at the D-vertex is uniquely determined by the matrix , see
Observation 2. Hence, define , so that

(23)

Observation 8: The estimator obtained
from Theorem 4 (corresponding to the DV-error-parabo-
loid for a given error-ellipsoid) dominates, for all

, any other estimator with the same
error-ellipsoid , i.e.

for all . To show this de-
fine . On one side, since is given
by (13), then from the LHS of the inequality in (10) it results

.
On the other side, with , from (36) using (11),
the LHS of the inequality in (10) results in

. Recalling
Definition 1 in the Appendix the result follows from Theorem
5.
Theorem 6 together with Lemmas 9 and 8 and Observa-

tion 2 show that given two error-ellipsoids corresponding to
valid pairs, such that if is inside then

(corresponding to the MSE value of the D-vertex for
), is lower than (corresponding to the MSE

value of the D-vertex for ).
With these considerations the solution of the E-DMC problem

is given by:
Main Theorem: The solution of the E-DMC Problem is

uniquely given by

(24)

Proof:
1) Let be an arbitrary valid pair. To this pair it cor-
responds an error-paraboloid given by the LHS of the in-
equality in (10) using and , with vertex located at

and MSE value . This
pair has an error-ellipsoid with
given by (13) using .

2) Next, consider the pair . The corre-
sponding error-paraboloid is a translation by of
the first one. The MSE value at the vertex is given
by , see Observation 2. Correspondingly
the error-ellipsoid is the first one translated by ,
and then by Lemma 9. Hence the
pair is a valid pair.

3) Let with , be the DV-pair
obtained applying Theorem 4 to the error-ellipsoid

. Since then
is a valid pair. To this pair it corresponds the DV-error-pa-
raboloid given by the LHS of the inequality in (10)
using and , with D-vertex located at with
MSE value . By Theorem 5 then it is

.
4) Let be the DV-pair obtained applying Theorem
4 to the error-ellipsoid taken coincident with the valida-
tion-ellipsoid . This is a valid pair. To this pair it
corresponds the DV-error-paraboloid given by the LHS of
the inequality in (10) using and , with D-vertex lo-
cated at with MSE value .

5) By Theorem 6 it is , and then
. Hence is a lower bound for the MSE value
corresponding to any valid pair . Since the

MSE value is realizable by the valid pair
then it is an optimal solution that achieves the minimum
sought.

6) Uniqueness follows from the uniqueness results of Theo-
rems 4 and 5.

It is observed that if , then the tilded variables should
be used in the optimal solution (24). Unlike the situation in [13],
p. 94, when the obtained estimator depends on the
matrix .
The pair given by (24) will be called the E-DMC-pair. The

DV-error-paraboloid corresponding to the E-DMC-pair will be
called the E-DMC-error-paraboloid and its corresponding error-
ellipsoid the E-DMC-error-ellipsoid.
It can be shown that the Min-Max criterion optimal solution

for the case of ellipsoidal constraint with constant
covariance matrix analyzed in [9], with , is given
by , with , and .
This solution is unique and it checks the Karush-Kuhn-Tucker
conditions given in [9], p. 3831, with

Its corresponding error-paraboloid, called the Min-Max-error-
paraboloid is given by the LHS of the inequality in (10) using

and .
Define the intersection-ellipsoid as the intersection of the

E-DMC-error-paraboloid with the MinMax-error-parabo-
loid. Using the Main Theorem, the intersection-ellipsoid is

with . Note that, since
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it is so that
, and then .

Then, outside the intersection-ellipsoid the Min-Max esti-
mator is better than the DMC estimator, while inside the inter-
section-ellipsoid the DMC estimator is better that the Min-Max
estimator.

IV. NUMERICAL EXAMPLE

As a numerical example, the same linear regression simula-
tion carried out in [11] will be used.
Let be a set of measurements, with

, and
where is the measurement noise assumed to be gaussian
and white, with zero mean and variance. There are
measurements available.
The following linear regression model can be set up

with ,
, and

...
...

. . .
...

(25)

Note that is the parameter vector to be estimated.
It is considered that and the validation region

is given by and as in ([11],
Section V. A). However, unlike the Monte Carlo simula-
tion carried out in [11], where 300 parameters are chosen at
random inside the validation-region, here only two param-
eter vectors are chosen to better illustrate the comparison
between the Min-Max and the DMC affine biased estima-
tors. Another difference is that, instead of fixing the variance
as in [11], in this case, several values of are consid-
ered,

. The value used in [11] is included
in this interval. Then, the covariance matrix of the unbiased
estimator is , with , [5]. For
each value of and for each value of the true parameter, 1000
independent trials are run, the same as in [11].
Each one of the two strategies are considered for each of

the simulations. The DMC estimator given by (24) and the
Min-Max by . The unbiased estimator consid-
ered is . Neither the unbiased CRLB
nor the Biased CRLB are considered in the figures, because
the unbiased estimator is efficient, and the biased CRLB [1] is
not considered because each of the affine estimators have a dif-
ferent biased CRLB (the bias depends on the matrix and the
vector chosen for each transformation) and also because the
affine estimators achieve the CRLB as they transform efficient
unbiased estimators (see [7], p. 2944 and [9], th. 1, p. 3827).
The first true value of the parameter is

. The result is shown in
Fig. 2.
It is observed from Fig. 2 that the DMC estimator is the best

one because the true value of the parameter is near the center,
and the DMC has the deepest vertex (which guarantees lower
MSE near the vertex).

Fig. 2. Simulation results for MSE in the case when
as a function of .

Fig. 3. Simulation results for MSE in the case when
as a function of .

The second value of the parameter is
. The result is shown in

Fig. 3.
In this last case, it is observed from Fig. 3 that the Min-Max

estimator is the best one because the parameter is located near
the edge of the validation ellipsoid.
From the analysis of the two simulations, it is observed that

the Min-Max estimator yields similar results irrespective of the
location of the true parameter, which is consistent with the con-
servativeness of this strategy. Also, in all cases, the affine esti-
mators are better than the unbiased estimator, especially for the
adverse case of higher noise variance, because the information
given by the validation-region becomes more important.

V. CONCLUSION

Here, a characterization of affine estimators has been dis-
cussed. A new optimization strategy called the Deepest Min-
imumCriterion was introduced to obtain an optimal affine trans-
formation of a given unbiased estimator. The exact optimal so-
lution for this nonlinear problem under ellipsoidal constraint
when the covariance of the unbiased estimator is constant has
been obtained in closed form. The solution presented here has
immediate practical applications whenever one may restrict the
parameter region to an ellipsoid.
The closed form exact solution is also given for the Min-Max

affine estimator when the parameter is constrained to an ellip-
soid and the covariance matrix of the unbiased estimator is in-
dependent of the parameter. An interesting relationship between
theDMC and theMin-Max closed form expressions is observed.
A numerical example taken from [11] has been considered in

order to illustrate a practical comparison between the Min-Max
and the DMC affine estimators and an unbiased estimator.
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Biased affine estimators are advantageous whenever one has
very few samples or when the covariance of the unbiased esti-
mator is large. That is, whenever the a-priori knowledge may
be a real help. In this sense, the discussion on dogmatism in
[2] is also relevant here. Another advantage of the closed form
solution presented here, is that since it gives an exact solution
for the ellipsoidal case, it may be used for testing software that
solves convex programming optimization, or other non-linear
optimization software, that obtain affine biased estimators under
more complex validation-regions.
In a following work the exact closed form solutions for the

Min-Max and the LMI estimators for the case of constant co-
variance of the unbiased estimator under ellipsoidal constraint
will be discussed, as well as the relationship between Bayesian
estimators and the DMC affine estimator introduced here.

APPENDIX

The basic results about symmetric positive definite (s.p.d.)
and symmetric non-negative definite matrices (s.n.n.d.) may be
found in [3], [17]–[20]. Here, the following results are recalled
as lemmas.
For a real number , denote by the unique real

non-negative square root of .
Lemma 1: Let be a s.n.n.d. (s.p.d.) matrix, .

Then, there exists a unique s.n.n.d. (s.p.d.) matrix, denoted ,
such that .

Proof: See [17], p. 405, Theorem 7.2.6.
Lemma 2: Let be a s.p.d. matrix, and

be an otherwise arbitrary rectangular matrix. Then
if and only if .

Proof: Since is s.p.d. then by Lemma 1, is s.p.d.
Call , and the (i,j)-th element of . Then

, so that
, and then because . The converse is

immediate.
The following lemma is the key result to establish the Löwner

partial order for s.p.d. matrices, [19], p. 1.
Lemma 3: Let be symmetric matrices. If

, then .
Proof: If then , for

all . Then , so that ,
for all . Then from Lemmas 1 and 2 it results

, for all . Then , so that
, and then .

The following result corresponds to the property of mono-
tonicity of the square-root operator for s.n.n.d. (s.p.d.) real ma-
trices.
Lemma 4: Let and be s.n.n.d. matrices, .

If , then . True also if both inequalities are
strict.

Proof: This is a consequence of the Löwner-Heinz in-
equality with , see [19], p. 2, Theorem 1.1. A direct
simple proof is given in [20], p. 9, proposition 1.2.9.
Lemma 5: Let and be s.p.d. matrices, .

Then if and only if . True also if
the inequalities are strict.

Proof: See [17], p. 471, Corollary 7.7.4.

Lemma 6. A Cauchy-Schwarz Inequality: For any two rect-
angular matrices, , ,

(26)

with equality if and only if .
Proof: See [17], p. 261, Theorem 5.1.4 for the Frobenius

norm (example in p. 291).
The following convexity property of the s.n.n.d. weighted

square operator follows from [20], p. 19, or [19], p. 31. A di-
rect proof is given here.
Lemma 7: Let and let be a

s.n.n.d. matrix. Then,

(27)

Proof: Since is s.n.n.d., then:
, for all . Expanding it results

and, adding
to both sides, it is

for all , from which the result is obtained.
Definition 1: Define the ellipsoidal-ball with center
and matrix s.p.d. as

(28)

Definition 2: The ellipsoidal-ball with center and
matrix s.p.d. is contained in the ellipsoidal-ball with
center and matrix s.p.d. if and only if, whenever

, then .
The following two results give some simple relations between

ellipsoids and s.p.d. matrices. In particular Lemma 8 gives an
alternative interpretation of the Löwner partial order for s.p.d.
matrices, in terms of set inclusion of ellipsoids. Other related
results, like the S-procedure, may be found in [14], [21].
Lemma 8: The ellipsoidal-ball with center and matrix
s.p.d. is contained in the ellipsoidal-ball with center

and matrix s.p.d. if and only if .
Proof: Assume, first, , hence

. If be-
longs to the ellipsoidal-ball , then ,
so that and then belongs to the
ellipsoidal-ball .
Conversely, assume is inside . The proof is by contra-

diction: assume is not true. Then, there exists
, with , such that

, where the first inequality follows since
is s.p.d. Define

Hence,
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and then . But so that
, and since by hypothesis, , then it should be
, a contradiction.

Lemma 9: Let and be two ellipsoidal-
balls such that . Then

, for any .
Proof: Call and , so that

, . By hypothesis
, and then . Since

has central symmetry then , and
since also has central symmetry then , so that

. Since is convex then

and then for any it is , from which the
result follows.
Theorem 1: Suppose that there exists an optimal solution

for Form 3 of the E-DMC Problem. Then the
matrix is symmetric and positive definite.

Proof: Let be a singular value decompo-
sition of , with diagonal and , and and
orthogonal.
Assume and are fixed, then is the orthogonal

matrix that minimizes .
If not, there exists an orthogonal matrix such that

and then would be a better solution
for the E-DMC Problem Form 3, that satisfies all the required
constraints, in contradiction with the hypothesis, since

Then, may be found as the matrix that sat-
isfies

This problem is well posed, since, using e.g. the Frobenius norm
in , the objective function is continuous with respect to

, and the collection of all the orthogonal matrices
is a compact subset of , so that by Weierstrass’ The-
orem at least one minimum exists. To solve this problem the
Lagrange multipliers method, [22], [23], will be used. Note that
both the objective function, as well as the con-
straint functions are continuously differentiable with respect to
the variables consisting of the elements of . Since it can be
checked that the gradients of the constraints with
respect to the variables are linearly independent, resulting in

in Theorem 2, page 177, [22], see also e.g. Theorem 5.8,
page 112, [23], then, Lagrange multipliers exist that solve the

problem above. Hence, the Lagrange multipliers method may
be applied. The restriction imposes equality con-
straints and, therefore, Lagrange multipliers will
be needed. This implies the use of a symmetric matrix Lagrange
multiplier, . The problem can be solved by finding
the matrix that minimizes

together with and . A necessary condition
for the solution is

(29)

where and denote the optimal
solutions, with and . Since

, from (29) it results
. Since , then

so that is symmetric.
To show that is positive definite note that, since

is symmetric, then it is diagonalizable , so
that . Hence is a
diagonal matrix with elements corresponding to the eigen-
values ’s, (with their multiplicities) of the s.p.d. matrix

. Then so that either or
, for . But minimizes

(30)

Note that the first two terms do not depend on the choice of signs
for the ’s since

Then, if (30) has to be minimum, then
should be a maximum.

Then all the eigenvalues of should be taken positive and,
therefore, proving that a necessary condition for the
optimal solution is that be symmetric positive definite.
Theorem 2: The optimal solution for Form 3 satisfies
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with s.p.d., and . If any of the inequalities
is strict then they are all strict.

Proof: Assume . Call

so that, . Since is symmetric and

By Theorem 1, is s.p.d. and using Lemmas 1 and 4, it
results .
Next, since is s.p.d, then, by Lemma 5,
if and only if if and only if

. Hence, if and only if,
. As for the converse of the first implication, if

then so
that . Then, using (11) it
results

. Since is a s.n.n.d. matrix, then
so that

and then all the inequalities have been proved. The strict
inequalities follow similarly.
Theorem 3: Let be arbitrary s.p.d. matrices.

Define

(31)

then with equality if and only if
.

Proof: Since and are s.p.d. then using Lemma 1
it results that and are s.p.d. so that

and ,
and then . Using the Cauchy-Schwarz inequality
(Lemma 6) with and , since

,
it results

(32)

with equality if and only if
, if and only if

, if and only if ,
if and only if for some .
Since , , with equality if and only if
, then, with , and multiplying by :

with equality if and only if .

Combining this result with (32)

with equality if and only if . Then
, so that since

, with equality if and only if .
Theorem 4: Given any s.p.d. matrix , and any

s.p.d. matrix such that , then the
matrix

(33)

with

(34)

is such that:
a) is s.p.d., and
b)

(35)

c)
(36)

d) is the unique solution that satisfies a) and c), and there-
fore b).
Proof: From Theorem 3 it is . To check a) note that

is s.p.d. by Lemma 1. To prove that
, start with

Since by Theorem 3, and using Lemma 4,

To check b) start with
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so b is checked.
To check c, from (35) and using (33)

Hence c) is checked.
As for uniqueness d), suppose there are two solutions,

with and s.p.d., ,
. From Theorem 2,

, for , 2. Define ,
. By hypothesis

Then,

so that, by Lemma 1,

Since

multiplying by it results

so that , and then , hence, the theorem is
shown.
As a side comment, the informal argument for the ob-

tainment of the closed form solution is discussed. Define
. According to Theorem 2 it should

be , and taking in account Theorem 1

Define . Since it should be s.p.d. ac-
cording to Theorem 1, and using Lemma 1 it results

so that

(37)

Equation (37) is replaced in the definition of
to obtain

.
Then , so that

Next proceed as in a), b) and c) to check that indeed the solution
was found.
Theorem 5: Given a s.p.d. matrix, suppose

is such that ,
, and

where is defined as

(38)

then

(39)

where , and Theorem 4 defines , which is
obtained from (33) and (34) using the matrix given by (38).
There is equality in (39) if and only if .

Proof: Call , and .
Then, from (38), (33), and (34) it is

Define . Then
,

so that is orthogonal. Hence, . Then

, so that

(40)

where the last equality follows from (35). Since is
s.p.d. by Theorem 4, using Lemma 1 and the Cauchy-Schwarz
inequality Lemma 6, with , and

, so that , then
, with equality if and only if

(41)

Hence, from (40) it results , and using (11) it results
, with equality if and only if , since

and . Since there is equality in (39) if and only
, from (40) and (41) there is equality if and only if

, i.e. when .
As a corollary for any both s.p.d it

is with
equality if and only if the matrix is normal.
The proof follows from Theorem 5 taking with

.
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Theorem 6: Let , and
be s.p.d. matrices such that

(42)

Then, see (23)

(43)

equivalently

(44)

where

(45)

There is equality in (43), and then (44), if and only if .
Proof: The proof requires special care since no commuta-

tivity assumptions are made. Let , , 2, be the
s.p.d. matrices defined as (using Lemma 1)

(46)

so that

(47)

Note that (47) is a Riccati equation. The definition (46) turns
(45) into

(48)

From (42),

and, using Lemmas 1 and 4,

so that

and then,

(49)

To prove (44) is equivalent to show that, see (48)

(50)

Equation (50) can be rewritten as

(51)

using the fact that
for arbitrary

symmetric matrices . Using this last fact
again, (51) turns into

(52)

where is the symmetric matrix

(53)

Noting that is s.n.n.d. by (49) and using Lemma 1,
from (52) it results

(54)

so that if is s.n.n.d. then , and then the theorem would
be proved. To show that is s.n.n.d. define the matrix

as the s.n.n.d. matrix given by

(55)

which can be rewritten as

(56)

Using (56) in (53)

(57)

where is given by (55) and

(58)

(59)

Matrix is s.n.n.d. since and by the Cauchy-Schwarz
inequality (Lemma 6) with and

, the constant that multiplies is non-negative,
and it will be zero if and only if

, i.e. if and only if for some
with .

As for , from (42), it is
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and using (47):

so that

(60)

By Lemma 7

and then using (60) it results

Hence the matrix defined by (59) is a s.n.n.d. matrix.
Since , and are s.n.n.d., then is s.n.n.d. and then

, i.e., , so that , and then the
result is proved.
As for equality in (43) and (44), from (50), it will be true if and

only if . Then, (54) shows that if , then using
Lemma 2 it is , and then from (46) it results .
If , then there exists , with , such
that , and then . Since the ’s are s.n.n.d.,
from (57) it results , for , 2, 3. Since is
s.p.d. then strictly. Since then the
coefficient in the RHS of (58) is zero. As previously discussed
after (58), then , for some with since

, see (46). Next, since , from (55) using

Lemma 2 it results , and since

, then . Since , from (59) with
and , it results

. Hence , so that . Then,
from (47) it results . Finally, using Lemma 3 in
(42), it results , so that , and the proof
is concluded.
With the same general argument but a simpler proof since no

commutativity issues arise, it is
Theorem 7: Let be a probability space. Let and
be real random variables such that w.p. 1.

Then:

(61)

with equality if and only if w.p. 1.
Proof: As in (50) define

so that

from which the result is obtained.
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