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1. Introduction

The object of this paper is to study the Finsler metric in the general linear group G = GL(N) given by left translation of the
p-norm induced by the trace in the space of N x N complex matrices. Namely, since GL(N) is open in the space My (C), the
tangent space of GL(N) at any point identifies with My (C), and if x € My(C) is regarded as a tangent vector at g € GL(N),
then the metric we consider is given by

Ixllg = llg™'xll, = T((x* (@ H*g M,
where p = 2n is a fixed even integer, and 7 is the normalized real part of the trace.

This metric is Riemannian when p = 2, and as noted by V.I. Arnold [1, Section 2], it is the natural metric in the study of the
Lie group of movements of the generalized rigid body problem. Thus the geodesics of this group obey the least action prin-
ciple for the kinetic energy of the body. In particular, one-parameter groups (which we will show that correspond to normal
initial speeds in Section 2.1.2) are the rotations of the rigid body around its major axes in the moment of inertia ellipsoid.

Ifg(t), t € [0, 1] is a smooth curve in G, the length functional is defined by

1
Lp(g) = /0 g~ (O llpdt,
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and the distance between g, h € GL(N) is defined as the infima of the lengths of piecewise smooth curves joining g, h in
GL(N).

Our goal is to characterize and establish the existence and uniqueness of smooth (C!, C*°, etc.) minimizing paths for this
metric, studying the Euler-Lagrange equation of the p-energy functional

1
&@y:/|m”mmowm
0

for g(t) € GL(N) a smooth curve parametrized in the interval [0, 1].

With the notable exception of the case p = 2 (which corresponds to the Riemannian situation), the p-energy and the
p-length functional are degenerate, in the sense that the second variation of each functional is nonnegative, but has
directions of degeneracy where it vanishes. In fact, for p > 2 and any initial condition v € M,(C), there are plenty of
directions of degeneracy, unless v is nonsingular (i.e. invertible). Thus this manifold lies beyond the reach of the standard
techniques of Finsler geometry, and in particular the existence of geodesic neighborhoods is not guaranteed.

This paper is divided into two main parts, concerning matrix algebras and compact operators on a separable complex
Hilbert space, and it is organized as follows. Suppose that a smooth curve g(t) € G, t € [0, 1] is given. Denote by

v(t) =g ' (Dg(t)

the left translation of the velocity vectors. In Section 2.1 it is shown that g is an extremal of the p-energy functional, if and
only if v satisfies the differential equation

iv(v*v)n—l — (v*v)n _ (vv*)n,

dt
which we call the Euler-Lagrange equation (of the p-metric). If p > 2 or if v is non-normal, this equation is difficult to deal
with. Using the one-to-one and smooth map

v w =),
which we call the Legendre transformation, this equation becomes the Hamilton equation:

b = (ww)?? — (wwH?? = jw|? — |,
where % + 117 = 1and |z| = +/z*z is the unique positive square root of the positive matrix z*z. Solutions w of this equation
have the remarkable property that the eigenvalues and multiplicities of w*w (and of ww*) are constant with respect to t. This
fact implies that the Hamilton equation has (unique) solutions defined for all t € R. Then we reverse the Legendre transform
to prove that solutions v = v(t) exist for any initial data, they are unique and C*. In Section 2.3, we establish some basic
facts concerning the rectifiable distance £, for continuous maps, and its relation with the p-length functional: rectifiable
arcs are almost everywhere differentiable, and minimal rectifiable arcs have constant speed (where it exists). Then, minimal
curves for the rectifiable distance are minimal points of the p-energy (a simple consequence of Holder’s inequality) and thus
fulfill the Euler-Lagrange equation, which forces them to be C*°. By means of Cohn-Vossen’s theorem for locally compact
geodesic length spaces, we prove that for given g1, g € G, there exists a unique C* curve of minimal length, such that the
left translation of its velocity vectors verifies the Euler-Lagrange equation. Under certain special conditions of the initial
speed, these curves are computed for any p = 2n. In Section 3, we study the classical Banach-Lie groups whose Banach-Lie
algebras are compact operators with p-summable singular values (p-Schatten operators), and we establish the smoothness
(C' in this case) of the critical points of the rectifiable length, and obtain a differential equation of the spectral projections
of these extremal curves.

This research was partially supported by PIP 0757 CONICET and PICT 2478 ANPCyT.

2. Matrix algebras

In this section, we work in the algebra of N x N complex matrices 4 = My(C), and we denote with G = GL(N) the
open subgroup of invertible matrices. Its tangent space at the identity (the Lie algebra) is identified with the full-matrix
algebra, and we consider several norms induced by the standard, normalized (7 (1) = 1) real part of the trace of the algebra,
T : A — R. Consider

x|} = z|x|P foranyp > 1,

which is called the p-norm. In what follows, |x| = +/x*x. The uniform norm is given by ||| = ||x|lcc = max{||x§|| : & €
CN, |IE|l < 1).1tis also called the supremum norm, or the spectral norm. It is worth mentioning here, that for any x € s,
and 1 <r <s, it holds that

xlle < lIxllr < lixlls < [1X]lo

and also that the uniform norm can be arbitrarily approximated by the p-norms for p sufficiently large.
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2.1. Euler-Lagrange equations and critical points

We establish the existence and uniqueness of extremal paths for the p-energy functional. The computations are only
carried out for even p. We postpone to Section 2.3 the relationship with the p-length functional, and the study of minimizing
properties of the extremal curves.

2.1.1. Variational calculus for the p-norms
Let p > 2 be an even integer and put n = p/2. Consider the p-energy functional

1 1
&) = f o) 12de = / (O v(e) e,
0 0

for a smooth curve g(t) (0 < t < 1) in the group G, where we put v(t) = g~ !(t)g(t), which is the left translation to the
identity of G, of the velocity vector of g. .

This functional is invariant for the left action of G: if we put h(t) = kg(t) for some k € G, we have h(t) = kg(t) and
h= (Oh(t) = g7 (DE(D).

We assume that g = g; depends smoothly upon a parameter s € (—¢, ¢), and we will use the apostrophe ’ to denote
the derivative with respect to the s-parameter. Let w = g~ 'g’ and v = g~!g. Now we compute %r(v*v)", we will use the
formula

vV =w+ [v, w],

that follows interchanging derivatives and using that dx~! = —x~!(dx)x~!. Thus
(U/)* = w* 4 [w*7 U*].
We have

()" =nt@* )" (v V),
SO we compute
W) = W)*v+ vV = @W* + [w*, v Dv + v*(w + [v, w])
= (w'v +v*w) + ((w*, v* v + v*[v, w)).
Finally,

d
wh +v'w = a(w*v +v*w) — (W' + v*w).

Note that, since t indicates the real part of the trace, then 7 (x) = t(x*). For the time being, we have three terms

1. 2nt(v*v)" w*[v, w]
2. —2nt(v*v)" lw*v
3. 2nr(v*v)”‘]%(w*v).
The last term can be rewritten as follows:
d d d
3. p‘r(v*v)"_law*v = pat(v*v)"qw*v —pt <E(v*v)"_1> w*v.
If we put together the second term with this last expression, we get
d s, \n—1_ x d %, \n—1 * d sk, \n—1 *
pdtr(v )" wrv — pr (dt(v v) w*v = —pt dtv(v V) w*.
Hence
19 *_\N d *_\n—1 * d k_\n—1 * *_\N kN1 *
—— ()" = —t(@ V)" Hw* -1t —v(@ V) w* 4+ t((w )" — (vv)Hw*.
p ds dt dt

The last term comes from the bracket and its adjoint. Now
1

8 *_ \n—1
*gp(gs) = (v('V)", w)

1 1
—/ <£v(v*v)”_l, w> dt +f (W )" — (vv™)", w)dt,
0 0

s 0 dt
where (, ) denotes the inner product of 4 induced by the (real part of) the trace
x,y) =1t(™).

This is the first variation formula for the functional &,. If we consider variations w(t, s) with fixed endpoints w(0, s) =
w(1, s) = 0, then the condition for g to be an extremal point is

d *k o\n—1 __ * o\ *\ 1
Ev(v v) = (v'v) (vv™)". (1)
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This is the Euler-Lagrange equation of our variational problem. In order to deal with it, we shall rewrite it as follows. Let

% + zl) = 1, i.e. q is the conjugate exponent of p (recall that p > 2 is an even integer). Note that -2~ = £ = g

2n—1 p—1 —
Consider the Legendre transformation given by

vi> w = v(v)"! (2)
and note that

@W*)" = w*w)m 1 and (V)" = (Ww*) 7T, (3)
Then the Hamilton equation is

w = [w|? — w4, (4)

where |w| = ~/w*w and |w*| = ~/ww*. In particular, w is self-adjoint, or stated in other way, the skew-adjoint part of w
must be constant.

In order to establish existence and uniqueness of solutions of the Hamilton equation, it suffices to show that the map
a — |a|? is locally Lipschitz. Since we are interested in solving this equation in two contexts, we recall here a result which
covers both. The proof is based on results in [2,3] (see also [4]).

Remark 2.1. Let 1 < r < 00, a,b € A where 4 is either a matrix algebra or the (unitized) ideal of compact p-Schatten
operators (see Section 3). Then there exists a constant c(r, d) > 0, such that if | a||;, ||b||; < d, then

llal” = [b"llr < c(r,d)lla — bl;.

Indeed, E.B. Davies proved in [2] that if a, b are operators such that a — b belongs to the r-Schatten class, then |a| — |b| also
belongs to this class, and there exists a constant c¢;(r) such that

I'lal — bl llr < c1(r)lla — bl

On the other hand, D. Potapov and F. Sukochev proved in [3] (see also [4]), that if f : R — R is a Lipschitz map, and x, y are
self-adjoint operators in the r-Schatten class, then f (x) — f (y) belongs to the r-Schatten class, and there exists a constant
¢ (r) such that

If ) = fFWlr < c2Mllx =yl

Our assertion follows considering the function f; : R — R given by
lel"ifjel <d
fa(®) =

t
d— if|t] > d.
[t]

Clearly fy is a Lipschitz map, and if x € B (#) verifies that ||x||, < d, fs(|x]) = |x|". Our claim therefore follows.

Note that, while in the matrix algebra A = My (C) we are dealing with the topology induced by the uniform norm (all
norms being equivalent for fixed N), one obtains that a +— |a| is locally Lipschitz for the uniform norm, with a constant
depending only on p, N and the radius of the ball where one wishes to obtain the estimate.

By the remark above, the Hamilton equation (4) has a continuously differentiable local solution w : (t_, t;) — A for any

initial condition w(0) € 4 by the standard result for ODE’s on Banach spaces (see for instance [5, Chapter IV]). Moreover,
the flow of solutions is a Lipschitz map with respect to the initial condition wy.

2.1.2. Special case: normal speed
Eq. (4) shows that the extremals of the variational problems are the one-parameter groups g(t) = e’ (v € ) if and
only if v is a normal element of 4. Indeed, if g(t) = e'*, then v(t) = g~ 1(t)§(t) = v, thus g is an extremal if and only if

()" = (v )",
which is equivalent to vv* = v*v. Note that the set of such speeds in the algebra 4 is closed, but not a submanifold, since
f(x) = x*x — xx* has vanishing differential at x = 1.

2.1.3. Special case: partial isometries as speeds
If the initial condition vy is a partial isometry, that is vov§ and v§vo are projections, then for any p = 2n,

g(t) = goe'*0e! o), (5)

is the unique solution of the variational problem with g(0) = gy, £(0) = govo. Indeed, let vy = xo + iyo with Xg, yo
self-adjoint, and define

. —_ ¥ ok —2i i —2i i .
U(t) — g—]g(t) —e t(vo UO)UOet(vo UO) —e thyovoezﬁyo —e thyOXOeZI[yO + ivo.
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Then, since v is a curve of partial isometries, (v*v)" = v*v, (vv*)" = vv* and v(v*v)"~! = v. Hence a direct computation
shows that

b = e 202y, x0]€P0 = v*v — vt

which implies that v is a solution of the Euler-Lagrange equation (1).
Note that the solution can be rewritten as

g2(t) =g et ®o—iyo) p2tiyo

2.1.4. The spectrum of the velocity vector
Returning to the general situation where vg is not a normal operator nor a partial isometry, note that

(w*w) = (w|? — [w*Hw + w*((w|? — |w*|9)
= |w|'w — ww|? + w*|w|? — |w|fw* =2 Sym[|w|?, w],
where Sym(x) = %(x + x*). Let k € + be the skew-adjoint part of w, which as noted above, is constant. Then
sym[|w|?, w] = [|w]?, k].
So, if we puta = |w|,
(@®) = 2[a%, k.
Fix an element K* = —K € «. The following auxiliary equation will be useful:

b = [b", K] = b®K — Kb®, (6)
where o = q/2. Note that if w is a solution of the Hamilton equation, then b = |w|? is a solution of (6) for K = 2k.
Lemma 2.2. If a continuously differentiable curve b(t) of positive elements of + is a solution of Eq. (6) and s > 1, then ||b(t)||s
is constant and the eigenvalues and multiplicities of b(t) do not depend on t. In particular, ||b(t)|| is also constant.

Proof. For eachn € Ny,

d .
ar(b") =nr(bb" ") = nt(b*Kb" ' — Kb*b"" ') = 0.

Therefore, if p is a polynomial, 7 (p(b(t))) is constant. It follows that if f is any continuous function on the real line, then
T(f(b(t))) is constant. Hence, for any s > 1, by considering f (t) = |t|, we obtain

Ib@)1I; = zIb(O° = T(F(b(t))) = T(f(b(0))) = [IbO) s

for any t € R such that solution b exists.

Let us show now that the spectrum of b(t) is constant. Indeed, suppose otherwise that A € o (b(tp)) and A & o (b(ty)).
Let f be a continuous function in the real line such that 0 < f(t) < 1,f(A) = 1and f is zero in the spectrum of b(ty). It
follows that

0 =7(f(b(t1))) = t(f(b(to))).

Since f (b(tp)) > 0, this implies that f (b(tg)) = 0. On the other hand, ||f (b(tp))|| = f(A) = 1. Thus the spectrum is constant,
and if we recall that the spectral norm of a normal (in particular, positive) matrix x can be computed as the maximum of A;,
where A; are the eigenvalues of |x| = +/x*x, then clearly b(t) has constant uniform norm. O

Remark 2.3. The same conclusion follows, if one supposes that b(t) is a Lipschitz map (in particular, continuous and almost
everywhere differentiable) and an a.e.-solution of Eq. (6). Indeed, reasoning as above, one has that b"(t) is a.e.-differentiable,
and therefore 7 (b"(t)) is constant for any n > 0.

Theorem 2.4. The Hamilton equation (4)
W= |wl! — w1, w(0) = wp
has a unique continuously differentiable solution defined for all t € R.
Proof. Let w(t) be alocal solution for this problem, defined for t € (t1, t;). Then, by the computations leading to Eq. (6), it
follows that b(t) = w*(t)w(t) is a continuously differentiable solution of Eq. (6). By the above lemma, this implies that

lw® 2 = T(w(®)[?) = T(b©)|"?) = [bE) 73

is constant. Note that in the inequality of Remark 2.1, the Lipschitz constant of the map a — |a|9, depends on the g-norm of
the initial condition, and careful inspection of the proof of the theorem of existence and uniqueness (see [5, p. 66]) shows that
t1, t; also depend only on it. Therefore, if we denote w; = w(t;/2) and pose the Hamilton equation (4) with initial condition
w(t;/2) = w;, this solution is defined on an interval of the same length as the previous solution, because [|w(0)|; =
llw(t1/2)ll4. Iterating this procedure, on both sides of the origin, one obtains a (unique) solution defined forallt e R. O
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2.1.5. Reversing the Legendre transform
We would like to obtain solutions, defined for all time, of the original Euler-Lagrange equation. The problem here is that
the Legendre transformation

vi> w = v(v)"!

is one-to-one and continuously differentiable, but not in general a diffeomorphism. Here, in the finite dimensional setting,
we could argue using invariance of domain and thus obtaining that t — v(t) is a continuous function, thus the differential
equations y = yv will have a unique C' solution y for any initial data. But we can do better, we can explicitly reverse the
transform. In order to do it, the following remark will be useful. Let us denote with R(v) C CV the range subspace of v € .

Remark 2.5. With notations as in the previous section, let
w = 2|w|

be the polar decomposition of w, £2 the unique partial isometry from R(|w|) to R(w) with kernel equal to R(|w|)* = N(|w|).
Then the polar decomposition of v is

v = Qw|FT = Qw|7T.
Indeed,
lwl = (w*w)? = (*0)*" )" = " = |pP!
and clearly N(v) = N(|v|) = N(Jv|** ') = N(w). Analogously,
|w*| — (ww*)l/Z — (v(v*v)zn—zv*)l/Z — ((vv*)zn—l)l/z — |U*|2n—] — |v*|p—l,

and thus R(v) = N(v*)* = N(Jv*|** 1)+ = N(w*)* = R(w). Therefore the claim follows by the uniqueness property of
the polar decomposition.

As above, let v = £2|v| be the polar decomposition of the solution v, and pg, pé stand for the projections to the kernel
and range of |v|.

Theorem 2.6. Each of the curves |w|, po, Q(:ij) and v are C* maps. In particular, the Euler-Lagrange equation (1) has a
unique continuously differentiable solution v(t) for t € R, with v(0) = vy, which is in fact C*°.

Proof. Let by = |wo|?, and recall that o (b(t)) is constant. Now if f (A) = /A is the principal branch of the complex square
root, then

1
w(®) = — fcx/m — b)) "dx

which shows that t — |w(t)] is C!, since b(t) = w*w(t), and w is C! by Theorem 2.4 (we picked any simple smooth
positively oriented path C around the non zero part of the spectrum of b(t)). Analogously, if A9 = exp(qlog())) denotes the
principal branch of the g-power, then

1
w(®)]? = Tmf 20— [w(®)) " dh,
C

where the curve C now is taken around the non zero part spectrum of |w(t)|. This shows that |w(t)|? is continuously
1
differentiable, and with the same arguments, |w(t)*|, lw(t)*|?, and |w(t)|P-T are continuously differentiable. Then

w = |w]? = [w*

is C1,i.e. w is a C? map. Iterating this argument, it follows that w is a C* map, and the same holds for |w| and all its powers.
Since

1
po(t)" = 1—po(t) = e % (A — b(t))""dx
Tl c

is the projection to the range of |w(t)|, the map t — po(t) is C* and the same applies to t — po(t)*. Then |w(t)| + po(t)
is invertible and C®°. Let

1(®) = (w(©®)] + po() ~"po(®)7,
then p is a C* map such that

lwli = (lw| + po — po)(Iw| +po) 'Py =Py — 0 =pp,
hence

2y = 2lwlp = wp,
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which is C*° (where w = §2|w]| is the polar decomposition of w as before). Then
1 I 1
v= QP = Qpglw|PT = wulw|FT

is C*, and as noted before, the solution of Eq. (1). O

2.2. Evolution of the initial speed of an extremal curve

Since the spectra of |v| and |w| are constant and finite, one can describe these solutions by means of the action of the
unitary group, on positive matrices and on partial isometries. First we recall some basic facts.

Remark 2.7. 1. Let {Aq, ..., Ay} be the spectrum of |v(0)| \ {0} (if 0 belongs to the spectrum of |v(0)|, we denote it by A¢).
Put p;(t) the spectral projection of |v(t)| corresponding to A;. Then there exists a C*° curve of unitaries u(t) such that
pi(t) = u(t)p;(0)u*(t). There are many ways to construct u(t). For instance, with the same argument involving Riesz
integrals as above, it can be shown that the curves p;(t) are C*°. Thus one can define a C* curve of matrices

K
A== pipj.
=0

Note that differentiating p(t) = p;(t), one obtains p;p; + pipi = p;. Also p; = p;. Combining these and the fact that
1= Z]’.‘:O pi, one obtains that A; is anti-Hermitian:
k
Ap==) bp=—A
j=0

Consider the linear differential equation in My (C):
{u(t) = Aqu(t)
u(0) =1.
Apparently the unique solution is a curve of unitaries. Moreover,
(upiw)” = u* Ap; + upiu + u*piAu = u*{—pip; + pi — pipipitu = 0,
by the above identity (here we use that p;A = —p;p; and A*p; = —p;p;). Thus,
u*(O)pi(t)u(t) = pi(0),
and it follows that

k
©] =Y Api(t) = u(®)|vO)u* (t).
j=1
2. Accordingly, there exists a C* curve of unitary matrices v(t), such that if v = £2]|v| is the polar decomposition of the
curve v, then

2(t) = v(t)py (6).

To prove it, denote by { the set of partial isometries, and by & the set of projections. The unitary group Uy (C), acts on
both sets, by means of the actions:

(U1, uz) - 2 = U1 2u5, u-p=upu*,

for 2 € d,p € P, uq, up, u € Uy(C). The orbits of these actions are connected components of £ and . In particular,
the connected components of 4 and & are C* submanifolds of My (C). Note that the curve of partial isometries §2(t) of
v(t) lies in one connected component, as does the curve of projections pé(t). Denote from now on by £ and & precisely
these components. Consider the map

Un(@C) x # — 4, (u, p) = up,

which is clearly C*°. We claim that it is a submersion. Indeed, in [6] it was shown that if v, vy € £, po = v§vo is the initial
projection of vy, and ||v — vplleo < 1/2, then there exist unitaries u; and u; (which are C*°-maps in the variables v and
vo) such that v = u;pouj. Thenitis easy to check that v — (ujuj, uppous) is a C*°-cross section for the map (u, p) — up,
defined in a neighborhood of vg. Therefore, the C* curve §2 (t) can be lifted to a pair of C*° curves (v(t), p(t)) in Uy (C) x P
such that £2(t) = v(t)p(t), where p(t) = £2*(t)$2(t) is the curve of initial projections, i.e. p(t) = pé (t) in our current
notations.

3. Putting these facts together, we obtain that the solution v(t) of the Euler-Lagrange equation (1) can be written as

v(t) = v(t)u(t)vO)u*(t)
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where v, u are C* paths of unitary matrices with v(0) = u(0) = 1. In particular, it follows that not only the spectrum
of |v| is constant, but also its multiplicity (i.e. the multiplicity of each eigenvalue).

2.3. The length functional and minimal paths

Let £, denote the p-length of piecewise C I_pathsin G,

1
%w:/nwwm
0

and define the rectifiable distance as the infima of such paths joining given endpoints,
dp(h, k) = inf{£, () : 2(0) = h, (1) = k}.
Recall the definition of the rectifiable metric,

£,(a) = sup Z dp(a(t;), a(tiv1)),

where the supremum is taken over all partitions s of the interval [0, 1].
We say that path « is rectifiable, if it is continuous and ¢,(«) < oo. We define the rectifiable distance as the infima of
rectifiable paths joining given endpoints,

d,(h, k) = inf(€,(a) : 2(0) = h, a(1) = k}.

2.3.1. Rectifiable paths
By a standard argument (that we omit, see for instance [7, Chapter 1]), if « is a piecewise C! path, then (o) < Lp(a),

and moreover the metric space G is an inner metric space, that is d, = d,.
Since £, and £, are invariant under re-parametrization, in this context we can assume that any rectifiable curve
« : [0, 1] — Gis Lipschitz continuous, parametrized with constant speed. That is,

dp(a(t), a(s)) < Lp(@)|t —s|
foranyt, s € [0, 1], and moreover
L(alit,ers) = st(@). (7)

Remark 2.8. Since « is Lipschitz,
dp(a(t + h), a(t))

Vo (6) = lim Ih]

exists almost everywhere, and moreover, the Lebesgue integral fol v (t)dt exists and equals £,(c). See [8, Theorem 2.7.6]
for a proof.

We have
lla(®) — a()llp < dp(a(t), als)) < £p(e)|t — s
forany t, s € [0, 1]. Then (see [9, Section 8.1]) the usual derivative
a(t +h) —a(t)
h
exists almost everywhere.

o
“ = fi

Remark 2.9. We remark here that in the case of compact operators considered in Section 3, for 1 < p < o0, the limit can
be taken in the norm topology induced by the p-norm, since this is a uniformly convex space. See [10, Proposition I11.30] for
the details.

From here it follows easily that for any s, t € [0, 1],

t
a(t) —a(s) = / a(hydh,

and moreover the Lebesgue integral

1
%mzfnw%m
0

is well-defined, and the same holds true for the energy functional. Note also that, due to Hélder's inequality, for any
rectifiable path one has

1 p 1
Lp(@) = (/ ”a](t)d(t)”pdt) S/ le™ O Ihdt = & (). (8)
0 0
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Remark 2.10. Assume that « is a rectifiable and minimizing curve for the length functional (since ap = d,, there is no
ambiguity here). We assume that « is parametrized with constant speed. Then it is easy to check that « is also minimizing
for both functionals, on any subinterval [s, s + h] C [0, 1]. Thus by Eq. (7),

s+h 1 1
;/ ”d(t)”a(s) = gdp(a(s)v a(s+h) = gSZP(Ol),

where again f denotes the Lebesgue integral. It follows that ||of1éz(t)||p = constant = £,(«) for any t € [0, 1] where the
derivative exists.

2.3.2. Length and energy
When considering the relation between minima and critical points of the length and energy functionals,

1 1
L= [ orond &0 = [ Iy orol.
0 0
it is important to note that the length functional is invariant under re-parametrizations, while the energy functional is not.

Proposition 2.11. Let y (t) be a curve in G, which is a Lipschitz map, t € [0, 1].

1. If y is a minimum of the length functional .L,, then its re-parametrization by arc-length is a minimum of §,.
2. If y is a critical point of &, then it is a critical point of £p.

Proof. Let y be a minimum of .£,, the same holds true for its re-parametrization by arc-length (which we still call y). By
Remark 2.10, ||y ~1y |, = ¢ a.e., thus

1 p
Lp(y) = </ IIV_l(t)f/(t)Ilpdt> =" =¢&(y).
0
If « is any other Lipschitz curve in G, by Holder’s inequality (8),

8p()’) = DCp(V)p = °Cp(05)p =< 8p(05),

which proves the first claim.
Suppose now that y is a critical point of &,. Consider the energy functional with its Lagrangian

1
0

where E(u,z) = |lu~'z|l; = Tr[(u™'2)*u"'z]", E : G x 4 — Risa C' map. Then y is a weak-Lipschitz solution of
the Euler-Lagrange equation, with the same proof as in [11], Remark 2 in p. 40 and Proposition 2 in p. 41, [11]. That is,
d%E(y(t), y (t)) is absolutely continuous and verifies the Euler-Lagrange equation

dd d
——E t), y(t)) = —E t), p(t
i (y (@), y(®) au (y (), (1)
almost everywhere on [0, 1]. Calling v = y~!y, in our particular situation, we know that the Euler-Lagrange equation
reduces to

d * \n—1 * NN *\1

—v(*y = )" — (vH)".

p” ') W' = ()

Then § = v*v is a Lipschitz map and an almost everywhere solution of Eq. (6). By Remark 2.3, this implies that 8(t) has
constant spectrum. More precisely,

@1, = Il ll, = 18©71,

is constant. Let y;(t) be a variation of yy = y (i.e. for each s € (—r,r), ys is a Lipschitz map with values in G, and it is
differentiable with respect to the parameter s). Put v; = y,~'y5. Then

il A /ld Ivslpde
- p\Vs) = -4 Vsllpdl.
ds |,_o o ds|_o
Note that
d .d
P Ivslly = P ()P = sl VP~ e,

Ats =0, [[vo(t)ll, = |Iv]l, = c is constant. Thus

1
_ d .d
£Am%=ﬁ”‘/ | = &0 =0. O
s=0 0 S

d
P ds s=0

ds

s=0
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Remark 2.12. Let us emphasize, in the above proof, the fact that the partial derivative

d%E(V(t), y(©)
is absolutely continuous, when y is a rectifiable minimizer. In our context this means that
0,113t~ v V)" '=0w
is absolutely continuous. Then, w*w is also continuous, and it has constant spectrum as we mentioned earlier, and the same
applies to |w|, since
w = |w|?— w9
It should be noted that the continuity of || implies that w is in fact a C! map.
Combining the last remark with Theorem 2.6, we obtain the following characterization of minimal rectifiable arcs in G.

Corollary 2.13. If y is a rectifiable and minimizing curve for the p-distance, then y is C* in 4, and the unique solution of the
Euler-Lagrange equation, for given initial conditions.

2.4. The Riemannian case

Choosing p = 2, we find ourselves in the realm of Riemannian geometry. Left-invariant metrics on Lie groups have been
extensively discussed; for instance we refer the reader to the beautiful appendix in the book by V.I. Arnol'd on classical
mechanics [1, Appendix 2]. Lie groups considered by Arnol'd are real, but since we are working with the real part of the
trace, his observations can be applied to our context with some caution. It is shown there that these equations of motion
correspond to the case of a (generalized) rigid body. In particular, the case of one-parameter groups (which, as we noted,
correspond to normal initial speeds) are the rotations of the rigid body around its major axes of the moment of inertia
ellipsoid. Some of the terms and remarks in this section are related to Arnol’d’s exposition.

Note that the Euler-Lagrange equation (1) of the variational problem becomes

v =v"v —vv'.
The solutions in this case are locally minimizing among piecewise smooth curves joining the same endpoints, by the standard
argument of Riemannian geometry.

What is remarkable here, is that the solutions can be computed explicitly for any initial position gy € G and any initial
speed govg € 4. This formula was also obtained in [12] with a different technique.

Theorem 2.14. Let gy € G, vy € . Then the unique geodesic of the Levi-Civita connection induced by the trace inner-product
metric on the invertible group G of -, with initial position g and initial speed govy, is given by

g(t) = goe'"0e' 070,

Proof. Recall the auxiliary equation (6) of the positive part b = |w|? given by
b = b2k — 2kb,
and note that here v = w, that is, the Legendre transformation is the identity map. Recall also that the skew-adjoint part of

v = v(t) is constant, hence v(t) = h(t) + ik with h(t) smooth and self-adjoint. Note that 2bk — 2kb = (Ry; — Lx) (b), where
R and L denote right and left multiplication respectively; this yields

b(t) — eZtRketh,kbO — e—ZitkbOeZitk
On the other hand, the proposed solution g(t) = goe! "~ e2 readily verifies the same equation. O
In this context, the Riemannian exponential map is given, for fixed g € GL(N), by the expression
Exp(v) = ge" e’ ™",
and the exponential flow is certainly a smooth (C*®) map from R x +4 to G.

2.4.1. Metric connection, parallel transport and curvature
Note that, by the cyclic properties of the trace, the Riemannian metric in this group is given by

x,¥)g = (g "% "'Y)*) = t((gg") 'xy*) = ((gg") X, 1. (9)

Then, the explicit map g — (gg*)~', which is called the angular momentum operator [1], enables a straightforward
computation of the Levi-Civita connection V on GL(N). Let X, Y be smooth vector fields considered as maps X, Y : GL(N) —
4, and denote X; = g7 1X(g), the translation of the field X to the identity, likewise for Y. Then

1
VxY(g) = DYg(Xg) — S8 {Xe Yy + YeXs + X Ye + Yy Xe — Xo¥y — YeX;).
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Indeed, it is easy to check that if f : GL(N) — R is a smooth function, then
VY =fVxY, and Vx(fY) =X({)Y + fVxY.

Moreover, it is also easy to check that V has no torsion. What is left, is to check the compatibility of V with the metric
X(Y,Z)g = (VxY,Z)g + (Y, VxZ),.

But this is also straightforward, if we use Eq. (9), the cyclicity of the trace, and the fact that t(a*) = a for any a € .

Now, consider v, w € 4, V, W the left-invariant vector fields given by V; = gv, W, = gw, and their adjoints defined
as Vg* = gv*, Wg* = gw*, and note that [V, W]; = g[v, w], where now [v, w] denotes the usual commutator of matrices.
Then, one obtains the following simple expression for the Levi-Civita connection:

1
WW(g) = Eg{[v, w] + [v, w*] + [w, v*]}.

Proper formulas for the sectional curvature can be obtained from here, or can be adapted from Arnol’d’s book [ 1, Appendix 2].

2.5. Non Riemannian case

Consider the metric space (G, dp), where d,, is the rectifiable distance induced by the left invariant metric. First, we
establish the following fact:

Lemma 2.15. The space (G, d,,) is a complete metric space.

Proof. First, note that when p = 2, by Hopf-Rinow’s theorem (G, d,) is complete since the manifold G is geodesically
complete with the 2-metric (Theorem 2.14). Now, we claim that d,, is equivalent to d, for any p > 2, a fact that will prove
the claim of the lemma. Indeed, at each tangent space of G (which identifies with +4), the p-norm is equivalent to the 2-norm
with constants which depend only on the dimension of 4. Examining the length functionals, it follows that the metrics are
equivalent, with the same constants. O

Since « is finite dimensional, (G, dp) is also locally compact. Thus, by Cohn-Vossen’s theorem (see [8, Theorem 2.5.28]),
given h, k € G, there exists a short (continuous and rectifiable) path y joining h, k. By changing the parameter, we may
assume that y is parametrized with constant length, thus it is a Lipschitz map. We summarize our findings in the following
theorem.

Theorem 2.16. For each pair of elements gy, g1 € G, there exists a curve y in G, such that y(0) = go and y (1) = g; which
has minimal length for the p-norm (p = 2n). This curve y is of class C*, and the unique minimizer in the class of continuous
rectifiable paths joining given endpoints. Moreover, v = y 'y is the unique solution of the Euler-Lagrange equation with the
given initial conditions.

2.6. Local property of solutions

In this section we show that solutions of the Euler-Lagrange equation have a local minimality property for the p-energy
functional. To this effect, we recall several results from [ 13] concerning the Lagrangian E, (x) = ||x||§. Forv, y € #, its second
differential

d2
(D’Ep)y (%, ) = ——Ep|  (v+sx+1ty)

dsdt "|_,_,
was computed in [13] by Mata-Lorenzo and Recht:
n—2 2
Q(2) = (D’Ep),(z.2) = pll |z| lv[" ' +n Z "2z 4+ vz ol
k=0 2

Let us collect some facts on this quadratic form in the following proposition, the proofs can be found in [13].

Proposition 2.17. Fix v € A. Then Q, : A — Rxo. It is strictly positive if p = 2. For p > 2, z € 4 is a direction of degeneracy
of Q, ifand only if zv* = 0 = v*z. In that case, E(s) = Ep(v + s2) = ||v||§ + s”||z||§.
In any case, there exists € = e(p) > 0 such thatif z € A and ||z||, < €(p), then

E(s) > E(0) + SE'(0) + [1zI2)sP”
foranys e [—1,1].

We remark that € depends on v and p. By Remark 2.7, if v(t) is a solution of the Euler-Lagrange equation, there exist smooth
curves of unitaries v;, uy, such that v(t) = veuv(0)uy. Thus

l(©) + 52112 = Iveueuv©)uf + 2O = [v(0) + sufviz(E)ullE,

and since ||ufv;z(t)u; ||§ = ||z(t) ||Z, this clearly implies that € can be chosen uniformly along the solution v(t).
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Let y; be a variation of an extremal path y, and put v; = y;]))s = v(t) + sx(s, t). Then the expression above reads

lvslly > V() lp + SDEye) (x(s, £)) + 1x(s, ) II5s[”,

provided [[x(s, )], < €(p, v(0)).

Proposition 2.18. Let y(t), t € R, be a smooth curve in G, such that v(t) = y~'(t)y(t) is a solution of the Euler-Lagrange

equation. Pick € = e(p, v(0)) as above. If u(t), t € I'isa C! curvein G, such that ||~ 1(t) e (t) — v(H)|l, < € for t €1, then
Ep(y) < Sp(ﬂ)-

Proof. Denote by m(t) = p~'(t)/u(t) and consider the variation of v given by vs(t) = v(t) + s[m(t) — v(t)]. By the result

cited above,
Mm@} = Ep(v(t) + (m(t) — v(£))) > Ep(v(t)) + DEy(r (m(t) — v(t)) + [m(t) — v(O)]I},

for t € I. Therefore

[imigd = [1o@igdc+ [ e — v
1 1 1

8p(lf‘)

— &) + f DEyo(m(t) — v(e))dt.
I

The second integral on the right hand side vanishes, because v is a critical point of the p-energy functional. It follows that
8p(.u) > gp(]/)- o

3. Classical linear Banach-Lie groups

Let #¢ be a complex separable, infinite dimensional Hilbert space. In this section we examine the geometry of the left
invariant metric in the classical linear groups

Gp(H) ={g € B(#H) : g — 1€ B,(3)},
where 8,(#) is the p-Schatten ideal of 8(#), 2 < p = 2n < oo an even integer. The Banach-Lie algebra of G,(#) is the
ideal 8, (#). The natural norm here is the p-norm ||x||, = Tr((x*x)")%', with Tr the (possibly infinite) trace of 8 (J) given
by

Tr(0) = ) (x&i, &),

j
where (, ) denotes the inner product of # and (&;);>; is any orthonormal basis of #.

We consider smooth curves « : [0, 1] — B,(#), thatis, we use the topology induced by the p-norm. With this topology,
B, (H) is a complete metric space.

The left invariant metric in the tangent bundle of G,(#) is given as follows: if x is tangent at g € G,(#) (which means
that belongs to B,(#)), then

Ixllg = llg~"xll,-

Many of the computations on this example are formally similar to the ones done in the previous sections, with certain small

modifications. If g (t) is a smooth curve in G, (#), again we denote by v(t) = g 1) %g(t), and consider the Euler-Lagrange
equation (1) of the variational problem for the p-energy functional,

%v(v*v)"_1 + ((Wv*)" — (v v)") = 0.
The Legendre transformation in this context is a map among dual spaces
By(H)d v w= v(*u)" ! e By (H),
where 1/p + 1/q = 1, and the Hamilton equation (4) is again given by
w = |w|?— w9
By Remark 2.1, the Hamilton equation has local solutions. As before, if w is a solution of this equation, then b(t) =
lw(t)]> = w*(t)w(t) is a solution of (6)
b = [b%, K] = b*K — Kb®, (10)

where K* = —K is constant, and & = q/2.
The key to prove existence of solutions of the Hamilton equation for all t € R is, as before, the invariance of the spectrum
over time. Recall the auxiliary equation (6), adapted to this context: for K* = —K € 8,(#) and o = q/2, consider

b = [b%, K].
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Lemma 3.1. Let b(t) in 8,(#) be a positive solution of b = [b*, K]. Then the eigenvalues of b(t), and their multiplicities, do
not depend on t.

Proof. Fix t,. Since b(to) lies in B,4(#) and is positive, the non-nil part of its spectrum can be ordered as a (possibly finite)
decreasing sequence of positive numbers A, (to). Pick one of these A,(tp) and let C be a circle centered at A,(tp) such that
no other eigenvalue of b(tp) lies inside Ci. By the semicontinuity property of the spectrum, there exists r > 0 such that for
|t — to] < r, the spectrum of b(t) does not intersect Ci. For such t, let E,(t) be the self-adjoint projection

1
E(t) = i (z — b(t)) 'dz.
Ck

Note that b(t) and E,(t) commute, and therefore b(t)E(t) is a positive operator. For any m > 0, the power (b(t)E(t))™
(equal to b(t)™Ex(t) if m > 1) has constant trace. Indeed, if m > 1,

gTr(b(t)mfk(f)) = Tr(b(t)b(t)"'Ex(t)) + i % Tr(b(t)" (z — b(t))'b(t)(z — b(t))")dz.
dt 2mi Ck

The first term equals
Tr ([b(0)*, K1b(t)™'Ex(t)) = Tr ([b()*T™'Ex(t), K1) = 0.
And in the second term,

f Tr (b(t)™(z — b(t)) "' [b(1)*, K1(z — b(t)) ") dz = 7{ Tr ([b()*T™(z — b(t)) >, K1) dz = 0.
Ck

Ck

It follows that if f is a continuous function in the real line, then Tr(f (b(t)Ek(t))) is constant. Therefore the spectrum of
b(t)Ex(t) is constant. At t = tg it consists of 0 and A(tp). It follows that the spectrum of b(t) is locally constant, and thus
constant. Moreover, take f a continuous function which takes the value Aik in a neighborhood on A, and is zero on A; for

j # k.Then
Tr(f (b()E(t))) = Tr(Ex(t))
is constant, i.e. the multiplicity of A is independent of t. O

Then we have the following result, analogous to Theorem 2.4, with essentially the same proof, which we omit. We note that
local existence is guaranteed because the map x — |x|? is Lipschitz in 8,(#), as remarked before.

Theorem 3.2. In the present context, the Hamilton equation (4)
w = |w|? = [w*|*
w(0) = wo

has a unique C' solution for any initial condition wq € By (H), defined forall t € R,

3.1. Reversing the Legendre transform

1
Let w be the solution of (4) with w(0) = wy. Let |wy| = 2131 A7 pi,for A; > 0.The invariance of the spectrum implies that
b(t) = lw(®)* =Y aipi(t),
i>1
with p;(0) = p;. Since b(t) is continuously differentiable in 8,(#), and each p;(t) can be obtained as a Riesz integral of b(t),
it follows that p;(t) are continuously differentiable in the parameter t. Therefore it is apparent that finite sums of the p;(t) are

continuously differentiable maps. Though it is not clear if py(t), the kernel projections (or equivalently, p({ (t) =) 1 0i(t))
are continuously differentiable, if the spectrum of |wy| is infinite. B

Remark 3.3. With the above notations, if w = £2|w| is the polar decomposition of w, then

w(t) =Y 322Opi(t) = R(t) +K/2

i>1

with K* = —K constant and R(t)* = R(t). Note that if we denote ) ,_, pi(t) = po(t)t = 1—po(t), with py(t) the projection
onto the kernel of w(t), then -

w(t)py (1) =w(t) and |w(b)|py(t) = [w(t).
Since po(t)w(t) = 0, then py commutes with R and K, and moreover

PoR = Rpg = Kpg = poK = 0.
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By Remark 2.5, the reversed Legendre transform of w (and candidate of solution for the Euler-Lagrange equation (1)) is
therefore

1
v(t) = Y AP 20pi(t). (12)

i>1

Finally, note that the derivative of w equals
() = [w(O)]" = [wE)*|" =Y A Pi(t) — LOPpit)2* (1))
i>1
where a = q/2 as before.
Proposition 3.4. With the above notations, v(t) € B,(#) given by Eq. (12) is the Legendre anti-transform of w, and it is
continuous in R.

Proof. That for each t, v(t) is the Legendre anti-transform of w was established in the previous remark. Let us show that it
is continuous. For each j > 1, the map p;(t) is continuous for t € R. Therefore

w(t)p;(t) = A;82(t)p;(t),
is continuous. Then the partial sums of the series
1
> oV 2npit)
i>1
are continuous in t. This series is uniformly convergent in B, (#). Indeed, if
1
Se= Y AV 2@pi(o),
i>k
then
1 n
(SES)" = (Z AT .Q(t)pj(t).Q*(t)) .
i>k
Since 2*(t)$2(t) = pé, the projections £2(t)p;(t)§2*(t) are pairwise orthogonal:
2Opi(HR*OL2OP()2*(t) = 2O)p;(OPy pi(t)R2* (1) = 2(O)p;(DPI()2*(t)
= 8,12(0)p; ()27 (t).
Then

S50" = Y AT Op 02 ¢).

i>k

Thus

n

ISells = > a7 T TrROp (DR (0) = Y A,

i>k i>k

where r1; is the constant Tr(p;(t)). This series is convergent, it equals the a-power of the «-norm of the tail of the series
b(t) = ;. Aipi(t), which is uniformly convergent in 8B, (). Therefore v is continuous. O

Remark 3.5. Note that if y is any rectifiable arc, defined as in Section 2.3, any minimizer of the p-length in this setting is
also a critical point for the p-energy functional, with the same proof as in Proposition 2.11.

Moreover, as in Remark 2.12, if we put v = y 'y, and @ = v(v*V)"~!, then t — w(t) is absolutely continuous, thus it
is also a C!' map.

By combining the previous results, we obtain a characterization of minimizing arcs.

Corollary 3.6. If y is an extremal of the p-energy functional (in particular, if y is a rectifiable minimizer for the p-length), then
y is C1, v = y 1y is a solution of the Euler-Lagrange equation.

3.2. Adifferential equation for the spectral projections

As before, let b(t) = Y_ A;p;(t) stand for the smooth solution of the differential equation (10), that is b(t) = |w(t)|?,
where w(t) is a solution of the Euler-Lagrange equation (11). Then 0 < A; € R are the singular values of w, thus {A;};>1 € £%,
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with @ = q/2. Since the spectrum of |w(t)| is constant and discrete (accumulating only, eventually, at A; = 0). Let C; be a
circle centered at A;, with no other eigenvalue A; in its interior. Then

1
pi=pi(t) = — f (z—b)"'dz
271 G

1 , 1
pi = —f (z—b)"'b(z—b)ldz = — f (z —b)"'[K, b*](z — b)"'dz = Ib* — b°I,
2mi G 27i G

with
1 -1 -1
= — (z—b) " 'K(z—Db) 'dz.
2i G
Now since
-1
}\‘.
z—b) "=z H—=Y ap|] =z —
( ) ( (po +p0) ; zpz) +;Z(Z_Ai)1h
a straightforward computation shows that, for eachi > 1,
. a—1 )‘il_a _}"ll_a a
pi = A K. pid + ; ~ 5, M pikp = pikp) (13)

provided the sum over [ converges in B4(#). This is the purpose of the next lemmas:

Lemma 3.7. Let o € (1/2, 1], let {A;}i>1 be a decreasing sequence of strictly positive numbers. Then for eachi > 1,
)lea _ A(lfot
I

sup —

Y
% Ai— A

Proof. For given « € (1/2, 1], and a > 0, consider the real function f; : [0, +00) — R given by
tl—a _ al—a
fo®) =t ———
t—a
Note that f;(0) = 0 and that f, is continuous (we let f;(a) = lim;_,f;(t) = 1 — «). On the other hand, it is easy to check
that lim,_, o fa(t) = 1. We will show that f; is increasing, which will prove the lemma. To this end, write

fa®) = 1—a'"g(t),

withg(t) = ti:ga ,where g(a) = aa®~'and g : [0, +00) — R is again continuous. It suffices to show that g is decreasing;
since
(¢ — Dt* — qat® ! + a*
gt =

(t—a)?
we only need to check that
a*{(a — Dt* —aat® '+ a} = (@ — D(t/a)* — a(t/a)* ' +1 (14)
is non-positive. Consider h(z) = (o — 1)z* — «z*~! 4+ 1 and note that h(0") = —oco, h(1) = 0. Since
W@ =al@—1z"7%1 —2),
it follows that h has a global maximum at z = 1, and then h < 0; clearly this implies that (14) is non-positive. O

Then, to show the convergence of (13), it suffices to show the convergence in 8,(#) of the sum

> Kb,
l

since [|piKpillq < IKpillq = lIpiK|lq and similarly for the term ||p/Kp;ll4. To prove that the above sum is convergent, we recall
the following result (see for instance [ 14, Theorem 2.16]):

Letan, a, b € B(H#), with b > 0. Suppose that |a,| < band |a’| < bforalln, |a| < b, |a*| < band a, — a weakly. If
p <ooandb € B,(#), then |la — a,|[, — 0.

Corollary 3.8. If K, {p;} are as in Remark 3.3, then ) _._, Kp; — KpoL = K in 84(F).

i>1

Proof. Apply the result above to a, = ZL Kp;, a = K, b = |K|, and then recall that Kpg = 0 thus Kp& =K. O
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Corollary 3.9. For eachi > 1, the expression for p; given in (13) is convergent in B, (#).

We may use these facts to prove regularity results for b(t) and |w(t)|. First note that since b € B, (#) and @ < 1, then
b € B1(#). Moreover b = [b*, K], implies that also b € B1(H#).

Proposition 3.10. The map b(t) = |w(t)|? is continuously differentiable in B, (#), and
b(t) =) aipi(t)
i>1
with the series convergent in B1(¥).

Proof. It follows from (13), that if we denote

N,
T
and
&= Z Yib1,
i
then

Kk k k k
Z ripi = | K, Z ATpi |+ Z i piKgi — Z A &iKp;.
i=1 i=1 i1 i=1

Note that, by Lemma 3.7
llgill = sup |yl < 1.

i

The first term above is a partial sum of the series [K, > .., A{p;] = [K, b*] which converges absolutely and uniformly in
B1(F). The second sum is bounded by B

K
> Apike;
p

The third term is dealt analogously. Then Ziz] Aipi converges absolutely and uniformly in 81 (#). Since b(t) = >_,_, Aip;
also converges absolutely and uniformly in B; (), it follows that b is differentiable in 8, () and its derivativeis ) _._, AP,
which is clearly continuous. O -

k k
<Y MlpillaliKel < > A lpillh < oo
1 i=1 i=1

Note that the operators g; in the above proof are positive and belong to B, (#). Indeed, in the notations of Lemma 3.7

g = fo,- (ADp1s
i

where f;, is continuous in R>o with f;, (0) = 0, and clearly

1—
t— e

f)»i(t) = )\.,‘ —

ie. fo,(A) ~ o(A]).

~ o(t%),
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