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Abstract

Networks that exhibit large hubs are prone to show higher connectivity than
random structures. This feature is also reflected in the presence of power law
distribution in the degree distribution of nodes. We check for the presence of
power law degree distributions in Facebook Page Networks (FPN). We analyze
data collected from 325 Facebook fan pages from an Argentinian median city
summarizing 94 thousand nodes and 6.5 million edges during a whole year. We
found that whole network exhibits power law degree distributions but when we
analyzed the subnetworks that compose it only a handful of marginal networks
in terms of size and level of engagement. We find that main subnetworks exhibit
small world properties such as average geodesic distance approximates and
correlates to the natural logarithm of the graph range. We begin our contribution
by surveying the topic of power law in degree distribution and small world in
online networks. We estimate the slopes of the log-log degree distribution for
each network for identifying free scale structures and statistically associate
network structural properties with the presence of power law distributions. We
present statistical results that associate structural parameters with the presence
of power law distributions and small world effect shading light to new patterns
for detecting the properties in networks.
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1. Introduction

Social capital is inserted in Facebook sites (Brooks et al., 2014) and people use
their personal sites for interacting with relatives, friends, acquaintances, and
even unknown pairs. The rich diversity of interactions made this OSN a
laboratory for testing diverse hypothesis. Whole new markets may emerge
connecting users with firms on each commercial sector.

In this work, we sample different Facebook fan page from business
geographically located in an urban area comprehending different socio-
economic sectors and institutions. We look for understanding how the structure
of these networks change across sectors.

Related contributions on Facebook has centered mainly on people (Backstrom
et al., 2011; Ugander et al., 2011). Backstromet al. (2011) affirms “six degrees
of separation” to be display within the Facebook chart, besides a significant
neighborhood clustering. That is, Facebook, at the level of person clients,
appears to be a small-world framework, and the degrees of separation would
afterward be decreased to four in Ugander et al. (2011). Eikmeier and Gleich
(2017) test spectral methods for detecting power law distributions in degree
frequency distributions from several real networks finding that a significant
percentage as following power law. Slattery et al. (2013) find that FPN formed
by Likes follows power law distributions but Wohlgemuth and Matache (2014)
find that power law and small coexisted in many Facebook groups. We find that
the giant component of the FPN has free scale distribution in out-degree
frequency and in-degree distributions but only a handful of subnetworks follow
power law.

Power-laws and small world networks are a key component in any
characterization of the networks gathered from the Internet and other large
information sources (Blackmore, 2001). These include online social networks
(OSN), forums, search engines, web crawls and recommender systems, among
other examples. There are quite a few places that power-laws may arise in the
description of these networks. For instance, the degree distributions of these
networks are usually observed to have a power-law (Clauset et al. 2009)
however some recent discussions (Holme, 2019). In this sense, the scale free
form law has her root in the called “Zipf law”. This law was originally formulated
in the context of analyze the frequency of words in natural language (Zipf, 1936)
where it’s possible observe an inequal distribution. Many words have a small
frequency, but a few words have a high occurrence.

In particular, the Facebook Page Network (FPN) is one of the primary avenues
where firms and products engage. FPN provides a space where individuals may
interact with various pieces of digital media, comment on publications by the
business process outsourcing (BPO), and share certain items with friends within
their own personal network. If a person would like to receive updates or display
her preference or affiliation toward a particular BPO, one may do so by clicking
Like on the BPO, which is then publicly displayed on the individual’s own page.
Individuals may choose to interact with a BPO digitally for a variety of reasons:
to genuinely support the BPO, access locked content, receive member benefits,
derive entertainment value, acquire information, or signal things about
themselves such as interests and associations. BPOs may choose to publicly
interact with other BPOs for a variety of reasons as well: to reflect business
associations, affiliate with a particular cause, or lure a potential response from
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the target BPO. Like some individuals BPOs may use this opportunity to
enhance their public online appearance.

Networks are represented by graphs that connect vertices or nodes and links or
edges. In the case of the FPN, a node is an entity, either an individual or a
BPO, and a link is a directed Like between them. We also add links by
commenting or posting. The total number of interactions is the degree of the
node, and the degree distribution can be obtained by calculating the frequency
of these degrees.

2. Network definitions

We can define a network as = ( , ), where V is a set of vertices ={ , , … , } with N vertices and E edges, when each vertex could be linked
with other vertex. For instance. the pair , is a link when the vertex is
connected with .

Furthermore the connectivity degree for the vertex ( ) is defined like the
number of edges with the other vertices. If the parameter = 0 then, the vertex
is disconnected and it haven’t any link with the other vertices. In this sense we
could define the degree distribution like the distribution probability function( ) = ( = ).

Thus, for evaluate of the degree to which vertices in a network tend to clustering
together. Firstly, it’s possible define the local clustering coefficient for each
vertex. The local clustering is the proportion for the number of the links existing
for the neighbors respect the all the possible links between them. The local
clustering coefficient is defined such that:= |{ , }|( − 1)
Nevertheless for measure the clustering in a network, Watts and Strogatz
(1998), propose a network overall level of clustering in a network, which is the
average of the local clustering coefficients of all the vertices:

̅ = 1
Another metric very important is the average path length. This measure
provides the average number of steps along the shortest paths for all possible
pairs of network vertices (d), excluding the vertices with = 0. Then, the
average path length is = 1( − 1) ,
Watts and Strogatz (1998) proposed a specifically classification for networks
where the average path length scale with ( ≈ ( )( )) and have high
clustering coefficient than random networks. This type of networks is called
“small-world networks”. This network’s topology could be found in social
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networks (Wohlgemuth and Matache, 2014), co-authorships (Goyal, Leij and
Moraga-González, 2003, Ebadi, and Schiffauerova, 2015), terrorism (Badia I
Dalmases, 2011, Lindelauf, Borm and Hamers, 2009), epidemic (Liu et al.,
2015), among others.

In the other hand, Albert and Barabási (1999), consider the existence the scale
free networks, where the probability a new node will be connected to vertex is
determined for connectivity degree ( ) = ∑
A scale free networks are specific networks which the degree distribution obeys
a power law (Barabási, Pósfai, 2016). In this sense, the probability a vertex has
exactly k edges is =
Given the cumulative probability is equal to 1 and L is a constant term, we could
rewrite the previous expression as

= 1
Hence,

= 1∑ = 1
Where is known as the Riemann-zeta function. Thus, is possible redefine the
probability like as log-log functionlog = − log + log
And if the value is between 2 and 3, it is possible to characterize a network as
scale free (Barabási and Pósfai, 2016).
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Figure 1. The entire scrapped network

.

Additionally, another contributions find scale free networks in business (Rendón
de la Torre et al., 2019), disease sexual transmission (Schneeberger et al.
2004), social networks (Sadri et al, 2017), among others.

However, an interesting discussion is presented in Broido and Clauset (2019),
about if the scale free networks are often in the real world. This research
studied nearly 1000 real networks (social, biological, technological,
transportation, and information networks) and found only a minimum
percentage present a strongest evidence about the scale free topology.

3. Data Analysis

We obtain data from Facebook fan pages with almost all business with physical
store in the city of Bahia Blanca (Argentina). We scraped 325 networks that
comprehends 93,692 nodes with 6,638,433 edges (including self-loops) by
using the NodeXL software (Smith et al, 2010). This was made prior to the 2018
Cambridge Analytic scandal so data represents the capture of entire FPN. The
completed network that includes all the 325 subnetworks is presented in Figure
1. Networks are Facebook fan pages captured along the year 2015 (from
1/1/2015 to 12/31/2015). Network seems highly dense but represents the
interaction of an entire year. We capture a significant part of different digital of
an entire city with a total population of 335,000 inhabitants. Table 1 shows
descriptive statistics of main structural metrics from all subnetworks. We
observe and average size of almost 590 nodes (N) but with a great standard
deviation (s.d.). Edges (G) are on 25 thousands on average, again with great
s.d. Geometric means exhibit a more accurate picture given the assumed non-
normal data distribution with average range of 155 and average edges of almost
1,463. Reciprocity indexes are low (RVPR and RER) with an index higher in
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edge reciprocity. Isolated nodes (SVCC) are negligible while the greatest
component has 866 nodes (MVCC) and 27,289 edges (MECC). Average
diameter is small, less than four steps away (MGD) and short average geodesic
distance (AGD) are indications of small world phenomenon. Density is also low
(Dens) but that’s not implies much about the presence of clusters. Assortativity
indexes indicate dissortative networks on average (IIDA, IODA, OIDA, and
OODA) especially in the case of output-input degree assortativity, i.e. nodes
with higher out-degree tend to avoid connecting to nodes with higher in-degree.
Average degree (AG) and betweenness centralization (Bet) are high, depicting
networks with hubs centralizing information distribution. All indications of
community detection are high: Modularity (Mod) and Clustering Coefficient
(Clus), Watts-Strogatz Clustering Coefficient (WSCC), and Network Clustering
Coefficient (Transitivity) (NCC (T)) consistently reveal groups in all
subnetworks, with low s.d. in all of these metrics.

Finally, female (pF) participation is overwhelming ranging to .64 on average,
while male participation reaches only a quarter on average in the whole sample.
Business (pB) and Other (pO) range .4 and .3 on average, respectively.

Table 1. Descriptive statistics of network structural metrics

Code Mean Standard
deviation

Mod
e

Media
n

Geometric
Mean

Kurtosi
s

Skewne
ss Max Min

N 587.3 1347 14 175 154.81 109 8.83 18887 4
G 24710 61513 5 1580 1463.13 38 5.38 614145 3
gl 7757 19469 0 741 25.82 4.63 162478 0
TE 32936 75380 16 2579 2477 36.24 5.02 776623 4
SL 168.3 560.6 1.00 25.00 99.02 8.74 7497 0
RVPR 0.11 0.10 0.00 0.07 4.45 1.94 0.57 0
RER 0.18 0.14 0.00 0.14 1.83 1.37 0.73 0
CC 8.40 99.31 1.00 1.00 1.64 319.11 17.83 1781 1
SVCC 1.17 4.40 0.00 0.00 75.41 7.88 52.00 0
MVCC 866 6042.6 4.00 174 154 307.41 17.36 107641 4
MECC 27289 545452 15 2355 2098 17.20 3.45 469890 4
MGD 3.41 1.38 4.00 4.00 3.13 1.72 0.84 10.00 1
AGD 1.84 0.38 1.00 1.88 1.79 0.90 -0.19 3.17 0.75
Dens 0.12 0.12 0.25 0.09 0.08 10.87 2.65 1.00 0

IIDA -0.04 0.19 -0.08 -0.07 1.88 0.67 0.68
-

0.71

IODA -0.14 0.14 0.00 -0.12 3.12 -0.33 0.55
-

0.71

OIDA -0.26 0.16 -0.50 -0.24 2.25 0.20 0.62
-

0.71

OODA -0.03 0.26 0.00 -0.07 -0.02 0.27 0.61
-

0.71
AD 52.43 79.02 5.00 25.40 23.29 58.19 5.80 973.87 0.4
Bet 0.24 0.15 0.00 0.23 -0.59 0.36 0.67 0

Mod 0.29 0.15 0.00 0.28 0.81 0.57 0.92
-

0.01
Clust 13.98 99.26 3.00 6.00 6.28 317.57 17.75 1785 1.00
WSCC 0.51 0.08 0.50 0.51 11.09 -1.60 0.78 0
NCC 0.31 0.13 0.50 0.29 0.15 0.38 0.75 0
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NACC 0.83 0.19 0.00 0.90 8.65 -2.80 1.00 0
M (pM) 0.26 0.16 0.25 0.24 0.67 0.82 0.82 0
F (pF) 0.68 0.19 0.50 0.71 0.93 -0.94 1.00 0
B (pB) 0.04 0.07 0.00 0.01 20.24 4.04 0.57 0
I (pI) 0.00 0.04 0.00 0.00 204.85 14.00 0.62 0
O (pO) 0.03 0.07 0.00 0.00 33.21 5.20 0.67 0
See definitions and descriptions in Table 2 in the Appendix.

We identified the following sectors among fan page networks with common
socioeconomic drivers: Restaurant, Bakeries, Ice cream shops, Bars and Pubs,
Pizza shops, Schools, Bookstores, Universities, Institutions, Theaters, Gyms,
Hotels, Drugstores, Wardrobes, Workshops, Entertainment, Sport clubs,
Butcheries, Hardware stores, Petty shops, Supermarkets, Professional
services, Music stores, News, Radios, Real estate, Discos, Barber shops, and
Churches. This way, each of the detected network belongs to one of these
categories. Figure 2 depicts the sample composition of the FPN.

For these predefined clusters we estimate structural metrics and compare them
for obtaining a taxonomy of relevant proprieties. They all share internal
similarities and external dissimilarities that allow to easily identify how clusters
are formed.

Figure 2. FPN type composition

Figure 3 presents the in-degree -ln(in)- and out-degree -ln(out)- distributions of
the complete FPN. When observing Figure 2 we detect a classical pattern of
free scale network degree distribution. The γ exponent presents values of
2.3168 and 2.1506, respectively. So both distributions present evidence of free
scale architecture at the highest level of aggregation.
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Figure 3. Out-degree and in-degree frequency distribution and log-log
representation inserted

We also find intriguing initial evidence of potential free scale presence in diverse
individual networks as presented in the Figure 4. Pictures depict degree
frequency distributions of individual selected networks. At a glance, they seem
to show evidence of the presence of power law in degree distribution but when
estimating the slope of the log-log representation the different values of were
lower than expected values. We test all subnetworks adjusting a linear
regression to the slope of the log-log representation. Values of γ are presented
in Figure 5.
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Figure 4. Examples of degree distributions of selected networks

On the other hand, a few cases when we detected a γ value corresponding a
scale-free topology are only present in very small subnetworks. One possible
explanation for these results is linked to in these networks exist only an
engaged node who post continuously but he receives a sporadic answers from
isolated nodes. Values are presented in Figure where in an ellipse are
remarked those few subnetworks that show slope close to free scale degree
frequency distribution (γ ≥ 2). However, these subnetworks deserve particular
clarification. They are 5 subnetworks with a handful of nodes and only one has
more than a thousand nodes. They belong to the Real Estate and Mechanical
cluster of subnetworks with almost negligible engagement. They scale free
networks because they have the majority of non-engaged participants, passive
to the engagement of the fan page owner. So, as star networks, they show few
highly connected nodes to a huge amount of poorly connected counterparts.
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Figure 5. Scatter plot of γ for in-degree and out-degree frequency
distributions of all subnetworks (encircled free scale subnetworks)

3.1Small world

We focus in the degree distributions by estimating how close 〈 〉 approximates
to ln . By estimating the linear regression between k and ln N we check who
data points lie along the best fit curve. The information is presented in the
following Figure 6 where it can be pointed out that values in the confidence
interval might be interpreted as statistically approximating the values of k to the
ln N, then verifying network that approximates the small world phenomenon. In
any case, the correlation between both variables is significant, i.e. values of k
tend to be in the ln N neighborhood.
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Figure 6. Fitted values and confidence interval of ln N and <k>

The potential explanation for this observation is that subnetwork in FPN tend to
attract highly engaged people and participants. That’s gives the more engaged
nodes are not that distant from low engaged ones. Interaction is promoted via
advertising and promotions as well as intentional FPN administrator policies for
incrementing participation. Scale free architectures require, on the other hand,
an enormous difference between more engaged hubs to low engaged marginal
nodes and that is something hardly observed in a 2.0 environment.

4. Conclusions

We explore 325 FPB from a sample geographically located in Argentina
summarizing thousands of nodes and relationships. We initially explore, as
demonstrated by many other contributions, the topologies expecting to find free
scale degree distributions as the more present topology in the sample. Instead,
we detected only a handful of FPN with such topologies (including the in-degree
and out-degree distribution of the complete FPB sample). A posterior analysis
of the free scale networks show that these subnetworks were marginal in terms
of the values of their metrics. However, by studying structural metrics of the
subnetworks we find patterns that associate topologies to small world
phenomenon. Specifically, average geodesic distance is positively correlated to
the logarithm of the network range.

This way, we support the findings of Wohlgemuth and  Matache (2014) and
Caci et al. (2012), where Facebook networks (in different variants such as FPN
or groups) exhibit small world properties and, in some particular cases or at the
highest aggregate level, exhibit also power law distributions in degree
frequencies. Again, for highly engaged actors in the network, it is difficult for a
specific to scale far away from the rest in a sizes that would represent a scale
free topology.

However, we need recognize the important temporal constraint: it is almost
impossible to collect data after the 2018 Cambridge Analytics scandal. This
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event affects the possibility of continue this research along the time with the
very same quality of data.
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Appendix

Metrics were calculated by using freely available software such as Pajek
(Batagelj and Mrvar, 1998), NodeXL Basic (Smith et al., 2010) and Gephi
(Bastian et al., 2009). We also use R packages for graphics (R Core Team,
2019; Wickham, 2016).
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Table 2. Codes, names and definitions

Code Metric and variable Description
N Vertices Range of the graph
G Unique Edges Non-repeated edges

gl Edges With Duplicates Repeated interaction
edges

TE Total Edges Sum of two previous edge
classification

SL Self-Loops Edges connecting vertices
with themselves.

RVPR Reciprocated Vertex Pair Ratio

The number of vertex pairs
that have edges in both
directions divided by the
number of vertex pairs that
are connected by any
edge.

RER Reciprocated Edge Ratio
The number of edges that
are reciprocated divided by
the total number of edges.

CC Connected Components The number of connected
components in the graph

SVCC Single-Vertex Connected
Components

The number of connected
components that have only
one vertex.

MVCC Maximum Vertices in a Connected
Component

The number of vertices in
the connected component
that has the most vertices.

MECC Maximum Edges in a Connected
Component

The number of edges in
the connected component
that has the most edges.

MGD Maximum Geodesic Distance
(Diameter)

Largest path between
more distant pair of
vertices

AGD Average Geodesic Distance Average path between
every pair of vertices

Dens Graph Density

This is a ratio that
compares the number of
edges in the graph with the
maximum number of
edges the graph would
have if all the vertices
were connected to each
other.

IIDA Input-Input Degree Assortativity
Indicates the correlation
between node in-degree to
its connections in-degree.

IODA Input-Output Degree Assortativity
Indicates the correlation
between node in-degree to
its connections out-degree.

OIDA Output-Input Degree Assortativity Indicates the correlation
between node out-degree
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to its connections in-
degree.

OODA Output-Output Degree Assortativity

Indicates the correlation
between node out-degree
to its connections out-
degree.

AD Average degree Nodes’ weighted average
degree

Bet Network betweenness centralization Nodes’ weighted average
betweenness

Mod Modularity Graph modularity

Clust Clusters
Based on modularity, the
number of identified
clusters

WSCC Watts-Strogatz Clustering Coefficient
Clustering coefficient
based on Watts-Strogatz
model

NCC (T)
Network Clustering Coefficient
(Transitivity)

Clustering coefficient
based on transitivity

NACC Network All Closeness Centralization Closeness centralization

M (pM) Male (Percentage of Male) Number (percentage) of
males

F (pF) Female (Percentage of Female) Number (percentage) of
females

B (pB) Business (Percentage of Business) Number (percentage) of
business

I (pI) Institution (Percentage of Institution) Number (percentage) of
institutions

O (pO) Other (Percentage of Other) Number (percentage) of
other nodes


