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In this  paper,  a  numerical  procedure  based  on  the  binary  search  is  proposed  for accelerating  the  parame-
ters identifiability  procedure.  Basically,  the parameters  are  selected  set by  set  using  a  given  criterion  for
ranking  the  parameters.  Since  parameters  identifiability  procedures  are  strongly  dependent  on  the initial
estimates  of  parameters  values,  simultaneous  parameters  re-estimation  step  has  been  proposed  in  this
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paper. Two  examples  were  used  to evaluate  the  performance  of the  proposed  criterion.  In both  cases,
a  significant  reduction  of  the  computational  time  was  observed,  and  the  results  regard  to the  model  fit
are similar  to  those  criteria  based  on  the  selection  of parameters  one  by one,  as usually  presented  in the
literature.
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carce experimental data

. Introduction

Several areas of human knowledge make use of complex mathe-
atical models containing a large number of parameters. However,

tatistically consistent estimation of all these parameters is very
ften not possible, since it would demand a prohibitive number of
xperimental data or would require inexistent/unavailable mea-
urement devices. In fact, experiments are usually time consuming,
ifficult and expensive. A common approach to overcome this
cenario of ill-posed estimation is selecting a subset of parameters
or estimation, while other parameters are set at their initial
stimates; these procedures are commonly known as parameters
dentifiability.

Briefly, parameters identifiability procedures seek to determine
 set of parameters of the model that can be consistently esti-
ated using the available experimental data. Theoretically, these

rocedures should take into account the influence of the selected
arameters on the model predictions and/or the correlation with
ther parameters. Such analyses can be performed based on the
tructure of the model, the experimental measurements and uncer-

ainties, and the uncertainties of the initial estimates (Thompson,

cAuley, & McLellan, 2009), which are not easy tasks (Yue et al.,
006).

∗ Corresponding author. Tel.: +55 21 25628307; fax: +55 21 25628300.
E-mail address: arge@peq.coppe.ufrj.br (A.R. Secchi).

098-1354/$ – see front matter ©  2013 Elsevier Ltd. All rights reserved.
ttp://dx.doi.org/10.1016/j.compchemeng.2013.04.014
Identifiability procedures presents two  important features
(Kravaris, Chu, & Hahn, 2012): (1) interpretability – indicates which
parameters are important for a model dynamic behavior and they
also provide insight about the correlation of the effect that differ-
ent parameters have on the outputs and (2) simplification – reduces
the numbers of decision variables in parameter estimation problem
since non-selected parameters are all fixed at in initial estimates.
Thus, several parameters identifiability approaches have been pro-
posed in the literature. A common sense is the use of sensitivity
analysis, as a natural choice, being a valuable tool for verifying the
parameters importance. In the last decade, several methodologies
were developed based on local sensitivity analysis (Brun, Reichert,
& Kunsch, 2001; Chu & Hahn, 2007; Li, Henson, & Kurtz, 2004;
Lund & Foss, 2008; Sandink, McAuley, & McLellan, 2001; Secchi,
Cardozo, Almeida Neto, & Finkler, 2006; Sun & Hahn, 2006; Yao,
Shaw, Kou, McAuley, & Bacon, 2003) and less usual global sen-
sitivity methods (Chu, Huang, & Hahn, 2011). In most of these
methodologies, parameters are selected from the most estimable to
the least estimable. Nonetheless, this parameters selection is estab-
lished by evaluating the parameters one by one, which can be a time
consuming procedure for a complex mathematical model contain-
ing a large number of parameters. In such scenario, an important
question to be answered is: what is the smallest number of neces-

sary evaluations to be performed to determine a set of identifiable
parameters?

In this context, this work presents a numerical procedure for
parameters selection based on the binary search that could be

dx.doi.org/10.1016/j.compchemeng.2013.04.014
http://www.sciencedirect.com/science/journal/00981354
http://www.elsevier.com/locate/compchemeng
http://crossmark.dyndns.org/dialog/?doi=10.1016/j.compchemeng.2013.04.014&domain=pdf
mailto:arge@peq.coppe.ufrj.br
dx.doi.org/10.1016/j.compchemeng.2013.04.014
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Fig. 1. Classical scheme of parameters identifiability procedures.

pplied using any criteria proposed in the literature for ranking the
arameters according to their identifiability (Brun et al., 2001; Chu

 Hahn, 2007; Li et al., 2004; Lund & Foss, 2008; Sandink et al.,
001; Secchi et al., 2006; Sun & Hahn, 2006; Yao et al., 2003).
asically, the proposed procedure makes the parameters selec-
ion evaluating subsets of parameters divided in half according to
he selected criterion to order the parameters. This proposal leads
o a significant reduction in the computational cost compared to
he usual procedures. Two examples illustrate the performance of
he proposed procedure: (1) a hypothetical case study – a simply
roblem of parameters identifiability with known solution: a lin-
ar model contained large number of parameters and orthogonal
xperimental data, and (2) a real case study – a complex problem of
arameters identifiability: a dynamic model of the microorganism
scherichia coli K-12 W3110 metabolic networks (Di Maggio, Ricci,

 Díaz, 2009) contained 131 parameters and scarce experimental
ata.

. Parameters identifiability

Based on the structure of the mathematical model and on the
vailable experimental data, a parameter identifiability procedure
plits the parameters set in two subsets: the parameters that can be
stimated, called identifiable parameters, and the parameters that
annot be estimated and are kept in their initial estimates, called
on-identifiable parameters. According to Kravaris et al. (2012),
election procedures can be divided into the following categories:
euristic methods and optimization-based methods. Optimization
ethods consist on a combinatorial problem requiring high com-

utational efforts, for such reason, are less used than heuristic
pproaches.

Based on sensitivity analysis, heuristic methods for parameter
election are derived based on the effects that the variations in the
arameters have on the model outputs and so take into account
wo criteria for parameters evaluation (Kravaris et al., 2012): (1)

agnitude of the effect, and (2) uncorrelated effect. Non-significant
nd/or correlated effects make the parameters estimation proce-
ure ill-posed, even when experimental data would be sufficient
nd consistent for identifiability of all parameters of the model.
lthough usually these criteria are used together, the performance
f the resulting estimation problem can often not be guaranteed.

Usually, parameters estimation is performed after the set of
stimable parameters be obtained in the identifiability procedure.
hus, the quality of the initial estimates values admitted to the
arameters is fundamental for the adequate selection. Unfortu-
ately, good parameters initial estimates are seldom known; some
ase they can be obtained from the literature or more commonly
ssumed arbitrarily (Kou, McAuley, Hsu, Bacon, & Yao, 2005). Clas-
ical scheme employed to parameters identifiability is presented in

ig. 1.

In the classical scheme, the parameters are included one by one
n the set of selected parameters, verifying if this set is estimable;
therwise, the last included parameter is removed from the set
ical Engineering 55 (2013) 181– 197

and the procedure stops. The first parameter is included in the set
of selected parameters, �(S), based on its effect on model predic-
tion. For the next parameters, a measure of correlation with the
parameters already included in �(S) is also taken into account for
re-ranking the remaining parameters. Thus, at each step of the
selection procedure, one should evaluate the correlation between
the parameters, which requires costly and complex operations with
large matrices (Kravaris et al., 2012) such as: (1) orthogonalization
(Li et al., 2004; Lund & Foss, 2008; Yao et al., 2003), (2) collinea-
rity index (Brun et al., 2001), (3) relative gain array – RGA (Sandink
et al., 2001), (4) principal component analysis – PCA (Li et al., 2004),
(5) optimum experimental design criteria – D-optimal, A-optimal,
E-optimal (Chu & Hahn, 2007; Machado, Tapia, Gabriel, Lafuente, &
Baeza, 2009; Weijers & Vanrolleghem, 1997), and (6) Hankel sin-
gular value (Sun & Hahn, 2006).

Being the most popular, the parameters identifiability proce-
dure based on orthogonalization methods is simple and the results
are easier to interpret, having been widely used for the analysis of
complex models (Kravaris et al., 2012). Among them, identifiabil-
ity procedure proposed by Yao et al. (2003) seems to be most used.
Yao et al. (2003) proposed the parameters identifiability based on
well-known Gram–Schmidt orthogonalization method, using a cut-
off value previously specified as stop criterion of selection, being
this criterion replaced by Thompson et al. (2009) for the point
in what the parameters estimation problem becomes ill-posed.
Chu and Hahn (2007) also use Gram–Schmidt orthogonalization
method proposing a forward selection which maximizes the D-
criterion. Also this orthogonalization method is employed by Lund
and Foss (2008) that suggest a methodology that produces very
similar results to those presented by Yao et al. (2003), but presents
great computational complexity. Other approach of parameters
identifiability problem employing orthogonalization methods uses
Householder transforms as in Hiskens (2001) and Velez-Reyes and
Verghese (1995). Both Gram–Schmidt and Householder transforms
orthogonalization methods produce identical results, but House-
holder transforms is more stable numerically (Golub & van Loan,
1996) and the Gram–Schmidt is simpler to interpret (Kravaris et al.,
2012).

Most of the parameters identifiability procedures based on
orthogonalization methods make use of the Fisher Information
Matrix (FIM), defined as:

FIM = (V�)−1 = BT (VY )−1B (1)

in which B = ∂Y/∂�, more commonly known as local sensitivity
matrix, V� and VY represent, respectively, the parameters and
experimental covariance uncertainty matrices.

Most commonly, B matrix is normalized (BN), as presented in
Eq. (2), to avoid distortions due to the different magnitude orders
of output variables and parameters values. The literature reports
several forms for normalization, being one of the most commonly
presented as follows.

BN = diag(Ȳ E)
−1

(
∂Y

∂�

)
diag(�) (2)

in which Ȳ E is the vector of mean experimental output variables,
� is the vector of parameters values, and diag(x) denotes the diag-
onal matrix of the vector x. Fig. 2 illustrates such normalization.
In the local sensitivity matrix, B or BN, each column is related to
one parameter and each row is related to one output variable.
Thus, each column i can be considered as a sensitivity vector cor-
responding to the parameter i, b�i

. The norm of these sensitivity

vectors, ||b�i

||, can be used to evaluate the parameters effects on the
prediction.

Surely, procedures for selecting parameters evaluating one
by one are computationally costly and time consuming. A first
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ig. 2. Normalized local sensitivity matrix BN and sensitivity vectors of parameters.

roposition to overcome this drawback was done recently by Chu,
uang, Hahn, and Hahn (2012), based on heuristics for assumption
f a number of parameters that can be selected at each iteration.
ccording to the authors, at each iteration, new parameters are

ncluded in the set of selected parameters, determined by an
ptimization procedure, making use of a metric based on the
rthogonalization of the sensitivity matrix. Although appealing,
arameters identifiability using optimization-based methods
esults is a combinatorial problem, where nP !/[nSet ! (nP − nSet) !]
epresents the total number of combinations for selecting nSet
arameters from a set of nP parameters (Kravaris et al., 2012).
ccording to Kravaris et al. (2012), these techniques include the
equential selection procedures, stochastic search techniques, and
euristic reduction approaches.

. Binary search

Binary search is an optimized way to determine an element (e.g.,
haracter or number) in a sorted sequence with no additional infor-
ation. Given a set of sorted numbers, � = {1, 2, 3, 4, 5, 6, 7, 8},
here one number is randomly selected. How many questions are
ecessary to obtain the selected number making only questions
hat can be answered as “yes” or “no”? The most guaranteed fast
ay to get this answer with no any additional information is ask

f the number is in the first half of the set. Thus, given the answer,
ne can eliminate half of the numbers where the selected number
s not present. The remaining set is divided by half again, asking if
he number is in the first half of the remaining set. This procedure
haracterizes a tree search, in which the branches with no selected
umber are discharged from the search, reducing rapidly the size of
he set of numbers to be investigated. In Fig. 3, the query tree of this
llustrative example of binary search is presented. Note that what-
ver is the selected number in the set �, the number of evaluations
equired is equal to 3.

In binary search the number of necessary evaluations nEval is
iven by:

Eval = log2 n (3)

n which n is the number of possible values in the original set.
. Parameters identifiability based on the binary search

An important aspect in search procedures regarding to the com-
utational cost is the numbers of required evaluations to find
Fig. 3. Query tree of the example of set of numbers � using the binary search.

a solution. In classical parameters identifiability procedures the
number of evaluations may  become very high, because the one by
one selection of parameters criteria are chosen.

The numerical procedure proposed in this paper is presented in
Fig. 4. In the algorithm, nPSS represents the number of successfully
selected parameters as identifiable, which is updated at each well-
succeed selection. The algorithm tries to include more parameters
in this set, being nPS the number of parameters that are temporarily
included in the set of identifiable parameters. However, if the set
containing nPS is not identifiable, the set will be reduced and nPS
will be updated accordingly. In the case of successive fails until
nPS reduces to nPSS, no additional parameters could be selected
and the procedure stops. The procedure can also stop when all
the parameters are identifiable (�(NS) is empty), or no parame-
ters are identifiable. This last case only happens if some problem
occurs for identifying even one parameter, indicating either a bad
range established for the most important parameter or a modeling
problem.

In order to explain the proposed procedure, in Fig. 5 it is applied
to a model with four parameters, showing all possible combina-
tions for this case. The parameters are sorted according to their
importance for the model prediction (as in: Brun et al., 2001; Chu &
Hahn, 2007; Li et al., 2004; Lund & Foss, 2008; Sandink et al., 2001;
Secchi et al., 2006; Sun & Hahn, 2006; Weijers & Vanrolleghem,
1997; Yao et al., 2003, and others). According to the proposed pro-
cedure, the first half of the most relevant parameters of the rank
are included in the set of selected parameters, represented by filled
squares in Fig. 5. When adding parameters to the set of selected
parameters, the conditioning of the estimation procedure should
be evaluated in order to verify if such parameters can be estimated
simultaneously, the invertibility of the matrix FIM can be used for
such purpose. In this numerical procedure, the singularity of the
FIM leads to the reduction of the set of selected parameters.

The main difference on the number of evaluations of the pro-
posed procedure regard to the classical binary search is that, when a
new parameter is included in the set of selected parameters and the
FIM matrix is invertible, then the sort of the non-selected parame-

ters may  change (in the classical binary search, the sorted sequence
do not change). Specially in the case where re-estimation of param-
eters is performed, even parameters that have already tried to
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Fig. 4. Numerical procedure proposed for

een included without success can be now included, which may
appen since the values of parameters change, and so the matrix
IM may  change sufficiently to become invertible. Thus, the set
f non-selected parameters should be re-evaluated according to
he chosen criterion when a new set of parameters is successfully
elected. It must be emphasized that, in the proposed procedure,
nce a parameter is successfully selected it will never be removed
rom the set of selected parameters.

In most procedures presented in the literature, the selected

arameters re-estimation is only performed after the identifiability
rocedure. Without performing simultaneously with the identifia-
ility procedure the estimation of the selected parameters, all the
nalyses are done based on the initial estimates of the parameters
eter identifiability: set-by-set selection.

values, carrying great uncertainties out to the results. The simul-
taneous parameters re-estimation reduces the dependence of the
identifiability procedure regarding to the initial estimates of the
parameters values (Secchi et al., 2006). Moreover, since one of the
main purposes of the parameters identifiability is to select the set
of parameters that can be estimable by optimization algorithms
that usually require the inversion of the Hessian matrix, with the
simultaneous parameters re-estimation, it is possible to improve
model fit to experimental data, resulting in a better prediction.

Nevertheless, the computational time increases significantly
when parameters re-estimation is performed simultaneously
with identifiability procedure even so, the importance of this
step should not be despised, becoming relevant the development
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ig. 5. Numerical procedure for 4 parameters to be investigated; nPSS , nPS represent
et  �(S) , �(NS) is the set of non-selected parameters.

f identifiability procedures with less parameters estimation
tages.

However, if one still decides to perform the parameters estima-
ion only after the identifiability procedure, numerical problems

ay  arise due to modeling errors and/or uncertainties in the initial
stimates of the parameters. As previously mentioned, the quality
f the initial estimates of the parameters is one of the major
roblems to the identifiability procedures. There is no guarantee
hat the resulting estimation problems will become well-posed,
specially during the estimation step, where the parameters values
ay  exceed pre-established parameters ranges, and also during

he model evaluation step, where some combination of model
arameters values may  lead to infeasible solution. Although these
roblems are very common in parameters identifiability, they
ave been almost completely neglected in the literature.

When performing these steps simultaneously, as described in
ig. 4, it is possible to overcome problems that may  occur dur-
ng model solving or parameters re-estimation reducing the set
f selected parameters. If the step of parameters re-estimation is
erformed in each selection, it is possible that the parameters dis-
arded at this step may  be selected in a posterior step, when an
valuation of the correlation between the set of selected and non-
elected parameters is performed using more suitable values of the
elected parameters.

Global optimization procedures that do not make use of the Hes-
ian matrix could be used to obtain good initial estimates for the
arameters values. However, in many cases of interest, one deal
ith complex dynamical models, which present significant numer-

cal restrictions regarding to the parameters values without falling
nto numerical problems. Therefore, even derivative-free optimiza-
ion methods, such as particle swarm optimization (Kennedy &
berhart, 1995) or genetic algorithm (Goldberg, 1989), for obtain-
ng good initial estimates, may  fail in obtaining such values
Alberton et al., 2013).

An important question about the identifiability procedure is:
hat is the number of necessary evaluations? For the binary search

bs) (Eq. (3)) since there is the possibility of re-sorting the non-
elected parameters when new parameters are selected, in the

orst case, only one parameter would be included each time, and

he re-estimation could make possible the inclusion of parameters
hat have also tried to be included without success. Therefore, the

aximum number of re-estimation procedure calls or FIM matrix
mber of succeed selected parameters and the number of parameters in the selected

evaluation is given by:

Nbs
Eval = Isup(log2(nP))︸ ︷︷  ︸

Evaluations to include only the first parameter

+ Isup(log2(nP − 1))︸  ︷︷  ︸
Evaluations to include only the second parameter

+ · · · + Isup(log2(2))︸ ︷︷  ︸
Evaluations to include only the penult parameter

+ 1︸︷︷︸
Evaluation to include or remove the last parameter

(4)

Nbs
Eval = 1 +

nP−2∑
k=0

Isup(log2(nP − k))

For the conventional procedures (cp) of parameters identifi-
ability, where only one parameter is selected each time, in the
worst case, where all the remaining parameters are evaluated and
only at the last evaluation one parameter is included, allowing the
re-evaluation of all remaining parameters again, the number of re-
estimation procedure calls or FIM matrix evaluation is given by:

Ncp
Eval

= nP︸︷︷︸
Evaluations to include only the first parameter

+ (nP − 1)︸ ︷︷  ︸
Evaluations to include only the second parameter

+ (nP − 2)︸  ︷︷  ︸
Evaluations to include only the penult parameter

+ . . . + 1︸︷︷︸
Evaluation to include or remove the last parameter

(5)

Fig. 6 presents the number of necessary evaluations for the worst

case in procedures that try to select parameters one by one and for
the proposed procedure. Although one may  expect that the worst
case will seldom happen, the proposed procedure really leads to a
significant lower number of required evaluations. It is especially
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the parameters this dependence is generated by using the normal-
rocedures that try to select parameters one by one ( ) and the proposed numerical
rocedure ( ).

mportant when simultaneous parameters re-estimation is per-
ormed together with identifiability procedure, reducing drastically
he computational cost.

Most of the available criteria to sort the first set of parameters in
he proposed procedure are based on the importance of the param-
ters to the model prediction. Usually, the parametric correlation
s evaluated between set of selected parameters �(S) and set of
on-selected parameters �(NS), avoiding the selection of parame-
ers correlated with the parameters previously selected. Methods
uch as relative gain array – RGA (Bristol, 1966; Cao & Rossiter,
997) and non-square relative gain array – NSRGA (Cao & Rossiter,
997) can be used as criteria for parameters correlation evalua-
ion previously to the first selection (Botelho, 2012; Sandink et al.,
001). In parameters identifiability problems, the use of NSRGA (Eq.
6)) is more indicated because the number of parameters is usually
ifferent from the number of measured variables of the model.

SRGA = B ⊗ (B+)T (6)

n which B+ is the pseudo inverse of the sensitivity matrix and ⊗
enotes the Hadamard (or element-wise) product.

In the proposed numerical procedure, the parameters corre-
ation is evaluated at each step of selection, where parameters
re definitively considered as identifiable parameters if the FIM is
nvertible. Therefore, if there are correlated parameters in the first
et, then these parameters will be removed from this set during
he FIM analysis. Moreover, the sum of each column of the NSRGA

atrix is equivalent to the projection of the sensitivity vector of the
orresponding parameter on the parametric space of the selected
arameters, which is the criterion of linear independence used by
i et al. (2004) and Secchi et al. (2006).

Two examples to illustrate the application of the proposed
rocedure are presented in the next section. The results demon-
trate that computational time and cost are lower than addressing
arameters identifiability problem where the selection is made by
valuating the parameters one by one.

. Illustrative examples

In the first example, a hypothetical problem of parameters iden-
ifiability with known solution is used for verifying if the proposed
umerical procedure is able to make an adequate selection. In
rder to evaluate the robustness of the proposed numerical pro-
edure when facing real problems, the second example represents
 complex dynamic model containing 131 parameters that should
e selected for estimation with scarce experimental data; in this
roblem the solution is unknown. On both cases, parameters re-
stimation is performed.
ical Engineering 55 (2013) 181– 197

The proposed numerical procedure was  applied using the
parameters identifiability criterion of Yao et al. (2003) for eval-
uation the importance and correlation of the parameters. Such
criterion was  selected due to its easy implementation and low
computational cost. Nonetheless, any parameters identifiability cri-
terion can be employed in the procedure.

The algorithm presented in Fig. 4 was  implemented in FORTRAN
95, and all case studies were run in an Intel Core 2 Duo with 3 GB
RAM. The parameter estimation was  performed using the compu-
tational code Estima&Planeja (Schwaab et al., 2011), based on the
Gauss–Newton method.

Parameters estimation with Gauss–Newton method is an opti-
mization procedure that includes: (1) model evaluation, (2)
linesearch for stepsize calculation with checking of parameters
limits, (3) evaluation of FIM matrix and its inverse. As each of
these steps may  fail interrupting the estimation, some modifica-
tions were introduced in this code to improve the convergence
for complex parameters identifiability problems that have scarce
experimental data.

For both examples, the results are presented with the values
of the re-estimated parameters together with the relative devia-
tion, calculated as the ratio between the standard deviation of the
parameter and its estimated value (��/�).

5.1. Example 1 – a simple model

Let us consider the mathematical model presented in Eq. (7).

y =
nX∑

k=1

xk · �k +
nX−1∑
i=1

nX∑
j=1

xi · xj · �i,j (7)

in which � denotes the parameter, x the independent variable vec-
tor of dimension nX,  and y the dependent variable.

The original mathematical model is described only by main
effects, where the number of parameters, nP,  is equal to the num-
ber of independent variables, nX = 31. The crossed effects were
added to the original model to create a super-parameterized model
and increase the complexity of the identifiability problem. It is
expected that the 31 × 30 = 930 parameters relating to the second-
order terms become not identifiable because they are correlated
with each other and were not employed to generate the simu-
lated experimental data (y). In this case, the crossed effects are
confounded with the main effects.

The values of the independent variables x for generating the
simulated experimental data were obtained using the software
Statistica 6.0 by Taguchi’s experimental design. The dependent
variable y was  generated using the output of the original model
added by a random noise with normal distribution, zero mean
and variance �2

Y = 0.25. The true parameters values of the origi-
nal model form an arithmetic progression with the first parameter
�1 = 5, the last parameter �31 = 155, and the common difference
of successive members equal to 5. In this scenario the simulated
experimental data are orthogonal and the mathematical model
structure is linear.

Two cases were investigated: without and with re-estimation.
Moreover, since the parameters identifiability procedures are
strongly dependent on the initial estimates of parameters values
(Chu & Hahn, 2007; Omlin & Reichert, 1999), different values were
given for the parameters as initial estimates. For linear models on
ized sensitivity matrix and also by the non-selected parameters
when a re-estimation step is applied. In both cases, the results are
presented in Table 1.
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Table 1
Results for parameters identifiability procedure based on binary search for cases (a) and (b) of the first example. The superscripts represent the positions of the parameters.

Symbol Exact
value

Initial estimates
(a.1 and b.1)

Initial estimates
(a.2 and b.2)

Estimated
values (b.1)

Estimated
values (b.2)

�1 5 1.2 31 159.265(31) 14.1113(1)

�2 10 2 30 152.752(30) 13.8686(2)

�3 15 3 29 144.396(29) 17.6081(3)

�4 20 4 28 145.181(28) 23.0792(4)

�5 25 5 27 138.824(27) 26.5707(5)

�6 30 6 26 134.280(26) 31.0258(6)

�7 35 7 25 129.384(25) 39.2003(7)

�8 40 8 24 120.687(24) 45.6158(8)

�9 45 9 23 123.449(23) 46.3685(9)

�10 50 10 22 115.398(22) 57.3666(10)

�11 55 11 21 108.222(21) 63.0269(11)

�12 60 12 20 104.095(20) 64.8253(12)

�13 65 13 19 103.921(19) 72.3390(13)

�14 70 14 18 88.3366(18) 68.5984(14)

�15 75 15 17 85.0125(17) 76.4169(15)

�16 80 16 16 86.7994(16) 86.7994(16)

�17 85 17 15 76.4169(15) 85.0125(17)

�18 90 18 14 68.5984(14) 88.3366(18)

�19 95 19 13 72.3390(13) 103.921(19)

�20 100 20 12 64.8253(12) 104.095(20)

�21 105 21 11 63.0269(11) 108.222(21)

�22 110 22 10 57.3666(10) 115.398(22)

�23 115 23 9 46.3685(9) 123.449(23)

�24 120 24 8 45.6158(8) 120.687(24)

�25 125 25 7 39.2003(7) 129.384(25)

�26 130 26 6 31.0258(6) 134.280(26)

�27 135 27 5 26.5707(5) 138.824(27)

�28 140 28 4 23.0792(4) 145.181(28)

�29 145 29 3 17.6081(3) 144.396(29)

�30 150 30 2 13.8686(2) 152.752(30)

� 155 31 1.2 14.1113(1) 159.265(31)
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�1,1 to �30,31 0 1 

a Non-selected parameters.

.1.1. Case a – without the parameters re-estimation step
The main objective of this case is to demonstrate the lower time

nd computational cost of the proposed numerical procedure com-
ared to usual procedures described in the literature. In fact, only

 evaluations were required for selection of 31 parameters, while
ith conventional parameters identifiability procedures it would

e required at least 31 evaluations. Note that the worst case of the
inary search would require 8588 evaluations (Eq. (4)), and the
orst case of the conventional procedures would require 461,281

valuations (Eq. (5)).
In order to demonstrate the dependence on the initial estimates

f the parameters values, two initial estimates were investigated:

Case a.1 – values of the parameters 1–31 in crescent order of
magnitude, with parameters related to the crossed effects kept
equal to one.
Case a.2 – values of the parameters 1–31 in decreasing order of
magnitude, with parameters related to the crossed effects kept
equal to one.

As expected for the case a.1, the parameters were selected in
ecreasing order according to their values, being obtained the set
f the selected parameters �[S] = {�31, �30, . . .,  �1}. For the case
.2, the parameters were selected according to their values, that
s, �[S] = {�1, �2, . . .,  �31}. It is important to empathize that for more
omplex problems (e.g., scarce experimental data, and non-linear
odels) the results of parameters selection are highly dependent

n the employed parameters identifiability criteria. Despite the

eriousness of the example, this problem of the dependence on
he initial estimates also occurs in the conventional parameters
dentifiability procedures.

The CPU time spent for the selections is the same in both cases.
1 a a

5.1.2. Case b – with the parameters re-estimation step
Similar to the case (a), investigations were performed with dif-

ferent initial estimates as follows:

• Case b.1 – values of the parameters 1–31 in crescent order of
magnitude, with parameters related to the crossed effects kept
equal to one.

• Case b.2 – values of the parameters 1–31 in decreasing order of
magnitude, with parameters related to the crossed effects kept
equal to one.

Introducing the step of parameters re-estimation, 31 parame-
ters were selected, where the parameters selection order was the
same as obtained without re-estimation. The estimated parame-
ters values are presented in Table 1; for both cases, the relative
deviations were about 1 × 10−2, indicating a good accuracy of the
estimated parameters. The CPU time spent in case b.1 was  1.30 min
and in case b.2 was 1.84 min. In both cases, the results of estima-
tion were the same, as expected, and the re-estimations were able
to get good estimates for the true parameters values. The differ-
ence between re-estimated parameters and true parameters values
is mainly associated with the crossed effects, that are zero for the
exact model and equal to one for the initial estimates, and such val-
ues were kept unchanged during the estimation since the crossed
effects were not included in the set of estimable parameters.

In this example, the NSRGA was also applied to select the first
set of parameters, in order to avoid correlated parameters, leading
to the same results.
5.2. Example 2 – a complex dynamic model

Representing a complex real case of parameters identifiability
problems (complex dynamic model, large number of parameters,
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Fig. 7. Escherichia coli

arameters with low influence for model prediction and/or cor-
elated, and scarce experimental data), the E. coli K-12 W3110
etabolic network model (Chassagnole, Noisommit-Rizzi, Schimd,
auch, & Reuss, 2002; Di Maggio et al., 2009) is used in this

xample. Additionally, conducting experiments for such system are
ostly, time consuming and difficult. Consequently, some impor-
ant variables are not measured and their initial conditions are
nknown.

Large scale metabolic network of the glycolysis, the pentose-
hosphate-pathway and the phosphotransferase system of E. coli
-12 W3110 is presented in Fig. 7.

The mathematical model of E. coli K-12 W3110 metabolic

etworks is described by a system of 18 ordinary differential equa-
ions that represent mass balances for extracellular glycolysis and
ntracellular metabolites (Eqs. (8)–(25)), 7 forcing functions that
epresent the co-metabolites (Eqs. (A1)–(A7)) and 30 kinetic rates
al carbon metabolism.

that represent the enzymes (Eqs. (A8)–(A37)) (Chassagnole et al.,
2002). This dynamic model has 131 candidate parameters to be
selected.

Modifications were introduced by Di Maggio, Diaz Ricci, and
Diaz (2010) for some enzyme kinetics. In this sense, kinetic expres-
sion for the activity of phosphofructokinase was  taken from Diaz
Ricci (1996) (Eq. (A5)) and other modifications are given by
Ratushny et al. (2006) for modeling the activity of glucose-6-
phosphate dehydrogenase (Eq. (A6)).

dCextracellular
glc

dt
= D(Cfeed

glc − Cextracellular
glc ) + fpulse − CxrPTS

�x
(8)
dCg6p

dt
= rPTS − rPGI − rG6PDH − rPGM − �Cg6p (9)
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Table 2
Results for parameters identifiability based on the information theory of E. coli
metabolic networks.

Symbol Nominal value Symbol Nominal value

Initial conditions
Cxyl5p 5.5406 × 10−1 C3gp 1.2851
Cg1p 6.7016 × 10−2 Csed7p 4.0874 × 10−2

Cpgp 3.7000 × 10−5

Parameters
KPGI,g6p 4.0000 × 10−1 KGAPDH,pgp 5.0000 × 10−5

rmax
PGI 1.0519 × 103 KG6PDH,nad,ihn 9.0000 × 10−3

rmax
G6PDH 1.2873 × 101 rmax

Synthesis2
5.6900 × 10−1

KPGI,g6p2 2.0000 × 10−1 rmax
PK 5.6700 × 10−1

KTIS,eq 1.3900 × 10−1 rmax
PTS 8.21073 × 104

KPEPCxylase,fdp 7.0000 × 10−1 KPTS1 3.0823 × 103

nPEPCxylase,fdp 4.0000 KSynthesis2,pyr 1.0000
KRU5P,eq 1.4000 rmax

PGDH 5.22076
max −2

far from the true parameters values, and are used in the evaluation
of parameters identifiability criterion.

Table 3
Results of the estimation of initial conditions for non-measured intracellular
metabolites using the proposed numerical procedure with parameters re-
estimation.

Symbol Nominal value Estimated value Relative deviation

C 5.5406 × 10−1 5.2742 × 10−1 8.9433 × 103
K.P.F. Alberton et al. / Computers and

dCf6p

dt
= rPGI − rPFK + rTKb + rTA − 2rMurSynth − �Cf6p (10)

dCfdp

dt
=  rPKF − rALDO − �Cfdp (11)

dCgap

dt
= rALDO + rTIS − rGAPDH + rTKa + rTKb − rTA + rTrpSynth − �Cgap

(12)

dCdhap

dt
= rALDO − rTIS − rG3PDH − �Cdhap (13)

dCpgp

dt
= rGAPDH − rPGK − �Cpgp (14)

dC3pg

dt
= rPGK − rPGGluMu − rSerSynth − �C3pg (15)

dC2pg

dt
= rPGluMu − rENO − �C2pg (16)

dCpep

dt
= rENO − rPK − rPTS − rPEPCxylase − rDAHPS − rSynth1 − �Cpep

(17)

dCpyr

dt
= rPK + rPTS − rPDH − rSynth2 + rMetSynth + rTrpSynth − �Cpyr

(18)

dC6pg

dt
= rG6PDH − rPGDH − �C6pg (19)

dCribu5p

dt
= rPGDH − rRu5P − rR5PI − �Cribu5p (20)

dCxyl5p

dt
= rRu5P − rTKa − rTKb − �Cxyl5p (21)

dCsed7p

dt
= rTKa − rTA − �Csed7p (22)

dCrib5p

dt
= rR5PI − rTKa − rRPPK − �Crib5p (23)

dCe4p

dt
=  rTA − rTKb − rDAHPS − �Ce4p (24)

dCglp

dt
= rPGM − rGIPAT − �Cglp (25)

The computational code DASSL (Petzold, 1989) was employed
or the numerical integration of the dynamic model.

The experimental data were obtained in Hoque, Ushiyama,
omita, and Shimizu (2005) for a time horizont of 300 s
nd for the following measured variables: glucose (glc),
ihydroxyacetonephosphate (dhap), erythrose-4-phosphate
e4p), phosphoenolpyruvate (pep), pyruvate (pyr), fructose-
,6-diphosphate (fdp), glyceraldehyde-3-phosphate (gap),
ibose-5-phosphate (rib5p), ribulose-5-phosphate (ribu5p),
-phosphoglicerate (2pg), glucose-6-phosphate (g6p), fructose-

-phosphate (f6p), and 6-phosphogluconate (6pg). The other

ntracellular metabolites were not measured and thus, their
nitial conditions are unknown. Since these initial conditions are
mportant information for the mathematical model, their values
rGAPDH 50.0000 KPGDH,nadp 5.0600 × 10
KGAPDH,gap 1.2000 KPGDH,nadph 1.3769 × 10−2

should be estimated together with the parameters. The results
will be presented for two cases: without and with the parameters
re-estimation step. As usual, for both cases, the experimental
uncertainty is admitted proportional to the measured values of
the independent variable (yi) in the form:

�yi
= a · yi + b (26)

where a and b can be arbitrarily chosen or obtained experimentally,
or even estimated.

The knowledge of experimental uncertainty is a significant
problem for the majority of investigated systems in chemical engi-
neering. The appropriate knowledge would require replications for
all experiments. It is important information, but often it is neglected
and arbitrarily chosen due to the hard work that would be to char-
acterize the experimental errors. In our case, we  admitted a = 10−2

and b = 10−6 (particularly the value of b was chosen based on the
magnitude of experimental data values).

5.2.1. Case a – without the parameters re-estimation step
Considering 5 unknown initial conditions and 131 model

parameters, 136 parameters were evaluated by the proposed
numerical procedure using the available experimental data for
intracellular metabolites. The results are summarized in Table 2,
where 20 parameters and 5 initial conditions were selected as
identifiable, being required only 13 evaluations. The high num-
ber of non-selected parameters may  indicate that a large number
of parameters present low influence for model prediction and/or
are correlated with the selected parameters, and that the non-
measured intracellular metabolites store relevant information for
describing E. coli metabolic behavior. Other important factor is
related to the initial estimates of parameters values that can be
xyl5p

Cg1p 6.7016 × 10−2 6.4919 × 10−2 9.8674 × 101

Cpgp 3.7000 × 10−5 3.0857 × 10−3 3.3957
C3gp 1.2851 1.7901 3.5516
Csed7p 4.0874 × 10−2 4.0850 × 10−2 1.4311 × 104
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Table 4
Results of parameters selection using the proposed numerical procedure with parameters re-estimation.

Parameter Nominal value Estimated value Relative deviation Parameter Nominal value Estimated value Relative deviation

KPGI,g6p 4.0000 × 10−1 1.0769 × 102 3.0814 KPGK,adp 1.8500 × 10−1 1.8500 × 10−1 1.9104 × 102

rmax
PGI 1.0519 × 103 5.9234 × 102 1.2569 KGAPDH,nad 2.5200 × 10−1 2.5213 × 10−1 6.7565 × 101

rmax
G6PDH 1.2873 × 101 7.2217 2.0269 × 101 KG6PDH,nad,inh 9.0000 × 10−3 8.6536 × 10−3 6.1194 × 101

KPGI,f6p2 2.0000 × 10−1 1.1109 × 10−5 7.6247 × 105 rmax
RU5P 5.1816 2.2516 2.5393 × 101

KPGK,3pg 5.1700 × 10−1 4.5490 × 10−1 4.4129 rmax
R5PI 3.7333 1.9924 4.6917

KPEPCxylase,fdp 7.0000 × 10−1 4.4571 × 10−1 3.7857 rmax
ALDO 3.0423 × 101 4.0000 1.7730 × 103

nPEPCxylase,fdp 4.0000 9.2161 2.3282 KENO,2pg 1.0000 × 10−1 1.0000 × 10−1 1.6760 × 101

rmax
PGDH 5.2208 9.4885 × 10−1 1.2338 × 103 KTIS,dhap 2.8000 2.5225 2.2587 × 103

rmax
PFK 1.9670 1.4669 × 10−1 2.5160 KR5PI,eq 4.0000 1.4200 3.5450 × 101

rmax
GAPDH 5.0000 × 102 9.4187 9.5864 rmax

PDH 4.0104 6.2336 × 10−1 7.4603 × 10−1

KRU5P,eq 1.4000 1.4855 8.9487 × 103 KPGLUMU,3pg 2.0000 × 10−1 2.0000 × 10−1 6.9664 × 102

KGAPDH,gap 1.2000 2.2312 × 10−2 1.3122 × 103 HG6PDH,nadh 1.2000 × 10−1 5.1769 × 10−1 5.1116 × 103

KGAPDH,pgp 5.0000 × 10−5 8.3295 × 10−5 1.3434 × 103 KTKa,eq 1.3500 × 10−1 1.1685 × 10−1 2.3249 × 104

KPGDH,nadp 5.0600 × 10−2 1.1772 1.3215 × 103 KENO,pep 5.2056 × 101 1.3500 × 10−1 3.9731 × 101

KPGDH,nadph 1.3769 × 10−2 7.3728 × 10−2 4.0426 × 102 rmax
TIS 2.2000 8.7199 × 10−2 1.9057 × 103

KPGDH,atp 2.0800 × 102 5.4786 × 101 4.2688 × 103 nDAHPS,pep 3.6900 × 10−1 2.4990 2.6254 × 101

KPGM,eq 1.5800 × 10−1 1.3716 × 10−1 8.7306 × 101 KPGLUMU,2pg 3.0000 × 10−2 3.6900 × 10−1 6.3087 × 102

KALDO,eq 1.4438 × 10−2 1.4935 × 10−2 2.6863 KG6PDH,nadph 1.4000 2.8818 × 10−2 7.5260 × 103

rmax
Synth2

5.6900 × 10−1 4.2606 × 10−2 2.6446 × 101 HG6PDH,nadph 8.8572 × 10−3 1.4032 8.6816 × 103

rmax
PK 5.6700 × 10−1 3.5304 × 10−2 6.0122 × 101 KR,f6p 2.0000 × 10−2 8.8801 × 10−3 9.6690 × 103

rmax
PTS 1.0000 1.0745 3.5897 × 103 KMG6PDH,nadp 1.0500 1.9406 × 10−2 3.7786 × 103

KPTS1 2.6000 × 10−1 2.3386 × 103 3.6104 × 103 KTA,eq 1.3900 × 10−1 1.0507 1.4314 × 104

KSynthesis2,pyr 4.6800 × 10−2 1.8140 × 10−1 1.5514 × 102 KTIS,eq 9.5000 × 10−2 1.3896 × 10−1 2.9680 × 102

KPK,adp 2.6000 2.5944 × 10−1 2.9091 × 102 rmax
PEPCxylase

8.8000 × 10−2 1.0256 × 10−2 6.2233 × 101

KPGK,pgp 1.8700 × 10−1 5.4125 × 10−2 3.5774 KALDO,dhap 9.9000 × 10−1 8.8000 × 10−2 1.4290 × 102

nDAHP,se4p 3.1000 × 10−2 3.4499 3.5791 e 5.6180 × 10−1 4.0301 × 10−1 9.6704 × 103

KPGLUMU,eq 1.0000 9.4505 × 10−1 7.0688 rmax
PGM 5.4491 9.0650 × 10−2 5.7009 × 101

KPK,pep 4.3000 × 10−2 3.0968 × 10−2 1.4155 × 102 KPGDH,6pg 3.0000 × 10−1 3.6871 1.1154 × 102

nPDH 4.0700 9.2200 1.5091 KG6PDH,nadh 3.0000 × 10−1 3.0070 × 10−1 1.0491 × 104

KPGI,eq 6.7000 × 10−1 4.2994 × 10−2 7.1124 × 10−1 KG6PDH,dtn 7.0000 × 10−3 3.0613 × 10−1 4.4899 × 104

KPEPCxylase,pep 8.4613 8.0500 6.6521 × 101 KMG6PDH,g6p 1.8000 × 103 6.9652 × 10−3 2.2991 × 102

KENO,eq 2.0000 × 10−1 7.1033 × 10−1 2.0301 KPGK,eq 1.0000 8.9599 × 10−3 2.2371 × 103

rmax
TA 4.2260 × 103 3.2541 × 102 1.4314 × 104 KTIS,gap 1.5000 × 10−3 3.4455 × 10−1 3.0763 × 102

KPGI,g6p2 2.5274 × 102 5.9448 × 10−1 4.9639 rmax
G3PDH 5.3000 × 10−3 1.0700 × 10−2 5.4517 × 104

rmax
PGK 7.3718 2.7500 × 101 2.3841 × 103 KG3PDH,dhap 1.8500 × 10−1 6.5999 6.1520 × 104

rmax
ENO 9.6972 × 101 2.5000 1.0603 × 101 rmax

MurSynth
2.5200 × 10−1 1.4961 × 10−3 1.6909 × 102

rmax
TKa 4.0000 × 10−1 5.7700 8.9491 × 103 KDAHPS,pep 9.0000 × 10−3 5.3000 × 10−3 1.5787 × 102

rmax
PGLUMU 1.0519 × 103 7.0600 × 10−1 6.8782 × 101
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ig. 8. Experimental and predicted metabolites concentrations as function of the
redicted value after parameter identifiability.
.2.2. Case b – with the parameters re-estimation step
Including the step of parameters re-estimation, the proposed

umerical procedure was able to select 75 parameters and 5
: ( ) experimental value, (-�-) predicted value using initial estimates and ( )
unknown initial conditions, demanding only 19 iterations. There-
fore, 55 additional parameters were selected by introducing the
parameters re-estimation step with only 6 additional evaluations.
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Appendix A.

See Tables A1–A4.

Table A1
Nomenclature.

Metabolites
glc Glycose
g6p Glycose-6-phosphate
f6p Glycose-6-phosphate
fdp Fructose-1,6-biphosphate
gap Glyceraldehyde-3-phosphate
dhap Dihydroxyacetonephosphate
pgp 1,3-Diphosphoglycerate
3pg 3-Phosphoglicerate
2pg 2-Phosphoglicerate
pep Phosphoenolpyruvate
pyr Pyruvate
6pg 6-Phosphogluconate
ribu5p Ribulose-5-phosphate
xyl5p Xylulose-5-phosphate
sed7p Sedoheptulose-7-phosphate
xyl5p Xylulose-5-phosphate
sed7p Sedoheptulose-7-phosphate
rib5p Ribose-5-phosphate
e4p Erythrose-4-phosphate
glp Glycose-1-phosphate

Co-metabolites
atp Adenosintriphosphate
adp Adenosindiphosphate
nad Diphosphopyridindinucleotide, oxized
nadh Diphosphopyridindinucleotide, reduced
nadp Diphosphopyridindinucleotide-phosphate, oxized
nadph Diphosphopyridindinucleotide-phosphate, reduced
amp  Adenosinmonophosphate

Enzymes
ALDO Aldolase
DAHPS DAHPS synthase
ENO Enolase
G1PAT Glycose-1-phosphate adenyltransferase
G3PDH Glycerol-3-phosphate dehydrogenase
G6PDH Glycose-6-phosphate dehydrogenase
GAPDH Glyceraldehyde 3-phosphate dehydrogenase
MetSynth Methionine synthesis
MurSynth Mureine synthesis
PDH Pyruvate dehydrogenase
PEPCxylase PEP carboxylase
PFK Phosphofructokinase
PGDH 6-Phosphogluconate dehydrogenase
PGI Phosphoglucoisomerase
PGK Phosphoglycerate kinase
PGM Phosphoglucomutase
PGluMu Phosphoglycerate mutase
PK Pyruvate kinase
PTS Phosphotransferase system
R5PI Ribose phosphate isomerase
RPPK Ribose phosphate pyrophosphokinase
RU5P Ribulose phosphate epimerase
SerSynth Serine synthesis
92 K.P.F. Alberton et al. / Computers and

t must be emphasized that the selection of the parameters using
he one by one procedure would require at least 80 iterations.
ctually, the save of computational time is much higher, since the
sual procedure demands much higher iterations, forasmuch the

nclusion of one parameter at each iteration often is not succeed,
nd several parameters must be tested before one additional
arameter is definitively included. The CPU time spent with the
roposed procedure was only 3.24 min. For comparison, we have
erformed the identification procedure adding one parameter
ach time, and obtained the results in 2.28 h, with similar results.
he results are summarized in Tables 3 and 4, respectively, for
oth parameters and initial conditions.

The initial estimates of the initial conditions, presented in
able 3, were obtained in two steps: (1) integrate the model with a
mall timestep and null initial concentrations of the non-measured
ntracellular metabolites, and (2) take the calculated values for
he non-measured intracellular metabolites concentrations at the
nd of the first timestep as initial estimates for the initial condi-
ions. With the parameters re-estimation step, these values do not
resent a significant influence.

Most of the estimated parameters values presented in Table 4
resent difference of at least one order of magnitude with respect
o the initial estimates. This difference demonstrates that initial
stimates of the parameters could be significantly improved,
s observed in Fig. 8, comparing experimental data with model
rediction using initial estimates and estimated values after the
arameters identifiability. It is important to emphasize that the
stimated values of the selected parameters can be significantly
nfluenced by the initial estimates of the non-selected parameters.
pecial attention should be given at Fig. 8(b), (c) and (g)–(j), for
hich the mathematical model behavior with re-estimated param-

ters values was able to lead to a better fit to the experimental
ata.

Applying the NSRGA criteria to select the first set of parame-
ers in order to avoid correlated parameters did not change the
esults. Therefore, the additional overhead to select the first set of
arameters seems to be unnecessary.

. Conclusion

In this work, a numerical procedure for parameters selection
ased on binary search was proposed in order to solve the problem
f parameters identifiability with minimum effort. Two examples
ere presented to illustrate the performance of the procedure.

n the first example a simple case was presented showing that
he numerical procedure is able to select the parameters accord-
ng to their potential of estimation. The second example is a
carce experimental data scenario, using a complex mathemati-
al model of E. coli metabolic network, containing 131 parameters
nd 5 unknown initial conditions of metabolites concentra-
ion. In both cases, the proposed procedure leads to significant
eduction of the computational effort and similar results when
ompared to the traditional procedures of one by one parameter
election.

The use of NSRGA for previous evaluation of parameters corre-
ation did not improve the results for the investigated examples.
n fact, the results obtained with the NSRGA are overlapped by
valuating the correlation parameter performed in each step of the

election.

A discussion about the simultaneous parameters re-estimation
ogether with parameters identifiability procedures was  presented,
nd it was shown that such simultaneous step is very important
or reducing the influence of uncertainties of initial parameters
stimates.
ical Engineering 55 (2013) 181– 197
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Synth2 Synthesis 2
TA Transaldolase
TIS Triosephosphate isomerase
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TrpSynth Tryptophan synthesis
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Table A2
Forcing functions for co-metabolites concentrations (mM)  (Chassagnole et al., 2002).

Catp = 4.27 − 4.163
t

0.657 + 1.43t + 0.364t2
(A1)

Cadp = 0.582 + 1.73(2.731−0.15t)(0.12t + 0.000214t3) (A2)

Camp = 0.123 + 7.25
t

7.25 + 1.47t + 0.17t2
+ 1.073

t

1.29 + 8.05t
(A3)

Cnadph = 0.062 + 0.332(2.718−0.46t)(0.0166t1.58 + 0.000166t4.73 + 1.16 · 10−10t7.89 + 1.36 · 10−13t11 + 1.23 · 10−16t14.2) (A4)

Cnadp = 0.159 + 0.00554
t

2.8 + 0.271t + 0.01t2
+ 0.182

t

4.81 + 0.526t
(A5)

Cnadh = 0.0934 + 0.0011(2.371−0.123t)(0.844t + 0.104t3) (A6)

Cnad = 1.314 + 1.314(2.73(−0.0435t−0.342)) − (t + 7.871)(2.73(−0.0218t−0.171))
8.481 + t

(A7)

Table A3
Kinetics rates for enzymes (Chassagnole et al., 2002).

rPTS =
rmax

PTS Cextracelular
glc

(Cpep/Cpyr)

(KPTS1 + KPTS2(Cpep/Cpyr) + KPTS,3Cextracelular
glc

+ Cextracelular
glc

(Cpep/Cpyr))(1 + (C
nPTS,g6p
g6p /KPTS,g6p))

(A8)

rPGI =
rmax

PGI (Cg6p − (Cf6p/KPGI,eq))

KPGI,g6p(1 + (Cf6p/(KPGI,f6p(1 + (C6pg/KPGI,f6p,6pginh)))) + (C6pg/KPGI,g6p,6pginh)) + Cg6p
(A9)

rPFK =
rmax

PFK

[
(eCf6p/KRf6p)(1 + (eCf6p/KRf6p))nPFK−1(1 + (Cadp/KRadp))nPFK + L0[((1 + (Cpep/KTpep))(1 + (Cadp/KTadp))/((1 + (Cpep/KRpep))(1 + (Cadp/KRadp))))]nPFK �ce′(Cf6p/KRf6p)(1 + ce′(Cf6p/KRf6p))nPFK−1

]
(1 + (eCf6p/KRf6p))nPFK (1 + (Cadp/KRadp))nPFK + L0[((1 + (Cpep/KTpep))(1 + (Cadp/KTadp)))/((1 + (Cpep/KRpep))(1 + (Cadp/KRadp)))]nPFK (1 + ce′(Cf6p/KRf6p))Cpep/KTpep

(A10)

rALDO =
rmax

ALDO(Cfdp − (CgapCdhap/KALDO,eq))

KALDO,fdp + Cfdp + (KALDO,gapCdhap/KALDO,eqVALDO,blf) + (KALDO,dhapCgap/KALDO,eqVALDO,blf) + (CfdpCgap/KALDO,gap,inh) + (CdhapCgap/KALDO,eqVALDO,blf)
(A11)

rTIS =
rmax

TIS (Cdhap − (Cgap/KTIS,eq))

KTIS,dhap(1 + (Cgap/KTIS,gap)) + Cdhap
(A12)

rGAPDH =
rmax

GAPDH(CgapCnad − (CpgpCnadh/KGAPDH,eq))

(KGAPDH,gap(1 + (Cpgp/KGAPDH,pgp)) + Cgap)(KGAPDH,nad(1 + (Cnadh/KGAPDH,nadh)) + Cnad)
(A13)

rPGK =
rmax

PGK (CadpCpgp − (CatpC3pg/KPGK,eq))

(KPGK,adp(1 + (Catp/KPGK,atp)) + Cadp)(KPGK,pgp(1 + (C3pg/KPGK,3pg)) + Cpgp)
(A14)

rPGluMu =
rmax

PGluMu
(C3pg − (C2pg/KPGluMu,eq))

KPGluMu,3pg(1 + (C2pg/KPGluMu,2pg) + C3pg
(A15)

rENO =
rmax

ENO (C2pg − (Cpep/KENO,eq))

KENO,2pg(1 + (Cpep/KENO,pep)) + C2pg
(A16)

rPK = rmax
PK CpepCadp((Cpep/KPK,pep) + 1)(nPK−1)

KPK,pep(LPK(((1 + (Catp/KPK,atp))/((Cfdp/KPK,fdp) + (Camp/KPK,amp) + 1)))nPK + ((Cpep/KPK,pep) + 1)nPK )(Cadp + KPK,adp)
(A17)
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Table A3 (Continued)

rPDH =
rmax

PDH C
nPDH
pyr

KPDH,pyr + C
nPDH
pyr

(A18)

rG6PDH =
rmax

GPDHCg6p

(KG6PDH,g6p(1 + ktgn(C
htg
nadp

/(k
htg
tg + C

htg
nadp

))) + Cg6p)(1 + (Cnadph/KG6PDH,nadphinh) + (Cnadh/KG6PDH,nadhinh))((Cnadp/KG6PDH,nadp)1+kdtn(C
hdt
nadh

/(k
hdt
dt

+C
hdt
nadh

)))/

((1  + (Cnadp/KG6PDH,nadp)1+kdtn(C
hdt
nadh

/(k
hdt
dt

+C
hdt
nadh

)) + (Cnadph/KG6PDH,nadphinh2)hnadph )(1 + (Cnadh/KG6PDH,nadh)hnadh ))

(A19)

rPGDH =
rmax

PGDHC6pgCnadp

(C6pg + KPGDH,6pg)(Cnadp + KPGDH,nadp(1 + (Cnadph/KPGDH,nadph,inh))(1 + (Catp/KPGDH,atp,inh)))
(A20)

rR5PI = rmax
R5PI

(
Cribu5p − Crib5p

KR5PI,eq

)
(A21)

rRU5P = rmax
RU5P

(
Cribu5p − Cxyl5p

KRU5P,eq

)
(A22)

rTKa = rmax
TKa

(
Crib5pCxyl5p − Csed7pCgap

KTKa,eq

)
(A23)

rTKb = rmax
TKb

(
Cxyl5pCe4p − Cf6pCgap

KTKb,eq

)
(A24)

rTA = rmax
TA

(
CgapCsed7p − Ce4pCf6p

KTA,eq

)
(A25)

rPEPCxylase =
rmax

PEPCxylase
Cpep(1 + (Cfdp/KPEPCxylase,fdp)nPEPCxylase,fdp )

KPEPCxylase,pep + Cpep
(A26)

rSynth1 =
rmax

Synth1
Cpep

KSynth1,pep + Cpep
(A27)

rSynth2 =
rmax

Synth2
Cpyr

KSynth2,pyr + Cpyr
(A28)

rSerSynth =
rmax

SerSynth
C3pg

KSerSynth,3pg + C3pg
(A29)

rRPPK = rmax
RPPKCrib5p

KRPPK,rib5p + Crib5p
(A30)

rG3PDH =
rmax

G3PDHCdhap

KG3PDH,dhap + Cdhap
(A31)

rDAHPS =
rmax

DAHPSC
nDAHPS,e4p
e4p C

nDAHPS,pep
pep

(KDAHPS,e4p + C
nDAHPS,e4p
e4p )(KDAHPS,pep + C

nDAHPS,pep
pep )

(A32)

rPGM =
rmax

PGM(Cg6p − (Cg1p/KPGM,eq))

KPGM,g6p(1 + (Cg1p/KPGM,g1p)) + Cg6p
(A33)

rG1PAT =
rmax

G1PATCg1pCatp(1 + (Cfdp/KG1PAT,fdp)nG1PAT,fdp )

(KG1PAT,g1p + Cg1p)(KG1PAT,atp + Catp)
(A34)

rMurSynth = rmax
MurSynth (A35)

rTrpSynth = rmax
TrpSynth (A36)

rMetSynth = rmax
MetSynth (A37)
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Table A4
Kinetics parameters of the model.

Enzyme Parameters Description

Phosphotransferase system (PTS)

KPTS1 M–M  half-saturation constant (mM)
KPTS2 Constant (mM)
KPTS3 Constant
KPTS,g6p Inhibition constant (mM)
nPTS,g6p Constant
rmax

PTS Maximum reaction rate (mM  s−1)

Phosphoglucoisomerase (PGI)

KPGI,g6p M–M  half-saturation constant (mM)
KPGI,f6p Inhibition constant (mM)
KPGI,eq Equilibrium Constant
KPGI,g6p,6pg,inh Inhibition constant (mM)
KPGI,f6p,6pg,inh Inhibition constant (mM)
rmax

PGI Maximum reaction rate (mM  s−1)

Phosphofructokinase (PFK)

KPFK,f6p,s M–M  half-saturation constant (mM)
KPFK,atp,s M–M  half-saturation constant (mM)
KPFK,adp,a Activation constant (mM)
KPFK,adp,b Activation constant (mM)
KPFK,adp,c Activation constant (mM)
KPFK,amp,a Activation constant (mM)
KPFK,amp,b Activation constant (mM)
KPFK,pep Inhibition constant (mM)
LPFK Allosteric constant
nPFK Number of binding sites
rmax

PFK Maximum reaction rate (mM  s−1)

Aldolase (ALDO)

KALDO,fdp M–M  half-saturation constant (mM)
KALDO,dhap M–M  half-saturation constant (mM)
KALDO,gap M–M  half-saturation constant (mM)
KALDO,gap,inh Inhibition constant (mM)
VALDO,blf Back-forward reaction rate relation
KALDO,eq Equilibrium constant (mM)
rmax

ALDO Maximum reaction rate (mM  s−1)

Triosephosphate isomerase (TIS)

KTIS,dhap M–M  half-saturation constant (mM)
KTIS,gap M–M  half-saturation constant (mM)
KTIS,eq Equilibrium constant
rmax

TIS Maximum reaction rate (mM  s−1)

Glyceraldehyde-3-phosphate dehydrogenase (GAPDH)

KGAPDH,gap M–M  half-saturation constant (mM)
KGAPDH,pgp Inhibition constant (mM)
KGAPDH,nad M–M  half-saturation constant (mM)
KGAPDH,nadh Inhibition constant (mM)
KGAPDH,eq Equilibrium constant
rmax

GAPDH Maximum reaction rate (mM  s−1)

Phosphoglycerate kinase (PGK)

KPGK,pgp M–M  half-saturation constant (mM)
KPGK,3pg Inhibition constant (mM)
KPGK,adp M–M  half-saturation constant (mM)
KPGK,atp Inhibition constant (mM)
KPGK,eq Equilibrium constant
rmax

PGK Maximum reaction rate (mM  s−1)

Phosphoglycerate mutase (PGluMu)

KPGluMu,3pg M–M  half-saturation constant (mM)
KPGluMu,2pg Inhibition constant (mM)
KPGluMu,eq Equilibrium constant
rmax

PGluMu
Maximum reaction rate (mM  s−1)

Enolase (ENO)

KENO,2pg M–M  half-saturation constant (mM)
KENO,pep Inhibition constant (mM)
KENO,eq Equilibrium constant
rmax

ENO Maximum reaction rate (mM  s−1)

Pyruvate kinase (PK)

KPK,pep M–M  half-saturation constant (mM)
KPK,adp M–M  half-saturation constant (mM)
KPK,atp Inhibition constant (mM)
KPK,fdp Activation constant (mM)
KPK,amp Activation constant (mM)
LPK Allosteric constant
nPK Number of binding sites
rmax

PK Maximum reaction rate (mM  s−1)

Pyruvate dehydrogenase (PDH)
KPDH,pyr M–M  half-saturation constant (mM)
nPDH Number of binding sites
rmax

PDH Maximum reaction rate (mM  s−1)

Phoenolpyruvate carboxylase (PEPCxylase)

KPEPCxylase,pep M–M  half-saturation constant (Mm)
KPEPCxylase,fdp Activation constant (mM)
nPEPCxylase,fdp Number of binding sites
rmax

PEPCxylase
Maximum reaction rate (mM  s−1)
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Table A4 (Continued)

Enzyme Parameters Description

Phosphoglucomutase (PGM)

KPGM,g6p M–M  half-saturation constant (mM)
KPGM,g1p Inhibition constant (mM)
KPGM,eq Equilibrium constant
rmax

PGM Maximum reaction rate (mM s−1)

Glucose-1-phosphate adenyltransferase (G1PAT)

KG1PAT,g1p M–M  half-saturation constant (mM)
KG1PAT,atp M–M  half-saturation constant (mM)
KG1PAT,fdp Activation constant (mM)
nG1PAT,fdp Number of binding sites
rmax

G1PAT Maximum reaction rate (mM s−1)

Ribose phosphate pyrophosphokinase (RPPK)
KRPPK,rib5p M–M  half-saturation constant (mM)
rmax

RPPK Maximum reaction rate (mM s−1)

Glycerol-3-phosphate dehydrogenase (G3PDH)
KG3PDH,dhap M–M  half-saturation constant (mM)
rmax

G3PDH Maximum reaction rate (mM s−1)

Serine synthesis (SerSynth)
KSerSynth,3pg M–M  half-saturation constant (mM)
rmax

SerSynth
Maximum reaction rate (mM s−1)

DAHP synthase (DAHPS)

KDAHPS,e4p M–M  half-saturation constant (mM)
KDAHPS,pep M–M  half-saturation constant (mM)
nDAHPS,e4p Number of binding sites
nDAHPS,pep Number of binding sites
rmax

DAHPS Maximum reaction rate (mM s−1)

Glucose-6-phosphate dehydrogenase (G6PDH)

KG6PDH,g6p M–M  half-saturation constant (mM)
KG6PDH,nadp M–M  half-saturation constant (mM)
KG6PDH,nadph,nadph,inh Inhibition constant (mM)
KG6PDH,nadph,g6ph,inh Inhibition constant (mM)
rmax

G6PDH Maximum reaction rate (mM s−1)

6-Phosphogluconate dehydrogenase (PGDH)

KPGDH,6pg M–M  half-saturation constant (mM)
KPGDH,nadp M–M  half-saturation constant (mM)
KPGDH,nadph,inh Inhibition constant (mM)
KPGDH,atp,inh Inhibition constant (mM)
rmax

PGDH Maximum reaction rate (mM s−1)

Ribulose phosphate epimerase (RU5P)
KRU5P,EQ Equilibrium constant (mM)
rmax

RU5PI Maximum reaction rate (mM s−1)

Ribose phosphate isomerase (R5PI)
KR5PI,eq Equilibrium constant (mM)
rmax

R5PI Maximum reaction rate (mM s−1)

Transketolase a (TKa)
KTKa,eq Equilibrium constant (mM)
rmax

TKa Maximum reaction rate (mM s−1)

Transketolase b (TKb)
KTKb,eq Equilibrium constant (mM)
rmax

TKb
Maximum reaction rate (mM s−1)

Transaldolase (TA)
KTA,eq Equilibrium constant (mM)
rmax

TA Maximum reaction rate (mM s−1)

Synthesis 1
KSynth1,pep M–M  half-saturation constant (mM)
rmax

Synth1
Maximum reaction rate (mM s−1)

Synthesis 2
KSynth2,pyr M–M  half-saturation constant (mM)
rmax

Synth2
Maximum reaction rate (mM s−1)

Mureine synthesis (MurSynth) rmax
MurSynth

Maximum reaction rate (mM s−1)
r

r

R

B

B

B

C

C

C

C

Tryptophan synthesis (TrpSynth) 

Methionine synthesis (MetSynth) 
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