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Abstract We discuss several characterizations of the Ao, class of weights in the setting of
general bases. Although they are equivalent for the usual Muckenhoupt weights, we show
that they can give rise to different classes of weights for other bases. We also obtain new
characterizations for the usual A5, weights.
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1 Introduction

Muckenhoupt defined in [25] the A class of weights in R” as the collection of nonnegative
locally integrable functions w satisfying the following condition: given € > 0 there exists
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8 > O such thatif Q isacube, E C Q and |E| < §|Q|, then w(E) < ew(Q), where |E|
denotes the Lebesgue measure of the set £ and w(E) the integral of w on E. Then he proved
that w is in Ao if and only if w € A), for some p > 1.

Coifman and Fefferman [7] defined Ao as follows: there are constants C, § > 0 such that
for any cube Q and any measurable set E C Q it holds that

wil) _ c(|E|)5 (1.1)
w(@) ~ \lel) - '

They also proved that this condition is equivalent to being in A, for some p > 1. Condition
(1.1) appeared previously in [6] without proving the equivalence (see also [18]).

Other characterizations of Ay, were given by Fujii[12], an apparently less-known paper.
Later, Hruscev [20] and independently Garcia-Cuerva and Rubio de Francia in the book [13]
introduced another characterization, obtained as the limit when p goes to infinity of the A,

condition, namely,
o1 v < con g1 [ eev)
— w<Cexp|— [ logw]). (1.2)
101 Jo P\ior Jo

All the mentioned characterizations including those in Fujii’s paper were also collected
in the survey [11].

Reviewing several presentations of the theory of A, weights we can see that the authors
do not agree in using a particular condition as the definition of the A, class. The condition
of Muckenhoupt’s paper mentioned in the first paragraph is chosen in [30] and the variant in
which the condition is required only for some €, § < 11is preferred in [11] and [33]. Condition
(1.1) is the definition given in [9,13,14]; the definition in [17] is (1.2); and the authors of [8]
use the union of the A, classes to define A. A different condition using medians [(labeled
as (P5) in Definition 2.5] is chosen in [31].

The authors of this paper studied in [10] the weights associated to the maximal operator
defined on (0, +00) by the basis of intervals of the form (0, b), with b > 0, which are also the
weights associated to the Calderén operator. We proved that the corresponding classes of A,
weights do not behave as the usual ones: their union is strictly contained in the class of weights
given by an exponential condition of type (1.2), or they need not satisfy a reverse Holder
inequality, for instance. This last property has been observed also for weights associated to
other bases.

Our aim in this paper is to compare the different characterizations of A, in a general
context. For this, we use a basis in an arbitrary measure space and write in Sect. 2 a list
of conditions that when particularized to the bases of cubes (or balls) in R" are known
to be equivalent. We first prove in Sect. 3 that some of them are equivalent without fur-
ther assumptions on the basis, and then in Sect. 4 some one-way implications. Section 5 is
devoted to the counterexamples. In a few cases, we have not been able to decide whether
the conditions are somehow related. For the basis of intervals associated to the Calder6n
weights studied in [10], and also for the basis of Carleson cubes in a half-space, we prove
in Sect. 6 the precise inclusions for all the classes of weights defined by the conditions of
Sect. 2. In Sect. 7 we consider bases of cubes and rectangles, and introduce other charac-
terizations of As. Finally, we define a BMO space associated to the basis and show that
the classical result relating functions in BMO to logarithms of A, weights does not hold in
general.
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On the A conditions for general bases 957

2 Characterizations of A,

Given a measure space (X, i) with a o-finite measure, a basis B is a collection of u-
measurable subsets B of X such that 0 < u(B) < oo. The maximal function associated

to B is |
Mpf(x)= sup 7/ |fldu, 2.1

BeBuwes W(B) Jp

where f is a (real or complex) p-measurable function and the supremum can be infinity.
To avoid technicalities we assume that the union of the elements of B is X up to a set of
p-measure zero. Thus (2.1) is defined for almost every x € X. If the basis is formed by open
sets or if it is countable, for instance, M f is measurable, which we assume when needed.
A weight w for a given basis B is a -measurable nonnegative function in X such that the
integral of w over the sets of 3 is finite. For a weight w and a p-measurable set E we write

w(E):/ wdu.
E

If w = 1, we write w(E) instead. The average of w on B with respect to p is denoted by

wpg, that is,
_ w(B)

= . 2.2
w(B) 22

wp
A function f isin LP(w) if

/ | fIPwdu < +o0.
X

Definition 2.1 Let B be a basis and 1 < p < oo. A weight w is in A, 35 if it satisfies

1 1 ;o\t
- d - 1=r'g ) ) 2.3
Z‘é‘é(u(B)/Bw “) (M(B)/Bw Hpoo=ee @3

We say that the basis B is a Muckenhoupt basis if the maximal operator Mz is bounded
on L”(w) foreach p, 1 < p < oo, and forevery w € A, 5.

Definition 2.2 Let Bbe abasisand 1 < g < 0o. A weight w isin RH, 5 if for some C > 0
and every B € B it satisfies

1 Va ¢
(7/ w? a’u) < 7/ wdu. (2.4)
w(B) Jp w(B) Jp
Remark 2.3 Let the measure v be given by dv = wdu. The A, 5 condition (2.3) can be
written as
1 A\ ¢
( /(w_l)p dv) < /w—ldv, (2.5)
v(B) Jp v(B) Jp

which is a reverse Holder inequality of w—! with respect to v with exponent p’'.

Definition 2.4 Let w be a weight and B a set in the basis. The median of w in B is a number
m(w; B) such that

ulx € B:w(x) <m(w; B)}) < %M(B)

and i
u({x € B:w(x) > m(w; B)}) < EM(B)'

@ Springer



958 J. Duoandikoetxea et al.

If there is more than one value satisfying the conditions, the median can be chosen as the
largest possible value, for instance.

The choice of the largest value does not coincide with the definition of [31]. Nevertheless,
any number satisfying the stated conditions can be used as the median in the results appearing
in this paper.

Note that

m(w; B) <2wg, (2.6)

due to the inequality
1
u({x € B:w(x) = m(w; B)}) > EM(B)-

Definition 2.5 Let 3 be a basis and w a weight such that 0 < w(B) < oo for every B € B.
We define the following properties that w may satisfy or not.

®PH we (] Aps

l<p<oo

(P1’) There exist §, C > 0 such that for every B € B and every p-measurable set E

contained in B it holds that
)
w(E) <c (w(E)) .
wu(B) w(B)
(P2) There exists C > 0 such that for every B € B it holds that

1 / 1
—_— wdquexp(—/logwd,u).
n(B) Jp w(B) Jp
(P2’) There exists C > 0 such that for every B € B and for every s € (0, 1) it holds that

1 1 1/s
- du<C| —— d .
M(B)/Bw = (u(B)/Bw “)

®3) we |J RHyp.
l<g<oo
(P3’) There exist §, C > 0 such that for every B € B and every p-measurable set E
contained in B it holds that

w(E) _ . (M(E))‘S.
w(B) = \u(B)

(P4) There exist «, 8 € (0, 1) such that for every B € B and every p-measurable set E
contained in B for which u(E) < au(B) it holds that w(E) < Bw(B).
(P4’) There exist o, B € (0, 1) such that for every B € B it holds that

nw({x € B:w(x) <awp}) < Bu(B).
(PS) There exists C > 0 such that for every B € B it holds that
wp < Cm(w; B).

(This inequality is the reverse of (2.6).)
(P6) There exists C > 0 such that for every B € B it holds that

w
/ wlogt —du < Cw(B).
B wp
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On the A conditions for general bases 959

(P7) There exists C > 0 such that for every B € B it holds that

/ Mp(wxp)dpn < Cw(B).

B

(P8) There exist C, § > 0 such that for every B € B and for every A > wp it holds that
wf{x e B:wkx)>A}) <Ciu({x € B:w(x) > BA}).

When B is the basis of cubes (or Euclidean balls) in R” equipped with the Lebesgue
measure, all these properties are equivalent. The reader will easily find in the literature the
equivalence of most of them.

Condition (P1’) corresponds to the characterization of the restricted weak-type for the
Hardy-Littlewood maximal operator by Kerman and Torchinsky [23]. Condition (P2’) for
fixed s is the same as saying that w*® is in RHj/s 5. The fact that the usual A, weights
hold this property was observed in [32, Lemma 6.1]. We need the uniformity of the constant
C for s € (0, 1) to obtain the equivalence of (P2) and (P2’), but in the case of the usual
A~ weights just one value of s in (0, 1) is enough for the characterization. Condition (P5)
using medians was introduced by Stromberg and Torchinsky [31], as the definition of the A,
class. Conditions (P6) and (P7) appear in the characterizations of the A, class by Fujii [12].
Condition (P7) was also used by Wilson [34] and subsequent works, and has received special
attention in recent times because its constant (the smallest value of C satisfying the inequality)
has been used to write sharp bounds for the norms of some operators as in [21,22,28], for
instance. Condition (P6) is presented in [4,5] as a limit case of the reverse Holder inequalities
and the value of the best constant in such inequality is compared with the constant in (P2)
for cubes and for dyadic cubes in R”. Condition (P8) appears in [7] as a step in the proof of
the reverse Holder inequality, and in [26,27] it is presented as one of the characterizations of
Aco-

Fix w and consider the measure v given by dv = wd . Let us say that a weight v satisfies
Py (G = 1,2,...,6,8) if it satisfies (Pj) with v instead of w and v instead of . As
indicated in Remark 2.3, (P1) for w is equivalent to (P3), for w L Itis easy to check that
(P4) for w and (P4), for w™! are equivalent (apply (P4) to B\ E to reverse the inequalities).
In the terminology of [7] this means that the measures w1 and v are equivalent to each other.
Based on this symmetry, in the case of the usual A, weights one can write characterizations
of the type “w ™! satisfies (Pj),” that are not listed above (see, for instance, inequality (7.1)
in Sect. 7). Other conditions involving medians and also the measure v are in [31]. Finally,
let us also mention the Orlicz type conditions in [16] and the recent characterization of [19]
involving a restricted weak-type inequality for the maximal operator.

3 Equivalences

In this section we prove some equivalences among the previous conditions.

Theorem 3.1 (a) Conditions (P2) and (P2’) are equivalent.
(b) Conditions (P3) and (P3’) are equivalent.
(c) Conditions (P1) and (P1’) are equivalent.
(d) Conditions (P4) and (P4’) are equivalent.

Proof (a) The equivalence of (P2) and (P2’) follows from the fact that the function

1 sd 1/s
b= (u(B)/Bw “)

@ Springer



960 J. Duoandikoetxea et al.

is increasing and

. 1
sg%l+<p(s) = exp (m /B logwd,u) .

(b) To see that (P3) implies (P3’) we have

1/q 1/q'
w(B) = [ win < (/ w! du) W(EY < Cu(B) (@) ,
g £ u(B)

which is (P3”) with § = 1/¢’.
To prove the converse, assume § < 1. Set £} = {x € B : w(x) > A}. From (P3’) we

obtain s
M(E,\))

A(Ey) < w(E)) < Cw(B) ( (B)

Take 1 < g < 1/(1 — 8). Then

o0
/ widp =g / 2 W Ey)dA
B 0
Cw(B))‘/““”

A 00
< 297 ) w(B) + / Aq—l—l/“—‘”dx(
q/o “a H(B)?

Cw(B))l/(l_‘”

— AY(B) +C(q. 8 AH/(H)(
w(B)+C(g,9) (B)

Choose A = wp to obtain (P3).

(c) Let v the measure given by dv = wd . If we write (P3”) for the weight w" with respect
to the measure v, we get (P1°). On the other hand, Remark 2.3 shows that the condition
w € A 5 is a reverse Holder inequality for w~! with respect to v. Then (c) follows
from (b).

(d) Assume (P4) for some « and 8. Fix 81 € (1 —«, 1) and @1 € (0, 1 — ). We claim that
(P4’) holds with oy and By, that is, for every B € 15 we have

pr(x € B :w(x) < cqwp}) < fi1iu(B).
If not, we would have
u({x € B:w(x) < ajwg}) > Bru(B).
Set E={x € B:w(x) > ajwp}. Then
w(B) = u(E) + n({x € B : w(x) < ajwg}) > u(E) + fi1u(B).

Therefore, w(E) < (1 — B1)u(B) < au(B), and using (P4) we deduce w(E) < Bw(B).
It follows that
w({x € B:wkx) <oqwg}) > (1 — Bw(B).

On the other hand,
w({x € B:wx) <ajwp}) <aywpu(B) = ajw(B).

This is in contradiction with our choice of «;.

@ Springer



On the A conditions for general bases 961

Assume now (P4’) and write o1 and §; the values of « and 8 appearing in the condition.
Let E C B such that w(E) > Bw(B) where g will be chosen later. Set S = B\ E. Then
w(S) < (1 — B)w(B). Write S = S1 U S, where

Si={xeS:wk)>awg}, SH=>5\5.

Then w1 (S2) < B1u(B) by the assumption and

1 1-—
n(S) < —w(S) < 7’3/“3).
ajwp o]

If we choose o, B € (0, 1) such that B + ‘=2 < 1 — a, we have u(S) < (1 — @) u(B),
that is, w(E) > au(B). O

4 Implications and restricted implications

In the first theorem of this section we establish several implications without additional
assumptions. The second theorem presents several restricted implications, that is, impli-
cations for which we require boundedness assumptions on the maximal operator M.

Theorem 4.1 The following chains of implications hold:

(a) (P1) = (P2) = (P5) = (P4).
(b) (P8) = (P3) = (P6) = (P4).

Proof (a) Assume that w isin A, 5 for some pg. Thenitisin A, 5 for p > po and satisfies
(2.3) with uniform constant in the right-hand side. Taking the limit in (2.3) when p goes
to infinity, we get (P2).

Assume now (P2’). Set ET = {x € B : w(x) > m(w; B)}. With use of Holder’s

inequality, (P2’) and the definition of the median we have for s < 1:

/ w'dp < wB) WEH' < 2wt (B),
E+
where C is the constant of (P2). Choose s such that C$2°~! < 3/4. Then

m(w; B) w(B) > / w'dp > %wf(B) > %M(B)H(w(B»s,
B\E* C

from which it follows that wg < (4C)Y/*m(w; B). This is (P5).
Assume that (P5) holds. Take « = 1/4 and let E be a subset of B such that u(E) <
(B)/4. From the definition of the median we deduce

u({x € B\E : w(x) > m(w; B)}) > %M(B)-

Therefore

w(B\E) = %m(w; B)ju(B) = %w(B)-

Thus (P4) holds for 8 < 1 — 1/(4C).

@ Springer



962 J. Duoandikoetxea et al.

(b) Assume that (P8) holds. Then
1 1+6 _ s /OO §—1 .
T(B) /B w du = T(B) AT w{x € B:w(x) > A dr
= M(B)/ B ({x € B:w(x) > A})dr

+u(B)/ AP lw{x € B:wx) > AN dx

< (wp)' + C(i) AMu(x e B:w(x) > Br)da
(o) 1
= (wB)H»(S W@ w1+8 d,u.

Therefore w is in RH45 5 if 6 is such that CS,B*(H‘S) < 1.

Assume now (P3), that is, w is in RH, g for some g > 1. Assume wg = 1, or equiv-
alently w(B) = wu(B). Set Ex = {x € B : 25" < w(x) < 2*}. From (2.4), we deduce
2k=Da, (Ey) < Cu(B). Then

/ wlogt —du < CZkZ w(Ey) < Cuu(B),
B wp =
and we obtain (P6).

Assume finally (P6) and let £ C B such that u(E) < ou(B). The inequality ab <
aloga —a + e’ holds fora > 1 and b > 0. Assume wp = 1. We have

w(E):/ wdu—i—/ wdu
EN{w<1} ENfw>1}

_M(E)-i'm/(wlog w+e’)du

(142 Y e+ S pm
- b+1)" b1
where C is the constant of (P6). With b = 2C — 1, choose « such that « (1 + %) < 1/4.

As w(B) = u(B), (P4) holds for such « and g = 3/4.
Note that a direct proof of the implication (P3) = (P4) is easy using (P3’). Indeed, it is
enough to take o such that = Ca® < 1 O

Theorem 4.2 (a) Assume that Mg is a Muckenhoupt basis. Then (P1) implies (P7).

(b) Assume that Mg is bounded on LP (w) for every p > 1. Then (P3) implies (P7).

(c) Assume that Mp is of weak-type (1, 1). Then (P6) implies (P7).

(d) Assume that Mg is bounded on LP (1) for some p > 1. Assume also that for each B and
x € B, M(wxp)(x) coincides with the supremum when the averages are taken only
on elements of B contained in B. Then (P2) implies (P7).

Proof (a) If w € Ay 5, then w7 e A . Since M is bounded on L”/(wl’l”) we have

, , 1/p
/ Mp(wyp)dp < (/ Mp(wyp)P w'™F du) w(B)'/? < Cw(B).
B B

@ Springer



On the A conditions for general bases 963

(b) Let w be in RHy 5 for some g > 1. Using Holder’s inequality and the boundedness of
Mp on L7 we have

1/q ,
/B Mp(wyp)dp < ( /B Mzs(wXB)qu) (B4

1/q ,
<C (/ uﬂ) w(B)1 < Cw(B).
B

(c) If Mg is weak (1, 1), we have

C
(o : M f(r) > A)) < x/ fdu.
{f(x)>1/2}

Then

/BMB(wXB)dM =/o n({x € B: Mp(wyp)(x) > A}dA

oo

2w3 C
5/ w(B)dA\ + 7/ wdpdi
0 2w A JixeBw)>a/2)
w
< C/ w(l +logt —)du.
B wp
(d) From the assumption and (P2’) we have

Mp(wyp)(x) < CMp(w* xg)(x)'/*

for s < 1. Take s = 1/p and use the L? boundedness of Mp.
]

The condition required in (d) holds for the bases of cubes or rectangles in R”", or for the
basis B = {(0, b) : b > 0} in (0, +00), for instance.

5 Counterexamples

We build the counterexamples for B = {(0, b) : b > 0} considered as a basis in (0, co) and
take u to be the Lebesgue measure.

Counterexample 1 Let w be the characteristic function of (0, 1)U (3, co). This weight satisfies
(P8) with C = 3 and 8 = 1. Just take into account that

w{x <b:wkx)>A)=|{x <b:wkx) > A}

and wp > 1/3 for every B € B. As a consequence, w also satisfies (P3), (P4), (P6) and
(P7). On the other hand, w does not satisfy (P5) because m(w; B) = 0 for B = (0, b) and
b € (2, 4); hence, neither satisfies (P1) nor (P2).

If w is the characteristic function of (0, 2) U (3, o0), then w satisfies (P5), because
m(w; B) = 1 for all B, but it does not satisfy (P2).

Counterexample 2 The weight w appearing in Proposition 4.4 of [10] satisfies (P2) but not
(P1). Tt is defined as w(x) = (x — 26)* forx € 25,28+ 1) (k = 1,2,...), and w(x) = |
otherwise.

@ Springer



964 J. Duoandikoetxea et al.

Counterexample 3Let I; = (21 +271,20 4+1),let Q = U2, I; and let Q€ be its complement.
The weight

i 1
w(x) = xoc(x) + Z mXﬁ (x)
i=1

satisfies (P1) (actually, it is in A}, 5 for all p). In [10] (see Remark 4.5) it is proved that it
does not satisfy a reverse Holder inequality. But even (P6) fails, because

2k 2k
/ w < C12k and / wlog+ w > C2k2k.
0 0

Counterexample 4 The weight

1
(x —3)log?(x —3)
satisfies (P7), but neither (P6) nor (P5) hold for w. Consequently, none of (P3), (P8), (P2)

and (P1) can be fulfilled.
To see that (P7) holds it is enough to realize that

b b
f§/w§2b
27 Jo

for all b > 0, and that this implies Mg (w x0,))(x) < 2.
It is clear that w does not satisfy (P6) because w log™ w is not integrable in (0, b) for
b > 3. On the other hand, w does not satisfy (P5) as in the first case of Counterexample 1.

w(X) = X(0,1)U(7/2,+00) T+ X(3,7/2)

Counterexample 5 Replacing log?(x — 2) with log?(x — 2) in the previous example gives a
weight satisfying (P6) but not (P3).

Counterexample 6 The weight
1
G

satisfies (P3) but not (P8). It is clear that the reverse Holder inequality holds for g < 2. Let
B = (0,1 + €) and note that wp < 2. We can assume that 8§ < 1/2. Take A = 1/8. For
€ < B% we have

w(X) = X0,1)UQ,+o0) T

fxeB:wkx)>Al={xeB:wkx)>prl={0,1+¢€).

Assuming that (P8) holds, we would get 2612 < Cc2+ 1/B)e, which is impossible for
small €.

Counterexample 7 The weight w(x) = 2xe*” satisfies (P7) but not (P4). Since w(0, x)/x is
increasing, we deduce that

w(0, b)
Mp(wx©,p)(x) = b
for every x € (0, b), so that (P7) holds.
For fixed @ € (0, 1) we have
w(b — ab, b) b’ h1-0)?
lim ——— = lim ————— =1,
b—00 w(0, b) b—o0 e — 1

and (P4) fails.

@ Springer



On the A conditions for general bases 965

Remark 5.1 The reader can check that all the previous counterexamples can be easily adapted
to the basis of the half-space ]R’j_+1 = R" x (0, co) formed by the Carleson cubes, that is,

B ={Q x (0,1) : O cube in R"of sidelength [}.

It is enough to consider weights depending only on the last variable.

The A, 5 weights corresponding to this basis when n = 1 are those characterizing the
weighted L? boundedness of the Bergman projection in the upper half-plane and are known
as Békollé-Bonami weights. See [2,3] for the analogous characterization in the unit ball, or
[24].

6 Eight different A, 5 classes

We have neither a proof nor a counterexample to decide whether (P4) implies (P7) in general.
For the basis for which the counterexamples of the previous section have been built, and also
for the basis of Carleson cubes, we can indeed prove the implication.

Theorem 6.1 Let B be either B = {(0,b) : b > 0} as a basis in (0, 0c0) or the basis of
Carleson cubes in the upper half-space. In both cases take | to be the Lebesgue measure.
Then (P4) implies (P7).

Proof (i) We consider first the basis of intervals starting at 0. Fix b > 0. Using (P4) we
know that
w(0,a"b) < pw(0, " 'b) < --- < B w(0,b).

For x € (a"b, «"~1b), we have
n—1 n—1
w(0, x) _ w(0, a" ' b) _ B w(0, b).
X - o"b - ob
If B < «, we deduce that Mz (wx(0,5))(x) < w(0, b)/ab, and (P7) holds. If 8 > o and
x € (&b, "~ 1b), we have

n—lw(o’ b)
My < 220D
o'"b
Therefore -
b n—1
-1 B"w(0, b)
/0 Mp(wx©,p)x)dx < ;(a" b— oz”b)T
l -«
= mw(o, b)

(i) We deal now with the basis of Carleson cubes. For simplicity, we write the proof in
the case of the half-plane, but it can be extended to any number of dimensions. We can
assume that @« = 1/N for some integer N.

We work with the cube Q = [0, 1] x [0, 1]. Any other Carleson cube is obtained from Q
by translation and dilation. To compute Mz (wxo)(x) for x € Q we only need to consider
Carleson cubes containing x and contained in Q.

First we define a discretized maximal operator as follows. For j = 0,1,2,...,and k =
1,2,..., N/, let

Ok =tk — DN kN1 x [0, N/].
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Denote Qkui = Ok—1,j U Ok,j U Qk+1,j (Where Qo ;j and Q. ; are assumed to be
empty). Define the maximal operator

Mf(x) = max N2// [f]. (6.1)

k,j:xeQ,j Qk’j

(each x belongs to only a finite number of Q. ;’s). Given a Carleson cube Q' C Q containing
x, there exists a cube Qy ; with side at most N times the side of Q” such that Q' C Qk,j.
Thus

Mpwxg)(x) < N>M(wxg)(x),

and it is enough to prove (P7) with M(w x ) instead of Mp(wxp).

Let Ry ; = [(k — DN/,kN~/] x [N=/=1, N7/], the top of the cube Qy ;. For fixed
J there are exactly N rectangles of this type placed under a unique rectangle of the form
Ry, j—1. Note that M(wy ) is constant on Ry ;. Either this constant coincides with the one
obtained for the rectangle Ry ;1 of the previous level or it is

M(wXQ)(x):NZj/ w.
Ok, j

Let R j= U,ivzll Ry, j. We claim that for some constant C(N) depending only on N we
have

/E_ Mwxg) = C(N)B w(Q). (6.2)

The proof is by induction. It clearly holds for j = 0. Assume that it holds for j — 1. We
have _
N/

1
M(wxg) < —/ Mwxo) + 3 IRe,|
I3 N J&,., ,; !

w(Qk.j)
10k,jl

where the first term is the value obtained if the maximal function repeats the values of the
previous level (the factor 1/N comes from the ratio of the areas of the rectangles in two consec-
utive levels). We use the induction hypothesis to bound the first term by N~ 'c(npi="w(Q).
On the other hand, we use (P4) several times to get
w(R)) < p/w(Q).
Then we have )
/, M(wyp) = (— + 3) Bw(Q),
R BN

from which (6.2) holds if
38N

BN —1°

Summing the estimate (6.2) in j we get (P7). ]

C(N) =

A consequence of the results in the previous section and the counterexamples in this
section is the following corollary.

Corollary 6.2 Let B be one of the bases of the preceding theorem. Define for j = 1,2, ..., 8
the classes i
Aéo,B = {w : w is a weight and satisfies (Pj)}.
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No two of them coincide. More precisely, only the inclusions
1 2 5 4 7
Aoo,B C Aoo.B C Aoo,B - Aoo,B C Aoo,B

and
8 3 6 4 7
Aoo,B c Aoo,B c Aoo,B C Aoo,B c Aoo,B

hold, and all of them are strict.

7 Bases of cubes and rectangles: a new characterization

Properties (P1)—(P8) are equivalent for the basis of all the cubes of R” with the Lebesgue
measure, so that for this basis the Aéo, 5 Classes defined in Corollary 6.2 are all the same.

Theorem 4.2 can be applied to the bases of cubes to obtain (P7) from several other
conditions. On the other hand, the Hardy-Littlewood maximal operator satisfies a reverse
weak-type (1, 1) inequality:

l/ fx)dx <Cl{x: Mf(x) > A}|.
{x:f(x)>A}

A

This inequality is due to Stein [29] and can be found also in the books of the references
at the end of the paper. For each cube Q, apply the inequality to f = w o and integrate in
A € (wg, 00) to deduce that (P7) implies (P6).

To obtain the equivalence of all the properties it remains to prove that (P4) implies (P1)
and (P8). In [7] (P8) is obtained from (P4’) using the Calderén—Zygmund decomposition of
w adapted to the cube Q (see also [27] or [26]). On the other hand, since (P1) is equivalent to
(P3), for w™! (we use here the notation introduced at the last paragraph of Sect. 2), applying
the first implication of part (b) of Theorem 4.1, (P1) follows from (P8),, for w~L: there exist
C, B > 0O such that for every B € B and for every A > wgl it holds that

uw{x e B:wx) ™' > 1) < Caw(fx € B:wkx)~! > BA)). (7.1)

As for the proof of (P8) from (P4) this can be done using the Calderén—Zygmund decom-
position of w~! adapted to the cube Q with respect to the measure v, which is a doubling
measure (this is again a consequence of (P4)).

We introduce in this section another property from which we obtain new characterizations.
It is somehow related to the Orlicz type characterization of [16].

Definition 7.1 Let ® : (1,+00) — [0, +00) be a nondecreasing function such that
lim;—, {5 ©(¢) = 400.
(P9): There exists C > 0 such that for every B € B it holds that

w(x)
/ w(x)d (—) dux) < C/ wd .
{xeB:w(x)>wpg} wp B

Actually, this is not a unique condition because it differs for each & under the stated
assumptions. In particular, ®(r) = log ¢ is the same as (P6), and ®(r) = 19~ with ¢ > 1is
the same as saying that w € RH 5.

Theorem 7.2 (a) (P9) implies (P4).
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(b) Assume that ® grows slowly in the sense that it satisfies
(1)
R pre 0 forallqg > 1. (7.2)
Then (P3) implies (P9).
Proof (a) Foreachs > ®(1) define o l(s) = sup{r : (1) < s}.
Given E C B,letE; = {x € E : w(x) < <I>_1(2C)w3}, where C is the constant in
(P9), and E, = E\ E{. We have the estimates

/ wdp < 'O wpp(E)
E;

and
w(x)

1
/ wdpu < — w(x)d (
E> 2C {xeB:w(x)>wpg} wpB

Adding both estimates we get

) du(x) < %w<B>.

_ w(E) 1
w(E) < (@ "2y === + = ) w(B).
(B 2
Choosing « such that a®~1(2C) < 1/4, (P4) holds with 8 = 3/4.
(b) If w € RH, B, use that ®(z) < Ct4 ! fort > 1o to majorize the integrand of the
left-hand side of (P9) by w? (wg)' 9.
O

Corollary 7.3 If ® satisfies (7.2), then (P9) characterizes the usual A, class of weights for
cubes.

We can take @ (¢) = loglog ¢ or other functions growing slowly to infinity and obtain new
characterizations of A (related characterizations are in [16]).

Remark 7.4 Gehring’s lemma is an improvement of the exponent of a reverse Holder inequal-
ity [15]. It can be stated as follows: if w is in RH,, 5, where B is the basis of cubes with
the Lebesgue measure, then it is in RHys 5 for some § > 0. Note that Gehring’s lemma
together with (P2’) (for just one value of s) gives the reverse Holder inequality for the weight
wE Axo.

Alberto de la Torre obtained a simplified proof of the reverse Holder inequality for A,
weights using (P2’). Actually, it is equivalent to proving Gehring’s lemma. De la Torre did
not publish his proof, but it can be found in [28], for instance. Although only one value of
s € (0, 1) is enough to obtain a reverse Holder inequality for w, the advantage of having
(P2’) for every s € (0, 1) with uniform constant is that the exponent of the reverse Holder
inequality can be given in terms of the constant as in [28].

The equivalence of (P9) and (P3) for the basis of cubes can be phrased as an improvement
of the local integrability as in Gehring’s lemma. Indeed, if w satisfies (P9) for some ®
fulfilling (7.2), then it satisfies a reverse Holder inequality and, in particular, is locally in L”
for some r > 1.

On the other hand, the counterexamples of Sect. 5 can be adapted to see that both converses
of Theorem 7.2 fail for the basis of intervals starting at 0.

We consider now the basis obtained transforming the basis of cubes with a linear trans-
formation. Let 7' be an invertible linear transformation in R" (T € GL(n, R)). Consider the
basis

Br ={T(Q) : O cube in R"}.
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Define fr(x) = f(Tx).Given B € Br,let B=T(Q). Then

d d
|B|/f(x) IdtTIIQI g A= |Q|/fT(") -

Therefore, Mp, f(x) = Mfr (T~'x), where M is the usual Hardy—Littlewood maximal
operator on cubes.

An immediate consequence of the equivalence of the characterizations of A, for the basis
of cubes is that the corresponding characterizations are also equivalent for Br.

Corollary 7.5 Let T be a subfamily of GL(n, R) and B = |Jp o Br. All the characteriza-
tions except (P7) are equivalent for B. They are also equivalent to the following:
(P10): there exists C > O such that

sup sup/MgT(wXB)dMECw(B).
TeT BeBr JB

Moreover, (P7) clearly implies (P10), hence it implies all the other characterizations.

7.1 Bases of rectangles

Let A = (A1,...,Ay) € (0,400)". Define Ta(x) = (A1x1,..., AnXx,). Then By, is the
(one-parameter) family of rectangles in R” with sides parallel to the coordinate axes and
dimensions A;l x --- x A,l with [ € (0, +00). The basis B = UAE(O’JFOO),I Br, is then the
family of all rectangles in R" with sides parallel to the coordinate axes. Then Corollary 7.5
applies.

In this case, the maximal function associated to the basis of rectangles is the strong
maximal function. Since we know that it is bounded on L” for p > 1, we can use part (b) of
Theorem 4.2 to deduce that (P7) is also an equivalent characterization.

7.2 Bases of all rectangles in all directions

By using all the transformations in GL(n, R) we obtain the basis formed by all rectangles
in R” with arbitrary orientation. We can apply Corollary 7.5 again. Since the associated
maximal function, that is, the maximal function over all rectangles, is unbounded on L?”
for finite p, we cannot apply Theorem 4.2. In this case, we have not been able to prove or
disprove the equivalence of (P7) with the other characterizations. If we adopt the notation of
Corollary 6.2, all the classes except A’ 0.3 coincide. This one is contained in the others, but
we do not know if the inclusion is strict.

7.3 Bases of rectangles in a set of directions

If we fix a subset of directions in the unit sphere and consider only rectangles whose largest
side is in one of the directions of the fixed subset we obtain the equivalence of all the
characterizations whenever the corresponding maximal operator is bounded on some L” for
finite p. The equivalence of (P7) holds in such a case, because part (d) of Theorem 4.2 applies.
A characterization of the L? boundedness of such maximal functions in the plane is in [1].
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8 BMO for general bases

Given a basis B we can define an associated BMO space in a naive way saying that BMOp
is the class of measurable functions f, integrable on every B € B3, such that

d
0 By Jy /<

In the case of the usual Muckenhoupt weights for the Hardy-Littlewood maximal operator
there is a close relationship between BMO and the A, weights: (i) if w € A, thenlogw €
BMO; (ii) if f € BMO, for some « € R, then el isin Ap.

In the general setting we consider the weights satisfying (P2) and show that the first part
remains true, but not the second one. For all the other conditions except (P1), which implies
(P2), the weights can vanish in a set of positive Lebesgue measure (for the basis for which
the counterexamples have been built) and it does not make sense to consider their logarithm.

Theorem 8.1 Let BMOg as before.

(a) If w satisfies (P2), then logw € BMOpg.
(b) There exists a basis B and a function f € BMOg such that ¢*/ does not satisfy (P2) for
any o € R.

Proof (a) Let (logw)p = m. Using (P2) we have

L/W
wB) Jp =

Let B ={x e B:e™w(x) > 1}and B_ = {x € B: e "w(x) < 1}. Then,

5,
——— | |logw —m|dn
w(B) Jp "

1
2 2 m

(b) With the basis B = {(0, b) : b > 0} in (0, c0) and the Lebesgue measure, let us define

1, if x € (0, 1) U (3, 00),
1 .
f(x)z —m, 1fx€(],2),
1
m, if x € (2, 3).

To check that f € BMOg it is enough to observe that

1 rb
- <3.
ANUE

But for any « € R the function e/ is not integrable on the interval (0, 3), so that it
cannot fulfil (P2).

[m}
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