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Abstract. In an abstract set up, we get strong type inequalities in LP*! by assuming
weak or extra-weak inequalities in Orlicz spaces. For some classes of functions, the
number p is related to Simonenko indices. We apply the results to get strong inequal-
ities for maximal functions associated to best ®-approximation operators in an Orlicz
8

space L™.
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1 Introduction

In this paper we denote by 7 the set of all non decreasing functions ¢ defined for all real
number x >0, such that ¢(x) >0 for all x>0, ¢(0+)=0 and h_r}n ¢(x)=o0.
X—00

We say that a non decreasing function ¢:R; — R satisfies the A, condition, symbol-
ically @ € Ay, if there exists a constant A, >0 such that ¢(2x) <A, ¢(x) for all x>0.

Now, given ¢ € Z, we consider ®(x) = [, ¢(t)dt. Observe that ®:[0,00) — [0,00) is a
convex function such that ®(x) =0 if and only if x=0. In the literature, a function ®
satisfying the previous conditions is known as a Young function. In addition, as p€Z we
have that ® is increasing, @ —0asx—0and % —r00 as x — 0. Thus, according to [6],
a function ® with this property is called an N-function.

If ¢ €T is a right-continuous function that satisfies the A, condition, then

%(go(a)w(b)) < @(a+b) <Ag((a)+ (b))
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for every a,b>0.
Also note that the A; condition on ® implies

E@(X) <®(x) <x¢(x),

for every x >0.

If p €Z, we define L?(IR") as the class of all Lebesgue measurable functions f defined
on R" such that [p, ¢(t[f])dx < co for some t >0 and where dx denotes the Lebesgue
measure on R". For a convex function ®, L®(IR") is the classic Orlicz space (see [10]).
And, if ® € A, then L?(IR") is the space of all measurable functions f defined on R" such
that [, ®(|f])dx < co.

A non decreasing function ¢:Rj — R satisfies the V5 condition, denoted ¢ € V5, if
there exists a constant A, >2 such that ¢(2x) > A,¢(x) for all x >0.

We claim that a non decreasing function ¢:RJ —IR; satisfies the A’ condition, symbol-
ically p €A, if there exists a constant K >0 such that ¢ (xy) <K¢(x)¢(y) for all x,y>x>0.
If xo =0 then ¢ satisfies the A’ condition globally (denoted ¢ € A’ globally).

With the aim of comparing functions in Orlicz spaces, some partial ordering relations
were treated in Chapter II of [10]. In [9] Mazzone and Z6 introduce the quasi-increasing
function’s concept, they define the relation < between two non negative functions and
they determine some properties of the relation. Later, in [1], it is defined and thoroughly
studied another relation <y. Both relations are used to obtain strong type inequalities as
follows.

Let ¢:IR§ — R; be a non decreasing function such that ¢(0) =0 and satisfies a weak
type inequality like

H({f>ﬂ})§Cw/{f }Zg; dy foralla>0,

or an extra-weak type inequality like

g
>a})<2C, du foralla>0,
pu({f>a})< (Foa }(P< ) M

where f,g: Q) — ]RJr are two ﬁxed measurable functions. Then, in [9] and [1] it has con-
sidered functions ‘I’ € CY([0,00) = [y ¥(t)dt and ¢ < or ¢ <y ¢, which allows us
to get strong type inequalities hke

/Q‘I’(f>dﬂ < 2pr/Q‘f’ <§g> dp. (1.1)

In this paper we set p€IR, very related to Boyd indices of ¢, such that ¢ <x” or ¢ <nx?
in order to obtain strong inequalities like

pHig <K/ Py, 1.2
/Qf WK | &M dp (1.2)
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with f and g non negative, measurable functions.

In Section 2, we recall the definitions of the relations < and <y and we enumerate
some of their properties that will be useful in the searching of the real number p to have
(1.2) Then, we determine sufficient conditions on p to have ¢ < x” or <y x¥. From such
conditions, we generate bounds for p in the case that ¢ is a non decreasing, differentiable
function; next, we extend the results to a class of non decreasing and non differentiable
functions.

In Section 3, we estimate p by using a class of Boyd indices in Orlicz spaces called
Simonenko indices. These indices were defined by Simonenko in [11] and they were
studied in Chapter 11 of [8]. In [3], Simonenko indices are used to get Harnack’s type
inequalities and regularity conditions for some integral operators. In [12], relationships
between Simonenko indices and other indices in Orlicz spaces are established.

In Section 4, we apply the results to a maximal function associated to best
®-approximation operators in an Orlicz space L® and one-sided operators related to the
classical Hardy-Littlewood maximal function.

2 On relations between non negative functions

We begin recalling a concept introduced by Mazzone and Z6 in [9].

Definition 2.1. A function 7: R™ — R™ is quasi-increasing if and only if there exists a
constant p >0 such that

1

;/ n(t)dt <pn(x) for every x e R™.
0

Hereinafter, we will call p the quasi increasing constant.
In [9], the relation < between non negative functions was presented as follows.

Definition 2.2. Let ¢,:RT —R™.
¢ < if and only if % is a quasi-increasing function; that is, if and only if there exists a
constant p >0 such that

xJo @(t) 7" e(x)

L g )

for every x € RT.

In Theorem 2.4 of [9], the authors employ the relation < to get a strong type inequality
like (1.1). In [1], following an analogous pattern with an extra-weak type inequality as
starting point, the relation <y is defined.

Definition 2.3. Let ¢,: RT —R™.
¢ <N ¢ if and only if {¢(x)p(%)}rer+ is a collection of quasi-increasing functions with
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the same quasi increasing constant; namely, if and only if there exists a constant p >0

such that 1
[ e (5)dr<ove (%),

for every x e R™ and for every a e R
Remark 2.1. Note that < is a reflexive relation while <y is not (see [1, p. 2183]).
Next, we set conditions to assure ¢ < x? or ¢ <y x? for some p € R.

Proposition 2.1. Let 9:RT —R™.

a) If ﬁ is a quasi-increasing function, then ¢ < x? for every p >0.

b) If { ¢ (%) }aer~ is a collection of quasi-increasing functions with the same quasi increas-
ing constant, then ¢ <y x? for every p >0.

Proof. Definition 2.2 and Definition 2.3 imply that ¢ <1 and ¢ <y 1, respectively. Now,
applying Proposition 3.5 of [1] with M(x)=x" for p>0, we obtain ¢ <x” and ¢ <y x” for
every p >0, respectively. O

Proposition 2.2. Let ¢:RT —R™ be a non decreasing function.
If g € Ay with A, <2, then ¢ <xF and ¢ <y x? for every p >0.

Proof. We take §(x) =x" with p>0 in Proposition 3.11 of [1]. O

Example 2.1. Let ¢(x) =In(y/x+1) € Ay with Ay, <2, then In(y/x+1) <x” and In(y/x+
1) <nx? for every p > 0.

It is easy to see that every non decreasing function is a quasi-increasing one (see [1,
Prop. 3.4]). An immediate consequence of this fact is the following result.

Proposition 2.3. Let pcR.

a) If (P’EZ) is a non decreasing function from RT into itself, then

p=<nxF.
b) If xP ¢ () is a non decreasing function from R into itself for every a >0, then ¢ < x?.

Proposition 2.4. Let 9:RT —R™.
Assume there exists ¢:IR™ — R™ such that

P(x) <g@(x) <C¢(x) for every x >0. (2.1)
If there exists p € R such that ¢ <x¥ or ¢ <y xF, then ¢ <x” or p <N x?.

Proof. If there exists p €R such that ¢ < x*, then there exists p1 >0 such that

1/xtpdt<p Lpforever x>0 (2.2)
xJo (1) =M e(x) e |
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By (2.1) and (2.2), we get

x 4P X P p p
[ s [t <pC
xJo ()~ xJo @) ¢(x) ¢(x)
for every x > 0. Therefore, from Definition 2.2, we have ¢ < x?.
Now, if there exists p € R such that $§ <y x*, then there exists p> >0 such that

i/oxt”gb(l:) dt<p'g (%), (2.3)

for every x >0 and for every a > 0. By (2.1) and (2.3), we obtain

/tf’— dt<1/xt”q)( )dt<pzx”(P( ><pzx"¢(z),

for every x >0 and for every a > 0. Thus, Definition 2.3 implies that ¢ <y x?. O

Now, given ¢ : Rt — R™" a non decreasing function, we use Proposition 2.3 to set
(PJEZ) and xP@(%) are non decreasing functions. We first

consider the case p > 0.

Theorem 2.1. Let ¢:IR™ —R™ be a non decreasing, differentiable function.
If there exists p >0 such that £ <( B for every x>0, then ¢ < xV and ¢ <y x?.

Proof. By elementary algebraic operations and the hypothesis on ¢ and p, we have

( x? )’:Px’“fp<X)—x*’fp’(X)
¢(x) @*(x)

Thus ( ) is a non decreasing function and, by Proposition 2.3, we get ¢ < x?.

>0 for every x >0.

On the other hand, exchanging x by £ >0 in the hypothesis and operating, we get

(&) = to($) e (2) (3) 20

for every x >0 and for every a > 0.
Then, x?¢ (%) is a non decreasing function for every a >0; and, Proposition 2.3 implies
that ¢ <y x”. ]

Example 2.2. Let ¢(x) =x7for 4 >0. As £> ¢ (( )) for every x >0 provided that p>¢q >0,
then x7 < x? and x7 <y x" for every p>gq > 0.

Example 2.3. Let ¢(x)=In(x+1). Since (P(( )) <P for every x>0 provided that p > 1, then
In(x+1) <x? and In(x+1) <y x? for every p > 1.
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Theorem 2.1 allows us to give a necessary condition in order that (;EZ) and x? ¢ (%) are
non decreasing functions.

Corollary 2.2. Let ¢: R —R™ be non a decreasing, differentiable function.
If ’Ep) and x?¢ (%) are non decreasing with p >0, then 9:) (( )) —0as x— oo,

Proof. Since ¢:RT — R™" is non decreasing and differentiable, then qp( 3 and xP¢ (%) are

non decreasing with p > 0. Next, elementary calculations as in the proof of Theorem 2.1,
give us

/
0< ?'(x) P for x>0,

which implies the wished result. O

Example 2.4. Let ¢(x)=e*—x—1, then (g((;)) —1; thus, there does not exist p >0 such that

4 a . .
w7 and xP (ex — &= 1) are non decreasing functions.

In a similar way to that developed in the proof of Theorem 2.1 but requesting that the
derivatives of % ( 7 and x”¢ ({) are negative, we obtain the following result.

Proposition 2.5. Let ¢:R" —R™ be a non decreasing, differentiable function.
If there exists p>0 such that £ <% (( )) for every x>0, then % ( ;and xP¢ (£) are decreasing.

As Lemma 3.1 of [9] establishes the background in which non increasing functions
become quasi-increasing, we employ that result together with Proposition 2.5 and we get
the following.

Theorem 2.3. Let 9:RT —R" bea non decreasing, differentiable function.
If there exists p >0 such that £ < (P for every x >0 and there exists K, <2F*! such that

q)(( )) <K, for every x >0, then ( ) and xP@ (%) are quasi-increasing, i.e. ¢ <x¥ and ¢ <y xP.
2

Example 2.5. Let ¢(x)=x7 with 4 >0, then £ < £ (( )) for every x > 0 provided that p <g
and ;P(( )) <2Fl for p>q—1.
Thus, x7 < xP and x7 <y x? in the case of max{q—1,0} <p <g.

Remark 2.2. Let ¢: RT™ —R™ be a non decreasing function. If ¢ is non differentiable,
invoking Proposition 2.4, the above results for the case of differentiable functions can be
employed provided that (2.1) holds.

If p <0, it is not possible to use Theorem 2.3. However, we can establish some condi-
tions to guarantee a relationship between ¢ and x” by < and <y for such values of p, as
stated below.
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Theorem 2.4. Let ¢:IR™ —R™ be a non decreasing function.
If there exists p € (—1,0] such that (;”((f)) <K, <2P*1 for every x>0, then ¢ < x¥ and ¢ <y x*.
2

112(x)=x7 ¢ (%) are non increasing functions on R". In addition, ?](é)) <Kpand 77
for every x>0 and with K, <2/*! <2. Consequently, by Lemma 3.1 of [9] 71 and 7, are

quasi-increasing, i.e. ¢ <x” and ¢ <y x? for p€ (—1,0]. ]

Remark 2.3. In Theorem 2.4, it is required that ¢ € A; with 1 <A, <2 as it has done in
Proposition 3.10 of [1]. But in that case, p were positive; while here, p belongs to the set
of real negative numbers.

Example 2.6. Let ¢(x) =In(y/x+1). Then ;”((f)) <V2 <21 provided that p> —1 and as
2

it is necessary that p <0, then In(y/x+1) <x” and In(y/x+1) <y x? for p€ (—1,0].

3 Simonenko indices

Let ® €7 be an increasing, continuous function.

If ho(A) =sup SA) with A >0, then the numbers

=0 D(t)
i(®)= lim M: sup lnhq>(}\), (3.1)
A—0t ln/\ 0<A<1 ln/\
and Infg (1) I (A)
o Inhe(A) . Inhg
M=t =~ T 62

are called lower index of ® and upper index of ® respectively, or fundamentals indices of
®. The numbers i(®) and I(P) are also known as indices of Orlicz spaces or Matuszewska-
Orlicz indices.

From (3.1) and (3.2), it is clear that 1 <i(®) <I(®). And, itis well known that I(P) <oo
if and only if ® € A, (see [8, Thm. 11.7]).
Moreover, if @ and ¥ are complementary Young functions, then

e i(®)>1ifand only if ¥ € Ay;
e the pairs i(¥Y), I(®), and i(P), I(¥) satisfy

(see [8, Cor. 11.6]);
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e O cA;isequivalent to the existence of pg,p1 € [1,00), po < p1 such that
C~Imin (AP, AP1)®D(t) < D(At) < Cmax(AP,APY)D(1), (3.3)

for some constant C >0 and for every A,t >0; and, suppg=i(®P) and infp; = I(D)
([4]);

e from (3.3) other formulae for i(®) and I(®P) are obtained, i.e.

i(P) :sup{p:ilgg)\_p q;)(();;) >0},

A>1

. _, D(Au)
[(®)=inf{ p:supA~? <00

(c.f. [8, Thm. 11.13]).
In [11] and [8] other indices, related to (3.1) and (3.2), are introduced.
Definition 3.1. Let ® €7 be an increasing, differentiable function and assume that ® =
Jo e(t)at.
If there exist p,q € R such that
p@(t) <x¢p(x) <qP(x) for every x€R, (3.4)

then the best p and g that verify (3.4) are called Simonenko indices and they satisfy

p(®)=inf gp((;)) and (@) =sup Jg)((;)) '

Remark 3.1. The relationship between Simonenko indices and indices of Orlicz spaces is
given by the following inequality

p(®) <i(®) <I(®) <q(P),
that was proved in Theorem 11.11 of [8].
If ® and ¥ belong to C! and they are complementary N-functions, then
e &cA;ifand only if g(P) < oo (c.f. [10, Cor. 4, pp. 22-23]);
e YcAyifand only if 1 <p(®) (c.f[10, Cor. 4, pp. 22-23]);

e PcAyNVyifand only if 1< p(P) <q(P) < oo.
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e As in the case of indices of Orlicz spaces, Simonenko indices of complementary,
N-functions behave as the conjugate exponents of the power functions, i.e.

St 1 1
p(®) q(¥) ~ p(¥) q(P)

([10, Cor. 6, p. 27]).

Now, we get power functions related to some function ® by < or <y employing
Simonenko indices.

Theorem 3.1. Let ® € C! be an N-function that satisfies the A, condition.

If q(®) is the upper Simonenko index, then

1) ® < x1®) and & < x1(®);

2) ® < x7and ® <y x7 for every q > q(P).

Proof. 1) Since @ is a differentiable, N-function that satisfies the A, condition, there exists
q(®) < oo such that % < @ for every x > 0. Next, by Theorem 2.1 we have ® < x9(®)
and @ <y x7(P).

2) By the definition of q(®), we have (P((fc)) <1 for every g € [q(®),0) and for every x >0,

3
then ® < x7 and ® <y x7 for every q > q(P). O

Remark 3.2. If €A;, then 1< g”((;)) <2A, for every x>0 and therefore 1<p(®) <q(P) <co.

If, in addition, ® € V3, then Theorem 3.1 is satisfied with q(®) € (1,00).

Example 3.1. c.f. [8].
If &(x)=x" (1 + %sin(plnx)) for x € (0,00) and with p > 6, then ® is an N-function such

that A,V and p(®)=1py q(®)=3p. Now, by Theorem 3.1, @ ~<x37 and D <y x2F with
p=6.

Theorem 3.2. Let ® € C! be an N-function that satisfies the Ay condition and let p(P) be the
lower Simonenko index.
1) If there exists K@) < 2V®)*1 such that ()

®(3)
P <y x”(q’).
2) If 0 < p < p(P) and there exists K, < 2P such that
and ® < xP.

< K g) for every x>0, then ® < xP(®) and

P(x)

o(3)

<K, for every x >0, then ® < x?

Proof. 1) If ® is a differentiable, N-function such that @€ A,, then there exists 0< p(®P) <oo

such that % > %cp) for every x > 0. If there also exists K, () <27 (®)+1 such that g((f) <
7

~—

K, (o) for every x >0 then, by Theorem 2.3, & < xP(®) and @ < xP(®).

2) From the definition of p(®), we have g((z)) > L for every p € (0,p(®)] and for every

D(x)
*(3)

therefore ® < x” and ® <y xP. O

t>0; and, as there exists K, <27 such that <K, for every x>0, then p <p(®) and
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Remark 3.3. If it is also assumed that ® € V5, then Theorem 3.2 holds for p(®) € (1,00).

Example 3.2. If ®(x) =x" with a > 1, then p(®) =¢q(P) =a. In addition, if ® € A, with
Ap <2%t1 then ® <P and d <y D.

Let 0 < p <a such that a —1 < p, then ® € Ay with A < 2P+ and therefore x* < x? and
x* <nyxPfor0<p<a.

4 Main Result

Let (Q,.A, 1) be a finite measure space.

A subset £ C A is a o-lattice if and only if ©,Q2 € £ and £ is closed under countable
unions and intersections.

A function f:Q)— R is said to be L-measurable if {f >a} € L forallaeR.

We denote by L? (L) the set of all £L-measurable functions in L®(Q)).

Definition 4.1. A function g€ L®(L) is called a best ®-approximation to f € L®(Q) if and

only if o ®(f—g)du= min [o®(f=h)dp.

Let 1i(f,L) be the set of all best ®-approximations to f € L*(Q). It is well known that
for each f € L?(Q), the set u(f,L) is not empty (see [7]).

Suppose that £, is an increasing sequence of o-lattices, i.e. £, C L, 11 for every n€IN.
Let f be a non negative function of L*(Q) and let f, be any selection of functions of

u(f Ln).

In [9] it is defined the maximal function f*=sup f,, and the authors obtain strong type
n

inequalities in some LY spaces.
Next, we will get strong type inequalities for f* in some L? spaces employing the
results of the previous sections where Simonenko indices are involved.

Theorem 4.1. Let ® € C?([0,00)) and let @ be its derivative. Assume that ¢ is an N-function
such that ¢(0)=0and ¢ € A’ globally.
If q( ) is the upper Simonenko index, then

/Q(f )1+ gy <2KC, < > /f‘i )y, (4.1)

for some ¢ >0 and with KC; independent of f.
I p(@) is the lower Simonenko index and there exists K,,(,) <2P9)*1 such that ;f((?) <K,y
for every x >0, then

/Q(f )P+ gy <2KC, < ) /fP Hdy, (4.2)

for some ¢ >0 and with KC; independent of f.
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Proof. As ¢(0)=0and ¢ € A’ globally, by [AF12, Thm. 4.5] we have

u({f*>a})<K go(f) dy for every a >0, (4.3)
{fr>a}  \4

with K depending on Ag.
Since ¢ € C1([0,00)), it is also true that ¢(0+)=0. Now, from [1, Lemma 2.1], there
exists ¢ >0 such that

y({f*>a})§21</{f }q)(i) du for every a > 0. (4.4)

On the other hand, by Theorem 3.1 we have ¢ <y x7 ((/’); and, from Theorem 3.2, we get

@ <N xP(?) provided that there exists Kpp) < 27(@)+1 such that f;’((?) <K, () forevery x>0.
Finally, by (4.4) and [1, Thm. 3.17], we obtain (4.1) and (4.2). O

Example 4.1. Let ¢(x)=x" (1—1— %sin(:xlnx)) for x € (0,00) and a > 6, then ¢(0+) =0 and
@ € A'. The characteristics of ¢ guarantee that (4.3) and (4.4) are satisfied.
On the other hand, by Example 3.1 we have ¢ < x2% and @ <N x3% with a > 6 being

p(¢) =3 and g(¢) = 3a the lower and upper Simonenko indices of ¢, respectively.
As a consequence,

3y
/(f*)%““dy<21<c (2>2 H/f?"‘“d;t
0 =T\ 0 ’

for « > 6 and where f is a non negative function in L®(Q).

Remark 4.1. If ¢ is not an N-function, but ¢ is the right continuous derivative of a Young
function ®, ¢(0) =¢(0+) =0, and ¢ € A/, we have that Proposition 2.1 or Proposition 2.2,
provides some p > —1 such that ¢ <y x7, depending on the properties of ¢. Then,

/Q(f*)wldygzkcq<2>p+1/0fv+1dy,

c

for every f € L?(Q).
In [9, Thm. 1.1], it is proved that
C
*>agl) < / du for every a>0, 45
pir>an< s [ onf)dpforevery @)

with C depending only on Ag and where ¢ is the right derivative of the Young function
®, ¢, €Ay and ¢ (0) =0. Then, by a similar procedure to that developed in the proof
of Theorem 4.1, strong type inequalities for f* in some LF spaces can be obtained by
means of the relation < instead of <y ( [9, Cor. 2.4]). However, we point out that it is
not possible to carry out such a procedure assuming only ¢ (0) = ¢4 (0+) =0. In fact,
it is necessary to ask an additional condition on ¢, which is the existence of a constant
r€(0,1) such that ¢, (rx) < ¢ (x) for every x >0 (c.f. [9, Lemma 2.2]).
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Example 4.2. Let ¢(x)=In(x+1). Then, ¢(0)=¢(0+) =0 and ¢ € A’ globally. Then (4.5)
and (4.3) are satisfied and there also exists ¢ >0 such that (4.4) holds.
In Example 2.3 we have seen that In(x+1) <y x? for every p > 1, then we obtain

+1
ransare, (2) [ pray 46

for every f € L?(Q) and with p> —1 such that ¢ <y x?.

Now, as there does not exist € (0,1) such that In(rx+1) < JIn(x+1) for every x>0, we
cannot get (4.6) having (4.5) as a starting point, because we cannot apply [9, Lemma 2.2],
although (4.5) is valid and In(x+1) < x* for every p > 1.

4.1 Final remarks on some one-sided operators

Proposition 5.1 of [1] allows us to obtain valid weak type inequalities on proper subsets
of R for the classical Hardy-Littlewood maximal function M and the one-sided Hardy-
Littlewood maximal functions M*, from weak type inequalities that hold true on the
whole R". In Theorem 2, Theorem 3 and Theorem 5 of [2] conditions on ¢ € Z to have
weak type inequalities for M* on the whole R were established; next, by Proposition 5.1
of [1], we obtain
AME 2Cf(x)
{reRiMEf)[>AH=C | >/2\}¢( - )dx,

for all A >0 and where the constant C is independent of the function f. Then, (1.1) holds
with f = M* and for values of p that depend on the characteristics of ¢, that is,

/IR (M* )P dx <K /R £y, 47)

for every non negative function f € L, (R), with p > —1 such that ¢ <y x? and where K
is independent of f.

Remark 4.2. In Theorem 7 of [2] strong type inequalities for M* are characterized, as it
has done in [5] for the Hardy-Littlewood maximal function M.

One-sided maximal operators M®, associated to one-sided best approximation by
constants, were defined and studied in [2, pp. 155-160]. The relationship between M=
and M is established in Lemma 1 of [2]. Using this relationship, strong type inequalities
for the one-sided maximal operators M= like (1.1) can be obtained from (4.7).

A similar situation occurs with the operators M;f (see [2, pp. 160-161]) because they
were defined from the one-sided Hardy-Littlewood maximal functions M*.
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