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THREE SOLUTIONS FOR A NONLOCAL PROBLEM WITH CRITICAL
GROWTH.

NATALI AILIN CANTIZANO AND ANALIA SILVA

ABSTRACT. The main goal of this work is to prove the existence of three different solutions (one
positive, one negative and one with nonconstant sign) for the equation (—A,)%u = |u[Ps ~2u +
Af(z,u) in a bounded domain with Dirichlet condition, where (—A,)® is the well known p-
fractional Laplacian and p = —£& m is the critical Sobolev exponent for the non local case. The
proof follows the ideas of [28] and is based in the extension of the Concentration Compactness
Principle for the p-fractional Laplacian and Ekeland’s variational Principle [7].

1. INTRODUCTION

Let us consider the following non local equation with Dirchlet boundary conditions

(1.1) {<—Ap>su = [uP 2+ Af(z,u) i ©,

u=0 in R™\ .
where s € (0,1), © is a smooth and bounded domain in R™ and (—A)*u, called the p-fractional
Laplacian, is defined up to a normalization constant by
— p—2 —
A2 tm (o)~ w2 (ule) ~ ),
e=0" Jrr\ B, (2) |z — y[rtPs

Y.

When p = 2 this is the well known fractional Laplacian. Problems involving non local operators
have many applications, just to cite a few, we refer to [0, 8, [13] for some physical models,
[1} [16] 23] for some applications in finances, [3] for applications in fluid dynamics, [I5] [19] 22] for

application in ecology and [I4] for some applications in image processing.

The functional framework for this operator are the fractional order Sobolev spaces, see [30]
and [5]. The fractional order Sobolev space is defined by

WHSP(R") := {u € LP(R"): [u]sp < 00},

where [u]s ), is the famous seminorm of Gagliardo is defined by

= ([ R e )

and WP(Q) is defined by WiP(Q) := {u € LP(R") : [ulsp < oo,u = 0 in R™ \ Q}. It is well-
known that when sp < n the following Sobolev inequality holds

—sp

np nn _ p

R2n |@—y[rter
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for u € CZ°(R"), where p} = £ > is called the critical Sobolev exponent. So, the embedding
WeP(Q) — L1(Q) for 1 < g < p¥ is continuous. Moreover, is compact for 1 < ¢ < pi.
Critical equations with the fractional Laplacian in bounded domains have been considered in
[2, 241, 25 26], 27]. Multiplicity of solutions for nonlocal equation with critical growth was studied
in [I1, 2I]. The main goal of this paper is to show the existence of three different solutions of
the problem (LI)). Moreover these solutions are one positive, one negative and one with non
constant sign. We impose adequate conditions on the source f and on the parameter A but we
do not impose any parity conditions on the source f. This result extends an old paper of Struwe
[29]. Similar results for some local operators can be found in [4, 28 O [I7]. The method in
the proof used in [29] consists on restricting the functional associated to (L)) to three different
manifolds constructed by imposing a sign restriction and normalizing condition. Then using
Ekeland variational principle (see [7]) and a generalization to the fractional setting obtained by
Mosconi et al. for any 1 < p < % (see [20]) of the well known Concentration Compactness
Principle of P.L.Lions (see [18]), we can prove the existence of a critical point of each restricted

functional, that are critical points of the unrestricted one.

Throughout this work, by weak solution of (II]) we understand critical points of the associated
energy functional acting on the Sobolev space W;*(Q):

! —(u(az) —u(y)” T — 1 w(z)[Ps x,u(z)) dx
0z e = [ S Gy [ @)+ AP u) de
where F(z,u) = [} f(z, 2)dz.

2. ASSUMPTIONS AND STATEMENT OF THE RESULTS

The precise assumptions on the source terms f are as follows:

(H1) f: Q@ xR — R, is a measurable function with respect to the first argument and con-
tinuously differentiable with respect to the second argument for almost every x € .
Moreover, f(z,0) =0 for every z € .

(H2) There exist constants ¢; € (0, Iﬁ), c2 € (p,pk), 0 < c3 < ¢q such that for any u € L1(Q)

and p < q < pg,

C3H’LL||%q(Q) < CQ/QF($,U) dx < /Qf(x,u)uda: < /qu(x,u)uz de < C4Hu||%qm).
Remark 2.1. The following example fulfill all of our hypotheses, f(z,u) = |u|?2u + |uy| ~2uy
if r <gq.

So the main result of the paper reads:

Theorem 2.2. Under the assumptions (H1)—(H2), there exist \* > 0 depending only on n, p, q
and the constant c3 in (H2), such that for every X > X*, there exist three different, nontrivial,
(weak) solutions of problem (LIl). Moreover these solutions are, one positive, one negative and
the other one has non-constant sing.

3. PROOF OF THEOREM

We will construct three disjoint sets K; not containing 0 such that ® has a critical point in K.
These sets will be subsets of C''—manifolds M; C WyP(Q) that will be constructed by imposing
a sing restriction and a normalizing condition.
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In fact,

Definition 3.1. For each i = 1,2,3, let M; C W;P(Q) be defined as

M, = {u e WiP(Q) : / uy >0 and [uy b, —/ |u |Ps do = / Mz, uw)ug dm},
Q Q Q

My = {u e WiP(Q) : /Qu_ >0 and [u_]%, - /Q lu_[P5 da = /Q)\f(:n,u)u_ dm},
Ms = M, N Mo,
where uy = max{u,0} and u_ = max{—u,0}.
Definition 3.2. For each i = 1,2,3, let K; C W;"(Q) be defined as
Ki={ue M :u>0}, Ko={uée Msy:u<0}, K3=M;s.

First, we need the following lemma to show that these sets are nonempty and, moreover, give
some properties that will be useful in the proof of our main result.

Lemma 3.3. For every wy € W3*(Q), wo > 0 (wo < 0), there exists ty >0 such that tyxwy € My
(€ Ms). Moreover, limy_, .ty = 0.

As a consequence, given wo, w1 € WP (), wo > 0, wy < 0 with disjoint supports, there exist
ta, ty\ such that txwg + tywy € Ms. Moreover ty,t, — 0 as A — oo.
Proof. We prove Lemma B3] for M7, the other cases are analogous.

For w € WJP(Q), w > 0, we consider the functional
e1(w) = [wlk —/ ]w[pg + Af(z,w)w dx.
Q
Given wy, in order to prove the lemma, we must show that ¢1(tywp) = 0 for some ty. Using
the hypothesis (H2), we have that:
@1 (twg) > AtP — BtPs — Ay Btd

and
o1 (twg) < AtP — BtPs — A3 Bt
where the coefficients A,B and E are given by:

A=(wol,, B :/ wolP* da, E:/ wol? dz.
Q Q

Since p < ¢ < pi it follows that o1 (twp) is positive for a ¢ small enough, and negative for ¢
big enough. Hence, by Bolzano’s Theorem, there exists some ¢t = t) such that ¢q(tywp) = 0.

In order to give an upper bound for ¢, it is enough to find some ¢;, such that ¢;(t;wy) < 0.
We observe that:
©1 (two) < AtP — )\Cgth,

so it is enough to choose t; such that At] — Az Et{ =0, i.e.,

(AT
e Cg/\E ’

therefore, again by Bolzano’s Theorem, we can choose ¢\ € [0,t1], which implies that ¢ty — 0
when A — 400, as we wanted to prove. O
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For the proof of Theorem 2.2, we need also the following lemmas.

Lemma 3.4. There exist constants o; > 0 such that, for every v € K;, i =1,2,3,

o luf, < a <AMW+&ﬂmwwm>§%Mmgam%@

Proof. As u € K;, we have that
ulf :/ \u]pz + A (z, w)udz,
Q

choosing a; = as we have the first inequality.
For the last inequality by (H2)

/F(x,u d$<—/f:17uudx.
Q

:/\/QF(x,ud:E<—//\fxuud:E——< - /|u|pédx>
SO
(3.1) —ALH@@Mﬁé(M%-AWWM)

By Bl we have:

Furthermore,

PLF@wa

D (u) 2)|Ps 4 AF(z,u) dz

1
/—* \deaz+—< - /\u ]dex>
.
c

This proves the third inequality, with ay = (% + é) as.

To prove the middle inequality we proceed as follows:
1 -
D(u) ==[ult, —/ E!u(z)\ps + AF(z,u)dx
Q Vs

1

p

1 1 « 1

—[u]é’p—/ —*]u(x)\ps da;——/)\f(x,u)uda:.
p Q Ps 2 Ja
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So
1 1 X
co®(u) 202—[u]§p—02/ —u(x)|Ps dr — / M (z,w)udx
p ’ Q Ps Q

:Czll? </ [u() d$+/ Af(x’u)ud:E) _02/ %|u($)|p: diﬂ—/ A (2, u)u d
Q QO QD 0

o P L — 1 P: o —
_czp/Q\U(a:)’ da:+czp/9)\f(a:,u)udx C2/Qp* lu(x)|Ps da /Q)\f(x,u)uda:

s

=C2 <% - p%‘) /Q lu(z)|P* dx + <62% - 1> /Q)\f(x,u)uda;.

Since v1 = o (% — 1%) and vy = <02% — 1) are positive, we take ag = min{vyy,7v2}, ag = ¢ and

we have
az®(u) > asg </ [P + Af(x,u)ud:n) .
Q
This finishes the proof. O

Lemma 3.5. There exists a constant D such that [uy]s > D, for allu € Ky, [u_]5, > D for all
u€ Ky, and [u_1%,, [us]f > D for all u € K.

Proof. By definition of K; we have
[ut]b, = Huiﬂgg +/ M (z,u)uy de.
Q
Using (H2) we have
| MG de < caus | or 0= 0> .
Q

Then

]2 < lell? + calluelg < C ([wal?? + usl?)

In the second inequality we use Poincaré inequality. In summary [u 5, < C [u+]s ,- Where r = ¢
if [uy]sp < 1orr=p}if [us]sp > 1. Since r > p we have what we need. O
The following lemma describes the properties of the manifolds M;.

Lemma 3.6. M; is a sub-manifold of Wi*(Q) of codimension 1, if i = 1,2 and 2 if i = 3
respectively, the sets K; are complete, and for every uw € M; we have TuWS’p(Q) = T, M; &
span{uy,u_} where T,M is the tangent space at u of the Banach manifold M. Finally, the
projection to the first coordinate is uniformly continuous on M;.

Proof. We consider

M:{UEWS’I](Q)Z/U+>O},
Q

W:{uewg’p(m:/gu_m},

M;z = M, N M.

)

Observe that M; C M; and since the sets M; are open so it’s sufficient to prove that M; is a
regular sub-manifold of W (Q).
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We are going to build a function C', ¢ : M; — R? withd =1ifi =1,2 or d = 2 if i = 3, such
that M; is the inverse of a regular value of ;.

We define
p1(u) = [uy B, — / luy [P5 + Af (2, u)uy de for u € My,
Q

a(u) = [u_]f , — /Q lu_|P* + \f(z,u)u_dz for u € My,

and
e3(u) = (p1(u),p2(u) for u € Ms.

We have that M; = (,02._1(0) so we have to prove that 0 is a regular value of ¢;.
Let us calculate (Vi (u), uy) for u € My,

d d .
Fortuteus) = 11 (It ey = [ [t cun)sP? + Aot cun)(u+euy)ds)
Q
Since (u + euy )4+ = us + euy we have that d%cpl(u + euy) is equal to
(14 27 plarlty = [ ph+ 0l At cusuy + Mo+ (1 + <)l da,

then since u € My,

d * *
d—Eﬁﬁl(U +euy)| = (P [uylf, — /stfqu 75 + A f (2, w)ug + Afu(@, u)u? dx)

e=0

<y ([mf;p — [ furl? da:> = [ Af s+ Ao e
=D </ Af(w,U)qudx) —/ Mz, u)uy + )\fu(:n,u)ui dz

Q Q
=(p;—1) </Q A (z,u)uy dm) - /QAfu(a:,u)ui dz.

By (H2) we know that there exists ¢ € (0 ) such that

1

P pi—l

(3.2) / Mz, u)uy de < cl/ M fu(z, u)u? de.
Q Q

Then
(p:—1) /Q M(z,w)uy doe — /Q)\fu(a:,u)ui dx < 0.

In summary, we have that (Ve (u),uy) < 0, then Vi(u) # 0. This means that M; is a
regular submanifold of W;*(Q).

The proof for Ms, is analogous.

Let’s observe that if we prove that (Vpa(u),uy) = (Ver(u),u_) = 0 for v € Mz then for
what we had made before, we know that (Vi (u),u) < 0 and (Vs (u),u) < 0. For this we can
affirm that Vs (u) # 0 for u € Ms.
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Then we will prove that (Vi (u),u_) = 0. In fact,

d d "
d—gcpl(u—i-su_) = <[(u+€u_)+]§7p —/ |(w+eu)iPs + Nf(x,u+eu_)(u+cu_)y da:)
0
a4
de

(104120 [ b Ar(ou e cu s de

:_/)\fu(:n,u+eu_)u+u_ dxr = 0.
Q

Then

d
—p1(u+eus) =0.
de e=0

In an analogous way we have (Vs (u),us) = 0. Therefore, My is a regular submanifold.

The completeness of K is easy and is left to the reader.
Finally, it remains to see that
T WP () = T, My @ span{u },
where My = {u : ¢1(u) = 0} and T,M; = {v : (Vo1 (u),v) = 0}. Now let v € T,W5"(Q) be a
unit tangential vector, then v = v 4+ vo where vo = auy and v = v — vo. Let us take « as
(Vi (u), v)
(Vi (u), uy)
With this choice, we have that vy € T,,M;. Now
<V<,01(u),v1> =0.

The very same argument is used to show that T,,W;"*(Q) = T,,M> @ span{u_} and T, WP () =
T, M; & span{u4,u_}.

From these formulas and the estimates given in the first part of the proof, the uniform conti-
nuity of the projections onto T, M; follows. O

Now, we say that {u;} C WJP(Q) is a Palais-Smale sequence of ¢ level if

(i) D(u;) = ¢,

(i) V@ (u;) = 0 in W—P(Q).
We say that ® satisfies Palais-Smale condition of level ¢ if for every {u;} Palais-Smale sequence
of level ¢ there exists a subsequence that converges strongly in W7 ().

Now, in order to use Ekeland’s variational principle, we need to check the Palais-Smale con-
dition for the functional ® restricted to the manifold M;. To this end, we need the following
lemma which proves the Palais-Smale condition for the unrestricted functional below certain
energy level.

Lemma 3.7. The unrestricted functional ® verifies the Palais-Smale condition for energy level
c for every ¢ < >S5, where S is the best Sobolev constant for the fractional Laplacian S :=

: [¢]5,
infoece=(@) Ja17,
The proof of Lemma [B.7lis omitted as it uses standard ideas and is based in the Concentration

Compactness Principle for nonlocal operators (see[20]). For the local case it can be found in
[12] 28]. For the non local case it follows similarly, see [10] for the details.
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Now, we can prove the Palais-Smale condition for the restricted functional.

Lemma 3.8. The functional ®|k, satisfies the Palais-Smale condition for energy level ¢ for every
c< 28 .
Proof. Let {ur} C K; be a Palais-Smale sequence, that is ®(uy) is uniformly bounded and
V®|g, — 0 strongly. We need to show that there exists a subsequence ug; that converges
strongly in Kj;.

Let vj € To,; Wy (€2) be a unit tangential vector such that

(VO(uy),v5) = [IVE(w))lyy—sr ()

Now, by lemma B8, v; = w; + z; with w; € T,,, M; and z; € span{(u;)+, (u;)-}

Since ®(u;) is uniformly bounded, by Lemma B4 w; is uniformly bounded in WJ*(Q) and
hence w; is uniformly bounded in W (). Therefore

IVO(w))lyyor ) = (VO(uy),v5) = (V| k, (u5), vj) — 0.

As vj is uniformly bounded and V®|g, (u;) — 0 strongly, the inequality converges strongly to
0. Now the result follows by Lemma 3.7

O

We now immediately obtain the following lemma.

Lemma 3.9. There exists u € K; be a critical point of the restricted functional ®|k,. Moreover
u is also a critical point of the unrestricted functional ® and hence a weak solution to ([LI]).

With all this preparatives, this is the proof of our main result.

Proof of Theorem[Z2. To prove the Theorem 2.2 we need to check that the functional ®|g,
verifies the hypotheses of the Ekeland’s Variational Principle.

The fact that ® is bounded below over K; is a direct consequence of the construction of the
manifold K.

Then by Ekeland’s Variational Principle, there exists vy € K;, such that
<I>(Uk) — ¢; and (V(I)|Ki)(’uk) — 0.

We have to check that if we choose A large, we have that ¢; < 7.5 *5. This follows easily from
Lemma [33] For instance, for ¢; we have that choosing wy > 0,

1
1 < P(thwp) < Eti[wdgp'
Moreover, it follows from the estimate of ¢ in Lemma , that ¢ =+ 0 as A — 0. Then
c; < 2Se» for A > X*(p,q,n,c3). The other cases are analogous.
From Lemma 3.7 it follows that v has a convergent subsequence, that we still call vi. There-

fore ® has a critical point in Kj;, ¢ = 1,2,3 and, by construction, one of them is positive, other
is negative and the last one changes sign. O
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