ON THE ROOTS OF THE GENERALIZED
ROGERS-RAMANUJAN FUNCTION

PABLO A. PANZONE

ABSTRACT. We give simple proofs of the fact that for certain parameters
the roots of the generalized Rogers-Ramanujan function are irrational num-
bers and, for example, that at least one of the following two numbers is ir-

. . oo Fp co Fy —
rational {Z”:1 T 909 2= o T ¢<k+i+1>} where Iz

Frny1+ Fn, Fo = 0,F1 = 1 (the Fibonacci sequence), m is a natural num-
ber > % and ¢(k) is any function taking positive integer values such that

lim supy,_, oo ¢(k) = co.

1. INTRODUCTION AND RESULTS.

The irrationality of m was first proved by J. H. Lambert in 1761 using the con-
tinued fraction for the function tan z. Nowadays proofs avoid the use of continued
fractions and use a variant of Hermite’s ideas; a proof of this type was given by
I. Niven [3]. M. Laczkovich’s proof of the irrationality of 7 presented in [5] is
particularly simple and contains ideas from J. Popken’s paper [6].

The aim of this note is to give short proofs of two irrationality theorems, both
inspired by M. Laczkovich’s proof. In fact, we use ideas that are of elementary
nature. One may say that the crux of Laczkovich’s proof is based on the existence
of a one-parameter family satisfying a certain recursion. To prove our theorems we
follow the same path using three one-parameter families, namely (1), (3) and (4).

Our first and most important result is a general theorem which implies that,
for certain parameters, the roots of the generalized Rogers-Ramanujan function are
irrational numbers.

We write @ := aja3 - - - a” for short and define fy, = fx(x,a1,...,a,) by

o0 n

n:0a1 2 e

1 T
1 = :
W o= e L=
where if n = 0 it is understood that []\_, (1 — Q") = 1.
The following theorem holds.

Theorem 1. Assume a; € Z and |ay ---ar| > 2. If © # 0 is a rational number and
k=0,1,2,... then fr #0 and f’}zl 18 irrational.
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Corollary. Assume that 1/q= 42,43, ... and k =0,1,2,.... If a real number x
satisfies

n n+kn

(2) 1+Zl_q 1_q)—0,

then xq is irrational.

The function appearing in (2) is the generalized Rogers-Ramanujan function (see
[1], [2] and [4]). Observe that (2) can be written as fi(—zo,1/q) = 0 and therefore
the conclusion follows from the theorem.

Note that
n? 00 1
1,1 =1
fo(=1,1/q) = +Z 1—q (1=qm) 1:[()(1_q5n+1)(1_q5n+4)’
and
n 21n o0 1
1,1 =1 =
( /q + Z 1 _ qn) J;[) (1 _ q5n+2)(1 _ q5n+3)’

are the Rogers-Ramanujan functions, see [2] or [4] pp. 78.
To state the next theorem we need to define the functions hy and gy.

Definition. (i) If A, B are real numbers, let F,, be defined recursively by

Fn = A(anl - BFn72)7
for 2 < n with initial values Fy =0, F; = 1.
Let ¢(k) be a function taking non-zero real values and whose domain is N J{0}.
Ifk=0,1,2,... we set

oo

3) = ) = - e
n=1 1=0

(ii) Let n(k), ¢(k) be two functions taking non-zero real values and whose domain
isNU{0}. If £ =0,1,2,... we set

(4)
o = gi(z) = ixn{cb(k) + Rk +1) +---+d(k)p(k+1)---(k+n—-1)}
n=1 ITi=o n(k+1)

By looking at the coefficient of ™ of hj one observes that formally the following
recursion holds

B 5 B (k) x
mm hiyo = xhi Thk + Z

Similarly, gi formally satifies

(5)

k 1
Zikigk - {1 " M} Tgen T gy gk =

The following theorem holds.

(6)
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Theorem 2. (i) In the definition of hy let A, B,z be rational non-zero numbers
such that z%’ ﬁ are integers. Assume also that ¢(k) takes positive integer
values, 0 < x, 0 < F,, for all n and at least one of the two following conditions
holds: (i) limy oo ¢(k) = 00 (i2) imsup,_,o, ¢(k) = oo and there exists xo > x
such that >.7° Fpxj converges.

Then for any k =1,2,... at least one of {hy(x), hpt1(x)} is an irrational num-
ber.

(i) In the definition of gr assume that n(k) = PrQr, ¢(k) = PI’;: where
Py, Qr, R are positive integers for all k and lim;_,, Q; = oo. Furthermore as-
sume that supy, Il%ji;i < M for somel < M.

Then at least one of {gr(1/m), gr+1(1/m)} is irrational for anym = 1,2,3,...;k =
0,1,2,....

Remarks. a) As we shall see, g is entire function and in case that condition
(71) holds the same is true for hy.

b) The result of the abstract follows taking A = 1,B = =1,z = 1/m in (i2)
observing that > (" F,,x} converges if # < 1/xo.

¢) The following example follows from (ii): let Py, Rj be two sequences of
positive integers such that Pjy_1 /Py is bounded (this is satisfied, for example, if Py
is non-decreasing) and Qo = 2,Q1 =3,Q2 = 5,Q3 = 7,... (that is, Qg is the k + 1
prime). Then at least one of {go(1),g1(1)} is irrational.

2. PROOF OF THEOREM 1.

Claim 1: If f is defined by (1) then the following recursion holds

1
(7) forr = fo = 2fove 7
al .. aT

In fact, the coefficient of 2™ in the expression fx41 — fx is

= (@)
— 1) =

n(n—1) rn2 n(l1—13 n . n

anal 2 ey ? +n(l1-5% )Hizl(l_Ql) Q

1
n(n—1) 2 3
k Pl 5—+n(1-%) yn—1 .
Qn +na1 Qe Hi:l (1 - QZ)
which is the coefficient of 2™ of xfkwﬁ = I'fk_i,_QQkaﬁ.
a el eQr

1
Claim 2: One has that fy — 1 if & — oo. In fact, by hypothesis a; € Z and
laj -+ a,| > 2. For simplicity assume that 2 < |a;|, the other cases are similar.
Then,

?

ol el (]
ok 2nk+n(n2—1> = 9k |
and the claim follows.

Claim 3: Let C # 0 be a natural number such that % is a non-zero integer.
Recall that |Q| > 2. Take a fixed natural number i > 1 such that | 5~ = &| <1

T
al--an

Ife =1 <

and set
CTL
Gn = fk—i—nw~
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We have G,, — 0 if n = oo and G,, # 0 if n is large enough; these facts follow
from Claim 2.

Claim 4: As C,C/z,a; are all integers, the recursion (7) can be written in terms
of G, more simply as

Gn+2 = SnQn_iGn-i-l + TnQn_QiGna
if 0 < n, where S,, and T,, are integers: in fact, using (7) one obtains

Cn+2 Cn+2

na/l"'a"l‘
G2 = fk+n+2m = QM T(fH"H _ an)W —
C . 02 )
{Qkal . ..arx} QnilGn—i-l + {—ka .. .arm} anQan.

Now the proof of the theorem goes as follows. Assume that the conclusion of
the theorem is false: then one may write f; = Ay and fi+1 = By for some real
non-zero number y and integers A, B. Notice that we allow A, B to be zero.

This gives Gy = Ay and G; = CBy/Q". The last recursion yields that Ga;, Ga;11
are integer multiples of y/Q% for some jo, > 0. But for n > 2i the above recursion
has integer coeficients and therefore Gy, is an integer multiple of y/Q7. This is in
contradiction with Claim 3.

3. PROOF OF THEOREM 2.

(7) Claim 1: One has that hj, > 0 for all k. In case that condition (1) holds
then hy — 0 if & — oo. This follows from the fact that there exists some fixed
a > 0 such that 0 < F,z™ < " for all n and that ¢(k) — oo as k — oco. This also
yields that hj is an entire function.

If condition (42) holds then hj, — 0 for some subsequence k; — co.

Claim 2: Set ,

k+n
G = dk+n—1)

In any case one has from Claim 1 that G,,; — 0 for some subsequence n; — oo
and G, # 0 for all n.

Claim 3: The recursion (5) can be written in terms of G,, more simply as
ok +n) ok+n)plk+n—1) 1

Gn - Gn A
B + 22AB * zAB

Gn+2 -

if0<n.

Assume that the conclusion of the theorem is false, that is, both Ay and hgi1
(1 < k) are rational numbers. Then G,, and G,,11 are both rational numbers, say,
they are integer multiples of 1/D with D € N. Recall that 1/2B and 1/22AB are
integers and 1/xAB is a rational number, say, with denominator K € N. Then the
last recursion yields that G,, is an integer multiple of 1/K D for all n.

This is in contradiction with Claim 2.

(74) Claim 1: We show that g, which is a series of positive terms, is an entire
function. It is enough to prove that the series (4) converges for any 0 < z.

Next observe that if 1 <7 < n then

0< -1 ;- P, n—1 . < n—1 :
[TZgntk+3)  \jzg BreriLoiQus | TIZ 0k +3) — TI7Z0 Qray

1= ok + ) ﬁ Pe 14 1 Mn
Ry+
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Therefore, if 0 <  then 0 < g(z) < M2 ... 4 ﬁ(,ﬂflix) + -+, where this last
@k [17Z0 Qr+y
function converges because lim;_,, ; = co. Thus g is an entire function.

In other words: if 0 < z then 0 # gx(x) — 0 when k — oco.
Claim 2: Set

G, = Jk+n _ 9k+n .
"Tonk+n—1)  Piin-1Qrin—1
From Claim 1 one gets that G,, — 0 if n — oo and G,, # 0 for all n.
Claim 3: Dividing by #? and putting k + n instead of k, the recursion (6) can
be written in terms of G,, as

n(k+n)n(k+n—1) 1 ok + 1) B

or putting x = 1/m and using the hypothesis the last can be written as

M2 Piotn Qrotn Qrtn—1 Rt nGn — M(ProinQrgn + Qi Ritnt1)Gri1 + Grga = m,
which is a recursion of the form
Gn+2 - Gn+1An + Gan + Cna

if 0 < n, where A,, B, C,, are integers.

To prove the theorem, assume that both gi(1/m) and gxy1(1/m) are rational
numbers. Then Gy and G are both rational numbers, say, they are integer multiples
of 1/D with D € N. Then the last recursion yields that G,, is an integer multiple
of 1/D for all n.

This is in contradiction with Claim 2.
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