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All-optical stochastic logic gate based on a
VCSEL with tunable optical injection
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Abstract— We study the dynamics of a vertical-cavity surfaceemitting laser (VCSEL) with continuous-wave (cw) orthogonal
optical injection from a tunable laser. We use the dynamical
properties of polarization bistability and the interplay with
internal or external noise to demonstrate numerically a reliable
logic output to two logic inputs encoded in the optical frequency
of the injected light. This all-optical configuration is more than
ten times faster than the electro-optical implementation and has
the advantage of operating at constant injection power.
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I. INTRODUCTION

O

ptical injection is commonly employed to achieve

optical bistability and a lot of research has been devoted to
exploit the response of optical bistable systems for all-optical
signal processing, optical switching, and optical storage.
Vertical-cavity surface-emitting lasers (VCSELs) are good
candidates for optical signal processing in photonic networks
[1, 2] due to their many advantages over edge-emitting
devices [3], including polarization switching and bistability.
Polarization switching and bistability can occur in freerunning VCSELs, and can also be induced by external optical
injection [4-10]. Multi-transverse-mode emission is also
observed in free-running VCSELs, and in this situation,
external optical injection can be used for polarization and/or
transverse mode selection [11-16].
Two types of optical injection schemes have been
considered in the literature, one in which the polarization of
the injected light is the same as that of the free-running laser
(this scheme has been referred to as coherent injection), and
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another in which the polarization of the injected light is
orthogonal to that of the free-running laser (referred to as
orthogonal injection). With orthogonal injection polarization
bistability can be induced by varying the detuning of the
injected light, or by varying the injected power [17-29].
In this work we demonstrate that the polarization properties
of a VCSEL with orthogonal injection can be exploited to
induce switchings between the two linear polarizations, x and
y, in response to changes in the optical frequency of the
injected light, giving a reliable logic response to two logic
inputs that are encoded in the frequency variation. The output
response is interpreted as 0 if the laser emits the free-running
polarization and as 1 if emits the orthogonal one. We show
that due to the nontrivial interplay of orthogonal injection and
polarization bistability, with an adequate level of noise the
VCSEL can give the correct logic response to the logic inputs.
This phenomenon (which has been referred to as stochastic
logic resonance [30, 31]) has been demonstrated in Refs. [32,
33] using different setups: in [32], a free-running VCSEL,
with the logic inputs encoded in a modulation of the pump
current, and in [33], a VCSEL with coherent optical injection,
with the logic inputs encoded in a modulation of the injected
power. We compare the performance of these encoding
schemes with the one proposed here using orthogonal
injection and show that with orthogonal injection the logic
gate operates more than ten times faster than in [32] and as
fast as in [33]. The implementation demonstrated here has the
advantage that requires a simpler setup than in [33], as it
requires cw injection power from a tunable master laser.
This paper is organized as follows. Section II presents the
the model used for describing the VCSEL polarization
dynamics under orthogonal injection. Section III presents the
encoding scheme, by which two logics inputs are encoded in
three values of the detuning of the injected light, which has a
polarization that is orthogonal to that of the free-running laser,
and the logic output is decoded from the polarization of the
light emitted by the laser. Section IV presents the results. We
evaluate the reliability of the logic output response as a
function of the VCSEL parameters and as a function of the
optical injection parameters. We consider two injection
scenarios: i) the polarization of the free-running laser is the
low-frequency one (x) and the orthogonal injection induces a
switching to the high-frequency polarization (y); ii) the
polarization of the free-running laser is the high-frequency
polarization (y) and the orthogonal injection induces a
switching to the low-frequency polarization (x). We show that
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these two scenarios display similar features in terms of the
model parameters required for the reliable operation: in both
cases the minimum bit time for successful operation is about 2
ns and the minimum injection strength increases with the
pump current. However, they have different noise sensitivity
and require different injection strengths. We conclude in
section V with a summary and a discussion of the results.
II. MODEL
We use the well-know spin-flip model [34] for a VCSEL
operating in the fundamental transverse mode, extended to
account for external optical injection. The equations written in
the frequency reference frame of the injected field are
dE x
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dt
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Here Ex and Ey are the two orthogonal linearly polarized
slowly varying components of the field and N and n are two
carrier variables. N accounts for the total population inversion
between conduction and valence bands, while n is the
difference between the population inversions for the spin-up
and spin-down radiation channels. The VCSEL parameters
are:  is the field decay rate, N is the decay rate of N, s is the
spin-flip relaxation rate,  is the linewidth enhancement
factor, a is the linear dichroism, p is the linear birefringence
and  is the pump current parameter (normalized such that the
solitary threshold is at =1 in the absence of anisotropies).
Spontaneous emission noise is taken into account by x(t) and
y(t) that are independent complex Gaussian noise terms of
zero mean and time correlation given by <i(t)*j(t’)>=2ij(tt’). We define the noise strength parameter as D = N N sp
with sp being the spontaneous emission factor. We consider
parameters well above threshold and approximate N1 since
above threshold the N is clamped to the threshold value.
The optical injection parameters are: x, y, Einj and ;
where x (y) is the injection coefficient in the x (y)
polarization (is either 0 or  and is used to select the type of
orthogonal injection as described below), Einj is the injected
field amplitude and  =inj-ref is the detuning of the
injected field, defined by the difference between the angular
optical frequency of the injected field inj, and the reference
angular frequency defined as ref = (x + y)/2, with x and y
being the angular optical frequencies of the x and y
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polarizations of the free-running VCSEL, x = -p + a,
y=p - a [34].
We consider parameters such that the free-running VCSEL
emits either the low-frequency, x polarization, or the high
frequency, y polarization. This allows to consider two types of
orthogonal injection: when the polarization of the free-running
laser is the high-frequency y polarization we consider the
injection of x polarized light, in the following referred to as xpolarized injection; when the free-running laser emits the lowfrequency x polarization, the orthogonal injection is on the y
polarization and is referred to as y-polarized injection. Thus,
i) for x polarized injection, x= and y=0;
ii) for y polarized injection, y = and x=0;
where  is the field decay rate. Due to the interplay of
birefringence (represented by the parameter p) and the phaseamplitude coupling (represented by the  factor) these two
types of orthogonal injection are not equivalent.
III. INPUT-OUTPUT LOGIC ENCODING
In our implementation of the stochastic logic gate using
orthogonal injection, two logic inputs are encoded in three
detuning values, I, II and III, of the injected field, and
the output response is decoded from the polarization of the
emitted light: the logic output is interpreted as 1 if the laser
emits the free-running polarization and as 0 if it emits the
orthogonal one. Therefore, when using x-polarized injection, y
represents 1 and x represents 0, while when using y-polarized
injection, x presents 1, and y represents 0.
Then, the truth table of the fundamental logical operations
OR, AND (and their negations, NAND and NOR) can be
implemented. To fix the ideas, let us consider Table 1 for logic
OR. We have four logic input sets: (0, 0), (0, 1), (1, 0), and (1,
1). Representing the (0, 1) and (1, 0) with the same detuning
(III) we can encode the four inputs with a three-level signal.
For simplicity, I and III are defined symmetrically from
II. Then, the detuning variation, c, is defined as
c = II - I = III -II.

(5)

The three-level signal used to vary  is such that is
constant during a time interval T1 and then is followed a fast
ramp (up or down) T2 to the detuning corresponding to the
next bit. Thus, the duration of the bit, referred to as bit time, is
T=T1+T2 with T2 < T1 (unless otherwise noted, T2/T1=0.1).
To quantify the reliability of the logic gate we compute the
probability of obtaining the correct logic output (referred to as
success probability), using the same criteria as in [32, 33]. The
idea is to determine the logic output (1 or 0) by measuring
only the intensity emitted in one polarization. Specifically, we
consider the free running polarization. To fix the ideas, let us
consider x-polarized injection (such that the free-running laser
emits the y-polarization). Then, we determine the logic output
in terms of the percentage of light emitted in the y
polarization: when y is the correct polarization, we consider
that the laser response in a bit is correct if, during the bit, the
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Table I: Input –output combination for an OR gate: the inputs are encoded in
the detuning of the injected light and the output is decoded from the
polarization of the light emitted by the VCSEL.
OR Logic Gate
Emitted polarization
Detuning
X-polarized
Y-polarized
Inputs

Output

injection

injection

1

1

1

Y

X

I

1

0

1

Y

X

III

0

1

1

Y

X

III

0

0

0

X

Y

II

percentage of light emitted in the y polarization is above a
certain value. In [32, 33] the following percentages were used:
90% or 80% or 70%, to allow for a transient at the beginning
of the bit during which the laser might have to switch the
polarization.
When y is not the correct output polarization, then, to
consider that the laser output response is correct we require
that no more than a certain percentage of light (10%, or 20%
or 30%) is emitted in the wrong y polarization.
Therefore, if we use the most restrictive criterion (referred
to as 90/10), the laser output response is correct if:
i) y is the correct polarization, more than 90% of the light
emitted during the bit is emitted in the y polarization.
ii) y is not the correct polarization, less than 10% of the
light emitted during the bit is emitted in the y polarization.
The more permissive criterion (70/30) allows for up to 30%
of the light to be emitted in the wrong polarization, and
requires a minimum of 70% in the correct one.

IV. RESULTS
In this section we present the results of the simulations of
the model equations. The Platen explicit order 1.5 strong
scheme for simulating stochastic differential equations was
used with an integration step of 0.1 ps [35]. Unless explicitly
indicated, the VCSEL parameters are: N = 1 ns-1, p = 60 ns-1,
a = 2 ns-1,s = 50 ns-1, = 300 ns-1, and 3. With these
parameters the free-running laser emits the y polarization at
threshold and displays a sharp polarization switching (PS) to
the orthogonal x polarization at about = 1.75 [see Fig. 1(a)].
In the following we study x-polarized injection and ypolarized injection by considering a low pump current (below
the PS) or a high pump current (above the PS); the noise
strength, D, the injection strength, Einj, the bit time, T, and the
detuning variation, cEq. (5)are varied to find the
optimal operation conditions.
While in the model the parameter D represents the strength
of spontaneous emission, and therefore, is a parameter that
could not be varied experimentally, in practice we can
consider D as also representing the strength of external optical
noise that is injected into the laser. This incoherent optical
injection can be experimentally implemented by using an
incoherent light source, such as a LED, a multimode laser or a
distant laser (such that the distance is longer than the
coherence length of the laser beam). In this way, a realistic
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low limit for varying the parameter D corresponds to the
typical strength of spontaneous emission in semiconductor
lasers (in the range of 10-4-10-5), while, if we assume that D
also represents the strength of injected incoherent light, a high
limit is arbitrary. In the discussion below we will also consider
very low, unrealistic values of D, and we will do this in order
to demonstrate the operation principle of the stochastic logic
gate, that exploits the presence of noise for robust operation
(i.e., we will show that without noise or with very weak noise,
the reliability of the logic gate is severely degraded).
A. X-polarized injection
We begin by considering a pump parameter such that the
free-running VCSEL emits the y polarization [i.e., < 1.75,
indicated with an arrow in Fig. 1(a)] and we consider optical
injection into the orthogonal x polarization (x=, y=0).
The bistable hysteresis cycle when the detuning varies
is presented in Fig. 1(b) ( varies with a linear ramp in 5
s). Figure 1(b) also indicates the three values I, II, III
used for encoding the two logic inputs. These are chosen such
that, under constant injection conditions, for = and for
=the VCSEL emits the y polarization, and for =
, the VCSEL emits the x polarization ( is chosen in
the center of the region where the x-polarization is on).
Figure 2 shows the time trace of the y polarization, when
 varies with a fast three-level signal; Fig. 2 (a) displays the
behavior when the noise is weak, and Fig. 2 (b), when the
noise is stronger. It can be observed that with weak noise there
is a considerable delay in the turn on of the y polarization. In
Fig. 2(a) the bits indicated with * are such that the delay in the
turn on is long enough to result in a wrong bit. When the noise
is stronger, Fig. 2 (b), there is almost no delay in the turn on.
If the noise is too strong (not shown), then both polarizations
are emitted simultaneously and the logic response cannot be
clearly identified.
To quantify these observations we compute the success
probability P using the three criteria discussed in the previous
section: 90/10; 80/20; and 70/30. Figures 3(a) and 3(b) show
the success probability of the OR logic gate (computed over
512 bits) as a function of the noise strength, D, and of the bit
time, T, respectively. In Fig. 3(a) one can see that for the
80/20 and the 70/30 criteria there is a wide range of noise
strengths (between 10-5 and 10-1 ns-1) where P =1. We remark
that T is of a few nanoseconds and the wide region where P=1
demonstrates the correct operation of the logic gate, exploiting
the presence of noise. Figure 3(b) shows that with a slightly
longer bit time (of about 10 ns), is possible obtain P=1 even
with the stricter 90/10 criterion.
Let us now investigate the robustness of the operation and
the influence of the various parameters. Figure 4 displays the
success probability as a function of pump current  and the
injection strength, Einj for low, intermediate and high noise.
One can observe a wide region corresponding to P=1, which
occurs for pump current values lower than the PS point.
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Fig. 2. (Color online) Dynamics with x polarized injection (the free-running
laser emits the y polarization). Time trace of the intensity of the y polarization
(solid line), and the three-level signal that varies the detuning of the injected
field (dashed dot line). The noise strength is (a) D=10-6 ns-1 and (b) 10-3 ns-1,
other parameters are =1.2, Einj = 0.02, T=4.5 ns,  -68 rad GHzc
=168 rad GHz. The * indicates the wrong bits (see text for details).

Fig. 1. (Color online) (a) Polarization-resolved intensity [Ix (thick, red), Iy
(thin, blue)] vs. the pump current parameter, μ. The solid (dashed) lines
indicate the intensities for increasing (decreasing) μ. The arrows indicate the
values of μ used for x and y polarized injection. b) Hysteresis cycle as a
function of the detuning of the injected field, , for x polarized injection.
The solid (dashed) lines indicate Ix and Iy for increasing (decreasing) . The
pump current is μ=1.2, the injection strength is Einj=0.02, the noise strength is
D=10-3 ns-1 and the VCSEL parameters are as indicated in the text. The arrows
indicate the three levels used to encode the logic inputs, and the angular
optical frequencies of the x and y polarizations of the free-running VCSEL
(see text for details).

One can also notice that an intermediate noise level (panel c)
gives the wider P=1 region, while if the noise is too strong
(panel d), then P is close but not equal to 1.
In Fig. 4 one can also notice that the parameter region
where P=1 disappears at large values of Einj. This is due to the
fact that, if the injected power is too strong, then only the
injected polarization turns on and the VCSEL cannot operate
as a logic gate. In Figs. 4(a), 4(b) and 4(c), where there is a
clear and well defined P=1 region, we observe that the
minimum injection strength for reliable operation increases
with the pump current. This is can be due to the fact that the
laser output intensity increases with the pump current and the
injected field has to be stronger to produce a PS from the freerunning to the orthogonal mode.
Figure 5 shows that the correct laser response does not
require a fine tuning of other model parameters. As a function
of the detuning variation, cEq. (5) there are wide
parameter regions where P=1 varying either the noise strength

Fig. 3 (Color online) Success probability a function of the noise strength D
(a) and of the bit time T (b) using the criteria 70/30 (squares), 80/20
(triangles), and 90/10 (circles). In (a) T=4.5 ns, in (b) D=10-3 ns-1, other
parameters are as in Fig. 2.

Fig. 4 (Color online) Success probability computed with 80/20 criterion, as
a function of the injected field amplitude, Einj, and the pump current
parameter,  D = 10-9 ns-1(a), 10-5 ns-1 (b), 10-3 ns-1 (c), and D = 10-1 ns-1(d);
other parameters are as in Fig 2.
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D (a), the pump current µ (b), the optical injected field Einj (c)
or the bit time T (d). In particular, in Fig. 5(d) one can observe
that the minimum bit time such that the success probability is
1 is close to 2 ns. This is almost 15 times faster as compared
with the bit time found in Ref. [32], where the logic inputs
were encoded in the modulation of the free-running laser
pump current. The faster bit time obtained here can be
understood in the following terms: a switching triggered by
the variation of the pump current will be slower than a
switching triggered by the variation of the optical injection
conditions, because the carrier density dynamics is slower than
the photon density dynamics (the carrier and photon lifetimes
being of the order of nanoseconds and picoseconds
respectively). The minimum bit time found here is in fact
similar to that found in Ref. [33], where the logic inputs were
encoded in the strength of the injected field (see Fig. 3d of
Ref. [33], where the minimum bit time is slightly above 2 ns).
While the bit times are comparable, an advantage of the
present configuration with respect to that proposed in Ref.
[33] is that here the encoding of the logic inputs requires using
a cw tunable laser, which can be simpler to implement than
encoding the inputs in the variation of the injection strength,
as proposed in Ref. [33].
In Fig. 5(b) we observe that there is a minimum detuning
variation, ωc, for successful operation. This minimum
decreases with the bit time and for long enough bit times
saturates to the width of the region in Fig 1(b) where the x
polarization is on. The variation of the minimum ωc with the
bit time can be understood as due to dynamical hysteresis: the
width of the region where the x polarization is on corresponds
to that shown in Fig. 1(b) only if the control parameter (ω)
varies slowly (i.e., a quasi-static variation [36]); a fast
variation of ω leads to an enlargement of this region, because
the bifurcations are delayed. When varying the pump current
this delay was observed in Figs. 1(a) and 1(c) of Ref. [32], and
we expect that this effect plays a role here when varying ωc.
In Fig. 5(c) we also observe that there is minimum injection
strength for successful operation, which is of the order of
Einj=0.005. A minimum Einj was also found in Ref. [33] (see,
e.g., Figs. 4(a) and 4(b)) and, while this is not yet fully
understood, we speculate that there is a minimum injection
strength that is required in order to turn on the orthogonal
polarization avoiding too long turn on delays that would lead
to errors in the logic response.
B. Y- polarized injection
Let us now consider the situation in which the free-running
VCSEL emits the x polarization [for our parameters, this
occurs for > 1.75, see Fig. 1(a)] and we consider optical
injection into the y polarization (y=, x=0). The bistable
hysteresis cycle for two values of  is presented in Fig. 6,
where the detuning  varies with a linear ramp in 5 s. The
arrows indicate the values of I, II and III used to
encode the logic inputs. Now  is in the center of the region
where the y polarization turns on.
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Fig. 5 (Color online) Success probability for x polarized injection, as a
function of the detuning variation,cand the noise strength, D (a); the
pump current parameter,  (b); the injected field amplitude, Einj (c) and the bit
time T (d). When the parameters do not vary, they are D=10-3 ns-1, Einj = 0.05,
 =1.2, T = 4.5 ns; other parameters are indicated in the text.

As indicated in Table I, for y polarized injection, when
= and = the VCSEL gives the correct logic
output if it emits the x polarization, and when = , it
gives the correct logic output if it emits the y polarization. To
compute the success probability we now calculate the intensity
emitted in the injected y polarization, and apply the same three
criteria discussed at the end of section III: in levels =
and =, x is the correct polarization and therefore, the
light emitted with y polarization has to be lower than a certain
percentage of the total emitted light (10%, or 20% or 30%),
while in level = , y is the correct polarization and the
light emitted with y polarization has to be larger than a certain
percentage of the total emitted light (90%, or 80% or 70%).
Figure 7 shows the time trace of the x polarization for two
noise levels, when  varies with a three-level signal. One
can notice that, if the noise is too weak [Fig. 7(a)], there are
wrong bits, indicated with *, which are due to the fact that the
x polarization delays to turn on, or does not turn on completely
when =  or = . These wrong bits can be
corrected with adequate noise strength [Fig. 7(b)].
Figure 8 shows the success probability as a function of the
noise strength [Fig. 8(a)] and of the bit time [Fig. 8(b)]. One
can observe in Fig. 8(a) that the success probability is rather
insensitive to the noise level, at least for noise levels below
D=10-1 ns-1. This lack of sensitivity can be due to the fact that
the pump current is higher than for x injection (and thus, noise
can be less relevant), or it can be due to different injection
conditions. Figure 8 (b) shows that with the less restrictive
criteria (70/30 and 80/20) and D= 10-3 ns-1, it is possible obtain
P=1 for bit times of 4 ns and 7 ns respectively, while for the
more restrictive criteria 90/10, longer bit-times are required
(above 20 ns).
Figure 9 shows the success probability for y-polarized
injection in the Einj- plane for low, intermediate and high
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Fig. 7 (Color online) Dynamics with y polarized injection (the free-running
laser emits the x polarization). Time trace of the intensity of the x polarization
(solid line), and the three-level signal that varies the detuning of the injected
field (dashed dot line). The noise strength is (a) D=10-5 ns-1, (b) D=10-2 ns-1,
other parameters are =2.5, Einj = 0.06, T=7 ns,  50 rad GHz, c =150
rad GHz. The * indicates the wrong bits (see text for details).

Fig. 6. (Color online) Hysteresis cycle as a function of the detuning of the
injected field, for y polarized injection. The solid (dashed) lines indicate the
intensities Ix and Iy for increasing (decreasing) . Einj=0.06, D=10-3 ns-1, =
2.5 (a) and = 4 (b). The VCSEL parameters are as indicated in the text. The
arrows indicate the three levels used to encode the logic inputs and the angular
optical frequencies of the x and y polarizations of the free-running VCSEL
(see text for details).

noise strengths. There are wide regions of parameters where,
with an adequate level of noise, the VCSEL operates as a logic
gate. However, within the region where the success
probability is close to one, we can observe an island where
success probability decreases significantly [see Figs. 9(a),
9(b), and 9 (c)]. In the bistable hysteresis cycle, for these Einj-
values we observe the excitation of the x polarized mode in the
positive detuning range in between the two PS points. This
excitation of the x polarized mode coincides with a decrease of
the averaged intensity of the y polarized mode, as discussed in
[22]. In this positive detuning range the two modes strongly
compete and do not allow decoding the logic output response.
In Fig. 9 we also observe that there is a minimum Einj,
which tends to increase with the pump current (as in Fig. 4 for
x polarized injection). Also in analogy with x injection, where
the maximum pump current for successful operation was the
PS point of the free-running laser, now the minimum value of
the pump current for successful operation is the PS point.
Figure 10 shows that also for y-polarized injection the
correct operation does not require a fine tuning of the VCSEL
parameters: P is equal to 1 in a wide parameter region, varying
either the noise strength D (a), the pump current µ (b), the
injection strength, Einj (c) or the bit time, T (d).
In Figs. 9 and 10 one can observe that the P=1 region is lost
when the pump current is too high. This occurs because the
two polarizations, x and y, are simultaneously on, as can be
observed in Fig. 6(b).

Fig. 8 (Color online) Success probability for y-polarized injection, as
function of the noise strength (a) and bit time (b) using the criteria of 70/30
(squares), 80/20 (triangles), and 90/10 (circles). In (a) T=7 ns, in (b) D=10-2
ns-1; other parameters are as in Fig 6.

Fig. 9 (Color online) Success probability whit y polarized injection as a
function of the pump current parameter,  for noise strength: D =10-9 ns-1 (a),
10-5 ns-1 (b), 10-3 ns-1(c), and 10-1 ns-1(d). T=5 ns andc rad GHz, other
parameter as in Fig. 7.
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perhaps because the device operates below the polarization
switching point and closer to the threshold. The regions where
the success probability is close to one show the same
dependency on the parameters for both, x or y polarized
injection. In both cases, for large detuning variation is possible
to obtain a success probability equal to one with bit times of
the order of 2 ns.
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