
First-order phase transitions in repulsive rigid k-mers on two-dimensional
lattices
P. M. Pasinetti, F. Romá, and A. J. Ramirez-Pastor 
 
Citation: J. Chem. Phys. 136, 064113 (2012); doi: 10.1063/1.3678312 
View online: http://dx.doi.org/10.1063/1.3678312 
View Table of Contents: http://jcp.aip.org/resource/1/JCPSA6/v136/i6 
Published by the American Institute of Physics. 
 
Additional information on J. Chem. Phys.
Journal Homepage: http://jcp.aip.org/ 
Journal Information: http://jcp.aip.org/about/about_the_journal 
Top downloads: http://jcp.aip.org/features/most_downloaded 
Information for Authors: http://jcp.aip.org/authors 

Downloaded 15 Feb 2012 to 64.76.125.150. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions

http://jcp.aip.org/?ver=pdfcov
http://aipadvances.aip.org?ver=pdfcov
http://jcp.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=P. M. Pasinetti&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://jcp.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=F. Rom�&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://jcp.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=A. J. Ramirez-Pastor&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://jcp.aip.org/?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.3678312?ver=pdfcov
http://jcp.aip.org/resource/1/JCPSA6/v136/i6?ver=pdfcov
http://www.aip.org/?ver=pdfcov
http://jcp.aip.org/?ver=pdfcov
http://jcp.aip.org/about/about_the_journal?ver=pdfcov
http://jcp.aip.org/features/most_downloaded?ver=pdfcov
http://jcp.aip.org/authors?ver=pdfcov


THE JOURNAL OF CHEMICAL PHYSICS 136, 064113 (2012)

First-order phase transitions in repulsive rigid k-mers
on two-dimensional lattices

P. M. Pasinetti,a) F. Romá, and A. J. Ramirez-Pastor
Departamento de Física, Instituto de Física Aplicada (INFAP), Universidad Nacional de San Luis,CONICET,
Chacabuco 917, D5700BWS, San Luis, Argentina

(Received 11 October 2011; accepted 31 December 2011; published online 13 February 2012)

In a previous paper [F. Romá, A. J. Ramirez-Pastor, and J. L. Riccardo, Phys. Rev. B 72, 035444
(2005)], the critical behavior of repulsive rigid rods of length k (k-mers) on a square lattice at half
coverage has been studied by using Monte Carlo (MC) simulations. The obtained results indicated
that (1) the phase transition occurring in the system is a second-order phase transition for all adsor-
bate sizes k; and (2) the universality class of the transition changes from 2D Ising-type for monomers
(k = 1) to an unknown universality class for k ≥ 2. In the present work, we revisit our previous re-
sults together with further numerical evidences, resulting from new extensive MC simulations based
on an efficient exchange algorithm and using high-performance computational capabilities. In con-
trast to our previous conclusions (1) and (2), the new numerical calculations clearly support the
occurrence of a first-order phase transition for k ≥ 2. In addition, a similar scenario was found for
k-mers adsorbed on the triangular lattice at coverage k/(2k+1). © 2012 American Institute of Physics.
[http://dx.doi.org/10.1063/1.3678312]

I. INTRODUCTION

Lattice-gas models have been extensively investigated in
the last decades because they provide a theoretical frame-
work for the description of many physical, chemical, and
biological systems. The adsorption thermodynamics and the
understanding of surface phenomena have been greatly ben-
efited from the development of these models.1–3 Particularly,
the two-dimensional (2D) lattice-gas model with repulsive in-
teractions between the adparticles has received considerable
theoretical and experimental interest because it provides the
theoretical framework for studies of surface phase transitions
occurring in many adsorbed monolayer films.4–12 Most stud-
ies have been devoted to adsorption of monoatomic particles.
However, if some sort of correlation exists, like particles that
occupy several k contiguous lattice sites (k-mers), the statis-
tical problem becomes exceedingly difficult.13–15 The model
of a 2D gas of rigid k-mers is the simplest representation of
a strongly adsorbed film of linear molecules in submonolayer
or monolayer regime. Examples of this kind of systems are
monolayer films of n-alkanes adsorbed on monocrystalline
surfaces of metals, such as Pt(111)16 and Au(111).17, 18

From a theoretical point of view, several attempts
were made in the past in order to solve the k-mers
problem.13–15, 19–26 However, a rigorous description of equi-
librium and dynamic properties of polyatomic species ad-
sorbed on 2D substrates still represents a major challenge
in surface science. The inherent difficulty common to pro-
cesses involving the adsorption of k-mers is to calculate the
configurational (entropic) contribution to the thermodynamic
potentials properly, which means the degeneracy of the en-
ergy spectrum compatible with a given number of particles

a)Author to whom correspondence should be addressed. Electronic mail:
pmp@unsl.edu.ar.

and adsorption sites. One way of overcoming these theoret-
ical complications is to use Monte Carlo (MC) simulation
method.27–32 MC technique is a valuable tool for studying sur-
face molecular processes, which has been extensively used to
simulate many surface phenomena including adsorption, dif-
fusion, reactions, phase transitions, etc. Here we will try to
demonstrate that numerical simulations, combined with a cor-
rect theoretical interpretation of the results, can be very useful
to obtain a very reasonable description of the critical behavior
of polyatomics on 2D surfaces.

By using MC simulations, multiple-histogram reweight-
ing and finite size-scaling techniques, Rżysko and
Borówko33–40 have studied a wide variety of systems in
presence of multisite occupancy. Among them, attracting
dimers in the presence of energetic heterogeneity,33 het-
eronuclear dimers consisting of different segments, A and B,
adsorbed on square lattices,34–38 and trimers with different
structures adsorbed on square lattices.34, 40 In these papers,
a rich variety of phase transitions was reported along with a
detailed discussion about critical exponents and universality
class. The authors found that the majority of systems belong
to the 2D Ising class of universality. However, in the case
of heteronuclear dimers with repulsive A-A coupling and
attractive interactions of B-B and A-B types the fluid exhibits
a nonuniversal behavior.35

With respect to repulsive couplings, the structural order-
ing of interacting dimers on a square lattice has been studied
by Romá et al.41 By using MC simulation, the authors con-
cluded that there are a finite number of ordered structures
for dimers with repulsive nearest-neighbor interaction. The
thermodynamic implication of such structural ordering was
demonstrated through the analysis of the adsorption isotherm
and the collective diffusion coefficient of dimers with nearest-
neighbor repulsion.42 It was shown that two well-defined
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steps appear in the adsorption isotherms; they correspond to
a (4 × 2) ordered phase at θ = 1/2 and a zig-zag order at
θ = 2/3, being θ the surface coverage. The analysis of the
phase diagram for repulsive nearest-neighbor interactions on
a square lattice,43 as well as the behavior of the entropy with
coverage,41 confirmed the presence of these two well-defined
structures.

In a later work,44 from the (4 × 2) phase appearing in
dimers at half coverage, it was possible (1) to predict the ex-
istence of a (2k × 2) structure for k-mers at half coverage and
(2) to obtain the critical temperature Tc(k) characterizing the
transition from the disordered state to the (2k × 2) phase as a
function of the size k of the adsorbed molecules. Ref. 45 was
a step further, analyzing the universality class of the phase
transition. By using MC simulations and finite-size scaling
analysis, the complete set of static critical exponents (α, β, γ ,
and ν) was determined for adsorbate sizes ranging between
k = 2 and 4. The obtained values of the critical exponents
revealed that the universality class of the transition changes
from 2D Ising-type for monomers to an unknown universality
class (according to the current classification of order-disorder
transitions on surfaces given by Schick7–9) for k ≥ 2.

Further studies,46, 47 motivated by this apparent change
of universality, led us to revise our previous conclusion of a
second order behavior with exponents of an unknown univer-
sality class in favor of an interpretation in terms of a first-
order phase transition. The primary objective of this paper is
to provide a detailed description of this new scenario. In order
to do so, extensive MC simulations, based on an efficient ex-
change algorithm48–50 and using high-performance computa-
tional capabilities,51 have been carried out. All the quantities
measured in Ref. 45 were recalculated. In addition, the study
was complemented with new measurements such as energy
cumulant, energy distribution and order parameter cumulant
over a wide range of temperatures. The obtained results in-
dicated that (1) the nature of the phase transition occurring at
half coverage in a system of repulsive rigid k-mers on a square
lattice changes from second order for k = 1 to first order for k
≥ 2; and (2) the critical exponents calculated in Ref. 45 for k
≥ 2 should be reinterpreted in terms of effective exponents.52

Finally, we have also reviewed our past work that explored
the critical behavior of repulsive linear k-mers on the trian-
gular lattice at coverage k/(2k+1).53 As in the square lattice
case, we found a scenario with a change from second-order
(for k = 1) to first-order phase transition when k ≥ 2.

The paper is organized as follows. In Sec. II, we describe
the lattice-gas model and the simulation scheme is presented
in Sec. III. Finally, the results and the general conclusions are
given Sec. IV.

II. LATTICE-GAS MODEL

We address the general case of adsorption of homonu-
clear k-mers on 2D surfaces. The adsorbate molecules are as-
sumed to be linear rigid particles containing k identical units,
with each one occupying a lattice site. Small adsorbates would
correspond to the monomer limit (k = 1). The distance be-
tween k-mer units is assumed to be equal to the lattice con-
stant; hence, exactly k sites are occupied by a k-mer when

adsorbed. The surface is represented as an array of M = L
× L adsorptive sites in a square lattice arrangement, where L
denotes the linear size of the array. In order to describe the
system of N k-mers adsorbed on M sites at a given tempera-
ture T, let us introduce the occupation variable ci which can
take the values ci = 0 if the corresponding site is empty and
ci = 1 if the site is occupied. On the other hand, molecules
adsorb or desorb as one unit, neglecting any possible disso-
ciation. Under these considerations, the Hamiltonian of the
system is given by

H = w
∑
〈i,j〉

cicj − N (k − 1)w + ε0

∑
i

ci , (1)

where w is the nearest-neighbor (NN) interaction constant
which is assumed to be repulsive (positive), 〈i, j〉 represents
pairs of NN sites, and ε0 is the energy of adsorption of
one given surface site. The term N(k − 1)w is subtracted in
Eq. (1) since the summation over all the pairs of NN sites
overestimates the total energy by including N(k − 1) bonds
belonging to the N adsorbed k-mers. Because the surface was
assumed to be homogeneous, the interaction energy between
the adsorbed k-mers and the atoms of the substrate ε0 was
neglected for the sake of simplicity.

In order to characterize the phase transition on the square
lattice, we use the order parameter defined in Ref. 45, which
can be written as

δ =
∣∣∣∣Nv − Nh

N

∣∣∣∣ , (2)

where Nv (Nh) represents the number of k-mers aligned along
the vertical (horizontal) axis and N = Nv + Nh. When the
system is disordered (T > Tc), the two orientations (vertical
or horizontal) are equivalent and δ is zero. As the temperature
is decreased below Tc, the k-mers align along one direction
and δ is different from zero. Thus, δ appears as a proper and
computationally convenient order parameter to elucidate the
phase transition.

III. MONTE CARLO SIMULATION

The lattices were generated fulfilling the following con-
ditions: (1) the sites were arranged in a square lattice of side L,
with conventional periodic boundary conditions, (2) because
the surface was assumed to be homogeneous, the interaction
energy between the adsorbed k-mers and the atoms of the sub-
strate ε0 was neglected for the sake of simplicity, (3) in order
to maintain the lattice at half coverage, θ = kN/M = 1/2, the
number of k-mers on the lattice was fixed as N = M/2k, and
(4) for each value of k, appropriate values of L were used in
such a way that the (2k × 2) ordered structure is not altered
by boundary conditions (see Fig. 1).

In order to study the critical behavior of the system,
an efficient exchange MC method48–50 has been used. As in
Ref. 48, a compound system of m noninteracting replicas of
the system concerned has been built. The ith replica is as-
sociated with a heat bath at temperature Ti (or βi = 1/kBTi ,
where kB is the Boltzmann constant). To determine the set of
temperatures {Ti }, the highest temperature T1 is set in the
high-temperature phase where relaxation (correlation) time is
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FIG. 1. Snapshot of the ordered phase for dimers at half coverage. Solid
circles (joined by thick lines) and open circles represent dimers and empty
sites, respectively.

expected to be very short and there exists only one minimum
in the free energy space. On the other hand, the lowest temper-
ature Tm is set in the low-temperature phase whose properties
we are interested in. Finally, the difference between two con-
secutive temperatures, Ti and Ti + 1 with Ti > Ti + 1 , is set as
	T = (T1 − Tm)/(m − 1) (equally spaced temperatures).

Under these conditions, the algorithm to carry out
the simulation process is built on the basis of two major
subroutines:

(i) Replica update. Interchange vacancy particle and diffu-
sional relaxation. The procedure, which is repeated M
times, is as follows. (a) One out of the m replicas is
randomly selected (for example, the ith replica). (b) A
k-mer and a k-upla of adjacent empty sites, both belong-
ing to the replica chosen in (a), are randomly selected
and their coordinates are established. Then, an attempt
is made to interchange its occupancy state with proba-
bility given by the Metropolis rule,54

P = min {1, exp(−βi	H )} , (3)

where 	H is the difference between the Hamiltonians
of the final and initial states. (c) A k-mer is randomly
selected. Then, a displacement is attempted (following
the Metropolis scheme) by either jumps along the k-
mer axis or reptation through a 90◦ rotation of the k-mer
axis, where one of the k-mer centers remains in its posi-
tion (interested readers are referred to Fig. 1 of Ref. 55
for a more complete description of the reptation mech-
anism). This procedure (diffusional relaxation) must be
allowed in order to reach equilibrium in a reasonable
time.

(ii) Exchange. Exchange of the two configurations Xi and
Xi′ , corresponding to the randomly chosen ith and i′th
replicas, respectively, is tried and accepted with proba-
bility W(Xi, β i|Xi′ , β i′ ) . In general, the probability of
exchanging configurations of the ith and i′th replicas is

given by48

W (Xi , βi |Xi ′ , βi ′ ) =
{

1,

exp(−	),
for	 ≤ 0
for	 > 0

, (4)

where 	 = (β i − β i′ )[H(Xi′) − H(Xi)] . As in Ref. 48,
we restrict the replica exchange to the case i′ = i + 1 .

The elementary step of the simulation process, or Monte
Carlo step (MCS), consists of the following: (i) replica up-
date, (ii) exchange, and (iii) repeat from step (i) m times. The
complete simulation procedure is the following: (1) initial-
ization, (2) elementary step, and (3) repeat from step (2), n2

+ nMCS times. The initialization of the compound system of m
replicas, step (1), is as follows. By starting with a random ini-
tial condition, the configuration of replica 1 is obtained after
n1 MCS* at T1 (one MCS* consists of M realizations of the
replica update subroutine). Second, for i = {2, . . . ., m}, the
configuration of the ith replica is obtained after n1 MCS*s at
Ti, taking as initial condition the configuration of the replica
to Ti−1. This method results more efficient than a random ini-
tialization of each replica. Procedures (1)–(3) are repeated for
all lattice sizes. For each lattice, the equilibrium state can be
well reproduced after discarding the first n2 MCSs. Then, av-
erages are taken over nMCS successive MCSs. As was men-
tioned above, a set of equally spaced temperatures is chosen
in order to accurately calculate the physical observables in the
close vicinity of Tc.

The thermal average 〈. . . 〉 of a physical quantity A is ob-
tained through simple averages,

〈A〉 = 1

nMCS

nMCS∑
t=1

A[Xi(t)]. (5)

In the last equation, Xi stands for the state of the ith replica
(at temperature T). Thus, the specific heat C (in kB units) is
sampled from energy fluctuations,

C

kB

= 1

(LkBT )2
[〈H 2〉 − 〈H 〉2]. (6)

The quantities related to the order parameter, such as the sus-
ceptibility χ and the reduced fourth-order cumulant U intro-
duced by Binder and Landau,56 are calculated as

χ = L2

kBT
[〈δ2〉 − 〈δ〉2] (7)

and

UL = 1 − 〈δ4〉
3〈δ2〉2

. (8)

Finally, in order to discuss the nature of the phase transition,
the fourth-order energy cumulant VL was obtained as

VL = 1 − 〈H 4〉
3〈H 2〉2

. (9)

IV. RESULTS AND CONCLUSIONS

The critical behavior of the present model has been in-
vestigated by means of the computational scheme described
in Sec. III and finite-size scaling theory.28, 32, 57–61 Because
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FIG. 2. The order parameter cumulant, UL, versus T for different sizes, for
adsorption of dimers (k = 2) on the square lattice. In the inset, a detail of the
same curves near the intersection point.

the replica temperatures were chosen equally spaced, the ac-
ceptance probability of the replica exchange decreases in the
transition region, reaching a minimum whose value is always
greater than 50%. The equilibration has been tested by study-
ing how the results vary when the simulation times n2 and
nMCS are successively increased by factors of 2. We require
that the last three results for all observables agree within the
error bars. This simple method has shown to be useful to test
equilibration.56

We start the analysis considering the case of dimers
(k = 2). The parameters used for simulation were as follows:
m = 80, n1 = 105 MCS*s and n2 = nMCS = 2.5 × 107 MCSs
for lattice sizes, L, ranging from 24 to 120. From now on,
for simplicity, temperatures will be given in units of w/kB.
In addition, the transition temperature will be denoted as Tc.
As in Ref. 45, order parameter, specific heat, susceptibility
and order parameter cumulant were calculated as a function
of temperature for several lattice sizes. The results obtained
for C and χ (not shown here for brevity) confirm previous
work,45 validating the current numerical scheme. In the case
of the order parameter cumulant (Fig. 2), this quantity re-
quires a more detailed analysis. If one observes around the
transition temperature (see inset of Fig. 2), the crossing point
obtained in Ref. 45 is perfectly reproduced. However, when
the order parameter cumulant is calculated in a wider range
of temperatures, the curves exhibit the typical behavior of UL

in the presence of a first-order phase transition. Namely, the
order parameter cumulant shows a characteristic deep (nega-
tive) minimum, instead of a smooth drop from 2/3 to 0 as in a
continuous transition.52, 59–61 This finding represents the first
evidence that contradicts the second order behavior informed
in Ref. 45.

As is well known,59 the finite-size analysis of VL is a sim-
ple and direct way to determine the order of a transition. In
the case of a first-order phase transition, VL shows a peak as
a function of T that becomes sharper as the lattice size in-
creases (in contrast with a constant value of 2/3 expected for

FIG. 3. Energy cumulant, VL, versus T for different sizes, for adsorption of
dimers (k = 2) on the square lattice. In the inset, variation of VL |min with 1/L2.
The arrow indicates the value of VL |min calculated from Eq. (10).

a continuous or second-order phase transition). The results in
Fig. 3 confirm the first order behavior observed in Fig. 2.

The scaling properties during the transition have been
also considered. In a first-order phase transition, it is expected
that all finite-size effects depend on the volume of the sys-
tem (L2 in this case), instead of a dependence with the system
size through different critical exponents related with the diver-
gence of the correlation length, as occurs in a second-order
transition.52, 59–61 In other words, there are no critical expo-
nents associated with a first-order transition and divergences
are a consequence of the phase coexistence. In this frame-
work, the transition temperature can be calculated from the
location of the maximum of the specific heat [T C

c (L)], the sus-
ceptibility [T χ

c (L)], the logarithmic derivative of δ [T δ
c (L)],

as well as the minimum of fourth-order cumulant of the en-
ergy [T V

c (L)]. In fact, all these quantities versus the lattice
size are expected to scale as Tc + bL−2 , where Tc is the
asymptotic value (L → ∞) of the transition temperature (see
Fig. 4). The determination of Tc in this way results in a good
agreement with the value obtained in Ref. 45 from the cumu-
lants intersection (indicated by an arrow in the figure). In the
same reference, the value found for the correlation exponent
ν ( = 0.53(1)), is very close to 1/d ( = 1/2), where d is the lat-
tice dimension. This fact explains, in part, the misinterpreta-
tion on the nature of the transition. It is worth mentioning that
the mere crossing of cumulants in a nearly unique point is not
an indication of a second-order phase transition. In fact, in the
presence of a first-order transition, the cumulant intersection
point can be considered a good estimation of the transition
temperature.52

Another characteristic of a first-order phase transition is
that the minimum of VL has a nontrivial limit in the infinite
lattice at Tc. This value, in the two-Gaussian approximation
framework,60 is given by

VL|min = 1 −
(
E2

− + E2
+
)2

12E2−E2+
, (10)
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χ
 

FIG. 4. Tc(L) versus L−d from several quantities as indicated. From extrap-
olation, one obtains the estimation of the transition temperature. In all cases,
dotted lines correspond to linear fits of the data and L = 36, 48, 60, 72, 96, and
120. The arrow corresponds to the critical temperature T = 0.3323 obtained
in Ref. 45 from the cumulant crossing.

where E− and E+ are the energies per site at the low-
temperature ordered and at the high-temperature disordered
phases, respectively, that are coexisting at the transition. En-
ergy distributions were calculated for three different tempera-
tures for a lattice size of L = 72. In Fig. 5, the distributions (a)
and (c) correspond to temperatures slightly above and below
the transition temperature, while the distribution (b), was per-
formed at the transition temperature Tc(L = 72) = 0.33305 .
All these results show the characteristic two-peak shape that
we have fitted by a sum of two Gaussians,

D(E) = a−
σ−

√
2π

exp

[
(E − E−)2

2σ 2−

]

+ a+
σ+

√
2π

exp

[
(E − E+)2

2σ 2+

]
, (11)

obtaining E− = 0.0259(2), σ− = 0.0064(2), a−
= 0.00066(2), E+ = 0.1084(2), σ+ = 0.0057(2), and
a+ = 0.00057(1), at the transition temperature. Evaluating
Eq. (10) with these values, it results that .VL|min = −0.63(3)
. On the other hand, the value obtained from extrapolation
of the MC data (inset of Fig. 3) is .VL|min = −0.41(1) .
Disregarding the distance between these two values, it is
important to note that both are far from the 2/3 limit expected
in the case of a second-order phase transition. The difference
can be attributed to finite-size effects, which do not allow
a precise fit of the energy distribution by the sum of two
Gaussian functions.

To complete the picture, the behavior of the order param-
eter as a function of the temperature is shown in Fig. 6, and
the distributions of the order parameter, for the same parame-
ters of Fig. 5, are shown in Fig. 7. In the first case, the curves
of δ present a steep variation around Tc (indicated with an ar-
row). As expected, the larger the lattice size, the more steep
the order parameter becomes. In the case of Fig. 7, the distri-
butions show the characteristic two-peak shape predicted for
a first-order phase transition.52

(a)

(b)

(c)

FIG. 5. Energy distribution for a system size of L = 72 for three different
temperatures: (a) T = 0.3327, (b) T = 0.3331, and (c) T = 0.3334. In the
second one, the continuous curve represents the best double Gaussian fit.

FIG. 6. Order parameter, δ, versus T for different sizes. The arrow indicates
the transition temperature obtained by extrapolation in Fig. 4.
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(c)

(b)

(a)

FIG. 7. Order parameter distribution for a system size of L = 72 and the
same three temperatures around Tc as Fig. 5.

The finite-size scaling study was also carried out for
k = 3 and k = 4, with an effort reaching almost the limits of
our computational capabilities. In both cases, the parameters
used in the simulations were as follows: a number of repli-
cas of m = 80, n1 = 105 MCS*s and n2 = nMCS = 5 × 106

MCSs for lattice sizes ranging from 24 to 120. The curves cor-
responding to the order parameter cumulant, UL, the energy
cumulant, VL, and the minimum of VL versus L are analogous
to those for dimers (Figs. 2 and 3) and will not be shown here
for brevity. The behavior of .VL|min for increasing sizes goes
to the values 0.20(1) and 0.35(1) for trimers and tetramers, re-
spectively. The corresponding values obtained from Eq. (10),
are 0.08(1) and 0.32(1). As can be seen, in both cases they are
far from 2/3, as would be expected in the case of a second-
order transition.

Finally, motivated by the results obtained for the square
lattice, we revisit previous studies of the critical behavior in
a submonolayer 2D gas of repulsive linear k-mers on a trian-
gular lattice at coverage k/(2k+1).51 In this case, at low tem-
perature, the k-mers are aligned along one of the three lattice
directions (the corresponding ordered structure is shown in
the inset of Fig. 8). A generalization of Eq. (2) for this case
is53

δ = 1

2

(∣∣∣∣N1 − N2

N

∣∣∣∣ +
∣∣∣∣N1 − N3

N

∣∣∣∣ +
∣∣∣∣N2 − N3

N

∣∣∣∣
)

, (12)

(a)

(a)

FIG. 8. (a) Order parameter cumulant, UL, versus T for different sizes, for
the case of dimers (k = 2) adsorbed on the triangular lattice. (b) The same
for the energy cumulant, VL. The inset shows a snapshot of the ordered phase
observed in this case (the symbols are as in Fig. 1).

where Nx (x = 1, 2, 3) represents the number of k-mers aligned
along one of the three axes of the lattice and N = N1 + N2

+ N3 . The simulations were carried out with the following
parameters: for k = 2, lattice sizes of L = 15, 20, 25, 30 and
35, m = 100, n1 = 105 MCS*s and n2 = nMCS = 2 × 106

MCSs; for k = 3, lattice sizes of L = 14, 21, 28, 35 and 42,
m = 120, n1 = 105 MCS*s and n2 = nMCS = 5 × 106 MCSs.
As can be seen in Figs. 8 and 9, both UL and VL show a deep
minimum similar to that previously observed in the square
lattice, showing that a first-order phase transition occurs for k
≥ 2. As the system shows large finite size effects, it has not
been possible to calculate an appropriate value of the VL|min

in the thermodynamic limit.
In summary, we have reinvestigated the critical proper-

ties of repulsive linear k-mers on two-dimensional square and
triangular lattices. The new results, obtained by using an ef-
ficient exchange algorithm and high-performance computa-
tional capabilities, revealed that (1) the nature of the phase
transition occurring at half coverage in a system of repulsive
rigid k-mers on a square lattice changes from second order
(Ising universality class) for k = 1 to first order for k ≥ 2,
(2) in the case of triangular lattices at coverage k/ (2k+1), the
phase transition changes from second order (three-state Potts
universality class) for k = 1 to first order for k ≥ 2, and (3)
the critical exponents calculated in Refs. 45 and 53 for k ≥ 2
should be reinterpreted in terms of effective exponents.52
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(b)

(a)

FIG. 9. The same as Fig. 8 for the case of trimers (k = 3) adsorbed on the
triangular lattice.
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