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Humberto R. Alagia
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Over the past several years, we have been exploring and researching a phenomenon that occurs
among undergraduate students that we called extension of linear models to non-linear contexts or
overgeneralization of linear models. This phenomenon appears when some students use linear repre-
sentations in situations that are non-linear. In a first phase, we recognized and characterized the
overgeneralization among agronomy majors while working with different kinds of problems. This
process | et us rai se some conjectures about the statement of the problems that were studied in a sec-
ond phase. In athird phase we conducted some interviews in order to deepen our understanding. The
study alowed us to discuss: (a) the robustness and broadness of the linear models as tacit models
among university students, (b) the emergence of a tension between unrealistic tasks posed by the
teacher/researcher and the students’ realistic interpretation of it, and (c) some considerations about
the teaching environment at university level.

INTRODUCTION

The main purpose of this paper isto present and discuss some results coming from a 5-year long
study of undergraduate students. In this study we focus on the documentation, description, and
analysis of a phenomenon that occurs among those students, which we decided to call extension
of linear models to non-linear contexts or overgeneralization of linear models.! We use the

1Sometimes, in the text, we will use the word overgeneralization instead of overgeneralization of linear models for
simplicity.
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expression linear model to refer to different manifestations of mathematical linearity: a direct
proportionality function y = m- x, an affine function?y = m- x+k, or the diagram of the rule of
three. The phenomenon of overgeneralization arises when we can observe some manifestations
of mathematical linearity in the students’ solutions of mathematical problems that present situa-
tionsin which two variables are not related linearly.

The way we name the phenomenon should be understood as our description of the
observed students' responses and not necessarily indicative of students’ decisions while
solving a problem. We don’t assume the students to ask themselves “Is this a situation that
can be appropriately solved using a linear model?” (although it would of course be a desir-
able attitude among university students). We assume that many times the students give
answers just to satisfy the teacher/researcher or to pass an examination. But we have also
observed that some of the students’ usual strategies are compatible with the use of linear
models. But why? Is it just because it is the easiest way to cope with the situation and give
an answer? Do the statements of the problems induce such solutions? Can we find other reasons
for those answers?

In the literature, the overgeneralization is known as linear misconception, illusion of propor-
tionality, or linearity (Freudenthal, 1983) and al so proportionality trap. Studies with pupils from
primary school have been developed using a variety of “missing value problems” and research
procedures (see, for example, Van Dooren, De Bock, Vleugels, & Verschaffel, in this volume;
Kontoyianni et al., 2006; Behr, Harel, Post, & Lesh, 1992). The tendency of overgeneralizing
the use of linear models beyond its range of validity is also present in secondary school pupils.
The extensive studies of De Bock, Van Dooren, Janssens, and Verschaffel (2002), De Bock,
Van Dooren, Verschaffel, and Janssens (2001), and De Bock, Verschaffel, and Janssens (1998),
carried out with 12 to 16-year-old students, reveal a strong presence of linear models to solve
proportional and non-proportional word problems relating lengths and perimeters/areas/volumes
of similar figures. These researchers have also studied the illusion of linearity in probabilistic
problems (Van Dooren, De Bock, Depaepe, Janssens, & Verschaffel, 2003). These authors
carried out research based on written tests and some in-depth interviews. The explanation for
the illusion of linearity has been investigated mainly from the perspective of the error as a
learners’ deficiency. For example, De Bock et a. (2002) pointed out a set of factors associated
with the use of linear models in non-linear geometrical contexts: an intuitive approach toward
mathematical problems, shortcomings in geometrical knowledge, non-adaptive beliefs, and
attitudes or weak use of heuristics. The inappropriate use of linear models to solve non-linear
problems has also been attributed to a superficial or deficient modelling process among the
students.

The studies about the illusion of linearity report mainly on primary and secondary school stu-
dents, and even though they present different theoretical and methodological approaches as
shown in this volume, there exists agreement in describing the phenomenon as persistent and
resistant to change. Studies on the overgeneralization of linear models among university stu-
dents are not frequent, even though its presence and persistence have been frequently observed
at that level within diverse types of problems and contexts. For instance, in a course of topography
for agronomy majors, the students learn the concept of slope. Figure 1 shows a ground with a
slope of 2%.

2 In Argentina, the function y=m-x+k iscaledlinear function.
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FIGURE 1 A slope of 2%.

The angle o that corresponds to the slape of 2% can be calculated as tan™ (2/100) . Therefore, a
slope of 100% corresponds to a = tan"1(100/100) = tan1(1) = 45°. Inversely, the slope s that
corresponds to an angle o can be calculated as s=100- tan(a) %. During a class the teacher asked
which slope corresponds to an angle of 5°. The correct answer is s=100-tan(5°)% = 8.74%. An
answer offered by one student was:

45° — 100%
100-5
45

5° = s= =11.11%

The student posed a“rule of three” using ausual diagram that is learned in Argentinean primary
school to solve missing value proportional problems. In this way alinear relationship between
the slope and the angle was implicitly assumed.

Another interesting example, in the same university context, comes from a first calculus
course. The students were solving the following problem:

In an experiment of orientation and navigation some pigeons were released 72 km away from the
dovecot. If we consider the dovecot as being the origin of a coordinates system, the freedom point
determines an angle of 241° measured in the clockwise sense from the north direction with respect to
the dovecot. How many kilometres to the south of the dovecot is the freedom point? (Extracted from
alist of exercises.)

The students didn't interpret the statement of the problem and the teacher made the sketch
shown in Figure 2.

Trigonometrical relationships were expected to be used in order to solve the problem. For
instance X = 72 km-cos(61°) = 34.91 km. Instead of this, one of the students noted that the south
direction corresponds to an angle of 180° measured from the North direction, and proposed to
use arule of three to calculate the required distance

241° — 72 km

72180

180° — X =53.77km

Again the relationship between the angle and the distance to the point of freedom wasimplicitly
assumed as being linear.
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FIGURE 2 Theteacher’'s sketch.

It isworth noting an important difference between this example and the one about the slope.
Both uses of the rule of three give answers that are different from the correct ones. However, in
the case of the problem about slope, the linear approach would work over a certain range, at
least as a rough approximation. In the case of the problem about the dovecot, the approach
yields a clearly wrong answer for 270°, for example. In the first case the linear approximation
makes sense and is reasonable for small values of « or s. Of course, it would be naive to assume
that thiskind of thinking was done by the student who used the rule of threeto find the slope that
corresponded to a = 5°, but what we want to emphasize is that in some cases the linear approxi-
mation makes sense and the ability to analyze the conditions and domain of applicability of a
linear model deserves to be developed among university students.

The solutions to the previous problems are some examples of the overgeneralization of linear
models to non-linear contexts that we have observed among agronomy majors. Although we
will not analyze them, the recurrent appearance of these factual datain classroom motivated us
to start a systematic study. The main aim of our long-term study was to investigate and provide
evidence for the phenomenon of extension of linear models to non-linear contexts among uni-
versity students. For reasons that we explain below, we decided to look for explanations beyond
the notion of the error as students' deficiency or fault. We assume the notion of error as stated in
Balacheff (1984):

An error is not only the consequence of ignorance, or of uncertainty, or of an accident. An error
could be the consequence of a previous knowledge which has its own interest, its successes, but
which appears to be false under some new circumstances, or more simply not adapted. Thusin the
didactical analysis errors are not understood as mere failures of pupils but rather as symptoms of
nature of conceptions which underlie their mathematical activity (p. 36, emphasisin the original).

We also recognize that some errors could come from the student’s necessity to give an
answer in atest or in an interview. As researchers we try to understand the reasons by which the
students decide to present a particular answer. The studies of Confrey (1991, 1994) and Confrey
and Smith (1994) addressing questions about the epistemological value of the students’ mathe-
matical constructions are compatible with the previous notion of error. Confrey (1991) argued
that in order to understand the students’ actions one needs to be introduced into their perspective
and not to presuppose that it coincides with that of the teacher/researcher. The students' answers
that stray from the expectation of the teacher/researcher can be legitimate as alternative or valid
and effective in other contexts. If the students' voices are listened to, the teacher/researcher has
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an opportunity to glimpse at the students’ perspectives and to question her/his own perspective,
examining it through the ideas of the students. This was our epistemological option to study the
students’ mathematical productions.

With these assumptions in mind and according to our main purpose, we chose to do a
descriptive and interpretative study. The methodological route through which we conducted our
study followed an emergent design (Lincoln & Guba, 1985). The decisions on some of the activ-
ities or methodological procedures were taken based on the results of prior activities or with the
aim of studying some of the conjectures that arose along the study. First, we worked with agronomy
majors, and then we decided to extend our field of inquiry working with pre-service mathematics
teachers. During the whole inquiry process we identified five phases. Phases 1 to 3 were con-
ducted with agronomy majors, and phases 4 and 5 were conducted with pre-service mathematics
teachers. In the first phase we looked for evidence of the phenomenon and raised some conjec-
tures. In the second phase we examined the conjectures raised in the first phase. In the third
phase we started an in-depth study. In the fourth phase we searched for evidence of the phenom-
enon among pre-service mathematics teachers, and in the fifth phase we deepened our study in
this new context. The following sections present detailed descriptions of the methodological
procedures, analysis, and results of Phases 1 to 3.

PHASE 1: EXPLORING AND RAISING CONJECTURES

We carried out an exploratory study to document, describe, and analyze the presence of the
phenomenon among 18- to 20-year-old agronomy majors who were attending their first calculus
course. It was a descriptive study based on the analysis of students’ written solutions to mathe-
matical problems coming from three sources:

1. Anassessment test of the year 2000 first semester cal culus course solved by 300 students
from the University of Cérdoba (Argentina),

2. A set of two word problems specialy selected for this study and worked out by 17 students
during the year 2000 (these 17 students had failed in the first semester calculus course
and were attending the same course during the second semester), and

3. An assessment test of the 2001 first calculus course worked out by 53 students from the
University of la Frontera (Chile). (It was possible to work with these students since one
of the researchers was working as a visiting professor at the University of la Frontera at
Temuco during 2001.)

Note that the assessment tests mentioned in sources (1) and (3) were not created with any
inquiry purpose; among all the problems in the test we just took those in which the students’
written solutions showed the presence of the overgeneralization of linear models. In Figure 3we
present those problems.

The two word problems mentioned in source (2) are shown in Figure 4. They came from the
university entrance exam in mathematics and are typical in the introductory mathematics course
for the agronomy majors at the University of Cérdoba. We selected them because we had
observed the presence of the phenomenon in many students’ written solutions.

All the problems presented are typical for the examples and exercises that can be found in the
textbooks and that are posed by the teachersin the first cal culus course for agronomy majors. As
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Thetree-problem: After itsfirst month of life, atree grows according to the equation h(t)=8-log,t+70 where
the height is given in cm and the timeis given in months.

a) Calculate the height of the tree after 6 months.

b) Find the timeit will take the tree to reach a height of 1 m.

The micro-organism-problem: In abiological experiment it was found that the population of akind of
micro-organisms follows the law where N(x) = —2.x? + 360.x + 8000 is the number of micro-organisms after x days.
a) How many micro-organisms will be after 10 days?

b) In which day does the population reach its maximum?

¢) Which is the maximum number of micro-organisms?

d) In which day is the number of micro-organisms equal to 21000?

FIGURE 3 The tree-problem and the micro-organism-problem.

Theinsect-problem: Say if the following statement istrue or false and justify your answer. An insect, that weighs
30 g at birth, increases its weight at 20% monthly. Then, its weight after two monthsis43.2 g

The plant-problem: If aplant measures 30 cm of height, at the beginning of an experiment, and its height
increases 50% monthly, how much will it measure after 3 months?

FIGURE 4 The insect-problem and the plant-problem.

the reader might note, those problems are fictitious in the sense that the mathematical models
behind them are not representing “real” biological facts or the functions used do not fit real data.
For instance, an insect cannot weigh 30 g, a plant cannot grow exponentially all the time, the
height of atree does not follow alogarithmic model, etc. Although the models could be approx-
imations for specific ranges, this fact does not seem to be a concern for the creators of the prob-
lems since no specification is stated in any of the problems. We note that the problems could be
characterized as didactical creations: A mathematical model or concept is first selected and then
a story is constructed to offer a framework (biological) related to the institutional/educational
environment (agronomy majors). All the problems are in fact disguised exercises in computation
with respect to non-linear relations. Those characteristics are shared for both sets of problemsin
Figure 3 or 4, but we also note that there are differences between them. Problems in Figure 3
present an explicit non-linear model through an algebraic expression. Problemsin Figure 4 rep-
resent non-linear situations, without an explicit non-linear model, and can be solved using strat-
egies that describe the situation properly without employing a non-linear algebraic expression.
In order to study the students’ solutions while solving those problems, we determined the
percentage of manifestations of the phenomenon in the each type of problems. A total of 10% of
the written solutions, coming from Argentinean as well as Chilean students, showed the over-
generalization while solving problems in Figure 3. Eight of the 17 students (47%) solved the
insect-problem or the plant-problem (Figure 4) in alinear way. After obtaining those percent-
ages, we made alist with those students’ written productions showing uses of linear models and,
finally, we started their analysis. The main results® coming from this analysis are related to the

3A complete report of the results of the first phase was published in Villarreal, Esteley, & Alagia (2005).
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students’ linear representations for each type of problems, the students' strategies, and the diffi-
culties of interpretation that could be associated with the statements of the problems.

The mathematical representations that showed clearly linearity in the students’ written pro-
ductionswere the algebraic model Y= M- X+K (x andy are the variables related in the problem) or
the diagram for the rule of three we have illustrated with some examples in the introduction:

a—b

b.c -
cCoz=—o
a

Thisdiagram isusually read asfollows: if the value that correspondsto a is b, then the value that

corresponds to ¢ can be calculated as 7= bc . Inthis case, the linear model behind the diagram
a

isy=m-x, inwhich aand c are particular values of x, b = y(a) and z is the unknown value for

y(c) (we can aso consider the possibility of a and ¢ being particular values of y(x)). Thisisthe

mathematical interpretation of the so-called direct rule of three. These representations will be

illustrated with some examples coming from students written solutions for each type of problem;

i.e., problems with and without an explicit non-linear model.

Students’ Strategies in Problems with an Explicit Non-Linear Model

In the tree-problem, the explicit linear model is the logarithmic function h(t) = 8- log, t + 70.
Figure 5 shows a student’ s solution to this problem.

a) (Cuanto medira el arbol a los 6 meses?

h(“‘) =8 110?26 t7o

MU; 8 038 10 =

b) ;Cuanto tiempo deberé transcurrir para que el arbol alcance la altura de 1 metro?

FIGURE 5 Original student’s solution.
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While solving item (&), this student obtained 73.09 cm as the height of the tree after 6 months by
calculating log,6 aslog 2/log 6 instead of log 6/log 2 (the right answer is 90.68 cm). In item (b), she
correctly solved the equation g, log, X+ 70 =100 but this procedure was crossed out by the student.
She finally gave an answer involving arule of three in which she used the height of the tree after 6
monthsthat she had previoudy obtained (see the numerica relaionsinside the dotted linein Figure 5).

In the micro-organism problem, the explicit non-linear model is the quadratic function

N(x) = —2x% + 360x +8000. A student indicated, in the answer to item (b), that the population
reaches its maximum after 90 days and that the maximum number of micro-organisms (item c)
would be N(90) = 40220 (theright valuefor N(90) was 24200). When he solved item (d), he
found the solution shown in Figure 6.

This student tried to solve the equation 21000 = —2x? + 360x + 8000; he crossed out his attempt
and put forward arule of three using N(90) = 40220 .

G0 ohas ——> ¥0IM L
—=  Zimongnsy

%= ¥6,59 kS

FIGURE 6 The student’s solution.

Both students in the previous examples tried to solve the equations that led to the right
answer. The first one solved it correctly; meanwhile the second one couldn’t finish it. Finally,
both of them crossed out those approaches and chose the rule of three to give their final answers.

If we carefully analyze the statements of the tree-problem and the micro-organism-problem we
can observe that item (@) in the tree-problem is easily solved since we just have to evaluate the
function for agiven vaue. In the same way, items (b) and (c) in the micro-organism-problem can
be easily solved using the formulafor the vertex of aparabola. In both problems we obtain particu-
lar pairs (t;, h(t;)) or (x;, N(x;)). With those particular pairs in mind, when the student has to
solve item (b) in the tree-problem or (d) in the micro-organism-problem he/she comes to get the
data of the problem as having the structure of a missing value problem with “three known data and
a fourth unknown.” Such structure alows him/her to use the diagram of the rule of three. As a
result of this observation we note that this structure of “three known data and a fourth unknown”
may encourage the use of arepresentation of direct proportionality, tacitly assuming the existence
of this type of relationship between the variables. By “tacitly” we mean that the student is not
aware of the presence of a proportional relationship and its domain of applicability.

From the previous analysis we conjecture that the order of theitems in the problems may pro-
voke the appearance of such structure influencing the student’s decision. This conjecture, that
we named conjecture of order, was studied in Phase 2.
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Students’ Strategies in Problems without an Explicit Non-Linear Model

The expected answer for the insect-problem is that the statement is true and the expected answer
for the plant-problem is that the height of the plant after three months will be 101.25 cm. Figure 7
presents two students' solutions for each problem, showing the expected answers.

It isworth noting that the students’ solutions for the insect-problem or the plant-problem show,
respectively, the presence of a recursive approach and the concatenation of rules of three. With
those approaches the solutions of the problems displayed in Figure 7 do not require the creation of
a function. However, some students constructed a (linear) function as shown in Figure 8. This deci-
sion could be related to the necessity of producing an explanation or justification for the solutions
of the problems appealing to the mathematical contents studied in their regular cal culus course.

For example, to solve theinsect-problem (see Figure 8 on the | eft), a student proposed the linear
function y=6-x+30, where y represents the weight of the insect and x the time in months.
The slope of the line is calculated using arule of three as shown in the right upper corner of

Insect-problem Plant-problem
Pl s 304 30 om — Ao 20
ASowm = X— 509, 145
@:30+<3°,:‘:.> @;36+(3e.%> Alom % ?‘m’l'ﬂ*\%
@M: 36 o = 1{3‘1'} 45 om —a00% 295
22, Somx—50% 2%
I CE5 am 2
VEKDA Nro
67,500~ 200% ©%s
33,75, x— 50 % 33,75 i
_— '104/250.4«, B mun

FIGURE 7 Expected answers for the tree and the insect-problems.

Insect-problem Plant-problem
looy —— 30 ¢ o
Y= 6X + 30 sos — byt ‘f("); 5x 3
Donda X Aom foh maAth de cracmiarnls.

F{Z)= 6.(2) +30 f(;) = ?5 Cwm

F(z): 12 + 30 -

F(2) HLgh| ©5 pash LA QespEST, AL chBo
e ) MEES EL iNSECO
PESARA 42 geh , NO PESACA H32g4.

FIGURE 8 Linear functions for theinsect or the plant-problems.



20:46 10 February 2010

Mdni ca Ester] At:

Downl oaded By: [Villarreal,

OVERGENERALIZATION OF LINEARITY IN UNIVERSITY 95

the written solution. Finally he concluded that the statement was false as he explained at the
bottom of his solution: “After 2 months the insect will weigh 42 g, it will noweigh 43.29.” In
the plant-problem (see Figure 8 on the right), another student put forward the linear function
f(x) =15- x+ 30, where f(X) is the height of the plant and it seems that x represents the time in
months and that the dope is the 50% of 30 cm. In both solutions the students implicitly assumed a
congtant growth: 6 g/month (20% of 30 g) in the insect-problem, or 15 cm/month (50% of 30 cm) in
the plant-problem. This same assumption is present in the students' solutions shown in Figure 9
whereasinglerule of threeis posed to solve the insect-problem or the plant-problem, respectively.

In the insect-problem, the student wrote that the statement is False and explained that after
2 months the insect will grow up 12 g, so the insect “will weigh 42 g.” For the plant-problem the
student indicated that “if after 3 months the plant augments 150%, then “its height will be 75 cm
at that time.”

Considering the students’ strategies such as the ones shown in Figures 8 and 9, and consider-
ing that 50% of the students in the group solved this type of problems linearly, we conjectured
that the students' interpretation of the problems may be associated with the syntax of the state-
ments. The plant-problem says that the height of the plant “increases 50% monthly” and the
insect-problem says that the insect “increases its weight 20% monthly.” From this information,
it is evident that the increment in height for the first month is 50% of 30 cm, or that the incre-
ment in weight for the first month is 20% of 30 g. In this way, for the first month, the height of
the plant is 45 cm and the weight of the insect is 36 g. What about the following month? Is it
equally evident how to calculate the increment in height or weight for the next month? We may
think that the statement clearly suggests that the increment in height or weight for the second
month is obtained computing 50% of 45 or 20% of 36. But the fact that 50% of the students used
alinear approach (a constant increment of 15 cm—that is 50% of 30 cm; or 6 g—that is 20% of
30g) suggest otherwise. Because of this, we based the conjecture that the syntax of the statement
was playing an important role in the appearance of alinear model in the problem’s solution. This
conjecture, conjecture of syntax, was studied in Phase 2.

Insect-problem

Tut 308 VOO o
GS:X——-——- 20 %

6x2= /?S w7 ey amne Ko

T Jomesn VR € prday 4\23

Plant-problem

St ngo de D asen 'L{e,me O_rvw. Wfo«,m /50%e

MJW—MW:

30 — /00%
— 250%

alos 3 memses

FIGURE 9 Rules of three to solve the insect or the plant-problems.
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PHASE 2: EXAMINING CONJECTURES

With the aim of testing the two conjectures raised in the first phase, during 2002 we carried out
two studies. Both studies were conducted with agronomy majors attending their first calculus
course from the University of Cordoba.

Studying the Conjecture of Order

For studying the conjecture of order, we worked with 427 students. We posed, in the first
assessment test of the calculus course, the potatoes-problem?* shown in Figure 10.

The potatoes-problem is similar to the tree-problem, but the order of the items was inverted:
while, in the tree-problem we first asked to compute h(6) and then to find t such that h(t) = 200 cm.
In the potatoes-problem we first asked to find d such that P(d) = 6, and then to compute P(30).

A total of 427 students completed the test; 2.3% of them showed overgeneralization of linear
model (in Phase 1, we reported a percentage of 10%). We could still identify students’ written
productions showing overgeneralization. In those cases we found two different approaches:

1. To solve item (b), and then, with that result, to solve item (&) using a rule of three as
shown in Figure 11.

2. To solve item (&), and then, with that result, to solve item (b) using a rule of three as
shown in Figure 12.

In the solution shown in Figure 11, the student used the answer he had obtained in item (b)
(P(0.3) = 6.5) to find the missing value (x = distance between the plants) that corresponds with 7

potatoes. The value the student gave for x was 0.32 m, which can be calculated as 7x03 This
6.5
procedure to obtain 0.32 m is compatible with the application of arule of three.

In the solution shown in Figure 12, in item (a), the student tried to solve the equation P(d) = 1,
but what he really calculated was P(1) = 7.28. In item (b), he used this information, but he first

The potatoes-problem: The quantity of potatoes of a plant changes depending on the distance between the plants
in the same line. From experimental data it was observed that the mean quantity of potatoes (P) given by a plant
depends on the distance (d, measured in meters) between the plantsin the same line according to the function

P(d) = 8,5-20-209

a) If we want a mean quantity of 7 potatoes, how far apart should the plants be?
b) How many potatoes should a plant produce if the distance between two plantsis 30 cm?

FIGURE 10 The potatoes-problem.

‘It isinteresting to note that the algebraic model in the potatoes-problem is arealistic one. It came from amodelling
process aiming to solve areal problem related to the optimization of potatoes production (see Bassanezi, 2002). In the
didactical adaptation, the creator of the potatoes-problem took the final algebraic model and transformed it in a disguised
calculation exercise, loosing its original realistic flavor.
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a) ¢A que distancia deberia estar cada planta para obtener una produccion promedio de 7 papas por
planta?

0,3 ;m —— ©,3

lo,az v o] *

b) (Qué cantidad de papas produciria en promedio una planta de papas si la distancia entre las
plantas de una misma hilera es de 30 cm?

Plo3)- 8,5-27720-%3)

P (03)=85-2

FIGURE 11 Solution with the sequence item b-item a.

a) ¢A qué distancia deberia estar cada planta para obtener una produccion promedio de 7 papas por
planta? l
P(4) - 85-2(7%h

End m= P = @3- 2129
Pd)- 8c-201)
P(d) 85-122

P)=[7.2¢] poa * Hode cadatm

R

b) ¢Qué cantidad de papas produciria en promedio una planta de papas si la distancia entre las
plantas de una misma hilera es de 30 cm?

N« 600w Go om 129 _

30 em __ x- 364 ‘-{,P,P,‘mlo_go(,h

FIGURE 12 Solution with the sequence item a-item b.

wrote (without any explanation) 1 m = 60 cm and using the pair (60, 7.28), he calculated the
value that corresponded with 30 cm through a procedure that is compatible with a rule of three:

Notice that regardless of the approach the students appeal to, aproblem relating two variables
with the structure of “three known data and a forth unknown” emerges. And we argue that this
structure influenced, once again, the appearance of the diagram of arule of three and computa-
tions compatible with it.
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Studying the Conjecture of Syntax

In order to explore the conjecture of syntax we worked with 84 students. A total of 42 of them
solved the insect-problem as originally stated. The other 42 solved areformulated plant-problem
as shown in Figure 13.

In this case, the statement stated explicitly that the height of the plant would measure, in the
next month, 50% of the height of the plant in the previous month.

Table 1 shows the results for each group. From the figures in Table 1 we note that the per-
centage of students that solved the insect-problem as originaly stated by a linear approach
(52.4%) is considerably greater than the percentage of students that solve the reformulated
plant-problem by alinear approach (28.6%).

The results of the study of the syntax conjecture as well as the order conjecture showed that
students are very sensitive to certain aspects of the problem formulation. Consequently the
design of problem statements for research or educationa purposes needs to be done carefully.
The plant-problem was reformulated in order to clearly present a non-linear phenomenon, at
least from the teacher’s or researcher’s point of view. But, despite that reformulation, the over-
generdization of linear models still appeared: The students finally solved the problem working
under the hypothesis of linearity, transforming the original problem in a new one. From this
state of affairs we wonder: When a student solves this new problem linearly, is she/he aware of
the implicit assumption of a hypothesis of linearity? That is, does she/he know that the rule of
three is a procedure that can be applied when a proportional relationship between two variables
exists? Does she/he know that the linear function y=m- X represents a proportional relation-
ship between the variables y and x? The results of the previous phases and the questions just
raised suggested us the necessity to deepen our understanding.

Reformulated plant-problem: If a plant measures 30 cm of height, at the beginning of an experiment, and each
month it measures 50% more than the previous month, how much will it measure after 3 months?

FIGURE 13 The reformulated plant-problem.

TABLE 1
Distribution of Answers for Each Problem
The Problems Answers Expected Answer Linear Answer Other Answers Total
The insect-problem as originally stated 17 (40.4%) 22 (52.4%) 3 (7.2%) 42 (100%)
The reformulated plant-problem 24 (57.1%) 12 (28.6%) 6 (14.3%) 42 (100%)

PHASE 3: DEEPENING THE UNDERSTANDING

With the aim of getting more information about the students’ thinking and decision pro-
cesses when non-linear problems were solved using linear models, in the year 2002, we
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decided to perform individual semi-structured interviews. We interviewed four students
that used a linear approach to solve the insect-problem (Figure 4) during the study of the
conjecture of syntax in Phase 2. We carried out a single 1-hour-long interview with each
student; all of them were audio-taped. The interviewer was not the students' teacher and the
interviewees could use paper, pencil, or a scientific calculator if they wanted to use it while
solving the problem. The interviews were structured around activities and aims as we will
describe next.

During the first activity of the interview, we asked the student to explain the way she/he had
solved the insect-problem with the aim of eliciting the student’ s strategies and reasons to apply a
linear model in a non-linear problem. In this activity, the interviewer just listened to the stu-
dent’s descriptions and asked more details about the written solution without provoking any
conflict. This decision was taken to avoid a possible influence in the solution of a new problem
in the next activity. As a second activity, we asked the student to solve the reformulated plant-
problem (see Figure 14) in order to bring forth the student’ s strategies while solving a new non-
linear word problem. Finally, we asked to calculate the height of the plant in the reformulated
plant-problem at 12 months with the aim of challenging the student to produce a general model
and to verify the consistency of the student’ s strategies. In al the activities we asked the students
to think aloud (Ginsburg, Kossan, Schwartz, & Swanson, 1982) while explaining or solving the
problems.

Among the four interviews we carried out, we present the results related to the interviews
with Santiago and Clelia. In the selected excerpts, we underlined some of the students’ asser-
tionsto indicate the words we believe support our analysis; weinclude, between brackets, expla-
nations to better understand the students' expressions or words that give continuity to the text;
[...] indicates long pauses. Short pauses are represented with simple dots.

Santiago

In Phase 2, Santiago had solved the insect-problem using an affine function relating the time t
(in months) and the weight (y) of the insect as shown in Figure 14.

The function offered by Santiago led him to conclude that the statement was false. During the
first activity in the interview, and after looking at his written solution, Santiago explained his
reasons for selecting the affine function:

Santiago: Well, what | did, let'ssee. . . anyway.
Interviewer: What do you mean by anyway?
Santiago: | did it quickly, without thinking.

ten mescs)
yit)- 304+ 6¢ -
)<10¢ )0 Yagr # 4325 Felso

FIGURE 14 Santiago’s written solution of the insect-problem. “t en
meses’ means “t in months.”
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Interviewer:  And what you wrote here [see Figure 14] iswhat you did without thinking?
Santiago:  Yes, | wanted to do it using a function . . . and not with a rule of three [...] Then, |
realized that it wasn't a linear function because that [he refers to the weight of the
insect] hasn't an unlimited growth, it was an exponential or something like that.

Although Santiago redlized that the growth of the insect’s weight was not linear, he stated:
“When | did realize that it was an exponential, | also realized that | wouldn’t know how to do it,
because, | don’t know [...] it seemsto me that | don’t have the tools yet.” From these excerpts,
we note that Santiago had decided to solve the problem using afunction y(t)=m-t+k instead
of applying the procedure of the rule of three. But at this moment he did not give any reason for
his preferences.

We can also point out that the student used biological reasons [“that hasn’t an unlimited
growth”] to reject his initial linear solution, considering conditions not explicitly given in the
statement of the problem and, at the same time, explicitly contradicted in it. When he proposed
an exponential model [“. . . it was an exponential or something like that”] he didn’t realize that
this new model could be rejected using the same biological reasons he had just stated for reject-
ing the linear model.

During the second activity and, after reading the reformulated plant-problem, the following
dialogue occurred:

Santiago:  The height of the plant is 30 cm at the beginning of the experiment, so, that is the

“base,” and each month it grows up 50% of the height it had the previous month. . . .
Interviewer: Yes.

Santiago:  Well, | do it with the rule . . . well in a sort of mechanical way, the first month it
would be 30 . . . plusthe 50% of 30. [He used the calculator and wrote thefirst linein
Figure 15.] In the second month | start at 45 plus 50% of 45, that would be . . . [he
wrote the second line in Fig. 15] and in the third month | start at 67.5 and | do the
same [he wrote the third line in Figure 15].

In this activity it became clear the reasons by which Santiago decided to solve the insect-
problem appealing to a function instead of arule of three. He considers the rule of three as a
mechanical procedure (“1 doit withtherule. .. well in asort of mechanical way”) and probably
with alow mathematical status, at least, for him as a university student.

When the interviewer asked how to calculate the height of the plant after 12 months, the next
dialogue took place:

Santiago: | should do it with afunction, to makeit easier [...] it hasto be an exponentia and . . .
because the growth hasto be like this with alimit [he makes a gesture with his hand
indicating an increasing graph with ahorizontal asymptotewhent — o], it can not grow
up indefinitely . . . besides, because the variable is changing.

30cm — 30+ 15=45 1 mes
45cm —>45+22.5=675 2 mes
67.5cm —> 67.5+33.75=101.25 3 mes

FIGURE 15 Santiago’s written solution of the reformulated plant-
problem. “mes’ means month.
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Interviewer: What do you mean when you say “the variable is changing”?
Santiago:  Because when | get to the first month, | see that it changes, | stop working with 30 and

| _start working with 45 and then, | change from 45 to 67.5. . . . It is like that it is
aways moving beyond. | should seeif thereisany .. ., | don’t know if it is possible
to have a relationship of growth . . . if the 45 has the same proportion of increment
with this. . . but not . . . that from 30 to 45 it jJumps the same, no, neither here, no, |
don’'t know.

Interviewer:  What do you mean with: “it jumps’?
Santiago:  Maybe there exists some relationship . . . | was thinking.
Interviewer: Between what?
Santiago: Between the step from 30to 45 . . . thereisone. . . for example there is a parameter
from 30 to 45 that is the same between 45 and 67.5 and the same from 67.5 to 101.25.
...Itcouldbethat. ..

Santiago explained that he was trying to find a relationship between the heights of the plant for
each month. He talked about a “parameter” that would show the growth. In order to get it, he
drew aline as the one sketched in Figure 16.

The student started searching for that “parameter” calculating the following differences. 45-30;
67.5-45, and 101.25-67.5. Santiago wrote those differences in the second row of numbers in
Figure 16. He indicated that the increment from 30 to 45 was not the same as that from 45 to
67.5 and from 67.5 to 101.25. After that, he continued searching for the “parameter” but, this
time, computing the differences between the values in the second row. He calculates 22.5-15
and wrote 7.5 on third row (see Figure 16). While working with the calculator, he realized that
adding 7.5 to 22.5 hewouldn’t obtain 33.75. We should point out that his option for searching an
additive constant (the “parameter”) to model the variation of growth finally became an obstacle
for him. After awhile, he gave up this strategy and then he tried with some functions he had
studied in his calculus course. First, he drew an upward pointing parabola and immediately
rejected it because of its “unlimited growth” (see the graph in Figure 17). Then, he proposed
y=a*+b and when the interviewer asked him about the value of b, he said it would be “the
initial 30 cm.” Hefinally said: “ That one [hereferredtoy=a* +b] doesn't help me, either,
since it a'so has an unlimited growth, it must be something tending to a number . . . something
that bends down,” and he drew the increasing graph shown in Figure 17.

The graphical representation that Santiago considered is consistent with the biological condi-
tions of limited growth he added to the problem. In this case, he realized that the exponential
function was not the appropriate model to represent the growth of the plant. Although he
couldn’t generate an algebraic model, the graphica model he proposed (compatible with a logistic

15 225 33.75

7.5

FIGURE 16 Sketch of Santiago’sline.
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—

FIGURE 17 Santiago’s graphs.

function) represents a realistic model of the growth of a plant. But, he was solving a realistic
problem that was not posed.

Clelia

In Phase 2, Clelia had solved the insect-problem as follows. She wrote the initial weight of the
insect as p,=30 gr, she calculated the 20% of p, using arule of three and continued working as it
isshown in Figure 18. We observe that her written representation of 20% of 30 is (30 + 20/100)
and then equivalent to 6. In thisway and considering the last line of her solution (12 gr + 30 =42 gr),
we can infer that the implicit model for the insect weight, isw(t) = 6-t+30. Finaly, she con-
cluded that the statement was false “since after two months it [the insect] would weigh 42 g.”
During the first activity in the interview, after observing her written solution shown in
Figure 18, Cleliasaid: “I thought on it and then, talking with my classmates, we realized that we
had to calculate the 20% of the weight, month by month, while the weight was increasing, not to
theinitial weight. . ..” Cleliareferred to the fact that she assumed that the insect always grows 6
gr every month.

o= sl imkcicf ou imvecke
(Pi=30%)

Wuw: 20% w: = €37,

304 — A00%% p ¢
5?,: ——QZO% TL

(‘L S m’ﬁo\- 20%6 de 30 = 568‘)

2 trsnpot 22)2 + 0%~
(tme)

&szso =42

e
R fetao, o st ot cobe- o don MM‘LE

FIGURE 18 Clelia’s written solution of the insect problem. “Peso
inicial del insecto” means “initial weight of the insect.”
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During the second activity, after Clelia had read the reformulated plant-problem, the follow-
ing dialogue occurred:

Cleliaz After amonth it will measures30[...] plus50%. . . of 30.. .. Thisisfor one month,
and for three months[...] all this times three [she laughed].
Interviewer: Please, continue.
Cleliaz | should calculate one by oneto makeit easier . . . 50% of 30 [she made a pause while
whispering something inaudible and stopped)].
Interviewer: You havejust said “all thistimesthree,” what do you mean by “all this’?
Cleliaa  No, it just seemed to me.
Interviewer: It doesn’t matter, when you said “all this,” what were you referring to?
Cleliaz To the 50% of 30 plus 30.

At this point, Clelia gave up her approach, probably because it was similar to the one she
used to solve the insect-problem, and she knew that it wasn't right. After a while, she
started using a calculator and finding the height of the plant for each month as it is shownin
Figure 19.

Although her solution was not correct, at this point, the interviewer decided not to ques-
tion it in order to avoid an influence in the next activity. When the interviewer asked Clelia
to calculate the height of the plant after 12 months she answered: “| don’t know. We know
that plants don’'t grow without limit, at some moment they stop growing. . . . Well, | would
calculate the 50% of the height from the previous month and add [such percentage] to it
[referring to the height of the plant in the previous month].” After talking about this partic-
ular case, Clelia wrote the formula shown in Figure 20 as a model for the growth of the
plant.

In thisway, Cleliawrote down an expression in which the height of the plant was calculated
adding 30 to the 50% of the height of the plant in the previous month. Even though Clelia
couldn’'t get a height vs. time function her model was consistent with her previous numerical
work.

A oo 20+ 5239 =95 e

[ /.
22 wrss 30% 5045 =527
Ao
[
L& a5 e
100

5T~ 30

FIGURE 19 Clelia swritten solution of the reformulated plant-problem.

=20 *5&>)
»® = oianc dal mass andanien

FIGURE 20 Model proposed by Clelia.
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Finally, the interviewer asked Clelia what she was thinking about when she spontaneously
took the decision of always adding 30 cm to the percentages she had been calculating while
solving the reformulated plant-problem (see Figures 19 and 20), and she answered:

Cleliaa The existence of a constant [with emphasis in her voice]. It begins here, and to this
one. ... | haveto add.
Interviewer: Isthat what you were thinking on?
Cleliaz  Yes, | always notice that [with strong emphasisin her voice].

The strong presence of an initial value (30 in both problems) to which the student always adds
the variation in weight and height was used consistently, but it became an obstacle for finding a
general model.

Contrasting the Interviews

Theinterviews provided us with relevant information about the strategies and thinking processes
followed by the interviewees while working with non-linear problems. In this sense we point out
that Santiago and Clélia share some important aspects. Both students chose a linear model to
solve the insect-problem, but while Santiago explicitly said that he had applied alinear function,
Cleliadidn't say anything about the kind of model she had applied. When the interviewer chal-
lenged them to find a general model both students regarded the growth (for the insect or the
plant) as an “additive model” in the form of 30 + [something variable]. We called it an additive
model since the initial value (either the weight or the height) is always added to the next varia-
tion. For example, in the case of Santiago he considered y(t) =30+6.t in the insect-problem
or y(t)=a'+30 in the reformulated plant-problem. In the case of Clelia she proposed

h=30+ (% x) where x represents the height of the plant in the previous month. It is also

important to notice some differences between the approaches followed by the students. Clelia
used arithmetical and algebraic resources, but Santiago used several other resources in solving
the problem. He proposed graphical or algebraic models and he also tried, arithmetically, to
find patterns relating the data when he looked for a“parameter.” Both students referred to the
fact that a plant cannot grow unlimited, but this realistic observation was at odds with the
unrealistic problem that they had to solve. While Clelia did not go further with this constraint,
Santiago used it meaningfully, but it became an obstacle to find a model for this unrealistic
situation.

CONCLUSIONS AND DISCUSSION

The focus of our long-term study was the documentation, description, and analysis of the phe-
nomenon of overgeneralization of linear models that occurs at university level, extending the
well-documented and studied cases of the primary and secondary level. The results coming from
the three phases previously described let us recognize the presence of the overgeneralization of
linear models and the ways in which linearity appears among university students. Next, we
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summarize and discuss the main results coming from the three phases of the inquiry process
while working with agronomy majors.

In Phase 1, we provided evidence for the presence of the overgeneralization of linear models
in different university contexts (Argentina and Chile) and in diverse problems. In our research
context, the phenomenon appears as persistent among students from the same institution at
different times or among students from different institutions. Most of the students that showed
the presence of the phenomenon privileged the use of the rule of three as it was learned in pri-
mary school without verifying the conditions for using it. This predilection seems to be related
to the structure of the problem and not to the fact that an explicit non-linear algebraic model
appears or does not in the statement of the problem. In this phase we also analyzed the structure
of the problems posed. From this analysis we raised some conjectures related to such structure,
which were studied in Phase 2.

The reaults of Phase 2, in which we studied the conjectures of order and syntax, provided evi-
dencefor theinfluence of the order of the tasksin the student’ s strategies and confirmed the necessity
of acareful design of the problems for ingtruction, in textbooks, for tests, or even for research.

From the analysis performed in Phases 1 and 2, the necessity emerged for deepening the
understanding of the overgeneralization of linear models among agronomy majors. Thus, in
Phase 3 we carried out individual semi-structured interviews. Such interviews made us aware of
students' strategies and ideas that we had not noticed in their written solutions. For example, we
observed that the students established connections with redlity, introducing biological con-
straints (limited growth) not explicitly stated in the unrealistic plant-problem. We also noted the
strong use of “additive models’ of growth in the form of 30+[something variabl€] in the case of
the plant-problem or the insect-problem. The biological restrictions and the “additive models’
posed by the students finally became obstacles for obtaining a mathematical model for the situa-
tion described in the problems.

We have observed that when the students recognize in a problem relating two variables a
structure of “three given data and a fourth unknown” or transform the problem to get such struc-
ture, most of them used the rule of three, implicitly assuming the existence of a direct propor-
tional relationship between the variables. This observation is compatible with some of the
conclusions presented by De Bock, Verschaffeld, and Janssens (2002) in a study about the illu-
sion of linearity among secondary school students: “what lured them into the trap of proportional
reasoning was not their confidence in an overused mathematical model as such (in this case, the
linear function) but rather agradually and implicitly grown association between that model and a
particular kind of problem formulation (in this case, the missing-value type)” (p. 85).

The use of the rule of three in problems with the structure previously described acts as a tacit
model in the sense that the students are not aware of its influence and domain of applicability.
According to Fischbein (1989): “Many of the difficulties students are facing in science and
mathematics education are due to the influence of tacit intuitive models acting uncontrolled in
the reasoning process’ (p. 9). Asatacit model, the rule of three has characteristics that make it
robust, due to its practical nature, simplicity, and economy of action in terms of the possibility
for solving problems with the structure previously described. The possibility of recognizing the
structure of the rule of three as a tacit model enables us to understand the students’ decisions
when they use it in contextsin which it is not valid (non-linear contexts) as well asits extension
and persistence. This particular tacit model enters in scene under certain conditions in such a
way that students immediately appeal to it without casting doubt on it and with a noticeable
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confidence on it. This was evident in those students’ solutions in which they crossed out their
initial non-linear approaches, even though they were mathematically correct, to then apply arule
of three (see Figures 5 and 6). Or they altered the order of the tasks to transform the problem so
that they were “alowed” to use the rule of three (see Figure 11).

We should keep in mind that in our study the overgeneralization of linear models was evi-
denced not only through the overuse of the rule of three but aso through the overuse of the
linear function y=a-x or the affine function y = a- x+ b . Such functions were learned in the
primary or secondary school and also used in the university level. In thisway, the understanding
of the overgeneralization of linear models based on the notion of tacit models should be comple-
mented with some explorations about the teaching environment. When the students arrive to the
university courses, many of them enter with a bunch of mathematical facts with weak connec-
tions. This is the case of direct proportionality, the use of the rule of three, and the function
y=a-x that represents a proportional variation that enables the solution of arithmetical prob-
lems of direct proportionality. Although the rule of three isatechnique widely used in our schoals,
its domain of applicability is rarely discussed and, when the students enter the university, it is
assumed well-known. In thisway, the analysis of pertinence of application or the relations between
therule of three and proportional functions y = a- x are up to the students. Regarding the rule of
three, our studies evidenced that an important amount of university students didn’t control the con-
ditions of applicability of such arule, and they finally came to a decision “under the unaware con-
trol” of thetacit model. Clearly, some students didn’t create the ways to control the use of the rule
of three, but it also seems that the teaching environments don’'t usually offer the means to create
them. It is true that the students won't be able to get rid of the influence of this model spontane-
oudly; it is necessary to think on teaching actions that permit a deep analysis of the model.

Therule of three as arobust technique learned in our primary school context should be revis-
ited in the university context. It is necessary: (a) to make the students aware of the proportional
relationship behind the procedure of the rule of three, (b) to reflect with the students about the
existence of linear and non-linear worlds analyzing similarities and differences, and (c) to
encourage the students to use some retrospective strategies or procedures of analytical control.
In order to do so it is hecessary to create learning environments compatible with a“landscape of
investigation serving as invitation for students to be involved in processes of exploration and
explanation” (Skovsmose, 2000): alandscape of modelling.

These didactical proposals could help to overcome the phenomenon of overgeneralization of
linear modelsto non-linear contexts among university students, but, at this moment, they should
be considered as conjecturesthat deserve to be studied. There are some possible teaching actions
to carry out, but it is also important to decide what to avoid. For example, if we focus on the
tasks proposed in our research, the approaches posed by our students evidence some trouble
with the problems. One of those troubles was related to the sequence of the tasks, another one to
the syntax of the statements. More troubles have to do with the fictitious character of the prob-
lems or unrealistic situations created with didactical purposes, as it was noted before. In this
kind of creation the teachers/researchers use references to a semi-reality in order to provide
meaning for the mathematical activity. According to Skovsmose (2000),

Some of the principles guiding the resolution of exercises with referencesto a semi-redlity are: a semi-
redlity istotally described by the statement of the problem; no other information isrelevant to solve the
exercise; moreinformation istotally irrelevant; the only purpose of the exerciseisto be solved (p. 76).
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However, the interviews showed that the students introduced biological constraints with refer-
ences to reality breaking the above principles. Such constraints, external to the problems,
became obstacles for obtaining the expected non-linear model, but it is worth noting that the
ability to establish connections with reality is considered a positive habit for agronomy students.
The studentstried to solve a problem with reference to areality, but the teacher/researcher posed
the problem as an exercise with reference to a semi-reality. A tension emerges between the
teacher’ s proposal and the students' realistic interpretation of an unrealistic task.

The research results and the factual data presented in the Introduction of this article put in
evidence the strong presence of linearity among university students' approaches to solve non-
linear problems. We provided evidence for the overconfidence of our studentsin linear models
aswell asthe lack of control of the domain of applicability of such models. At the sametime, we
also know that a local linearization could be the first mathematical approximation and the first
strategy when searching a solution to a given problem. For instance, this could be the case of the
problem about the slope that we presented in the Introduction. Under particular conditions, the
linear approximation is the first one that mathematicians try. How can we develop among our
students the ability to recognize such conditions? We have made some didactical suggestions,
but would they overcome the overgeneralization of linear models? Isit really possible to avoid
this phenomenon?
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