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ABSTRACT

Using known theta identities and formulas of S. Ramanujan and G. Hardy among
others we prove several formulas for the Riemann zeta-function and two Dirichlet
series.
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1. Introduction, notation and results

The following two formulas are due to B. Riemann and they were stated in his famous
and epoch-making memoir Ueber die Anzahl der Primzahlen unter einer gegebenen
Grosse, see [1] and [2]. As usual we write I'(s) for the Gamma function and ((s) =
57 L for the Riemann zeta-function. They are
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7T (s/2)((5) = ——

with s € C where
Y(x) =Y e (1.2)
n=1
andifs:%—l—it,tGCthen

%s(s — )7 %20 (s/2)¢(s) = /000 x(u)cos(ut)du, (1.3)
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where
oo
X(U’) =4 2(271'2714@9“/2 _ 37Tn265u/2)e,ﬂ-n2€2u'
n=1

These powerful integral representations are quite useful. We recall just a few exam-
ples on the use of these formulas.

Among the many things that Riemann proved in the cited memoir, he showed that
the reflection formula follows using formula (1.1) which is unchanged under s — 1 — s,
see Chapter II of [2].

G. H. Hardy proved in 1914 that an infinite number of zeros of the zeta function are
on the critical line. G. Pélya gave a proof of this fact using formula (1.3). In fact, the
series defining the kernel x(¢) in formula (1.3) converges very rapidly. Pélya considered
a cosine transform with a different but asymptotically equivalent kernel:

16772/ cosh(9u/2)e™ 27 02U cos(ut)du.
0

He showed that the last integral can be written in terms of Bessel functions and
it has only real zeros. Furthermore, its zero distribution is the same as what the
Riemann Hypothesis predicts, see Chapter X of [2]. In this line of research a far-
reaching generalization was given by D. Hejhal [3] and Haseo Ki [4] proved zero-
distribution theorems of certain approximations of Epstein zeta-functions.

G. Csordas, T. S. Norfolk and Richard S. Varga [5] proved a fifty-eight year-old
conjecture of Pélya, on a necessary condition for the Riemann Hypothesis. They used
again formula (1.3). Its proof is very technical and depends on a delicate analysis on
the kernel x(u). See [6] pp. 92.

P. Walker [7] proved an approximating formula, which we recall in Theorem 3.1,
related to formula (1.1). He shows that the term 2 — 1 in that formula can be
absorbed, so to say, into a finite cosine transform. We will use his approach to prove
formulas of the same type.

G. Pdlya seems to be the first who emphasized the importance on giving neces-
sary and sufficient conditions on a general kernel y(u) to secure that the integral
fooo X(u) cos(uz)du have only real zeros. There is now a vast literature concerning the
location of the zeros of sine or cosine transforms with contributions of many masters of
the classical analysis. The reader may consult the very comprehensive paper [6]. But
despite that many important, necessary and/or suficient conditions upon a kernel y(u)
are known for the above integral to have only real zeros, the results are so involved
that it is impossible to apply them to Riemann’s formula (1.3).

So it seems to be of interest and desirable to have other formulas involving the
Riemann zeta-function as cosine transform of certain kernels. This is the aim of this
paper.

Theorems 2.1, 3.2, 4.1, 4.2 contain formulas in the above spirit. There we also give
formulas for the following two Dirichlet series defined for Rs > 0 (the first series is
Dirichlet beta-function which corresponds to the non-trivial character mod 4 and the



second one corresponds to the non-trivial character mod 3):
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(1.4)

In particular we believe that the formulas (2.4), (4.1), (4.8) and the approximation

formulas (3.4), (4.7) are new.

Our proofs depend on known Lambert series, on certain formulas appearing in P.
Walker’s paper [7] and on formulas given by S. Ramanujan in his paper Some Definite
Integrals, Messenger of Mathematics, (1915), see [8] pp. 56 (some were also shown
by G. H. Hardy). Several integrals of Ramanujan in the cited paper have been proved

by C. T. Preece [9] (see also [10] pp. 291).
Section 6 contains a curious formula.
We start recalling the definition of the theta function (see [11])

O3(q) ==Y q""

Briefly, if ¢ = e™™*, then
O3(e7™) =1+ 2¢(x).
Observe that the transformation formula for the theta function
Vals(e ") = G3(e7"),

can be written in terms of ¢ (z) as

T

1+ 2¢(3)
—

1+ 20(x) =
2. Formulas for the Riemann zeta-function
Using formula (1.2) set
Yo(z) := 4 (x) {1 + ¥ (x)}.

The following formulas are similar to formulas (1.1) and (1.3).

Theorem 2.1. a) If s = % +it, t € C, then

s(s — 1)2075¢(s)D(s) L1 (s) = /0 b {26%”%(6“) + e%”wg(eU)} cos(tu)du.

(Note: here ¥{(e) is fapo(x)|pmen and 1 (e%) is j—;wg(x)]xzeu.)
b) If s € C, then

(2.2)



Ar°C(s)'(s) L1 (s) =

c) Ifsz%—l—it,te(c, then

¢(s) {47fsr(s)L1(s) - w*s/Qr(s/z)}

=4 /OO {2¢(e") + 20 (") — ¥(e*)} "% cos(tu)du
0

o (2.4)

= 2/ {932,(6_”u) - 93(6_”621‘)} /% cos(tu)du.

0
In the last two integrals the kernel is an even function of u.
Proof. Let us follow Riemann’s footsteps. We have ([11] pp. 285)
i) -1 < ¢

= 2.5
4 ; 1+¢%n (2:5)

Next we take s = o + it with o,t € R, and 1 < ¢; thus our variable s belongs to an
open half plane which we call H,.

The integration of the right-hand side of the above formula for ¢ = e™* with respect
to x° tdx yields

o0 o1 oo e—nx B [e’e] 1 e Yy _
/O x 21: 1+ 672nxdl‘ - C<S>/(; Y mdy - g(S)F(S)Ll(S)a

where the last formula follows after expanding ——- on a the geometric series and

Tte2v
using the following well-known formula ‘

o T
/ ys—le—nydy _ (5) )
0

nS

Observe that Y 7° 5=z is O(1/x) as 2 — 0+ and is O(e™™) as & — +00; thus the
integrals above are absolutely convergent if s € H,. One may use Lebesgue’s dominated
convergence theorem with fy(z) — f(z) and fy(z) := 2°°! Z]lv %, flx) =
2571 Y1 1= noticing that |fy(z)] < 2771 Y7 e

Using the left hand side of (2.5) one gets

T = [ e = 1hde = T [T o) < 1)) =

0



s 1 00
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IRy
where we have changed variables x = 7.X in the second equality.
Thus, multiplying by s(s — 1)47~%, we obtain, if s € H,,

s(s — 1)An—C(s)T(s) L1 (s) = s(s — 1){ /01+/100 } (2.6)

Now we use the theta transformation formula for the first integral in (2.6):

/ . / e B — 1) = | e e < e = (= 1) =

1
0
00

y‘5{9§(6_”) - 1}dy + /1 (y— Ly Pdy =

/100 y_l_s{y9§(€_”y) - 1}dy = /1

o0 11
—sLg2 (e —1}d — -
/ly {3(6 ) S B

The identity is true if s € H, but the last integral is defined for s € C.
Observe that 1o(x) = 03(e”™) — 1 = O(e~™®) as ¢ — +oc. Therefore by analytical
continuation one has the following identity valid for s € C

s(s = D)dn°C(s)['(s)L1(s) =1+ s(s—1) /100(33_8 + 25 Yapo(z)de, (2.7)

which proves part (b) of the theorem.
Let s =1/2+it, t € R. Then

1+s(s—1) /100(:03 + 25 o (z)dr =

—s+1 :L,—s-‘,-l s

l—i-s(s—l)/loo(;i{wo(x)(?_s +f)}dm—s(s—1)/loo¢6(a:)(1_s +%>d:c:

1+o(1) + /100 o () (3:1;178 +(1— s)xs)dx =

L+ 9o(1) - /100 . (:BQ%(JC)(:B_S + acs_l))dx + /100 {:BQ%(x)}/(x_s + xs_l)dx =



1+ 9o(1) + 2¢4(1) + /100 {wag(x)}l<x_s + 335_1>d:v =

/100 {x2w6(x)}l(x_s + fcs_l)d$.

In the last equality we have used the fact that the transformation formula for the theta
function gives z¢(z) + x = Yp(1/x) + 1 and the derivative at = = 1 yields

14 1po(1) + 2¢(1) = 0.
Observe that if s = 1/2 4 it, then

(.CE_S n $8_1> _ 2cos(tlnx)
==

Thus,

/100 {J:Qwé(x)}/(x_s + a:s_l)dac =2 /100 {2@1&6(1‘) + xﬁwg(x)} cos(tInz)dz.

Formula (2.2), i.e. part (a) of the theorem, follows changing variables = = e".
To prove the formula (2.4) substract the formula (2.3), namely,

A (s)I(s)L1(s) =

> —s s—1
s(s—l)+/1 (x5 4+ 2% Jpo(x)dx

from Riemann’s formula

7T (s/2)¢(s) =
getting, if s = 1/2 + it,

C(s) {4n 7T ()L (s) = 7"/ (s/2) | =

8/1°O{¢(x)+¢2(g;)}cost1nx —2/ Y(x cos< lnx) xii

The last integral is equal to 2 [~ ¥ (2?) cos(tIn :E)\/% after changing variables. Thus
the last expression is equal to

> 2 2 dx
4/1 {20(z) + 2¢%(z) — ¥(x )}cos(tln:n)ﬁ.



The first equality of (2.4) follows from this as before, after changing variables x = e".
The second one is a consequence of

which follows from (1.6).
Finally, observe that because of (1.7) one has

{#3e) — o) v = {eie/) — s/ | =,

which yields that the stated kernel is an even function of u whenever xz = e.
The proof is complete. O

3. Remarks on a paper of P. Walker
In this section we follow closely P. Walker’s paper [7]. Putting s = 1/2+it, 0 < R(s) < 1

and replacing the terms —1/s, —1/(1 — s) by the divergent integrals 1/2 floo 252"y,
1/2 [ z(1=9/2- 14z in formula (1.1) we get

w2 (s/2)¢(s) =

/ w 5/2 —|—$ (1- s)/2)di
=/‘um+w<ms” ok

1

= /oo 2(1 + 2¢(e*))e™'? cos(tu)du,
0

(recall that ¢ (x) = S°°° | e~ ™). This is a formal identity, indeed the inner function
in the last integral is not integrable on the real positive axis.

Walker’s idea is to modify the above integral by inserting a suitable kernel (one may
see this as if the term 1/(s — 1) — 1/s were absorbed into the integral). He proved the
following theorem. Here the set H; is defined as follows:

H, = Z(H— 1/2) N {_Z(H_ 1/2)}7

where
H := {z:§R2<O}U{z:3‘EzZO,\2(1+ 1+ 22)teap(v/14+ 22 1) < 1}.

Theorem 3.1. (P. Walker [7]) Define forn =1,2,3,..., t =t +ita, t1,t2 € R,

n U,2 n
P,(t) == /0 <1 — n2> 2(1 + 2¢(e*))e™'? cos(tu)du. (3.1)



Then for s =1/2 + it
P, (t) = 75/?T(s/2)((s), (3.2)

uniformly on each compact subset (in the variable t) contained in H;.

It is important to note that the set H; contains the closed critical strip
{t| —1/2 < () < 1/2;R(t) > 2}.
A first aim of this section is to give an analogous result. Recall that

do(@) = 4y (x) {1 + P(x)} .

Theorem 3.2. Letn=1,2,3,... and set

n u2 n
Qn(t) == /0 (1 - nQ> 2(1 + o (e*))e? cos(tu)du. (3.3)

Then, if s =1/2 + it,

Qn(t) — 4 C(s)I'(s)La(s), (3.4)
uniformly on each compact subset (in the variable t) contained in H;.

One can summarize the results in [7] in the following lemma whose proof follows
easily from the results given in that paper.

Lemma 3.3. Ift € Hy and s =1/2+it, then

1
n/ {1 —u2)esu}ndu—> —1,
0 S

uniformly on each compact set (in the variable t) contained in Hj.

Proof. (Theorem 3.2) Assume s = % + it. We slice the integral of @, (t) in two parts:
firstly, due to the rapid decay at infinity of tp(e*) and the fact that (1 — u?/n?)"
increases to unity as n — oo one has

n 2\ "
/ (1 - u2) 2o (e™)e? cos(tu)du —
0 n

/OO 20 (e™)e™/? cos(tu)du = /Oo(ars + 25 Yapo () dx
0 1

if n — oo for any complex t.



1 1 n 1 1
2y su\ "™ o2\, (1-s)u -
n/o {(1—u?)e} du—l—n/o {(1 u®)e } du—>8_1

S

if n — 0o and t € Hy where the limit follows from Lemma 3.3 (notice that t € Hy <
t € Hy.) The same formula holds uniformly on compact sets contained in Hj. O
4. Some formulas

The following theorems give closed form formulas for the Dirichlet series (1.4) and for
the Riemann zeta-function.

Theorem 4.1. a) If

[eS) —y?
x(z) = 2€$/2/ 676@,
o cosh(e”yy/T)

and t € C, |3(t)| < 1/2, then

1 1 1t 1 e
——T(it+= )0 (=2, (it+2) = . 41
TR <’Lt + 2) <4 2) 1 <Zt + 2) /0 X () cos(tx)dx (4.1)

2

b) If

x(x) = 2¢%/? /OO <’ dy,
o 1+2cosh(e®y2,/%)

and t € C, |3(t)| < 1/2, then
1/, [my—it-1/2 1\ /1 it 1
“(24/2 T(it+=)T(=—2) Ly (it += 42
2( 3) <2t+2> (4 2) 2<Zt+2> (42)

_ /O () cos(tz)dz.

c) If x(x) := 2e*/? J (1+2cosh(ny))1cosh(ﬂ§6wy)d‘% and t € C, |3(t)| < 1/2, then




2 /v3\ 1 1 1 1
2 (V3 L1 TR e PP Y PP
W<2> L1<zt+2>L2( zt+2> <zt—|—2> < 2t+2>

= /000 x(z) cos(tx)dz. (4.3)

For the next theorem we need the definition of the open set Hy which is Hy :=
{t:—=3/2 <3(t) <3/2} N Hy. The set Hy contains the closed critical strip

(- 1/2 < S(t) < 1/2R(t) > 2}

Theorem 4.2. Set

or [° e—mz/at

If =1 < R(s) < 2, then the following equality holds:

(1 —3)T(s) 1 1 21 () s (25—
251373/24(8):s—ls+/1 7{a2 L@ 1)}da. (4.5)

Moreover, set

Ru(t) := /0 ! (1 . f;)n 2 (1 41 Ej?) e/2 cos(tu)du. (4.6)

Then

I'(1—3)I(s)

Rn(t) - 9s—17s/2

¢(s) (4.7)

where s = %4— it, uniformly on each compact set (in the variable t) contained in open
set Ho.
Also, if s = § +it and —3/2 < 3(t) < 3/2, then

s(s = 1)I'(1 = 3)I(s)
92s—11s/2

C(s) = (4.8)

2u

> e —3u/2 _ —Tu/2 11u/26 2 2}
877/0 {/0 e {e e Smx +e 2z b dx p cos(ut)du.

The kernel in the last integral is an even function of u.

10



In this section we provide tools for the proofs of these theorems which are given in
the next section. It is desirable to prove all these formulas in a unified way. So, we
recall first some well-known arguments.

Lemma 4.3. Assume that I(a), J(a) are defined for real o > 0 and, for fized s,
that a*~tI(a), a*~1J(a) are absolutely integrable in a on [0, ], [0,1], respectively.
Moreover, assume that they satisfy with co > 0:

I(a) = £col (i) + J().

Then,

/Ooo e = /100 1) £05 4 cpa) da + /Olas—lj(a)da.

o

Futhermore, if one has J =0, co = 1 and s = it, t € R, then setting x(x) := 2I(e”),
the following formula holds

/OOO ot (a)da = /OOO (@) cos(ta)dz,

in case one takes the plus sign. In case one takes the minus sign the following formula
holds

/000 " H(a)da = i/OOO X(@) sin(ta)d.

Proof. One has

1 1 1
/ o (a)da = :l:co/ o* I (1/a)do —I-/ o*" LI (a)da
0 0 0

e 1
:ico/l [351I(,8)dﬁ+/0 o* 1 (a)da.

where in the last equality we changed variables a = 1//3. Inserting this in

[e'e) 1 [e'e)
/ oleI(a)daz/ +/ ,
0 0 1

yields

/0°° oI (a)da = /100 [{() {o® + o™} do + /1 a* L (a)da,

« 0

11



and the first part of the lemma follows.
If J=0, I(a) =+I(1) and s = it, t € R, then

[0}

/OOO o (a)do = /100 Ha) {a® £ a™*} da.

If one takes the plus sign, making the change of variable o = €*, one obtains

/000 o' H(a)da = /OOO X(x) cos(tz)dz.

The other case is similar. O

In the next two lemmas we gather and reformulate some of G. Hardy and S. Ra-
manujan’s formulas which will be suitable for our purposes.

Lemma 4.4. Let I(«) be any of the following functions stated below. Then I(a) =
I(1) ifa>0.

0 —a?
A e N
0 e—o?
b) \/afo 1+2cosho¢x2\/§d$'

oo 1
C) \/a f[) (142 cosh ) cosh am%\/gdx'

Proof. Formulas (a), (b), (c) correspond respectively to formulas (12), (11), (10) of
[8], pp. 55. Formulas similar to (a), (b) were given by G.H. Hardy. We have rescaled the
formulas given by Ramanujan. For example formula (12) of [8] pp. 55 is: if Ip(a/) :=

va' [i %daz and o/ ' = m then Io(a') = Io(f'). Formula (a) follows putting
o = o/ = By and () i= Io(ay/m)/ V7. .

Lemma 4.5. If I(«), J(a) are defined by

o [ efmr/a“ 1
I(Oé)—CkS/O mdl’, J(Oé)——<04—a),
then I(o) = I(2) + J(a) if a > 0.

Proof. Rescaling formula (13) of [8] pp. 56, one obtains: if

B 3/4 [e's} e—om'ac B 1 1/4 _ 1
IO(a) - 2(0[7'[') /0 627“/5 - 1d1:7 Jo(Oé) - 7T1/4 (a Oél/4 )

a®. See [9] and [10] pp. 291. O

12



5. Proofs of Theorems 4.1 and 4.2

Proof. Notice that if I(«) is any of the functions defined in (a), (b), (c) of Lemma 4.4
then I(a) = O(/a) as a — 0+. As I(a) = I(1/a) one has I(a) = O(1/y/«a) as
a — 400. Therefore, we may apply Lemma 4.3 with s = it, t € R to get

/000 o' (a)da = /Ooo X(x) cos(tz)dz.

Applying this to the function defined in (a) of Lemma 4.4 yields:

2

* 1 T e [T e
I{a)da = —————dud
/0 “ (a)da /0 “ /0 cosh ax/T veo
oo, [ Oési% 1 oo [ Bsfé
= z —— dadr = —— * dpd
/ ¢ / cosh az+/T aa 7r§+i/0 ‘ /0 cosh Bz pde

1 1
= +l / / BS E B-’E _ 6—35$ +€—5B£B _ )d,Bd:B
T2Ta
1 % 92’ 1 1
- 1I‘<s+>/ ¢ 1(1 _ 1—---)dx
7T§+Z 2 0 xs+§ 35—{-5 58'1'5
1

:ﬁr 8+1 T l_f (1_%4_%_)
mata 2 4 2 35tz psts

Thus, for t € R,

oo 1 ) 1 1t 1 1
/0 X(a:)cos(ta;)dx:mf (Zt+2)F<4—2> <1_3i757+%+5i157+§_'”>’

2

where x(z) = 2¢%/? I Wdy This proves part (a) of the theorem in case
that t is real. The general case follows by analytical continuation: the integral
fo ) cos(tx)dx defines an analytical function if ¢ = ¢; + it2 is a complex num-
ber Wlth |Im(t) = ta] < 1/2 since x(x) is continuous on [0, +00), x(x) = O(e~/2) as
x — oo and | cos(tx)| = O(e**2) as © — oo. This proves (a).

Proofs of the other formulas are similar.

Using Lemma 4.3 with the function defined in (b) of Lemma 4.4 with s = it, t € R

13



yields

oo ) oo L 0o e—a:2
o (a)da = ozs_2/ dxdo
/0 () /o 0 l—i—QCoshoch\/?

dxdo

oo [o¢] S_E
/ 6722 «
0 o 1-+2cosh 041‘2\/§

T s—% S ,887%

— r ————dpd
< \/;) /0 ¢ /0 T 2cosh gz 00

T\ —s—L oo [ 53—%

- (2y/%) . dpd

< \/; /0 ¢ /0 eBr(1 + e B 4 ¢—2P7) pdz
( z)—s—gr S-f-} / e 1(1_ 11+ 11_ 11+ 11_ 11)dx

3 2) Jo a%t 25tz 45tz psty stz gsts

T\ 5% 1
< 3 <S+ 2

Thus, if ¢ is real and

1 s 1 1 1 1 1
ri--- (1 - T+ 1 T+ i 1 )
4 2 25+5 45—}-5 55-{—5 78-{—5 8S+5

eV’

T :26"”/2/ dy,
x(@) 0 1+2coshezy2\/§ Y

then

/000 x(x) cos(tz)dx =

1 T\ —it—1/2 . 1 1t 1 1 1 1 1
,<2 —) 'fit+=|T(-——= (1— — 1)
2 3 2 4 2 it+y  qit+3  pitty | gitts ity

The rest of the proof goes as before.
Case (c) is similar and left to the reader. O]

Proof. Let I(a),J(a) be the functions of Lemma 4.5. It is clear from its integral
definition that I(a) = O(1/a?) as a — +oo. Also, from its transformation formula
one gets I(a) = O(1/«) as a — 0+.

Thus, if 1 < R(s) < 3, one has that a® *I(a) is absolutely convergent on [0, c].

14



Also, (in the third equality in the formula that follows set 1/a* = 3)

o (a)da =27 [ ot e~/ o —duda
0 - e2m/T _

=27 ozs de=m2/0® dody
/0 e27rf_1 0

T [ 1 b
_n - —(s+1)/4 —pBrx
_ 2/0 e%ﬁ—l/o 3 e P B dx

(s+1)/41 (3=s oo ,.(s—3)/4
— 4 ( 4 ) / & dx
2 0 ermvT_1

1 ) oozt T2 )

Also, if 1 < R(s), then

[ e tata =~ v
« a)ac = — .
0 3+1 s—1

These last two formulas and Lemma 2 yield for 1 < R(s) < 3 the following equality:

L)t ) s+1\  [*I(a), , _, 1 1
G2, D/AS \ 2 —/1 GRS K ey e &

Making the change s — 2s — 1 and multiplying by 2 yields that, for 1 < R(s) < 2
the following holds:

wC (s) = /Oo M {a2s—1 + a—(25—1)} da 1 1
1 S

2s—17s/2 o s—1

But, as I(a) = O(1/a?) if & — oo, the above formula is an identity for —1 < R(s) <
2 as can be seen by analytical continuation. This proves formula (4.5).

The proof of (4.7) is very similar to that given in Theorem 3.2: set s = 1/2+ it and
slice R,(t) in two parts. Firstly,

n w\" I(eu/Q)
= u/2
/0 (1 n2) 2 < e > e “ cos(tu)du —

& I(e“/Q) u/2 [T 2L(a) [ 95 —(2s-1)
/0 <e“/2 )e (:os(tu)du/1 o {a +a }dCh

for any complex t if n — oco. The limit follows due to the rapid decay at infinity of
I(e*/?) and the fact that (1 — u?/n?)™ increases to unity as n — co.

The other part is exactly (3.5) and formula (4.7) follows using (4.5). Notice that
condition 1 < R(s) < 2 is equivalent to —3/2 < J(t) < 3/2.

15



Finally, we prove (4.8). Then, multypling by s(s — 1) formula (4.5), we obtain

DP9 ey [ (s )

9515/ . a
=tato [ (g ) e
e [ )
=1+1(1)—s(s—1) /loo di {ﬂc(ya)} (a:;: n Oj:)da
—14+1(1) - /100 % {I(ao‘)} ((s —1)a? - sa—28+2)da.

Changing variables o> = 3 in the last integral one obtains that the last formula is
equal to

The last equality follows by noticing that floo % {52% { I%f) } (5_5 + ﬁs_l) } dp =
I'(1) — I(1) which follows from I(a) = O(1/a3) as a — +oco. Observe that the
transformation formula for I(«) yields 14 I'(1) = 0 and therefore the last formula is
equal to

A [ S e

Now, using

d d (I o emme/B (] 272
{62 { (\/B)}}:zm/ 6{2_572%”}6195
ag " dg | VP 0o eeVT—18 B 8o
in the last formula and changing variables 8 = e* one obtains the result.
One can see, using the transformation formula I(«) = I(1/a) + 1/a — a (ie.

Lemma 4.5) that
et vl
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with 8 = €% is an even function of w.
The proof is complete. O

6. Final remarks

The following theorem holds.
Theorem 6.1. If s € C, then

@902 - )s) (1 g ) = (6.

1
s—1

— 1 116 /OO {1/)($) n 3¢(l‘)2 +41/}(33)3 + 21/)($)4} (x2sfl —|—1‘7(2871))d$.
§ 1

Proof. One has ([11] pp. 71)

03(q) — 1 i ng"

e (6.2)

n=1;4n

Integrating the right side of the above formula against z°~! gives (¢ = e™*):

0o o1 > ne~"n B > 1 1 B
/0 x Z Tl Z nf(s){m+(2n)s+(3n)s+ }_
n=1;44n n=1;4n
— 1 1
P Y i =T -1 (1- 5 ).
n=1;44n

Thus,

()¢ (5)C(s — 1) <1 - 41_1> - /OOO 2ol {‘)%(‘3_8)_1} da

ws/ooows_l{W;)_l}dx—ws{/ol—l-/loo}.

For the last integral fol use the transformation formula

Oie™) =1 163 ™™ -1 1 1

3 =2 3 )
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(this follows from (1.7)) which yields the result

1 00 4(,—xm) _
I CE T}
0 1 8 8 s—2 S

Inserting this in the above formula gives

P(8)C(s)(s — 1) (1 1 ) _

s 45—1

1 1 1 > 9%(6_7“) —1 s—1 1-s
8{5—2_8}—’_‘/1 {8 (Z +x )dl’

Therefore, replacing in this formula s by 2s, multiplying by 16 and using that

O3(e7™) = 1+ 2¢(x), one obtains (6.1). O
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